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CHAPTER 1

GENERAL

7

1.1. Introduction and Summary

Many algorithms have been proposed over the years to
take advantage of the special structure of block-angular linear
systems. Among those not based on the Dantzig-Wolfe
decomposition principle [15], we have Dantzig and Van Slyke's
Generalized Upper Bounding [12], Balas' Infeasibility Pricing
Method [1], Rosen's Primal Partitioning Method [32], and the
methods of Kaul [22], Miiller-Menhrbach [27], Bennett [4],
Orchard-Hays [29], Ohse [28], Knowles [23], Beale [3], Cass
[15], Ritter [31], Hartmann and Lasdon [20], etc.

Grigoriadis and White [lf], [19], show that many of the
methods for block-angular linear problems with coupling
constraints can be viewed as having a common data handling
structure and differing only in the strategy used as to the
vector pair selected to enter and to leave the basis.

In the following we present a block-angular basis factor-
ization theory that provides a unifying framework for partition-
ing and decomposition methods not based on the Dantzig-Wolfe
decomposition principle and which allows us to view them as

special instances of the Simplex Method using basis factorization.



In its generality it gives us an additional degree of freedom,
since it can be specialized to any of the previous approaches

or alternatively to obtain new variants. This, in addition to

a more thorough theoretical understanding, allows us to design
specialized algorithms to take full advantage of a particular
block=-angular structure. For block-angular linear problems with
coupling constraints such an algorithm has been programmed with
good experimental results (see Appendix A). In addition the
theory gives us a good starting point for developing nested
factorization methods.

In the remainder of this Chapter we will clarify the sense
in which we use certain concepts and terminologies and motivate
the development in later Chapters.

In Chapter 2 we develop and validate the General Block=-
angular Basis Factorization (GBBF) and show how to update the
factorized terms in the representation of the inverse as one
column substitutes for another in the basis.

Chapter 3 1is devoted to the use of the GBBF in the Simplex
Method. First its use in performing the backward and forward
transformations is analysed and its implications on the choice
of simplex strategy are discussed. Then some algorithms are
developed that take full advantage of the structure and some
consideration is given to alternative ways of implementing them
on computer codes.

In Chapter 4 GBBF is used to give a unified presentation
of Partitioning and Decomposition methods not based on the

Dantzig-Wolfe decomposition principle. Existing methods for



block-angular linear problems with coupling constraints, or
coupling variables, or both, are shown to be variants of the
Simplex Method using GBBF with various strategies as to the
vector pair to enter and to leave the basis. Some new
strategies that look promising in conjunction with GBBF are
presentedx

Chapter 5 is devoted to Nested Factorizations that arise
in cases where some of the components of the original factor-
ization have also a block~angular structure that can conveniently
be factorized further. Nested factorization methods to solve
staircase problems are analysed.

Finally in Chapter 6 some comments and conclusions are
presented.

Appendix A contains experimental results of tests with a
basis factorization algorithm for block-angular linear problems

with coupling constraints.

1.2. Concepts, Terminologies and Motivations

It will be convenient to clarify the sense in which we
use certain concepts and terminologies:

Simplex Method: Any LP algorithm that follows a path along

adjacent basic solutions of the set of linear relations in such
a way that no basis is repeated.

Accordingly we distinguish two aspects of the Simplex
Method:
Strategy: rules as to how to iteratively move from one basic

solution to the next, i.e. criteria as to the vector pair



selected to enter and leave the basis.

Data~Handling Structure: information as to what to carry

forward and in what form from one iteration to the next.

Improvements in the Simplex Method usually involve
changing one or both of the above. For example the data
handling structure started in 1947 with the simplex tableau
[lO]. This was followed by the revised simplex using the
explicit inverse and this was soon followed by the product
form of the inverse [11].

Each of these data handling structures can be combined
with any of the selection strategies such as the usual primal,
dual or primal-dual selection criteria [7].

A strategy may be efficient with a given data-handling
structure and not so with a different data-handling structure.
Moreover criteria such as the greatest change in the objective
function [MQ] may be efficient compared to the others if a
tableau simplex structure is used, but some other criteria may
be better if the product form structure 1s used.

With the above concepts in mind, the advantages of a
general theory become clearer. If we are able to identify or
discover a common body of data-handling structures for general
block-angular systems it will be much easier to separate the
strategy from the data-handling aspects in the existing
algorithms. In an analogous way in identifying the strategies,
it will be much easier to get a feeling for the convergence
characteristics (efficiency) of the method by first comparing

it with alternative strategies for the general simplex method



Also by studying the original matrix structure and how the
data-handling aspects are treated, we may be able to identify
a strategy that makes best use of both.

Other advantages are that convergence follows from that
of the simplex method and this makes it possible to conveniently
Wwrite one code to test many different methods or strategies.

It the remainder the terminology primal (dual, primal-
dual) strategy will be used to refer to the rules used in the
primal (dual, primal-dual) simplex method as to how to iterat-
ively move from one basic solution to the next.

Nice Properties under the assumption that the Block-

angular Sub-Matrices are Square and Nonsingular*®

To motivate the data-handling aspects, consider the

"square" block-angular basis structure. (I.1)
B e & .oz & . O, B ® I 1
IOL Al Ak-w 0 mO X mO Identity
BN = Bi Bi m, X ms nonsingular
o o
L Bk Mo = % msy
- 1=0

This basis has certain nice properties. To see this,
consider first a special case, the matrix Bj associated with

block j and its inverse:

*The actual basis structure of a “lock-angular linear program
need not, of course, have square blocks along the diagonal but
later we will associate with it a basis that does.



I0 0A.O I -
07 ] o; M
1 1
~ N Aol )
B = \B B. = B
J J, S J
\\\ N T
~~
L Ik—dk 0 "k_
(I.2)
s -1
where A. = A.B.
J J J
We can now express
BW = I B; and BN = II Bi (I.3)
Cooi=l i=1

where the terms forming the products can be commuted.

Some of these nice properties of the square block-
angular basis are:

1) Instead of inverting one big matrix of dimension
Mp X mp, One can invert k small matrices of dimension m; x m,
(1 = 1,...k).

2) To represent (in terms of basis) an incoming vector

d "belonging" to block j, we have that

d = B."d = B, d (I.4)

i.e. we need only the inverse associated with the block. This

implies savings in computations and data transfer. To show (I.l4)

we prove instead d = BNd = Bjd. Partitioning d and d, we may

6



write this out more explicitly

But since d is in block j, for i # j d; = 0, which
implies d. = O for i1 # J, since the B.'s are nonsingular.
i i

Hence equations (I.5) reduce to

d. + A.d. = 4
0 J J O
B.d, = d. (1.6)
J 4 J
But this corresponds to Byjd = d and hence d = Bgld.

3) The "price" vector I is defined by IIB,.= C (see Ch. 3).

N
To calculate the partition Hj of T corresponding to block J,

we need only to compute

~-1
(CO’ O.’ 303 HJ, O’ QO) = (Co3 O} N JOS Cj’ O) SO) j
(I.7)
implying the same kind of savings as in 2). Relation (I.7)

follows from the structure of BN, which implies HO = CO and

HOAi + HiBi = Ci for 1 = 1,...,k.
Our motivation then is to preserve as much of these nice
properties (mentioned above) as we can for the more general case

when the ~lock-angular basis arises from problems having either

coupling constraints or coupling variables or both.

~~J



CHAPTER 2

BLOCK~-ANGULAR BASIS FACTORIZATION THEORY

2.1, The Problem

Consider the block-angular linear problem with coupling

constraints and variables

max z
s.t U, + DXy *+ DyXq#eenenn.. Dpx, + Hgy = by
Glxl + Hly = by
(P) Gy * HY 2 by

(XO, X1s e Xy s y) >0

where U is my x 1, Di is my X n. i=0,1,...,k, Hi is mioXon g
i=0,1,...,k, G, is m; X ng i=1,...k, bi is m, x 1 i=0,1,...k,
Xy is n; x 1 i=0,1,...k, y is Ny X 1 and z scalar.

(+) We assume that for min {ecx: Ax = b, x > 0} we let z = -cx

and solve max {z: (li)(i) =(g), x > 0 and for max {cx: Ax = b,
x > 0} we let z = cx and max {z: ("lg)(i) = (g), x > 0}. Thus,

both for minimizing and maximizing, we can use a negative
reduced cost criteria to indicate that a non-basic column will
improve the current solution if it replaces one in the basic set.
This will be assumed throughout.

3



We assume that each of the matrices Gi and (UDO) have
rank equal to their row count. This can always be achieved (if
necessary) by augmenting the system with artificial variables

with appropriate coefficient structure.
k

The constraints Uz + I D
i=0

coupling constraints and rows corresponding to then will also

1%t Hoy = bO will be called

be referred to as common rows. Similarly the y variables will

be called coupling variables.

2.2. Constructive Development of the Block-angular Basis
Factorization
Let Ji = {set of indices (of columns) associated with
activities in block i} 1 = 1,...,k
I = {indices of columns in D}
Jie1 = {indices associated with activities y}
AIJ, = restriction of matrix A to columns with

indices in set J.

Let BT be a basis for problem (P) and suppose that M is

the set of indices of basic columns. Let
L. = MN J. and consider
i i
Gi[L_ i=1, ,k
i

Let Ki be the indices of a maximum set of linearly



independent columns in Gi‘L and
i

By assumption the rank of Gi is equal to its row count,
SO0 that we can augment the columns of Gi!K. by including enough
other columns of Gi to form a basis Bi of linearly independent
columns in Gi' Let Mi be the indices of the set of columns of

Gi forming Bi (i.e. B, = Gi

1 IM.>‘
1

The nonsingular matrix

BN = . where Ai = D.

1s square block-angular and has the "nice" properties discussed

zarlier. We now express the relationship between BT and BN in
the form of a product:

BT = BNBA (2.1)
where

B, = BL'B (2.2)

A N 7T ’

* For many practical applications it has been observed that the
k

number of elements in K is close to % m.. It is this that
i=1

makes the factorization scheme which follows efficient in practice.

10



The columns of BA Corresponding to K are unit columns
so that 2t is convenient for discussion purposes here to
permute its rows and columns so that the units form a submatrix

identity I in the lower right partition.

permuted BA = pBA = (2.3%)

where as we have noted the number of columns in I is for an
iiportant class of practical applications close to that of
o

Columns corresponding to K (or to I above) are called
trivial, the remaining, MK® (where K® is the complement of K)
are called non-trivial. We refer to the upper left matrix as

the "Working Basis" or "WB" for short.

Without loss of generality we assume that

pBA =P BAP (2.4)

(ah)
where P is a permutation matrix satisfying PP = I.

We can further factorize pBA into

o
1"
N
1"
w >
<>

(2.5)

B.=B.P B VP (2.6)

11



or by permuting again the factors pBw and pV (i.e.

~

By = PLB,P and V = P_TP)

BT = BN éw % (2.7)
Temma 1 BW, the Working Basis, is nonsingular.
Froof JObviously Bw is square. Hence

O # det B, = det BN det Bw det V

Since permutations do not change the absolute value of the

determinant

ldet V| = |det pv{ =1
and
det B # 0
W

llorecver, by permuting Bw we get

B
0 # det ( " )z det B, . |
T W

Hence we can work with the following factorized representation

for the inverse

B = {7 B B (2.8)

* Double slashes will be used for end of proof.

12



For applications it is not necessary to permute the matrices
éw and Q to haye rows and columns of B and V (see (2.5)) in
the upper left and lower left corners respectively. However
for the development of the formulas for updating the factor-
ized representation of the inverse when one column replaces

another in the basis it will be convenient, for notational

purposes, to work with the permuted matrices. Therefore let

pB = P B, P and B, = P B, P (2.9)

Then from (2.6)

Bmn = B

B v 2,10
p T PN pwp ( )

Notice that expression (2.10) differs from (2.7) only in
that all terms are permuted. Thus, for simplicity, in what
follows the left subscript p will be dropped when working with

the permuted matrices, since this will be clear from the context.

2.3. Some Properties of the Factorized Representation of the

Inverse

Recalling the nice properties of square block=angular
systems, we see for the general block-angular case that in
addition to the block-inverses we have to carry the inverse of
the Working Basis and the matrix V of §n Hence under the
assumption that the dimension m of Bw is "small" relative to

1

mT’ or more precisely the number of non-zeroes in V and BW (or

some representation of B;l) is "small", then the additional

13



amount of information stored and manipulated will be small. In

particular with regard to preserving as much as possible of the

nice properties.

1)

2)

3)

Instead of inverting one big m, x M, matrix we can
still invert and maintain k small myo X om, matrices

(i = 1,...,k). However, in addition an mooxom

Working Basis will need to be inverted and maintained;
also V will be needed.

The first step in updating a vector from block j
proceeds the same as that described earlier - and
hence the same computational advantages carry through.
However, in addition we have to use B—% and V.

Hence if, as we have assumed, the nonzeroes in

B;l and V are low relative to those of the block

~

inverses Bi’ i # j, not required in the first step,

we will get savings in the forward transformation

-1
T

For calculating a Hj the situation is similar to that

over a direct representation of B

of the updates in (2). As will be shown in Chapter 3
there is the additional advantage that when the basic
variables which correspond to columns not in the
Working Basis are feasible, then the Q matrix is not
needed in the backward transformation. This is always

the case in Phase 2.

Because no simple statement can be made at this point on

how much work is required to update the factorized representation

of the inverse (after the replacement of one column in the basis

14



by another), we will defer discussion of this to later. In
section 2.4 we show how to do this updating efficiently.

Thus with the additional effort to maintain and to make
use of B;l and V, we can carry over much of the desirable
properties of independent square block-angular problems. If the
dimension m of B is not too large (relatively) and the
additional work in updating the factorized representation of
the inverse is not too excessive, we can expect the block-
angular factorization method to be more efficient than working
directly on the basis BT using general methods.

We now explore more deeply these points. First we
introduce some notation. We classify columns to be either
Type A or Type B.

Type A: Those that, except for the common rows, have

non-zeroes in rows corresponding to at most

one block i =0,1,...,k, i.e. those with indices
k
belonging to JA = igo Ji.
Type B: otherwise, i.e. JB = Jk+l

Furthermore, the basic columns of Type A are further
subclassified into
Type Al: Those basic columns associated with block i,
for i = 1,...,k (i.e. Type A columns) that
belong to their own block basis Bi’
Type A2: Otherwise, i.e. basic columns associated with
block i, for i = 1,...,k that belong to the

Working Basis.

15



Let BWQ be the matrix of columns common to BT and the
Working Basis. Partition BWO according to
common rows bOB bOA
rows in WBR
Ug Up
BWO -
oy a,
VB VA
type B columnlr 1:type A columns
Let B Bop Boa
Y “1 W A A
= R B = =
wO N wO B UA
\Y
v v
B 2.11
N A_J ( )
1. ™ . N
BOB BOA
By = . .
UB UA (2.12)
L_ nsd

partitioned as above.

We call a column that is in BN but not in BT a pseudo-
basic ‘column; its corresponding variable will be referred to
as pseudobasic also.

Recall from section 2.2 that Ki was chosen to have the
indices of a maximum set of linearly independent columns in
GiIL. and that MKX® contains the indices of columns in the
WOrk%ng Basis (where K® is the complement of K = _%l Ki).

i=

16



Observe that:

a) The maximum sets of linearly independent columns
in Gi!L. (i = 1,...,k) need not be unique. If this
is the case we could choose the indices of columns
in any such set to be in Ki and hence in K. Thus
alternative factorizations are possible that lead
to different Working Basis' of the same dimension.

b) If Ki is not required to contain the indices of a
maximum set, but only of a subset of linearly
independent columns in GilL.’ then the resulting
factorization would have a %orking Basis of higher
dimension (less indices in K, more in K%, i.e.
of columns in WB),

Following the constructive procedure in section 2.2 we
always obtain a Working Basis with the smallest possible
dimension. For the case when one column replaces another in
the basis, we want to obtain the new factorization from the old
one. Herefore it 1s convenient to establish some easy to check
conditions for a Working Basis being minimal (i.e. there being

no alternative factorization giving rise to a WB of smaller

dimension).

Theorem 1: The Working Basis is minimal if and only if U, = 0

Proof: Let Bw be minimal. Assume (on the contrary) that
UA # 0. Pick a non-zero element of UA and suppose it is on row
J in the partition corresponding to some block i. This non-

zero element is used as a pivot to replace the pseudobasic

17



columns of block basis i associated with row j. The new BN
now includes one more vector previously in the Working Basis.

Thus, the new WB will have one less non trivial vector - a

contradiction !
WB minimal === U, = O
Now suppose Uy = 0O and the Working Basis is not minimal.
Then for at least one block i (for 1 = 1,...,k) there is a set

of linearly independent columns among those with indices in
MfJLi that constitutes a basis and which does not include at
least one of the pseudobasic variables (i.e. those with indices
in M{WLE where Lg is the complement of Li)‘ Suppose this new

) B . W P
block basis B?e is partitioned as

A X
% B’
38° 5B
yBY B

with superscripts
1 : basic columns that remained
2 : pseudobasic columns that remained
3 : new columns (previously in WB partition) that have

replaced basic columns (possible none)

18



b

New columns (previously in WB) that have replaced

pseudobasic columns (at least one)

and left subscript

1

2

Then pre multiplying B?ew by B.

But

23
MB

rows in
rows in
basic

rows in
rows in

basic.

which basic columns that remain were basic

which pseudobasic columns that remain were

which basic columns replaced were basic

which pseudobasic columns replaced were

-1
1

=5
0 lB
P %3 where P, and

2 2 1
P2 are permutations

0 3%3 of Identities.

=3
0 MB

has as coefficients those of columns that were

ok
MB

in the WB and corresponding to rows in the U partition. Thus

they constitute
are all O.

subscript 4 (at

~

a subset of coefficients of UA and hence they

But this implies that rows corresponding to left

singular, which is

least one) are O and hence that Bgew is

a contradiction.

19



UA = Q== WB minimal

and WB minimal(&%)UA =0 . }

Lemma 2: The dimension m, of minimal Working Basis satisfies

mo< My o+ Mg S My 4N g (2.13)

where my is the number of coupling variables in the basis.

~

Proof: For B , a minimal Working Basis Uy = 05 thus

Bos Boa

~

U 0

B

Suppose UB is Mp X Mg where My is the number of type B variables

(coupling variables) in the basis. Then

M, = Mg * My

~

Now for Bw to be nonsingular UB has to have full row rank.

This requires

and hence

20



2.4h, Updating the Factorized Representation of the Inverse

Before presenting a procedure for updating the
representation of the factorized inverse after the replacement
of one column in the basis by another, some results that are
needed later will be developed. It will be convenient to use
* as a superscript to denote a matrix in the updated represen-
tation tokdistinguish it from the corresponding matrix before
the updating. Also, unless stated otherwise, partitions of

My X M matrices will be assumed to have been permuted to

T
correspond with those of the factorigzation, i.e. so as to have
rows and columns in Working Basis in the upper left corner.

2.U4.1. Increase or Reduction in the Dimension of the Working

Basis

Some of the update situations will involve an increase
or a reduction in the dimension of the Working Basis. In
developing the updating formulas for these cases we assume that
the inverse is given in product form.

We want to decrease the dimension of a Working Basis

when it has a structure like

B = to another with structure

which can substitute for it in applications of a product form

representation.



E, = s then
- 1
B* I B*
B&EV = = and
v 1 - 1 1
gt
o=l =1 ( ]
= Ey Bw (2.14)
1

and hence 1t is accomplished by adding an elementary row eta to
the representation of the inverse.

Similarly to add a row, i.e. +to get from

Bw BW
Bw or to s then
v 1 v 1
R ~1 -1
W W
= EV
v 1 1 (2.15)

and again is accomplished through an elementary row trans-

formation.

22



2.4-2 General Updating Formulas

Theorem 2: Let E, EN be the elementary matrices that update
-1 . -1 . *-1 _ n-1 -1 _ o og-1 et
BT and BN , 1.e. BT = uBT and BN = BBy o and le
E. E El E2
_— 1 72 and . = N 7N
Coleaze, ) Y \R3E
3 74 N 7N

correspond to the partitioning used in the factorization (which

5

is assumed not to change). Further suppose £, = O or Ey © o
then
*-1 B -1,.1.,-1
Bw = <E1 E2V>B (EN) (2.16)
Proof: We have
¥-1 _ S¥=10%-1 %=1 | -1 S=1n-1 -]
BT =V Bw BN = EBT = EV Bw BN
or
S-l O L-10-1 -1 %
= 1D
Bw VvV EV BW BN BN
But
-1 % B -1
BN BN = EN . Let
~1 =2
E E
= N "N Yy_ -1
By © EB g“ = EN , then
N N
~k Ak A AT~
B L. VvV EV lB 1E
w w N
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w

nd writing this product in partitioned form

ko] -1 1 e

n 7 ™

= R R PR Y W N SN
1) \v el B, Nev 5 gh
- 3 =y L N PN

and now restricting ourselves to the rows and columns in the

Working Basis

o Nl

¥l 11
Bw = ((El E2V),E2) (Bw EN
=3
In
N
¥ _ -1 =1 ~3
Bw = (El E2V>Bw EN + EQEN

Since By is an elementary column matrix we have
-
e 2,4\ -1 ~1 .l
LBy -1 T = Ey(Ey) By = (Ey)
L | =—E = bho-1 = (~3
E B E = =
Ey N (Ey) Ef = O
o or
jos ISt -
. 1.-1 =1 1
Eé 51 (Ey) N By = (By)
ED T R E2(ED) 7 T 52 = (B
N N*™N N N
Hence in either case we get the same expressions for E%

Subsituting above
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-1 . . -1,.1.-1 _ 3,11
B, = (Ep - EyV)B T (Ey) E By (Ey)
But under the conditions in the hypothesis EzE( 0, so that
*-1 -1, .1\"1
= B - T w
B, (E) - E,VIB " (Ey) . ||

As will be seen in section 2.4-3, most of the update

situations can be arranged to satisfy the conditions of the

above theorem and usually (Eé)_l = I and E2 = 0, 80 that
o —

Bw L. Elel, or under conditions such that it simplifies to
*_ __'\

Bw 1 (IW - nv)BWl The following results will always allow

us to express these updating relationships as product of elemen-

tary transformation matrices.

Theorem 3: Let nsRm be a column vector and veRm a row vector.
Suppose vn -~ 1 # O, then Im - nv is non-singular. Furthermore
if Vp # 0 is a component of v then

(Im - nv) = E_L E. E (2.17)

where ER and ER are the elementary row matrices given by
1 2

(2.18)
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1
= {
ER bvl bvP bv2 (2.19)
2
I2
a # 0, b # 0 arbitrary constants, v = (vl,vP,v2), and EC is an
elementary column matrix given by
(17
I, - b)nl
EC = Np (2.20)
1
L/
("pin, I
with no= - VN oo g . (2.21)
np - ab n-' nP °
o

Proof: Note that if v = O, the theorem is trivially true. If

not then there exists some Vp # 0. It is easy to verify by direct

multiplication that
(Im - nv) = E_, E, E

and therefore

det E, « det E, « det E
Rl Cl R2

F5) (5 oo

if (1 - vn) # 0 . |

det(Im - nv)

1}
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Corollary:

" T
- S
-] 1 Vs V1 _Vp _Vo,
I - nv) = = Ry - -
( nv) b“vD v l/‘ a a
£ P
12
1o b, 1 1o

Another important point to consider is the possibility
of an alternative minimal basis. Especially of interest is the
case where we can replace a vector in a block basis by a vector

in the Working Basis belonging to the same block.

Theorem 4: Let column b with index in Ji be the basic activity
assoclated with row r in forming the inverse of block i. Let

v, = (VB,VA) be the corresponding row of V. Then if Va # 0, any

one of the columns corresponding to a nonzero component of Vs

say v, (i.e. the j-th column in Bw) can be exchanged with b
~J

to give a new basis for block i and a new Working Basis.

Moreover

B = E_B (2.23%)

— oy
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*
and 1if Bw is minimal, so 1is B
W

Proof: Recall that by (1.4) for any column from some block P,

Q.
"
jue)
o
3]
o>
o

and hence by (1.6) d can have nonzeros only in the common rows
and in the rows of its own block P. It follows, since all col-

umns in the partition corresponding to v, are of Type A, that

A

under the conditions of the hypothesis any column corresponding

Lo a nonzero component Va of vy must belong to block i and can
J

replace the activity basic in row r of the block basis since its

pivot element is different from O. Recall that BW minimal im=

plies UA = 0 so that

Bog Bon oB Soa
= Uy U | ={uy o
Vg Va Vg Vy

and hence the updated vector j that will be exchanged with b has
meros in the rows corresponding to the partition <6BGA>‘ Thus
the eta vector will have zeros there and all the remaining col-
umns will be unchanged in these rows. Also the representation
of the exchanged vector b in terms of the new block basis corres-
ponds to the eta vector so that UZ = 0 and B; minimal.

The exchange corresponds to a simple permutation of col-

%
umns, so that B, = BTE ,E a simple permutation matrix, for
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on £ % = E and B.Y = BB Also B. Y = gt
whilc = an T B . N Ny

it

with

since the pivoting occurs in a row not in the Working Basis.

Thus the updating formula (2.16) becomes

*-1 B I
Also
i 1
1 l i
\\ { |
AN i '
\\ i )
N i !
AN { I
1( t
.......... ?l__-_ P }__ e e o]
RN i
{ \\ |
{ N i
i \ !
I N i
. E E2> ] | | ;
oy | 1
Bz Ey | 1.
1 ~ |
f N |
i \ll
....._..._.._..l ______________ O_._..........._
: N
1 i N
i { ~
: ' !
So that E2V has zeros in all rows except row j, and El is an

identity except for row j which is zero. Hence
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and

2.4-%  An Updating Procedure

The replacement of one outgoing column (0OC) from the
basis by another, the incoming column (IC) gives rise to four

somewhat different updating cases:

1) IC of Type A and OC in Working Basis.
2) IC of Type A and OC in BN.
3) IC of Type B and OC in Working Basis.

4y IC of Type B and 0C in BN.

In Fig. 1 we give a flow-sheet of an efficient updating
procedure covering all four cases for the factorized representa-
tion of the inverse after the replacement of one column in the
basis by another.

We can compactly state some of the important features of
the updating procedure in the form of a theorem, and then develop

it in greater detail in a constructive way in the proof.

Theorem 5 (Updating Procedure): The flow-sheet in Fig. 1 gives

a valid procedure for updating the factorized representation of

30



the inverse after the replacement of one column in the basis

by another. In particular, if the old Working Basis was mini-
mal so will be the new cone, and [éxcept when a pseudobasic vari-
able 1s driven out of some block basis to keep the Working Basis
minimal (see ** in Fig. 1)] at most one block inverse needs to
be updated due to the replacement of only one column in 1t by
another’[in the exception at most two columns are replaced in

the block basis'].

Proof (Validation of the Updating Procedure): Referring to Fig.

we point out that since all tests are of the yes-no type it suf-
fices to show that each path gives a correct updating procedure

for the case 1t involves.

Case I. Incoming Column of Type B

Case I-a. Outgoing Column in Working Basis

Since we start with a minimal Working Basis, UA = 0.
*

Letting BN = BN’ the updating corresponds to changing one column

in EWO (see (2.11)). If the Outgoing Column is of Type B, then
/\* ~

UA = UA = 0 and the new Working Basis is minimal. If the Out-
going Column is of Type A2, then after the exchange, 6; is equal
to GA without the column corresponding to the Outgoing Column
(which is now in 6;) and hence 62 = 0 and the new Working Basis
is minimal.

X -
The elementary column matrix E that updates BT I EBTl

has its pivot element in some row in the Working Basis and hence
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FIGURE 1

Information Flow-sheet of

Updating Procedure

yes

Exchange 0C with 4
variable in WB as
in theorem 3. i.el
update WB inverse
by row eta and
block inverse of
0OC and appropriatd
part of V by
column pivot.

1

Sxchange 0C with a
ivariable in WB as
iin theorem 3. 1.e.
‘update WB inverse
iby row eta and
hHlock inverse of
0C and appropriate
part of V matrix
5y column pivot. ]

Augment WB to

include 0OC.1i.e.
. L
Augment WB to gpdaue s
. . inverse Dby
include OC by lodding row eta.
aqdlng approp- ¥ y
riate row eta k ; v
‘r;o represent— R@place OC dlr'ectly
ation of its in 1ts block basis. Replace OC direct-
inversea Update block inverse ly in WB. Update
end V oas usual. If its inverse by
1 ; ) U.=0 the WB does not column eta. Re-
chiange. Otherwise upq Wnlace column in T

date its inverse by
adding elementary
row, column and row
ctas as in proof of
theorem 5.

Replace 0OC in WB.
Update its inverse
by column eta.
Replace column in V

no (**)

Reduce dimension
of WB by making

IC part of BN. WB
inverse i1s updated
by row and column
transformation.

Block inverse and
W_as nsual
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*

also since BM = BN we have EN = I and the updating formula (2.16)

in theorem 2 reduces to

Alsc V changes only in the column of the outgoing variable,

which is replaced by the partially updated incoming column IC,

i.e. B&l (IC), restricted to rows not in WB. Notice that all

the necessary information is generated during the first step in

the forward transformation.

Case I-b. Outgoing Column in some Block Basis

Suppose the Outgoing Variable belongs to block j and

corresponds to row r of the inverse. Let v, F (VB,VA) be the

corresponding row of V = (VB,VA). If v, # O pick a component,

A

say v, # 0. By theorem 4 we can assign the outgoing variable
i

to WB and replace it in the block basis by the column correspond-
. . . *__l _ _1
Ai, obtaining a new expression for the WB, Bw = ERBW .

Besides the block inverse J and V have to be updated by a simple

ing to v

column pivot. After this exchange the outgoing variable is in
the Working Basis and we are back to case I-a.

Ir vy F O the dimension of thé Working basis is increased
by one to include the pivot row and the outgoing variable. This

corresponds to going from
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. . PoB Poa o oB “oa \_ ,
o\, u, T2 v, v v
g Uy g Ya
1
VB VA L

&
As shown in section 2.4-1, the inverse of Bw is obtained from

B (see (2.10)) by premultiplying by the elementary row matrix

Now the outgoing column is in the WB and we proceed as in case

I-a. Since UA :(VA) = O the resulting WB is minimal.
A

Case II. Incoming Column of Type A

Let d be the incoming column and

T =1 - -1
d = BN d , d = BT d
g 4o
. - —:— . 4. /
Let d dA , d dA be partitioned as BwO {see
dv d,/ also (2.11)).

~

Also let dr and dr be the elements of d and d on the pivot row.

Case II-a. Outgoing Column in Working Basis

Replace the outgoing column directly in the Working Basis.

—— K e -
This corresponds to updating as in case I-a. Let Bwl = Bw - Elel.
- /\* A ”~
Then for Bw we have UA = (UAdA), i.e. 1t consists of zeros except

A
i



possibly for the column corresponding to the incoming variable

~ ~

(i.e. dA). Ir dA = 0 the Working Basis is minimal and we finish
by updating V as in case I-a.
Otherwise pick an element dA # 0 and use it as pivot +o
r

introduce the incoming column into its block basis, displacin

%
a pseudobasic variable. This corresponds to BT = B, and

T
¥ -1 .
I g
BN UNBN s, l.e.
E = I and EN = : (see theorem 2)
E2 I
N I
where
1 l/a i =r
. A
1 Wilth r
1 n _
EN = nl =4 A
lﬂ —di otherwise, for i
. /7
1 Ar a row index in WB

BT = Bt < BN
where
1 .
EN z 1 a and éw is the restriction of &

to rows in Working Basis.




These changes correpsond to:

1) From Bw to B,, replace one column in BW (viithout loss of

generality the last one)

B.n B, d
ie. Boo | 0B 080 (2.25)
UB O d
2) From B %o Eméw pivot on row r (without loss of
W

(2.26)

where Ur is a unit vector with unit component on row r. Now we
are in the situation of reducing the size of the WB by premulti-~
plying it by an elementary row matrix as discussed in section

2.4-1 to obtain a new minimal WB. Letting B; denote the result-

ing WB we have

BT = BR(BLE) = B BTME (2.27)
with
[z \
Er = Lk Vé/aAr }(see (2.14)) (2.28)

\ ]

Formula (2.27) gives the expression to update the WB in the case

~

when dA # O. It is also necessary to update V. This is done by



deleting the column corresponding to the outgoing variable and
updating the columns corresponding to type B by applying the
same elementary transformation matrix used to update the block
inverse when it was modified.

In some computer systems it is inefficlent to add new
information (in our case etas) to the beginning and end of a

file (in our case the eta file). To get around this difficulty

Y

we can make use of the following eguivalent expression for (2.27).

AN

Proposition 1: Expression (2.27) can also be represented in

product form as

- -1
= 2
BW ECEREle (2.29)

where ER and El are as in (2.23%) and

l. —ifj if‘fln
1 . T
EC = nc , With nci =
- }/% 1 £
r
"1
and, letting Ur be the r-th unit vector:
U = (E_E.B 1)U (2.30)
R 17w r

The proof of proposition 1 will be deferred to the end

of the section in order not to disrupt the presentation of the
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Updating Procedure.

Case II-b. Outgoing Column not in Working Basis

Sub-case II-b-1. wvp # O

By theorem 4 it is possible to assign the outgoling col-
umn to W5, obtaining a new minimal WB, whose inverse differs from
the old one by an elementary row transformation. The exchange
also implies updating the appropriate block inverse because of
the replacement of the outgoing column by 1ts exchange vector

from the WB and to modify V due to the changes in the block in-

verse, Now we are back to case II-a.

Sub=-case IT-b=-2, vy = 0

Sub~-sub~-case IT-b-2-3. dp = O

Augment the Working Basis to include the 0C. As seen

~

before in section 2.4-1, this corresponds %o adding an elementary
row transformation to the old working basis inverse according to
(2.15). Since Vg F O, after replacing the OC by the incoming
column in the WB, the form of the WB is given by (2.25) and thus
augmenting the Working Basis we fall back to case IT-a.

A

Sub~-sub=-case II-b-2-b. dr £ 0

In this case the outgoing column can be replaced in its
block basis directly by the incoming column. This implies up-
dating the block inverse as usual by adding a column eta to its

representation. Columns of V corresponding to Type B variables
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must also be updated by the same elementary column matrix.

As for the WB, since we are pivoting on a row not in

the WB, we have for the elementary matrices in theorem 2

—

i
kS

&3
=0
4
A

=
=

23]
no

=
H

—
[

—
&3

=

where the columns of E2 are O except for the pivot column which

is

d
- (Eﬂ) with dw the restriction of d to rows in WB
r

(recall ar is the pivot element).

Thus (2.16) reduces to

d
* -
B © = (I +(fﬂ) v yB 1 (2.31)
W W dp W
since
aw aw
1"_‘;2V = - é—_ Vr' = - a-—' (VB,O) (2.32)
r r

Now there are two possibilities:

A) VB =0 , i.e. v, = (VB,O) = 0 , and so
] .
BW = Bw s 1.e. the WB does not change.
B) Vg # 0O ., Consider

“lg-1y
W

< >

d
- fw\_ -1, _ 0-12-1_-1. _
d —( ) = BT d =V Bw BN d =
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d I d B 7d
W - W W W _ W W
- A - ~ ~~!A
d -V I 1 d d -VB —4d
s s S A
and
d =4 - vd
S W

and since dr is the pivot element it is nonzero and we can divide

by it
d_ d,
1 = == - V]_" e
dr d..
aW dI‘
i.e. - 1 - Vl” -_— = " = £ 0 (2-33>
dp 4y

and hence, since (2.3%1), (2.33) and Vg # 0 satisfy its hypothesis

we can use theorem 3. Choose some column P with VB' # 0, and

~ 2
b =-1, a = dr # 0. Then for this case, according to relations
(2.17) through (2.21)
*-1 -1
B E 2
B, nRgECuRlBW (2.34)

bo



!
E.o= |- v, -v ; E. =
Rl 1 BP C .
3
.
E = {-v -d
R Pt 4
B B
P P
where we have partitioned
Ve ® (Vl,VB ,V2> and
P
dl
dw - dP
4z

To show that the Working Basis in (2.34) is minimal, re-
call that the same columns remain in the Working Basis, and only

thelr representation in terms of B_. (see (2.2) and (2.3%)) may have

N

changed due to pivoting on the r-th row of BN' But because vy F ;

all type A2 columns have zeros in the pilvot row of BN and remain

~ ok
unchanged. Thus UA = U, = 0 and the Working Basis in (2.34) is
minimal.

This finishes case II-b and now all four possible update

b1



cases have been convered. By following all paths in the Up-
dating Procedure we see that at most one vector is replaced
among those in the block basis', except when reducing the dimen-
sionality of the Working Basis (see ** box in lower right corner

of Fig. 1) in which case it could be two. I

Proof of Proposition 1: Recall from (2.27) that

*-1 - -1

B MREIBW EN
Let

N -1.-1 -

A = BwEl ER (2.35)
Then

5" - g la 6

- EN (2.36)

Without loss of generality we take the pivot column to be the
last. Recall that EN and ER pivot on the same row, which we

again can take to be the last. Then

Pos Poa %o
BE " = up 0 d,
Vg 0 ér
Bos Boa 0 |/ To
A =B E TE GB 0 8A I,
Vg 0 &r ~V@é 1
r
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OB T0A 7O
noo= ] a > \
21 - TJB O LA (*-37/
O O Ar
and so the r-th row of A is a, = (O,...,O,dr). Now é&‘ pivots

on the last row and reduces the last column of A to the r-th

unit veetor. Hence
o Boa ©

N ~
Bw = UB 0 0
0 0 1

k3
thus Bw is obtained from A by

replacing the last column in A by the r-th unit vector, Hence

letting
..U'
; }g i#r
U = A Ur 5 nci = r
P
U 1 #r
T
and
1
_ *1
Ec h Mo
1
*1
we have
. -
gl g a7t
W ¢
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