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ACCELERATED PROJECTION METHODS
FOR COMPUTING PSEUDOINVERSE SOLUTIONS
OF SYSTEMS OF LINEAR EQUATIONS
AKE BJORCK and TOMMY ELFVING

Abstract.
Iterative methods are developed for computing the Moore-Penrose pseudoinverse
solution of a linear system Ax b, where A is an m x n sparse matrix. The methods do not
require the explicit formation of ATA or AAT and therefore are advantageous to use when
these matrices are much less sparse than A itself. The methods are based on solving the two
related systems (i) x=ATy, AAly=b, and (ii) AT Ax=A 1 b. First it is shown how the SORand SSOR-methods for these two systems can be implemented efficiently. Further, the
acceleration of the SSOR-method by Chebyshev semi-iteration and the conjugate gradient
method is discussed. In particular it is shown that the SSOR-cg method for (i) and (ii) can
be implemented in such a way that each step requires only two sweeps through successive
rows and columns of A respectively. In the general rank deficient and inconsistent case it is
shown how the pseudoinverse solution can be computed by a two step procedure. Some
possible applications are mentioned and numerical results are given for some problems
from picture reconstruction.

1. IntrodDction.
Let A be a given m x n sparse matrix, b a given m-vector and x = A + b the
Moore-Penrose pseudoinverse solution of the linear system of equations
Ax

(1.1)

b.

We denote the range and nullspace of a matrix A by R(A) and N(A) respectively.
Convenient characterizations of the pseudoinverse solution are given in the
following two lemmas.
LEMMA

x

E

1.1. x=A+b

is

the unique solution of the problem: minimize

IIxl1 2

when

{x; Ilb-AxIl2=minimum}.

LEMMA 1.2. x = A + b is the unique vector which satisfies x
T
(b-Ax)..LR(A), or equivalently x ..LN(A) and (b-Ax) E N(A ).

E

R (AT) and

These lemmas are easily proved by using the singular value decomposition of A
and the resulting expression for A + (see Stewart [32], pp. 317-326).
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In two important special cases the pseudoinverse solution can be obtained as
the solution of one of the two Gaussian transformations of the original system
(1.1).

THEOREM 1.1. Assume that the system (1.1) is consistent, i.e. b
solution x of

E

R(A). Then the

(1.2)
is the pseudoinverse solution x = A + b.
PROOF. By construction we have x E R(A T). Since R(AA T) R(A) the system
AATy = b is also consistent and it follows that 0 = (b - AATy) (b - Ax) -LR(A).
Thus, by lemma 1.2, x is the pseudoinverse solution. •
THEOREM 1.2. Let x be a solution of
(1.3)

and assume that x

E

R (AT). Then x is the pseudoinverse solution A + b.

PROOF. From (1.3) it follows directly that (b-Ax) -LR(A). Thus, by lemma 1.2,
x is the pseudoinverse solution. •
Note that the assumption in theorem 1.1 is trivially satisfied if rank (A) = m, and
similarly that in theorem 1.2 if rank (A) = n. In the general case the pseudoinverse
solution can be computed by a two-step procedure. First an arbitrary solution of
(1.3) is computed and then the pseudoinverse solution is obtained by solving (1.2)
with a modified right hand side. This procedure is further discussed in section 6.
The two systems of equations (1.2) and (1.3) are symmetric and positive
semidefinite. The aim of this paper is to develop iterative methods for solving these
systems, which do not require the explicit computation of AAT or ATA. We remark
that (1.2) is the natural dual problem to (1.3) and therefore it is advantageous to
study these two systems together. It will be seen that algorithms and convergence
properties carryover naturally.
There are two reasons for making the above restriction on the iterative
methods. First, as has been much emphasized for direct methods, small
perturbations in the elements of AAT or ATA may perturb the solution to (1.2) or
(1.3) much more than perturbations of similar size in A. Perhaps more important,
in some applications the matrices AA T and AT A will be much less sparse than A
itself. Notice that this is in contrast to the dense case, where e.g. ATA will always
have fewer non-zero elements than A if m ~ n and symmetry is taken into account,
and hence the computation of ATA can be viewed as a data reduction.
The fill-in when forming AA T or AT A is in general difficult to predict. The case
when A is a rectangular band matrix is a favourable as the dense case, see Bjorck
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[5]. On the other hand, consider the case of a randomly sparse matrix A such
that a ij 400 with probability p~l. Then, ignoring cancellations, (AAT)ij400 with
probability q 1 (1_p2)n. Thus AAT will be almost dense already when p~n-t,
i.e. when the average number of non-zeroes in a row is ~ nt. It is interesting to
observe that systems where the matrix A has approximately nt non-zeroes in each
row occur naturally, e.g. in some methods for the reconstruction of twodimensional images from projections [16].
In this paper we will primarily study the implementation and computational
complexity of different methods. Convergence proofs and generalizations to
group-iterative methods are given in Elfving [11].
In section 2 the general concept of preconditioning of the system (1.1) with
respect to the minimum norm problem (1.2) and the least squares problem (1.3) is
introduced and discussed. In section 3 we derive a relation between the GaussSeidel method for (1.2) and (1.3) and two classes of projection methods introduced
by Householder and Bauer. This provides efficient implementations of the SORmethods, which only require the original matrix A. In section 4 the same idea is
used to implement the SSOR semi-iterative methods. Section 5 shows how the
generalized conjugate gradient method based on SSOR-preconditioning can be
implemented. Section 6 discusses briefly two step algorithms for the general rank
deficient case. Finally, in section 7 some applications and numerical results are
given.

2. Preconditioning.
In this section we briefly discuss the use of preconditioning to improve the rate
of convergence of iterative methods for (1.2) and (1.3). Let the non-zero singular
values of A be 111(A)~112(A)~ ... ~l1r(A), r~min (m,n), and define the condition
number of A to be
x(A)

= 111 (A}/l1r(A) .

The asymptotic rate of convergence of iterative methods is in general proportional
to x - P (A) for some p > O. By preconditioning we mean a transformation of the
original system (1.1), which decreases the relevant condition number. Obviously
(1.1) can be transformed in two ways:
(2.1)
(2.2)

AC-1x

= b,

C - 1 Ax

x

=

= C 1 x,

C - 1b .

Here (2.1) corresponds to a transformation of the unknowns and (2.2) to a
transformation of the residuals. This is equivalent to a preconditioning of A from
the right or from the left. The matrix C should be cnosen so that x(AC- 1 )
and x(C- 1 A) become smaller than x(A).
Note that for the transformation (2.1) we have in general IIxl1 2=1= Ilx112' and we
cannot expect an iterative method applied to (2.1) to converge to a minimum
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norm solution of (1.1). Similarly, when solving the transformed system (2.2), we
will not in general get a least squares solution of (1.1). This is why a two step
procedure may be preferable for computing A + b in the general case.
The simplest case of preconditioning is when C is chosen to be a diagonal
matrix D. Then the transformations in (2.1) and (2.2) obviously correspond to a
scaling of the columns respectively the rows of A. It has been shown by van der
Sluis [34J that if ATA has at most q non-zero elements in any row, then if the
columns of A are scaled to have equal Euclidean norm x(AD- I ) is not more than
a factor qt larger than the minimum under all column scalings of A. If this
theorem is applied to AAT a similar conclusion follows for row scalings of A.
Therefore it is in general recommended to equilibrate the rows or columns before
applying an iterative method to solve (1.2) or (1.3) respectively.
Some possible choices of preconditioning matrices for the least squares problem
are given in [5]. These require in general some initial transformation of A which
usually partly destroys sparsity. We also remark that many of the preconditioning
techniques for symmetric positive definite problems rely for their success on some
special structure of the matrix. The SSOR-preconditioning discussed later in
section 5 can be efficiently implemented for general sparse matrices A.

3. Projection methods and SOR.

Householder and Bauer [19J have studied two classes of projection methods for
square and non-singular systems. In this section we formally generalize these
methods to rectangular systems and show that as special cases we get the GaussSeidel methods for (1.2) and (1.3). The SOR-methQds then follow easily.
First let qi $ N (AT), i = 1,2,. .. be a sequence of non-zero m-vectors and
compute a sequence of approximations from
(3.1)

X i +1

If the system Ax = b is consistent then AA + b = b and it follows that dT+ 1 ATqi = 0,
where d i = A + b - X i' Therefore

i.e. for conSistent systems the class of methods (3.1) is error reducing.
For the second class let Pj $ N (A), j = 1,2, ... be a sequence of non-zero nvectors and compute a sequence of approximations from

(3.2)
It follows immediately that rJ+1Apj

IIrj + 111~ =

hll~

0, where rj=b

Ax j • Therefore

lalllApjll~ ~ IIrjll~,

i.e. the class of methods (3.2) is residual reducing.
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Now assume that A has non-zero rows and let qi in (3.1) equal the unit vectors
ei taken in cyclic order. We then have

where aT. is the ith row vector of A. Then (3.1) becomes
(3.3)
This method was originally devised by Kaczmarz [20J, who considered only the
case of a square matrix A. Its convergence properties have recently been studied
for general m x n matrices by Tanabe [33]. Now consider Gauss-Seidel's method
for (1.2). There, in the ith minor step, Yi is updated by
LlYi

and with

Xi

ATYi and

Xi + 1

=

e;(bi-aT.ATYi)/aT.a i. ,

= Xi + ATLlYi we recover (3.3). Therefore, if we take

xo=ATyo for an arbitrary Yo, then (3.3) is equivalent to Gauss-Seidel's method

for (1.2). It now follows immediately that one step of the SOR-method applied to
(1.2) can be written
(3.4)

1,2, ... ,m

i.e. by introducing the acceleration parameter (J), 0 < (J) < 2, in Kaczmarz' method.
We remark that the method (3.4) is invariant under row-scalings of (A, b) and
permutation of the unknowns. However, the rate of convergence of (3.4) does
depend on the ordering of the equations in Ax = b.
We next assume that A has non-zero columns and let Pj in (3.2) equal the unit
vectors ej taken in cyclic order. Then
Apj

=

Ae j

=

aj ,

where a j is the jth column of the matrix A and (3.2) becomes
(3.5)

x j + 1 = xj+eja~(b-Ax)/lla)I~,

j

1,2, .. . ,n.

Note that in the jth step only the jth component of Xj is changed. For a square
matrix A this method was developed by de la Garza [14]. However, (3.5) is easily
shown to be equivalent to the Gauss-Seidel method applied to (1.3). As before, by
including an acceleration parameter (J) we get the SOR-method for (1.3)
(3.6)
The iteration method (3.6) is invariant under column scalings of A and
permutation of the equations. Its rate of convergence depends on the ordering of
the unknowns.
We stress that (3.4) and (3.6) are very efficient ways to implement the SORmethods for (1.2) and (1.3) when A is a sparse matrix. Let nz(A) be the number of
non-zero elements of A and consider (3.4). There we first have to compute the ith
component of the residual vector (hi - aT.x;). This only requires the scalar product
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of Xi with the sparse row vector ai.' Next Xi is updated by a multiple of the same
vector ai.. Thus, a complete cycle, i= 1,2, .. . ,m, requires only about 2nz(A)
multiplications (the row norms lIai.ll~ can be computed once and for all). Only
one sweep sequentially through the rows of A from top to bottom is needed. The
vector b is also row-wise accessed and only the components of X are updated
in non-sequential order. No extra storage is required.
Similarly, for (3.6) only one sweep through the columns of A from left to right is
needed. Rewriting (3.6) as
(3.7)

xj+1

=

xj+we/j j ,

rj + 1 = rj-wa.jb j

bj = a~rilla)l~ ,

we see that the residual vector rj can be computed recursively. Then again about
2nz(A) multiplications are needed for a complete cycle j = 1, 2, ... , n and only the
components of r need to be accessed in non-sequential order.
We finally remark that Kaczmarz's method (3.3) has been rediscovered and used
successfully in picture reconstruction [16]. In this context the method is known as
the unconstrained ART-algorithm (Algebraic Reconstruction Technique).

4. SSOR-semi-iterative methods.

The SOR-methods described in section 3 have the advantage of simplicity and
small storage requirements. However, when AT A and AAT do not have Young's
"property A" the rate of convergence may be very slow for any choice of w. In this
section we therefore consider semi-iterative methods based on the SSOR-method.
If a sweep forward in (3.4) is followed by a sweep backward i.e.

(4.1)

X i+1

=

xi+O)aj.(bi-aIxJ/llaj.II~,

i=1,2, .. . ,2m, j=min(i,2m+1-i),

then we obtain the SSOR-method for (1.2). In a complete double sweep the
unknowns are then transformed
(4.2)

where

The matrices Q; are symmetric and it follows that the iteration matrix
(4.2) is symmetric.
Similarly the SSOR-method for (1.3) can be written
(4.4)

xj+1

=

Xj+

we;aI(b - Ax)/lla:;il~,

In a double sweep
transformed
(4.5)

X(k+l)

X(k)

j= 1,2, ... , 2n, i =min

QSSOR

in

U, 2n+ 1-j) .

and the corresponding residual vector

r(k)

are now
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Here
(4.6)

FSSOR

= P1P z

...

PnP• ... PZP 1, Pj = I -wa.ja//lla)l~ ,

and it follows that FSSOR is a symmetric matrix. There is no simple expression for
QSSOR in terms of the Pj'
Although QSSOR is not symmetric it follows from the general SSOR-theory,
Young [37J p. 461, that QSSOR is similar to a symmetric matrix. Chebyshev semiiteration can therefore be used to accelerate both (4.2) and (4.5).
The SSOR semi-iterative method for the minimum norm problem (1.2), where
bE R(A), is obtained by applying Chebyshev semi-iteration to the linear system
related to (4.2)
(4.7)
We note from (4.3) that for any vector x E N (A) we have (! QSSOR)x =0.
Therefore, if n> m, then (I - QSSOR) has at least n - m zero eigenvalues and is only
positive semidefinite. However, from the general SSOR-theory it is known that
(4.7) is a consistent system and as remarked in [36J Chebyshev semi-iteration
applies also in this case. If we denote the accelerated sequence of approximations
for (4.2) by (x k ), then we have
(4.8)

(4.9)
Formulas for computing Pk and qk from lower and upper bounds a and b for the
non-zero eigenvalues of (1- QSSOR) are given in [36]. In (4.9) Z(k) is the result of
performing one SSOR-step from the approximation X(k). Thus, as for SSOR, only
two sweeps through the matrix A are required for each step of (4.9), but there is a
storage overhead of two n-vectors ilk) and (X(k) - i(k 1 ».
The SSOR semi-iterative method for the least squares problem (1.3) can be
developed analogously by applying Chebyshev semi-iteration to the linear system
related to (4.5)
(4.10)

There is one complication, since in (4.4) the residuals (b - Ax) should be
computed recursively as in (3.7). To start this recursion we have to compute
(b - AX(k» at the beginning of each SSOR-step, which requires an additional
sweep through the matrix A and nz(A) additional multiplications. An alternative
way of implementing this semi-iterative method, which avoids this overhead,
will be described in section 5.
A drawback with Chebyshev semi-iteration is that often it is very difficult to
find a suitable lower bound for the eigenvalues of the iteration matrix. We remark
that it is possible to apply this method with any choice of a> O. Taking a> Amin
will in general suppress that part of the solution corresponding to eigenvalues
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smaller than a. This kind of regularization of the solution may be desirable in some
problems.
5. SSOR-preconditioned conjugate gradient methods.
Instead of Chebyshev semi-iteration it is possible to use the conjugate gradient
method (cg-method) as an acceleration technique. The cg-method has a number
of attractive properties when used for this purpose, see e.g. Concus et al. [S].
Perhaps most important is that it does not require an estimation of parameters
and that it takes advantage of the distribution of the eigenvalues of the iteration
operator.
In our applications the cg-method will be used to compute the minimum norm
solution x = B + c of a consistent system Bx c, where B is symmetric and
semidefinite. We state below some important properties of the cg-method applied
to such systems.
LEMMA 5.1. Let Bx = c, where B is symmetric and positive semidefinite and where
c E R(B). Let xo=xo+x~ with Xo E R(B) and x~ E N(B), Po So=C Bxo and
compute for k=O, 1,2, ...

qk

= Bpk, rt.k = Ilskll~/p[qk'

(5.1)

Then the sequence of approximations {xd has the following properties:
(i) The vector Xk minimizes the quadratic form

among all vectors of the form x = Xo + w, where w lies in the space

Sk = {so, Bs o,· . . ,B k Iso}.

(ii) The algorithm terminates with Xk = B + C + x~ after t ~ rank (B) steps, and for k
~'t we have

PROOF. The above properties are well known in case B is positive definite (see
e.g. Hestenes and Stiefel [IS]). In the semidefinite case c E R(B) implies that also
Po and So lie in R(B). But then it follows from the formulas (5.1) by recursion that
X k - x~, Pk and Sk lie in R (B) for all k. Therefore {Xk - x~} is the same sequence as
that generated by the cg-method for the positive definite system Ex = c, where E is
the restriction of B to R(B), and the lemma follows. (For a slightly different proof
see Elfving [10]). •
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To accelerate the SSOR-method for the minimum norm problem (1.2) we
apply the cg-method to the symmetric, consistent linear system (4.7). Using
R(l-QSSOR)=R(A T) which follows from (4.1) we obtain:
Algorithm CGMN: Take
xoER(AT),

So

=

and for k=0,1,2, ... compute

Po

=

{QssoRxo+RssORb)-xo,

XHl, SHI

and

PHI

from (5.1), where

(5.2)

To compute Po in (5.2) we perform one SSOR-step (4.1), and to compute qk one
step (4.1) is made with XI = Pk and now with b = O. As in SSOR only two sweeps
through the rows of A are needed for one iteration step. If A is only moderately
sparse the computational overhead of cg-acceleration is small, but we now need
storage for three n-vectors, s, P and q in addition to x. However, only the
components of q are accessed in non-sequential order and X, sand P may be held
in backing storage. For a possible way to save storage, see [1].
We note that since the system (4.10) is not symmetric, no dual method to
CGMN exists for the least squares problem (1.3). The natural dual method would
be an iterative method for the residual vector r=b Ax of (1.3), cf. (4.5)-(4.6).
If m<n, then as remarked in section 4, the matrix (/-QSSOR) is always rank
deficient. We now derive a different SSOR-cg method for the minimum norm
problem, which is more stable and requires slightly less storage. This method will
also have a natural dual for the least squares problem.
We start by giving an explicit expression for the iteration matrix in (4.2) using
classical SSOR-theory. First let AAT =L+D+LT, where L is strictly lower
triangular, D diagonal and

(5.3)
Then it is well known (Young [37], p. 462) that the iteration matrix for the SSORmethod applied to AATy = b is
(5.4)

Thus, after dividing out the scaling constant w(2-w), the related linear system
can be wri tten

(5.5)
Thus z = Cry satisfies the symmetric system
(5.6)

We remark that (5.6) corresponds to a preconditioning of A from the left with the
matrix Cc: l , cf. Axelsson [3]. We now apply the cg-method to solve (5.6).
Transforming back to the original variables x, the algorithm can be written as
follows:
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Algorithm CGPCMN: Take
Xo E

R(AT),

Po = ro

and for k=O, 1,2, ... compute
qk = ATC;;;Tpk>

!Xk

= IIrkll~/llqkll~,

(5.7)

This algorithm needs storage for two n-vectors x and q and two m-vectors P and r.
As in CGMN only the components of q need to be accessed in non-sequential
order.
Since the elements in L defined by (5.3) are not explicitly known, it remains to
be shown that the vectors ATC;;;Tpk and C;;;lAqk in (5.7) can be efficiently
computed. Dropping the index k we put
q = ATC;;;Tp = AT(D+wLT)-lDtp = ATs.
It follows that Ds=Dtp-wLTs, or component-wise
m

dis i = d!Pi - waT.hi>

hi =

L

aj.sj .

j=i+ 1

Thus we can compute q=ATC;;;Tp=h o by the recursion:
Put hm=O, and for i=m,m-l, .. . ,1 compute
(5.8)
Further, from t=C;;;lAq
component-wise

Dt(D+wL)-lAq we get Dtt=Aq-wLD-~t or

Thus, we can compute t=C;;;lAq by the recursion:
Put gl =q, and for i= 1,2, .. . ,m compute
(5.9)
Using (5.8) and (5.9) we can implement a cg-step in (5.7) again with only two
sweeps through the rows of A. Note that since we need not store the vectors sand
t in (5.8) and (5.9) no extra storage is involved.
As shown in the following theorem the two algorithms CGMN and CGPCMN
are closely related but not equivalent.
THEOREM 5.1. The algorithms CGMN and CGPCMN
approximations X k E R(AT) of the form Xo + Wk' where Wk E Sk>

both generate
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Sk={so,Bso," .,Bk-1SO} and
So

ATCc:TCc:l(b-Axo),

B = ATCc:TCc:lA .

Furthermore, if b E R(A), then the algorithms minimize the quadratic forms
QCGMN(X) = IICc:l(b-Ax)ll~

and

QCGPCMN(X) = IIA+b-xll~, respectively.

Also for CGMN the norm IIA +b-Xkllz decreases monotonically.
PROOF. It follows from (5.4) that, after division by w(2 - w), the system (4.7) can
be written Bx = c, where

(5.10)

Thus, from lemma 5.1 CGMN generates approximations xk=XO+wk> where
W k E Sk and so=c
BXo=ATCc:TCc:l(b-Axo). Moreover, from lemma 5.1,
CGMN minimizes the quadratic form IICc:lA(B+c-x)II~. But when b E R(A) the
two systems Cc:1AX Cc:1b and Ax b have the same set of solutions. Therefore
also B +C = A +b and the properties for CG M N now follow from the relation AA +b
b. For CGPCMN we have x=ATCc:Tz, where from (5.6) ,-;; satisfies Ez=f
with E=Cc:1AATCc:T, f=Cc:1b. Thus from lemma 5.1, Zk zo+uk ,
Uk E {to,Eto," .,Ek-1to}, where to=Cc:l(b-AATCc:Tzo)=Cc:l(b-Axo). But for
p~O, ATCc:TEPt o BPs o, so xk-xo E Sk' Again from lemma 5.1 it follows that
CGPCMN minimizes IliTCc:T(E+f-z)ll~ = IIATCc:TE+f-xll~. But b E R(A) and
thus AATy=b and Cc:lAATy=Cc:lb have the same set of solutions. Therefore
Cc:TE+f=(AAT)+b and it follows that ATCc:TE+f=AT(AAT)+b=A+b, which
proves the minimizing property of CGPCMN. •
We remark that from theorem 1.2 and (5.10) it follows that in the general case
of an inconsistent system Ax=b the algorithm CGMN solves the problem
min Ilx112' x

E

{x; IICc:1(b-Ax)llz=minimum}.

The non-zero eigenvalues of the matrices ~ccurring in (5.6) and (5.10) are
identical. Hence we can expect similar convergence behaviour for CGPCM Nand
CGMN. This is also confirmed by computational experience, cf. fig. 1. We
recommend the use of CGPCMN mainly for the following reasons. It requires less
storage, if m < n, than CGM N. It is more stable, cf. the discussion in section 7, and
finally it minimizes a more natural error-norm than does CGMN.
We now consider the acceleration of the SSOR-method for the least squares
problem (1.3). We let ATA=L+D+LT, where L is strictly lower triangular, D
diagonal and

(5.11 )
Then for the matrix in (4.10) we have the expression
QSSOR =

I -w(2.,-w)(D+wL)-TD(D+wL)-lA TA .
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We again drop the scaling constant OJ(2 - OJ) and make the change of variables
(5.12)

Then the system (4.11) can be written
(5.13)

If we now apply the cg-method to (5.13) we get the dual algorithm to CGPCMN.

The resulting algorithm can be written in the following form:
Algorithm CGPCNE: Take

and for k = 0,1,2, ... compute

(5.14)

The quantities C;;;T pk, AC;;;Tpk and C,:lA Trk in (5.14) can be computed efficiently
with only two sweeps through the columns of the matrix A. The algorithms for
this are derived exactly analogous to (5.8) and (5.9). Dropping the index k we let
t=C w Tp and using (5.12) get the recursion:
Put hn=O, and for j=n,n-l, .. . ,1 compute
(5.15)

Note that q=AC;;;Tp=h o'
Further the vector s = c;;; 1 ATr is computed by the recursion:
Put hl =r and for j=1,2, ... ,n compute
(5.16)

The algorithm requires storage for two m-vectors r, q and three n-vectors x, p and
s. Only one m-vector needs to be accessed in non-sequential order.
We first remark that from theorem 1.2 and (5.13) it follows that the algorithm
CGPCNE, provided xo=C;;;Tzo where Zo E R(C;;;lA7), solves the problem
min IICJ;xlb,

x

E

{x; IIb-AxI12=minimum}.

We state some further properties of this algorithm in the following theorem.
THEOREM

where

Xo E

5.2. The algorithm CGPCNE generates approximates xk=XO+C;;;Twk,
R(A T), W k E {so, Bs o,· . . ,Bk - 1 S0 } and
So

= C;;;lAT(b-Axo),

B = C;;;lATAC;;;T.
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Furthermore, CGPCN E millimizes ill each step the quadratic form
QCGPCNE(X)

=

Ilb-Axll~.

PROOF. The first part of the theorem is an immediate consequence oflemma 5.1.
From the same lemma follows that with c=C w lATb, CGPCNE minimizes

IIAC;T(::-B+c)il~ =

IiA(x-XLS)il~,

where XLS=C", TB+c is a least squares solution ofAx=b. Since b-AxLS E N(AT)
we have Ilb- Axll~ = Ilb- AXLSII~ + IIA(x-XLS)II~, and therefore also lib - Axllz is
minimized . •
Notice that since we divided out the factor m(2 - m), it is possible to let m take
any value in CGPCMN and CGPCNE. In particular, if we take m 0, then it is
easily verified that the resulting algorithms are the cg-method applied to the
systems (1.2) and (1.3) after row- and column-equilibration respectively of A. In
this case approximately half the number of operations in the recursions (5.8), (5.9)
respectively (5.15), (5.16) can be saved. However, we still need to access the
rows/columns of A twice per iteration. If A is so big that it cannot be kept in
internal store it obviously.becomes important to restrict the number of accesses.
In [10] several mathematically equivalent versions of the CG-method for (1.3) and
one for (1.2) are given which only access the elements of A once per iteration step.
We end this section by pointing out some generalizations of the derived
algorithms. In [11] Elfving has shown that by partitioning A into blocks of rows
or columns one can derive block-SOR (and SSOR) methods for problems (1.2)
and (1.3). These block-iterative methods can also be accelerated by Chebyshev
semi-iteration or the cg-method. In particular we point out that the algorithms
CGPCMN and CGPCNE given in this section have been formulated so that they
easily generalize to block methods.
Using the derived recursions (5.8)-(5.9) and (5.15)-(5.16) it is straightforward to
apply Chebyshev semi-iteration to the systems (5.6) and (5.13). We also remark
that in CGPCMN and CGPCNE it is possible to use other precondition matrices
than C", and Cwo The conclusions in theorems 5.1 and 5.2 still hold if these other
precondition matrices are substituted.

6. General pseudo inverse algorithms.

If rank (A)<min (m,n) and b is not in R(A), then neither of the algorithms
developed above will converge to the pseudoinverse solution. However, a two-step
procedure based on the given algorithms can easily be derived for the general case.
First let
(6.1)

b

=

b'+b",

b'

E

R(A),

bl!

E

N(A T).
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Then, for any least squares solution XLS of Ax = b, we have
AXLS

=

b',

rLS

=

b-AxLS

=

b" .

The pseudo inverse solution A + b therefore equals the minimum norm solution of
the consistent system Ax = b'. This corresponds to a splitting of XLS,
(6.2)

XLS

=

X'

+ x",

x' = A+bER(A T ),

X"EN(A).

Thus, the following algorithm can be used to compute A + b (cf. Plemmons [27]).
Algorithm 6.1.

(i) Compute a least squares solution XLS of Ax = b and the corresponding
residual rLS, using e.g. CGPCN E. Put b' = b - rLS.
(ii) Compute the minimum norm solution of the system Ax = b', using e.g.
CG PCM N. This solution equals A + b.
We remark that in step (i) it is not necessary to compute XLS, since only the
residual rLS is needed to start step (ii). Note that this means that in the SORmethod (3.7), we do not need to iterate for x. A similar simplification applies if the
SSOR-method is used for step (i). Also, it is possible to accelerate the SSORmethod (4.5) r(k+ 1) = PSSORr(k), for r, by Chebyshev semi-iteration or the cg-method,
since, as remarked in section 4, P SSOR is a symmetric matrix.
If we actually do compute a solution XLS in step (i), then another possible
algorithm is the following.
Algorithm 6.2.

(i) Compute a least squares solution XLS ofAx=b using e.g. CGPCNE.
(ii) Use one of the given minimum norm algorithms, e.g. CGPCMN, to solve
the consistent system Ax = 0, using the starting approximation Xo = XLS. The
computed solution is then x" E N(A), where x" is defined by (6.2). We therefore
have A +b=XLS-X".
Algorithm 6.2 is based on the fact that if a starting approximation Xo = x' + x",
x' E R (AT), x" E N (A), is used in one of the given minimum norm algorithms, then
the component x" is left unchanged and does not affect the iterations. This is
easily seen to be true for the SOR-method (3.4) and the SSOR-method (4.1).
Indeed, if xi=X;+X;', then we have a[xi=a[x;. The same observation for
Kaczmarz's method has been made by Tanabe in [33]. It easily follows from
theorem 5.1 that the conclusion also holds for the accelerated versions of the
SSOR-method.
7. Applications and computational experience.
Areas where applications for our methods may arise include datafitting, surface
approximations, geodesy, photogrammetry, image reconstruction and convex
programming.
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The solution of geodetic normal equations by the SOR-method has been
considered by Ashkenazi [2], and the solution of similar problems by the cgmethod is discussed in [30] and [7]. Whitney and Meany [35] discuss
applications of Kaczmarz's method in circuit theory. As remarked earlier this
method is also used for reconstruction of two-dimensional pictures from their
one-dimensional projections [16]. Consistent systems of similar structure as (1.2)
and (1.3) also arise when solving the maximum entropy problem with linear
constraints [12].
We now discuss results from some numerical experiments with the methods
described in section 5. These were carried out on a DEC-lO with a relative
precision of 6=0.4'10- 8 . For CGPCMN and CGPCNE the Fortran subroutines
given in Report LiTH-MAT-R-1978-5, Linkoping University, were used. These
implementations differ slightly from the formulas given in the text. To avoid the
square roots in (5.15) and (5.16) ])-ts and ])-tp are computed instead of sand p.
The square roots occuring in CGPCMN are eliminated in a similar way. Further,
the residuals in CGPCMN are computed using the formula rk=C,:l(b-Axk)
instead of the recursion (5.7). Note that this does not increase the number of
matrix by vector products needed per iteration.
Our first test matrices come from a modification of the un weighted picture
reconstruction model [16], which for the case of three equally spaced projections
compensates for the lack of weights. We consider the modified model with 600
meshpoints and projection data corresponding to 60 equations. In this model
there are always two redundant equations. A full rank matrix can be obtained by
deleting the first and the last row.
For the given matrix A we have generated a random vector y, then computed x
= ATY and finally b Ax. The starting vector Xo = 0 was used. In fig. 1 the norm of
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Fig. 1. Logarithms of relative error, IIXk - A + blb/llA + bib and residuals, Ilrkllz/llrolb (CGPCMN) and
Ilskllz/llsollz (CGMN) when solving a full rank problem of order 58 x 600.
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the error and residual vectors are given for CG M Nand CG PC M Nand (}) = 1. The
figure illustrates a typical instability of CGMN if too many iterations are carried
out when rank (A) < m. Except for this the two methods perform roughly similarly,
as was to be expected.
In fig. 2 we compare the behaviour of the relative error for CGPCMN with (})
= 1, for the singular and non-singular problem. The figure illustrates that when
AAT is rank-deficient this algorithm exhibits the same kind of instability as
observed for CGMN. It is also seen that the rate of convergence may be worsened
by deleting redundant rows, cf. the remark in [28], page 74.
A set of different values of (}) was tested in CGPCMN when solving the same
two problems as above. Fig. 3 shows the necessary number of iterations required
to satisfy the stop-criterion

20
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-3

-4

-5
-6
10

15

20

Fig. 2. Behaviour of log Ilxk - A +bll,/IIA +bllz for method CGPCMN, using W= I, when solving (i) a
full rank problem of order 58 x 600, (ii) a rank deficient problem of order 60 x 600.
Fig. 3, Necessary number of iterations, for method CGPCMN, versus the iteration parameter. w.
when solving (i) problem of order 58 x 600, (ii) problem of order 60 x 600.

Note that the achieved gain in rate of convergence for (}) 1 is outweighed by the
fact that roughly half the number of operations per iteration can be saved when (})
=0.
To test the algorithm CGPCNE we used the problem of least squares surface
approximations by bicubic splines. The function
N

g(x,y)

N

= L L

cijBi(x)B/y),

i= 1 j= 1

where Bi(x) and B/y) are B-splines with knots on a uniform grid over the unit
square, was fitted to data points (Xi,Yi,Zi)' i 1,2, .. . ,m. The coordinates Xi and Yi
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Fig. 4. Behaviour of log hllz/liroliz when solving a consistent surface fitting problem of order
200 x 100 using CGPCNE with 0>=0 and 0>= 1.2 and the CG-method.

were randomly distributed and Zi chosen to yield a consistent overdetermined
system of order m x N 2 for the unknown coefficients cij' In fig. 4 the error is shown
for the cg-method and for CGPCNE with w=O and the experimentally found
optimal value w = 1.2.
For the problems we have tested so far, the rate of convergence has varied
relatively slowly with w around an optimal value not far from w = 1. However,
there are certain classes of diagonal-dominant matrices for which the rate of
convergence for the optimal value of w in the SSOR-cg method is known to be an
order of magnitude better than for 0) 1, see Axelsson [4]. Further investigation
in the choice of ill for different applications of our methods is obviously needed.
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