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Preface
This book is intended to be used as a text for beginning graduate-level (or even senior-level)
students in engineering, the sciences, mathematics, computer science, or computational
science who wish to be familar with enough matrix analysis that they are prepared to use its
tools and ideas comfortably in a variety of applications. By matrix analysis I mean linear
algebra and matrix theory together with their intrinsic interaction with and application to
linear dynamical systems (systems of linear differential or difference equations). The text
can be used in a one-quarter or one-semester course to provide a compact overview of
much of the important and useful mathematics that, in many cases, students meant to learn
thoroughly as undergraduates, but somehow didn't quite manage to do. Certain topics
that may have been treated cursorily in undergraduate courses are treated in more depth
and more advanced material is introduced. I have tried throughout to emphasize only the
more important and "useful" tools, methods, and mathematical structures. Instructors are
encouraged to supplement the book with specific application examples from their own
particular subject area.
The choice of topics covered in linear algebra and matrix theory is motivated both by
applications and by computational utility and relevance. The concept of matrix factorization
is emphasized throughout to provide a foundation for a later course in numerical linear
algebra. Matrices are stressed more than abstract vector spaces, although Chapters 2 and 3
do cover some geometric (i.e., basis-free or subspace) aspects of many of the fundamental
notions. The books by Meyer [18], Noble and Daniel [20], Ortega [21], and Strang [24]
are excellent companion texts for this book. Upon completion of a course based on this
text, the student is then well-equipped to pursue, either via formal courses or through selfstudy, follow-on topics on the computational side (at the level of [7], [11], [23], or [25], for
example) or on the theoretical side (at the level of [12], [13], or [16], for example).
Prerequisites for using this text are quite modest: essentially just an understanding
of calculus and definitely some previous exposure to matrices and linear algebra. Basic
concepts such as determinants, singularity of matrices, eigenvalues and eigenvectors, and
positive definite matrices should have been covered at least once, even though their recollection may occasionally be "hazy." However, requiring such material as prerequisite permits
the early (but "out-of-order" by conventional standards) introduction of topics such as pseudoinverses and the singular value decomposition (SVD). These powerful and versatile tools
can then be exploited to provide a unifying foundation upon which to base subsequent topics. Because tools such as the SVD are not generally amenable to "hand computation," this
approach necessarily presupposes the availability of appropriate mathematical software on
a digital computer. For this, I highly recommend MA1LAB® although other software such as
xi

xii
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Mathematica® or Mathcad® is also excellent. Since this text is not intended for a course in
numerical linear algebra per se, the details of most of the numerical aspects of linear algebra
are deferred to such a course.
The presentation of the material in this book is strongly influenced by computational issues for two principal reasons. First, "real-life" problems seldom yield to simple
closed-form formulas or solutions. They must generally be solved computationally and
it is important to know which types of algorithms can be relied upon and which cannot.
Some of the key algorithms of numerical linear algebra, in particular, form the foundation
upon which rests virtually all of modem scientific and engineering computation. A second
motivation for a computational emphasis is that it provides many of the essential tools for
what I call "qualitative mathematics." For example, in an elementary linear algebra course,
a set of vectors is either linearly independent or it is not. This is an absolutely fundamental
concept. But in most engineering or scientific contexts we want to know more than that.
If a set of vectors is linearly independent, how "nearly dependent" are the vectors? If they
are linearly dependent, are there "best" linearly independent subsets? These tum out to
be much more difficult problems and frequently involve research-level questions when set
in the context of the finite-precision, finite-range floating-point arithmetic environment of
most modem computing platforms.
Some of the applications of matrix analysis mentioned briefly in this book derive
from the modem state-space approach to dynamical systems. State-space methods are
now standard in much of modem engineering where, for example, control systems with
large numbers of interacting inputs, outputs, and states often give rise to models of very
high order that must be analyzed, simulated, and evaluated. The "language" in which such
models are conveniently described involves vectors and matrices. It is thus crucial to acquire
a working knowledge of the vocabulary and grammar of this language. The tools of matrix
analysis are also applied on a daily basis to problems in biology, chemistry, econometrics,
physics, statistics, and a wide variety of other fields, and thus the text can serve a rather
diverse audience. Mastery of the material in this text should enable the student to read and
understand the modem language of matrices used throughout mathematics, science, and
engineering.
While prerequisites for this text are modest, and while most material is developed from
basic ideas in the book, the student does require a certain amount of what is conventionally
referred to as "mathematical maturity." Proofs are given for many theorems. When they are
not given explicitly, they are either obvious or easily found in the literature. This is ideal
material from which to learn a bit about mathematical proofs and the mathematical maturity
and insight gained thereby. It is my firm conviction that such maturity is neither encouraged
nor nurtured by relegating the mathematical aspects of applications (for example, linear
algebra for elementary state-space theory) to an appendix or introducing it "on-the-fly" when
necessary. Rather, one must lay a firm foundation upon which subsequent applications and
perspectives can be built in a logical, consistent, and coherent fashion.
I have taught this material for many years, many times at UCSB and twice at UC
Davis, and the course has proven to be remarkably successful at enabling students from
disparate backgrounds to acquire a quite acceptable level of mathematical maturity and
rigor for subsequent graduate studies in a variety of disciplines. Indeed, many students who
completed the course, especially the first few times it was offered, remarked afterward that
if only they had had this course before they took linear systems, or signal processing,
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or estimation theory, etc., they would have been able to concentrate on the new ideas
they wanted to learn, rather than having to spend time making up for deficiencies in their
background in matrices and linear algebra. My fellow instructors, too, realized that by
requiring this course as a prerequisite, they no longer had to provide as much time for
"review" and could focus instead on the subject at hand. The concept seems to work.

-AJL, June 2004

Chapter 1

Introduction and Review

1.1

Some Notation and Terminology

We begin with a brief introduction to some standard notation and terminology to be used
throughout the text. This is followed by a review of some basic notions in matrix analysis
and linear algebra.
The following sets appear frequently throughout subsequent chapters:
1.

IR.n =the set of n-tuples of real numbers represented as column vectors. Thus, x
means

E !Rn

where x; E IR fori E !:!.·
Henceforth, the notation !:!. denotes the set {1, ... , n}.

Note: Vectors are always column vectors. A row vector is denoted by y~ where
y E !Rn and the superscript T is the transpose operation. That a vector is always a
column vector rather than a row vector is entirely arbitrary, but this convention makes
it easy to recognize immediately throughout the text that, e.g., xT y is a scalar while
xyT is an n x n matrix.
2.

en = the set of n-tuples of complex numbers represented as column vectors.

3.

IR.mxn

4.

IR.;" xn = the set of real m x n matrices of rank r. Thus,
nonsingular n x n matrices.

5.

c:m xn

=the set of real (or real-valued) m x n matrices.
IR~ xn

denotes the set of real

= the set of complex (or complex-valued) m x n matrices.

6. C:;" xn = the set of complex m x n matrices of rank r.
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We now classify some of the more familiar "shaped" matrices. A matrix A E !Rn xn
(or A E cnxn) is
• diagonal if aij = 0 for i

i=

j.

• upper triangular if aij = 0 for i > j.
• lower triangular if aij = 0 for i < j.
• tridiagonal if aij = 0 for Ii - j I > 1.
• pentadiagonal if aij

= 0 for li -

j I > 2.

• upper Hessenberg if aij = 0 for i - j > 1.
• lower Hessenberg if aij = 0 for j - i > 1.
Each of the above also has a "block" analogue obtained by replacing scalar components in
the respective definitions by block sub matrices. For example, if A E !Rn xn, B E !Rn xm, and
C E IRmxm, then the (m + n) x (m + n) matrix [ ~ ~]is block upper triangular.
The transpose of a matrix A is denoted by AT and is the matrix whose (i, j)th entry
is the(}, i)th entry of A, that is, (AT)ij = aJi· Note that if A E IRmxn, then ATE IRnxm.
If A E cmxn' then its Hermitian transpose (or conjugate transpose) is denoted by AH (or
sometimes A*) and its (i, j)th entry is (AH)ij = (a 1;), where the bar indicates complex
conjugation; i.e., if z =a+ jf3 (j = i = -J=T), then =a- jf3. A matrix A is symmetric
if A = AT and Hermitian if A = A H. We henceforth adopt the convention that, unless
otherwise noted, an equation like A = AT implies that A is real-valued while a statement
like A = A H implies that A is complex-valued.

z

Remark 1.1. While R
is most commonly denoted by i in mathematics texts, j is
the more common notation in electrical engineering and system theory. There is some
advantage to being conversant with both notations. The notation j is used throughout the
text but reminders are placed at strategic locations.
Example 1.2.

; ~ Jis symmetric (and Hermitian).
5
7 + j Jis complex-valued symmetric but not Hermitian.
A= [
2
7+j

1. A= [

2.

5
3 A - [ 7j
0

-

7+j
2

Jis Hermitian (but not symmetric).

Transposes of block matrices can be defined in an obvious way. For example, it is
easy to see that if A;1 are appropriately dimensioned subblocks, then

r

= [
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Matrix Arithmetic

It is assumed that the reader is familiar with the fundamental notions of matrix addition,

multiplication of a matrix by a scalar, and multiplication of matrices.
A special case of matrix multiplication occurs when the second matrix is a column
vector x, i.e., the matrix-vector product Ax. A very important way to view this product is
to interpret it as a weighted sum (linear combination) of the columns of A. That is, suppose

A =[a;, ... , a" 1 E II<"'" with a; E ll<m and x =

l~ X~n~

]

Then
Ax=

X]G!

+ · · · + XnGn

E JRm.

The importance of this interpretation cannot be overemphasized. As a numerical example,
take A = [ ~

~ ~ ], x

= [~

J. Then we can quickly calculate dot products of the rows of A

with the column x to find Ax = [ ~~ ], but this matrix-vector product can also be computed
via

3·[ ~ ]+2·[ ~ ]+1·[ ~ l
For large arrays of numbers, there can be important computer-architecture-related advantages to preferring the latter calculation method.
For matrix multiplication, suppose A E JRmxn and B = [b 1, ... , bp] E JRnxp with
b; E JRn. Then the matrix product AB can be thought of as above, applied p times:

There is also an alternative, but equivalent, formulation of matrix multiplication that appears
frequently in the text and is presented below as a theorem. Again, its importance cannot be
overemphasized. It is deceptively simple and its full understanding is well rewarded.
Theorem 1.3. Let U = [UJ, ... , Un] E
with v; E JRP. Then

lRmxn

with u; E lRm and V =[vi, ... , Vn] E

lRpxn

n

UVT

= "L_u;vr

E JRmxp.

i=l

If matrices C and D are compatible for multiplication, recall that (C D)T = DT cT
(or (C D)H = DH CH). This gives a dual to the matrix-vector result above. Namely, if
C E JRm xn has row vectors
E JR 1xn, and is premultiplied by a row vector y T E JR 1xm,
then the product can be written as a weighted linear sum of the rows of C as follows:

cJ

yTC

= Ytcf + · ·· + YmC~

E

lRlxn.

Theorem 1.3 can then also be generalized to its "row dual." The details are left to the reader.

4

1.3
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Inner Products and Orthogonality

For vectors x, y E !Rn, the Euclidean inner product (or inner product, for short) of x and
y is given by
n

(x, y) := xr y = Lx;y;.
i=l

Note that the inner product is a scalar.
If X, y E en, we define their complex Euclidean inner product (or inner product,
for short) by
n

(x,y)c :=xHy

= Lx;y;.
i=l

Note that (x, y)c = (y, x)c, i.e., the order in which x andy appear in the complex inner
product is important. The more conventional definition of the complex inner product is
(x, Y)c = yH x = I:7= 1 x;y; but throughout the text we prefer the symmetry with the real
case.
Example 1.4. Let x = (} ) and y =
(x, Y)c = [

~

[a

]H [

Then

~ J=

[l

- j] [

~ J=

1- 2j

while

and we see that, indeed, (x, y)c = (y, x)c.
Note that XT X = 0 if and only if X = 0 when X E JRn but that this is not true if X E en.
What is true in the complex case is that xH x = 0 if and only if x = 0. To illustrate, consider
the nonzero vector x above. Then xr x = 0 but xH x = 2.
Two nonzero vectors x, y E !Rn are said to be orthogonal if their inner product is
zero, i.e., xr y = 0. Nonzero complex vectors are orthogonal if xH y = 0. If x andy are
orthogonal and xr x = I and yr y = 1, then we say that x andy are orthonormal. A
matrix A E !Rn xn is an orthogonal matrix if A r A = A A r = I, where I is the n x n
identity matrix. The notation In is sometimes used to denote the identity matrix in !Rnxn
(or en xn ). Similarly, a matrix A E en xn is said to be unitary if AHA = A A H = I. Clearly
an orthogonal or unitary matrix has orthonormal rows and orthonormal columns. There is
no special name attached to a nonsquare matrix A E JR"'><n (orE cmxn) with orthonormal
rows or columns.

1.4

Determinants

It is assumed that the reader is familiar with the basic theory of determinants. For A E !Rn xn
(or A E enxn) we use the notation det A for the determinant of A. We list below some of

5
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the more useful properties of determinants. Note that this is not a minimal set, i.e., several
properties are consequences of one or more of the others.
1. If A has a zero row or if any two rows of A are equal, then det A

= 0.

2. If A has a zero column or if any two columns of A are equal, then det A = 0.
3. Interchanging two rows of A changes only the sign of the determinant.
4. Interchanging two columns of A changes only the sign of the determinant.
5. Multiplying a row of A by a scalar a results in a new matrix whose determinant is
a det A.
6. Multiplying a column of A by a scalar a results in a new matrix whose determinant
is a det A.
7. Multiplying a row of A by a scalar and then adding it to another row does not change
the determinant.
8. Multiplying a column of A by a scalar and then adding it to another column does not
change the determinant.
9. detAT = detA (detA 8 = detA if A E cnxn).
10. If A is diagonal, then det A
elements.

= a 11 a22 ···ann, i.e., det A is the product of its diagonal

11. If A is upper triangular, then det A = a 11 a22 · · · ann.

12. If A is lower triangular, then det A = a11a22 ···ann·
13. If A is block diagonal (or block upper triangular or block lower triangular), with
square diagonal blocks A 11 , A22 , ... , Ann (of possibly different sizes), then det A =
det A 11 det A22 · · · det Ann.
14. If A, BE

JRnxn,

thendet(AB) = detAdetB.

15. If A E IR~xn, then det(A- 1) =de: A.
16. If A E IR~xn and DE lRmxm, then det [~ ~] = det A det(D- CA -I B).
Proof" This follows easily from the block LU factorization

[~ ~]=[

~ J[ ~

17. If A E JRnxn and D E JR;::xm, then det [ ~ ~] = det D det(A- B D- 1 C).
Proof" This follows easily from the block UL factorization
BD- 1
I

J[

6
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Remark 1.5. The factorization of a matrix A into the product of a unit lower triangular
matrix L (i.e., lower triangular with all 1's on the diagonal) and an upper triangular matrix
U is called an LU factorization; see, for example, [24]. Another such factorization is UL
where U is unit upper triangular and L is lower triangular. The factorizations used above
are block analogues of these.
Remark 1.6. The matrix D - C A -I B is called the Schur complement of A in [ ~

Similarly, A - B v- C is the Schur complement of D in [ ~

~ ].

~].

1

EXERCISES
l. If A E

:rn:.nxn

and a is a scalar, what is det(aA)? What is det(-A)?

2. If A is orthogonal, what is det A? If A is unitary, what is det A?
3. Letx,y

E

:rn:.n. Showthatdet(/-xyr) = 1- yrx.

4. Let U1, Uz, ... , Uk E :rn:.nxn be orthogonal matrices. Show that the product U =
U1Uz · · · Uk is an orthogonal matrix.
5. Let A E :rn:.nxn_ The trace of A, denoted TrA, is defined as the sum of its diagonal
elements, i.e., Tr A = L~=l aii.
(a) Show that the trace is a linear function; i.e., if A' B
Tr(aA + {38) = aTrA + {JTrB.
(b) Show that Tr(AB)

E

JR.n xn and a, f3

= Tr(BA), even though in general AB f.

E

JR., then

BA.

(c) LetS E :rn:.nxn be skew-symmetric, i.e., sr = -S. Show that TrS = 0. Then
either prove the converse or provide a counterexample.
6. A matrix A

E

JR.nxn is said to be idempotent if A 2 =A.

.
(a) Show that the matnx A
(b) Suppose A

E :rn:.n xn

= -21 [ 2cos
. (}e
Sill 2
2

is idempotent and A

sin
sin2(}e
2 2

f.

JIs. I"dempotent tor all e.
&

I. Show that A must be singular.

Chapter 2

Vector Spaces

In this chapter we give a brief review of some of the basic concepts of vector spaces. The
emphasis is on finite-dimensional vector spaces, including spaces formed by special classes
of matrices, but some infinite-dimensional examples are also cited. An excellent reference
for this and the next chapter is [10], where some of the proofs that are not given here may
be found.

2.1

Definitions and Examples

Definition 2.1. A field is a set lF together with two operations+,· : lF x lF

~

lF such that

(AI) a+ ({3 + y) =(a+ {3) + y for all a, {3, y ElF.
(A2) there exists an element 0 ElF such that a+ 0 =a for all a E lF.
(A3) for all a

E

JF, there exists an element (-a)

E

lF such that a

+ (-a) = 0.

(A4) a+ f3 = f3 +a for all a, f3 ElF.
(Ml) a· ({3 · y) =(a· {3) · y for all a, {3, y ElF.
(M2) there exists an element I
(M3) for all a

E

JF, a

f.

E

lF such that a · I = a for all a

0, there exists an element a- 1

E

E

JF.

lF such that a · a- 1 = I.

(M4) a· f3 = f3 ·a for all a, f3 ElF.
(D)

a·(f3+y)=a·f3+a·yforalla,f3,y ElF.

Axioms (Al)-(A3) state that (JF, +)is a group and an abelian group if(A4) also holds.
Axioms (Ml)-(M4) state that (lF \ {0}, ·) is an abelian group.
Generally speaking, when no confusion can arise, the multiplication operator"." is
not written explicitly.
7
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Example 2.2.
I. IR with ordinary addition and multiplication is a field.
2. C with ordinary complex addition and multiplication is a field.
3. Ra[x] = the field of rational functions in the indeterminate x
=

{ao +atx + · ·· +apxP
f3o + f3tx + · · · + {3qxq

: a;,{3; EIR; p,q EZ

+} ,

where z+ = {0,1,2, ... }, is a field.
4.

IR~ xn = {m x n matrices of rank r with real coefficients} is clearly not a field since,
for example, (Ml) does not hold unless m = n. Moreover, IR~xn is not a field either
since (M4) does not hold in general (although the other 8 axioms hold).

Definition 2.3. A vector space over a field F is a set V together with two operations
+ : V x V --+ V and · : F x V --+ V such that
(VI) (V, +)is an abelian group.
(V2) (a· {3) · v =a· ({3 · v)foralla, f3

E

F andforall v

E

+ f3 · vforall a,

f3

E

(V4) a· (v+ w) =a· v +a· wforalla

E

Fandforallv,

(V3) (a+ {3) · v =a· v

(VS) I · v = v for all v

E

V (I

E

V.

F and for all v

E

V.

wE

V.

F).

A vector space is denoted by (V, F) or, when there is no possibility of confusion as to the
underlying field, simply by V.

Remark 2.4. Note that+ and · in Definition 2.3 are different from the+ and · in Definition
2.1 in the sense of operating on different objects in different sets. In practice, this causes
no confusion and the · operator is usually not even written explicitly.
Example 2.5.
I. (IRn, IR) with addition defined by

and scalar multiplication defined by

is a vector space. Similar definitions hold for (Cn, C).

9
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2. (lRmxn, JR) is a vector space with addition defined by

A+B=

[ ""
p,.
Ci2J +
+ f321

Ci22

+ f312
+ f322

CiJn
Ci2n

+ fJ1n
+ fJ2n

+ f3ml

Cim2

+ f3m2

Cimn

+ f3mn

CiJ2

.

CimJ

and scalar multiplication defined by

[ Yct21
ya,.
yA =

ya12
Yct22

.

YCimJ

Yctm2

ya,"
YCi2n

.

l

l

.

Yctmn

3. Let (V, IF) be an arbitrary vector space and D be an arbitrary set. Let cf>(D, V) be the
set of functions f mapping D to V. Then cf>(D, V) is a vector space with addition
defined by
(f

+ g)(d) =

f(d)

+ g(d)

for all dE D and for all f, g E cf>

and scalar multiplication defined by
(af)(d) = af(d) for all a E IF, for all dE D, and for all f E cf>.
Special Cases:
(a) D = [t0 , tJ], (V, IF) = (lRn, JR), and the functions are piecewise continuous
=: (PC[to, tdt or continuous =: (C[to, tdt.
(b) D =[to, +oo), (V, IF)= (lRn, JR), etc.
4. Let A

2.2

E

JRnxn. Then {x(t) : i(t) = Ax(t)} is a vector space (of dimension n).

Subspaces

Definition 2.6. Let (V, IF) be a vector space and let W ~ V, W f= 0. Then (W, IF) is a
subspace of(V, IF) if and only if(W, IF) is itself a vector space or, equivalently, if and only
if(ctWJ + f3w2) E W for all a, f3 E IF andforall WJ, w2 E W.
Remark 2.7. The latter characterization of a subspace is often the easiest way to check
or prove that something is indeed a subspace (or vector space); i.e., verify that the set in
question is closed under addition and scalar multiplication. Note, too, that since 0 E IF, this
implies that the zero vector must be in any subspace.
Notation: When the underlying field is understood, we write W ~ V, and the symbol~.
when used with vector spaces, is henceforth understood to mean "is a subspace of." The
less restrictive meaning "is a subset of' is specifically flagged as such.

Chapter 2. Vector Spaces
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Example 2.8.
1. Consider (V, JF) = (lRnxn, lR) and let W = {A E ]Rnxn : A is symmetric}. Then
w~v.

Proof' Suppose AI, A2 are symmetric. Then it is easily shown that aAI
symmetric for all a, f3 E JR.

+ f3A2

is

2. Let W ={A E lRnxn: A is orthogonal}. Then W is not a subspace oflRnxn.
3. Consider (V, JF) = (JR 2 , lR) and for each v E lR 2 of the form v = [ ~~ ] identify vI with
the x-coordinate in the plane and v2 with they-coordinate. For a, f3 E R define
Wa,tJ = { v : v = [ ac

~ f3

] ;c

E

lR} .

Then Wa,tJ is a subspace of V if and only if f3 = 0. As an interesting exercise, sketch
w2,1. W2,0· wt.I• and wt.O· Note, too, that the vertical line through the origin (i.e.,
a = oo) is also a subspace.
All lines through the origin are subspaces. Shifted subspaces Wa,tJ with f3
called linear varieties.

=f. 0 are

Henceforth, we drop the explicit dependence of a vector space on an underlying field.
Thus, V usually denotes a vector space with the underlying field generally being lR unless
explicitly stated otherwise.

Definition 2.9. IfR and S are vector spaces (or subspaces), then R = S
R ~SandS~ R.

if and only if

Note: To prove two vector spaces are equal, one usually proves the two inclusions separately:
An arbitrary r E R is shown to be an element of S and then an arbitrary s E S is shown to
be an element of R.

2.3

Linear Independence

Let X= {vi, v2 ,

•.• }

be a nonempty collection of vectors v; in some vector space V.

Definition 2.10. X is a linearly dependent set of vectors if and only if there exist k distinct
elements VI, ... , Vk E X and scalars a I, ... , ak not all zero such that

X is a linearly independent set of vectors if and only if for any collection of k distinct
elements VI, ... , vk of X and for any scalars a1, •.. , CXk,
a1v1

+ · ·· +akvk = 0 implies

a1

= 0, ... ,ak = 0.

11
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Example 2.11.

L Ut V =

~'

Howeve<,l [

HiHi]}' " line~ly
il [il [l ]};, ~~n~nt ~~

Then { [

~

independent . ; Why?

a li-ly

(since 2v 1 - v2 + v3

= 0).

2. Let A E IRnxn and B E JRnXm. Then consider the rows of etA Bas vectors in em [to, td
(recall that etA denotes the matrix exponential, which is discussed in more detail in
Chapter 11 ). Independence of these vectors turns out to be equivalent to a concept
called controllability, to be studied further in what follows.
Let v; E !Rn, i E k_, and consider the matrix V = [ v1 , .•• , vk] E !Rn xk. The linear
dependence of this set of vectors is equivalent to the existence of a nonzero vector a E JRk
such that V a = 0. An equivalent condition for linear dependence is that the k x k matrix
VT V is singular. If the set of vectors is independent, and there exists a E IRk such that
V a = 0, then a = 0. An equivalent condition for linear independence is that the matrix
VT V is nonsingular.
Definition 2.12. Let X= {v 1 , v2 ,
X is defined as

..• }

be a collection ofvectors v;

E

V. Then the span of

Sp(X) = Sp(vJ, vz, .. .}

= {v : v = a 1v1 + · · · + akvk;

a; E F, v; EX, kEN},

where N = (1, 2, ... }.
Example 2.13. Let V = IRn and define

ei

=

1

0

0
0

1

0

'ez

=

0

' ... ,en=

0
0
0

0

Then Sp{eJ, ez, ... , en}= IRn.
Definition 2.14. A set of vectors X is a basis for V

if and only if

1. X is a linearly independent set (ofbasis vectors), and
2. Sp(X)

= V.

Chapter 2. Vector Spaces
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Example 2.15. {e 1 ,

... ,

en} is a basis for JR.n (sometimes called the natural basis).

Now let b 1 , ..• , bn be a basis (with a specific order associated with the basis vectors)
for V. Then for all v E V there exists a unique n-tuple {~ 1 , ... , ~n} such that
V

= ~1b1

+ · ·· +~nbn

= Bx,

where
B=[bJ, ... ,bn], X=

'i
[ :nl ] .

Definition 2.16. The scalars{~;} are called the components (or sometimes the coordinates)
of v with respect to the basis {bi, ... , bn} and are unique. We say that the vector x of
components represents the vector v with respect to the basis B.
Example 2.17. In JR.n,

v

~ ~: ~
[

]

+ v"e".

v,e, he>+

We can also determine components of v with respect to another basis. For example, while

[ ~ J = 1 · e1 + 2 · ez,
with respect to the basis

{[-~l[-~]}
we have

[ ~ J = 3. [ -~ J+ 4. [ -~

l

To see this, write

[ ~ J=

XJ • [

-

~ J+ Xz · [ _ ~ J

= [ -~ Then

[ ~~ J= [ - ~

-1

~ J[ ~~

r

I [

l

~ J = [ ~ J.

Theorem 2.18. The number of elements in a basis of a vector space is independent of the
particular basis considered.
Definition 2.19. If a basis X for a vector space V(7"= 0) has n elements, V is said to
be n•dimensional or have dimension n and we write dim(V)
n or dim V
n. For

=

=

2.4. Sums and Intersections of Subspaces
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consistency, and because the 0 vector is in any vector space, we define dim(O) = 0. A
vector space V is finite-dimensional if there exists a basis X with n < +oo elements;
otherwise, V is infinite-dimensional.
Thus, Theorem 2.18 says that dim(V) = the number of elements in a basis.
Example 2.20.
= n.

1.

dim(~n)

2.

dim(~mxn)

= mn.

Note: Check that a basis for ~m xn is given by the mn matrices Eij; i E m, j E ?!,
where Eij is a matrix all of whose elements are 0 except for a 1 in the (i, j)th location.
The collection of E;j matrices can be called the "natural basis matrices."

3. dim(C[to, tJ]) = +oo.
4. dim{A E ~nxn :A= AT}= !n(n + 1).
(To see why, determine !n(n + 1) symmetric basis matrices.)
5. dim{A

2.4

E ~nxn :

A is upper (lower) triangular}= !n(n

+ 1).

Sums and Intersections of Subspaces

Definition 2.21. Let (V, JF') be a vector space and let R, S s; V. The sum and intersection
ofR and S are defined respectively by:
1. R

+ S = {r + s: r

2. R

nS =

E

R, s E S}.

{v: v E Rand v E S}.

Theorem 2.22.
k

1. R + S s; V (in general, R, + · · · + Rk =:

L R; s; V, for finite k).
i=l

2. R n S s; V (in general,

n

Ra s; V for an arbitrary index set A).

ctEA

Remark 2.23. The union of two subspaces, R US, is not necessarily a subspace.
Definition 2.24.

T =REB Sis the direct sum ofR and S if

1. R n S = 0, and
2. R +S

=T

(in general, R; n (LRj) = OandLR; = T).
Hi

The subspaces R and S are said to be complements of each other in T.

14
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Remark 2.25. The complement of n (or S) is not unique. For example, consider V = JR 2
and let R be any line through the origin. Then any other distinct line through the origin is
a complement of R. Among all the complements there is a unique one orthogonal to R.
We discuss more about orthogonal complements elsewhere in the text.
Theorem 2.26. Suppose T = R EB S. Then
1. every t E T can be written uniquely in the form t
2. dim(T) = dim(R)

= r + s with r

E

Rands E S.

+ dim(S).

Proof: To prove the first part, suppose an arbitrary vector t E T can be written in two ways
and s,, S2 E S. Then r, - r2 = S2 - s,. But
as t = r, + s, = r2 + S2, where r,, r2 E
r, - r2 En and S2- s, E S. Since n = 0, we must haver, = r2 and s, = S2 from
which uniqueness follows.
D
The statement of the second part is a special case of the next theorem.

n
n s

Theorem 2.27. For arbitrary subspaces R, Sofa vector space V,
dim(R + S) = dim(R)

+ dim(S) -

dim(R n S).

Example 2.28. Let U be the subspace of upper triangular matrices in )Rn xn and let C be the
subspace of lower triangular matrices in )Rn xn. Then it may be checked that U + C = )Rn xn
while U n Cis the set of diagonal matrices in JRnxn. Using the fact that dim {diagonal
matrices}= n, together with Examples 2.20.2 and 2.20.5, one can easily verify the validity
of the formula given in Theorem 2.27.
Example 2.29. Let (V, IF) = (JRnXn, JR), let n be the set of skew-symmetric matrices in
JRn xn, and let S be the set of symmetric matrices in JRn xn. Then V = R $ S.
Proof: This follows easily from the fact that any A E )Rnxn can be written in the form
1
T
1
T
A="2(A+A )+"2(A-A ).

The first matrix on the right-hand side above is in S while the second is in R.

EXERCISES
1. Suppose {v1 , ••• , vk} is a linearly dependent set. Then show that one of the vectors
must be a linear combination of the others.
2. Let x 1 , x 2 , ••• , Xk E JRn be nonzero mutually orthogonal vectors. Show that {x 1 , ...
xk} must be a linearly independent set.
3. Let v 1 , ••• , Vn be orthonormal vectors in JRn. Show that Av 1 ,
thonormal if and only if A E )Rnxn is orthogonal.

••• ,

,

Avn are also or-

4. Consider the vectors v 1 = [2 1f and v2 = [3 If. Prove that v 1 and v 2 form a basis
for JR 2 • Find the components of the vector v = [4 If with respect to this basis.

Exercises
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5. Let P denote the set of polynomials of degree less than or equal to two of the form
Po+ PIx + p2x 2, where po, PI, P2 E JR. Show that Pis a vector space over JR. Show
that the polynomials 1, x, and 2x 2 - l are a basis for P. Find the components of the
polynomial 2 + 3x + 4x 2 with respect to this basis.
6. Prove Theorem 2.22 (for the case of two subspaces RandS only).
7. Let Pn denote the vector space of polynomials of degree less than or equal ton, and of
the form p(x) =Po+ PIX+···+ PnXn, where the coefficients p; are all real. Let PE
denote the subspace of all even polynomials in Pn, i.e., those that satisfy the property
p(-x) = p(x). Similarly, let Po denote the subspace of all odd polynomials, i.e.,
those satisfying p(-x) = -p(x). Show that Pn = PE EB Po.
8. Repeat Example 2.28 using instead the two subspaces T of tridiagonal matrices and
U of upper triangular matrices.

Chapter 3

Linear Transformations

3.1

Definition and Examples

We begin with the basic definition of a linear transformation (or linear map, linear function,
or linear operator) between two vector spaces.

Definition 3.1. Let (V, lF) and (W, lF) be vector spaces. Then C : V --+ W is a linear
transformation if and only if

C(av,

+ f3vz)

= aCv 1 + f3Cvz for all a, f3 ElF and for all v,, vz E V.

The vector space V is called the domain of the transformation C while W, the space into
which it maps, is called the co-domain.
Example 3.2.
1. Let lF =JR. and take V = W = PC[t0 , +oo).
Define C: PC[to, +oo)--+ PC[t0 , +oo) by

1
1

v(t)

f--+

w(t) = (Cv)(t) =

e-(t-r)v(r) dr.

to

2. Let lF =JR. and take V = W =
Define C : JR.mxn --+ JR.mxn by

Fix ME JR.mxm.

JR.mxn.

X

f--+

Y

= CX = MX.

3. Let lF = JR. and take V = pn = {p(x) = a 0 + a 1x + · · · + anxn : a; E JR.} and
W = pn-1.
Define C: V--+ W by Cp = p', where' denotes differentiation with respect to x.

17
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Matrix Representation of Linear Transformations

Linear transformations between vector spaces with specific bases can be represented conveniently in matrix form. Specifically, suppose£ : (V, lF) ~ (W, lF) is linear and further
suppose that {vi, i E ~} and {w j, j E !!!_} are bases for V and W, respectively. Then the
ith column of A = Mat£ (the matrix representation of£ with respect to the given bases
for V and W) is the representation of£ Vi with respect to {w j, j E m}. In other words,

O!Jn

:

A=

]

E !Rmxn

O!mn

represents £ since
LVj =

O!JjWJ

+ · · · + O!miWm

=Wai,

where W = [w 1,

••• , Wm]

and

is the ith column of A. Note that A = Mat£ depends on the particular bases for V and W.
This could be reflected by subscripts, say, in the notation, but this is usually not done.
The action of£ on an arbitrary vector v E V is uniquely determined (by linearity)
by its action on a basis. Thus, if v = ~ 1 VJ + · · · + ~n Vn = V x (where v, and hence x, is
arbitrary), then
£Vx =LV= ~JLVJ

+ · · · + ~nLVn

=~1Wa1+···+~nWan

=WAx.
Thus, £ V = W A since x was arbitrary.
When V = IR.n, W = IR.m and {vi, i E ~}. {w j, j E !!!_} are the usual (natural) bases,
the equation £V = W A becomes simply£= A. We thus commonly identify A as a linear
transformation with its matrix representation, i.e.,

Thinking of A both as a matrix and as a linear transformation from IR.n to IR.m usually causes no
confusion. Change of basis then corresponds naturally to appropriate matrix multiplication.
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3.3

Composition of Transformations

Consider three vector spaces U, V, and Wand transformations B from U to V and A from
V to W. Then we can define a new transformation C as follows:

c
The above diagram illustrates the composition of transformations C = AB. Note that in
most texts, the arrows above are reversed as follows:

c
However, it might be useful to prefer the former since the transformations A and B appear
in the same order in both the diagram and the equation. If dimU = p, dim V = n,
and dim W = m, and if we associate matrices with the transformations in the usual way,
then composition of transformations corresponds to standard matrix multiplication. That is,
we have C
A
B . The above is sometimes expressed componentwise by the
mxp

nxp

formula
n

cij

=

L

a;kbkj.

k=l

Two Special Cases:
Inner Product: Let x, y

E ~n.

Then their inner product is the scalar
n

xTy = Lx;y;.
i=l

Outer Product: Let x E
matrix

~m,

y E ~n. Then their outer product is the m x n

Note that any rank-one matrix A E ~mxn can be written in the form A = xyT
above (or xy 8 if A E cmxn). A rank-one symmetric matrix can be written in
the form xxT (or xx 8 ).

20
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3.4

Structure of Linear Transformations

Let A : V

~

W be a linear transformation.

Definition3.3. The range of A, denotedR(A), istheset{w E W: w = Av for some v E V}.
Equivalently, R(A) = {Av : v E V}. The range of A is also known as the image of A and
denoted Im(A).
The nullspace of A, denoted N(A), is the set {v E V : Av = 0}. The nullspace of
A is also known as the kernel of A and denoted Ker (A).
Theorem 3.4. Let A : V
1. R(A)

~

W be a linear transformation. Then

s; W.

2. N(A) s; V.
Note that N (A) and R(A) are, in general, subs paces of different spaces.
Theorem 3.5. Let A E JR.mxn_ If A is written in terms of its columns as A = [ai, ... , an],
then
R(A) = Sp{aJ, ... , an}.
Proof: The proof of this theorem is easy, essentially following immediately from the definition.
0
Remark 3.6. Note that in Theorem 3.5 and throughout the text, the same symbol (A) is
used to denote both a linear transformation and its matrix representation with respect to the
usual (natural) bases. See also the last paragraph of Section 3.2.
Definition 3.7. Let {v 1 , ... , vk} be a set of nonzero vectors v; E JR.n. The set is said to
be Orthogonal if vr Vj = 0 fori f= j and orthonormal if vr Vj = 8ij, where 8ij is the
Kronecker delta defined by

8
ij

=

{I0

ifi=j,
if i f= j.

Example 3.8.

J. [-: J}

1. {[

~

2. { [

~~i J, [ -:;~ J} is an orthonormal set.

3 . If {v 1 ,

••• ,

is an orthogonal set.

vk } w1"th v;

orthonormal set.

·
E mn
m. IS

an orthogonal set, then { ____EL._
~, ... , ~}
~
~v 1

v1

~~~

•
IS

an

3 .4. Structure of Linear Transformations

21

Definition 3.9. LetS <; !Rn. Then the orthogonal complement of Sis defined as the set
Sl_={vEIRn: vTs=OforallsES}.

Example 3.10. Let

Then it can be shown that

Working from the definition, the computation involved is simply to find all nontrivial (i.e.,
nonzero) solutions of the system of equations

+ Sx2 + ?x3 = 0,
-4X! + X2 + X3 = 0.
3x,

Note that there is nothing special about the two vectors in the basis defining S being orthogonal. Any set of vectors will do, including dependent spanning vectors (which would,
of course, then give rise to redundant equations).
Theorem 3.11. Let R, S <; !Rn. Then

2.

s \£! sl_

= !Rn.

3. (Sl_)l_ =S.

4. R <; S
5. (R

if and only if Sl_ <; Rl_.

+ S)l_ = R.L n Sl_.

6. (R n S)j_ = Rl_

+ Sl_.

Proof: We prove and discuss only item 2 here. The proofs of the other results are left as
exercises. Let {v 1 , •.• , vd be an orthonormal basis for S and let x E !Rn be an arbitrary
vector. Set
k

x, =

L (xT v;)v;,
i=l

X2 =X -X!.
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22
Then x 1 E S and, since
x 2TVj = XTVj - XITVj

=XTVj-XTVj=0,

we see that x 2 is orthogonal to v1, .•. , vk and hence to any linear combination of these
vectors. In other words, x 2 is orthogonal to any vector in S. We have thus shown that
S + Sl_ = !Rn. We also have that S n Sl_ = 0 since the only vectors E S orthogonal to
everything in S (i.e., including itself) is 0.
It is also easy to see directly that, when we have such direct sum decompositions, we
can write vectors in a unique way with respect to the corresponding subspaces. Suppose,
for example, that X = X! + X2 = x; + X~, where X!, x; E S and X2, X~ E Sl_. Then
(x; - x,/ (x~ - X2) = 0 by definition of sl_. But then (x; - x,/ (x; - x!) = 0 since
x~- x 2 = -(x; - x 1 ) (which follows by rearranging the equation x 1 +x2 = x; + x~). Thus,
x, = x; and x 2 = x~.
D
Theorem 3.12. Let A : !Rn --+ !Rm. Then
1. N(A)l_ = R(AT). (Note: This holds only for finite-dimensional vector spaces.)
2. R(A)l_ = N(AT). (Note: This also holds for infinite-dimensional vector spaces.)

Proof: To prove the first part, take an arbitrary x E N(A). Then Ax = 0 and this is
equivalent to yT Ax = 0 for ally. But yT Ax = (AT y{ x. Thus, Ax = 0 if and only if x
is orthogonal to all vectors of the form AT y, i.e., x E R(AT)l_. Since x was arbitrary, we
have established that N(A)l_ = R(AT).
The proof of the second part is similar and is left as an exercise.
D

Definition 3.13. Let A : !Rn --+ !Rm. Then {v E !Rn : A v = 0} is sometimes called the
right nullspace of A. Similarly, {w E !Rm : wT A = 0} is called the left nullspace of A.
Clearly, the right nullspace is N(A) while the left nullspace is N(AT).
Theorem 3.12 and part 2 of Theorem 3.11 can be combined to give two very fundamental and useful decompositions of vectors in the domain and co-domain of a linear
transformation A. See also Theorem 2.26.
Theorem 3.14 (Decomposition Theorem). Let A : !Rn --+ !Rm. Then
1. every vector v in the domain space !Rn can be written in a unique way as v = x
where x E N(A) andy E N(A)l_ = R(AT) (i.e., !Rn = N(A) EB R(AT)).

+ y,

2. everyvectorw in the co-domain space !Rm can be written in a unique way as w = x+y,
where x E R(A) andy E R(A)j_ = N(AT) (i.e., !Rm = R(A) EB N(AT)).

This key theorem becomes very easy to remember by carefully studying and understanding Figure 3.1 in the next section.

3.5

Four Fundamental Subspaces

Consider a general matrix A E IR;'xn. When thought of as a linear transformation from !Rn
to !Rm, many properties of A can be developed in terms of the four fundamental subspaces

3.5. Four Fundamental Subspaces
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A

N(A)_j_

r

EB {0}

r

X

{O}<!l

m -r

n-r

Figure 3.1. Four fundamental subspaces.

R(A), R(A)_j_, N(A), and N(A)_j_. Figure 3.1 makes many key properties seem almost
obvious and we return to this figure frequently both in the context of linear transformations
and in illustrating concepts such as controllability and observability.
Definition 3.15. Let V and W be vector spaces and let A : V ---+ W be a linear transformation.
1. A is onto (also called epic or surjective) ifR(A) = W.

2. A is one-to-one or 1-1 (also called monic or injective) if N(A) = 0. Two equivalent
characterizations of A being 1-1 that are often easier to verify in practice are the
following:

Definition 3.16. Let A : !Rn ---+ !Rm. Then rank(A) =dim R(A). This is sometimes called
the column rank of A (maximum number of independent columns). The row rank of A is
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dim R(AT) (maximum number of independent rows). The dual notion to rank is the nullity
of A, sometimes denoted nullity( A) or corank(A), and is defined as dimN(A).
Theorem 3.17. Let A : JRn --+ JRm. Then dim R(A) = dimN(A)l_. (Note: Since
N(A)l_ = R(AT), this theorem is sometimes colloquially stated "row rank of A = column
rank of A.")

Proof: Define a linear transformation T : N(A)l_ --+ R(A) by
Tv = Av for all v

E

N(A)l_.

Clearly T is l-l (since N(T) = 0). To see that Tis also onto, take any w E R(A). Then
by definition there is a vector x E JRn such that Ax = w. Write x = x 1 + x 2 , where
x 1 E N(A)l_ and x 2 E N(A). Then Ax 1 = w = Tx 1 since x 1 E N(A)l_. The last equality
shows that Tis onto. We thus have that dim R(A) = dimN(A)l_ since it is easily shown
that if {v 1, ... , v,} is a basis forN(A)j_, then {Tv 1 , ••• , Tv,} is a basis forR(A). Finally, if
we apply this and several previous results, the following string of equalities follows easily:
"column rank of A"= rank(A) =dim R(A) = dimN(A)l_ =dim R(AT) = rank(AT) =
"row rank of A."
D
The following corollary is immediate. Like the theorem, it is a statement about equality
of dimensions; the subspaces themselves are not necessarily in the same vector space.
Corollary 3.18. Let A : JRn --+ JRm. Then dimN(A) +dim R(A) = n, where n is the
dimension of the domain of A.

Proof: From Theorems 3.11 and 3.17 we see immediately that
n = dimN(A)

+ dimN(A)l_

= dimN(A) +dim R(A).

D

For completeness, we include here a few miscellaneous results about ranks of sums
and products of matrices.
Theorem 3.19. Let A, B E

]Rn xn.

Then

1. 0:::; rank(A +B) :::; rank(A) +rank( B).

2. rank(A) + rank(B)- n:::; rank(AB):::; min{rank(A), rank(B)}.

3. nullity(B) :::; nullity(AB) :::; nullity(A) + nullity(B).
4.

if B

is nonsingular, rank(AB) = rank(BA) = rank(A) and N(BA) = N(A).

Part 4 of Theorem 3.19 suggests looking at the general problem of the four fundamental
subspaces of matrix products. The basic results are contained in the following easily proved
theorem.
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Theorem 3.20. Let A

E lRmxn,

B E

lRnxp.

Then

1. R(AB) s; R(A).
2. N(AB) 2 N(B).
3. R((ABl) s; R(BT).
4. N((AB)T) 2 N(AT).
The next theorem is closely related to Theorem 3.20 and is also easily proved. It
is extremely useful in text that follows, especially when dealing with pseudoinverses and
linear least squares problems.

Theorem 3.21. Let A
1. R(A)

E lRmxn.

Then

= R(AAT).

2. R(AT)

= R(A T A).

3. N(A)=N(ATA).
4. N(AT) = N(AAT).
We now characterize 1-1 and onto transformations and provide characterizations in
terms of rank and invertibility.

Theorem 3.22. Let A : JRn -+ JRm. Then
1. A is onto if and only ifrank(A) = m (A has linearly independent rows or is said to
have full row rank; equivalently, AAT is nonsingular).
2. A is 1-1 if and only ifrank(A) = n (A has linearly independent columns or is said
to have full column rank; equivalently, AT A is nonsingular).
Proof· Proof of part 1: If A is onto, dim R(A) = m = rank(A). Conversely, let y E JRm
be arbitrary. Let x = AT (AAT) -I y E JRn. Then y = Ax, i.e., y E R(A), so A is onto.
Proof of part 2: If A is 1-1, then N(A) = 0, which implies that dimN(A)_j_ = n =
dim R(AT), and hence dim R(A) = n by Theorem 3.17. Conversely, suppose Ax 1 = Ax 2 •
Then AT Ax 1 = AT Ax 2 , which implies x 1 = x 2 since AT A is invertible. Thus, A is
1-1.
D

Definition 3.23. A : V -+ W is invertible (or bijective) if and only if it is 1-1 and onto.
Note that if A is invertible, then dim V = dim W. Also, A : JRn -+ JRn is invertible or
nonsingular if and only ifrank(A) = n.
Note that in the special case when A E JR~ xn, the transformations A, AT, and A -l
are all 1-1 and onto between the two spaces N(A)_j_ and R(A). The transformations AT
and A -I have the same domain and range but are in general different maps unless A is
orthogonal. Similar remarks apply to A and A-T.
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If a linear transformation is not invertible, it may still be right or left invertible. Definitions of these concepts are followed by a theorem characterizing left and right invertible
transformations.

Definition 3.24. Let A : V

-+

W. Then

1. A is said to be right invertible if there exists a right inverse transformation A -R :
W -+ V such that AA -R = Iw, where Iw denotes the identity transfonnation on W.

2. A is said to be left invertible if there exists a left inverse transformationA-L : W
V such that A-LA = Iv. where Iv denotes the identity transfonnation on V.
Theorem 3.25. Let A : V
1. A is right invertible

2. A is left invertible

-+

-+

W. Then

if and only if it is onto.

if and only if it is 1-1.

Moreover, A is invertible if and only if it is both right and left invertible, i.e., both 1-1 and
onto, in which case A- 1 = A-R = A-L.

Note: From Theorem 3.22 we see that if A : JRn -+ JRm is onto, then a right inverse
is given by A -R = AT (AAT) -I. Similarly, if A is 1-1, then a left inverse is given by
A-L =(AT A)- 1 AT.
Theorem 3.26. Let A : V

-+ V.

1.

If there exists a unique right inverse A-R such that AA -R =I, then A is invertible.

2.

If there exists a unique left inverse A -L such that A-LA = I, then A is invertible.

Proof: We prove the first part and leave the proof of the second to the reader. Notice the
following:
A(A-R

+ A-RA -I)= AA-R + AA-RA- A
=I+ I A- A since AA -R =I
=I.

Thus, (A -R + A -R A - I) must be a right inverse and, therefore, by uniqueness it must be
the case that A -R + A -R A - I = A -R. But this implies that A -R A = I, i.e., that A -R is
0
a left inverse. It then follows from Theorem 3.25 that A is invertible.

Example 3.27.

= [1

2] : JR 2 -+ lR 1 . Then A is onto. (Proof" Take any a E lR 1 ; then one
can always find v E JR 2 such that [ 1 2] [ ~~] = a). Obviously A has full row rank

I. Let A

( = 1) and A- R = [ _~] is a right inverse. Also, it is clear that there are infinitely many
right inverses for A. In Chapter 6 we characterize all right inverses of a matrix by
characterizing all solutions of the linear matrix equation A R = I.
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nJ:

nJv

2. LetA=
IR. 1 ~ IR.2 . Then A is 1-1. (Proof Theon1yso1utionto0 = Av =
is v = 0, whence N(A) = 0 so A is 1-1). It is now obvious that A has full column
rank (=1) and A -L = [3 - 1] is a left inverse. Again, it is clear that there are
infinitely many left inverses for A. In Chapter 6 we characterize all left inverses of a
matrix by characterizing all solutions of the linear matrix equation LA = I.
3. The matrix

when considered as a linear transformation on IR.3 , is neither 1-1 nor onto. We give
below bases for its four fundamental subspaces.

EXERCISES

1. Let A = [~ ~ i) and consider A as a linear transformation mapping IR.3 to IR.2 .
Find the matrix representation of A with respect to the bases

f[lH:J.UJJ
of IR.3 and

{[il[~]}

2. Consider the vector space IR.nxn over JR., let S denote the subspace of symmetric
matrices, and let R denote the subspace of skew-symmetric matrices. For matrices
X, Y E IR.nxn define their inner product by (X, Y} = Tr(XTY). Show that, with
respect to this inner product, R = Sl..
3. Consider the differentiation operator£ defined in Example 3.2.3. Is£ 1-1? Is£
onto?
4. Prove Theorem 3.4.
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5. Prove Theorem 3 .11.4.
6. Prove Theorem 3.12.2.
7. Detennine bases for the four fundamental subspaces of the matrix

A=[l;;
2 5 5
8. Suppose A

E

~]·
3

!Rm xn has a left inverse. Show that AT has a right inverse.

n

9. Let A = [ ~
DetennineN(A) and R(A). Are they equal? Is this true in general?
If this is true in general, prove it; if not, provide a counterexample.
10. Suppose A E JR~9 x 48 . How many linearly independent solutions can be found to the
homogeneous linear system Ax = 0?
11. Modify Figure 3.1 to illustrate the four fundamental subspaces associated with AT
!Rnxm thought of as a transformation from !Rm to !Rn.

E

Chapter 4

Introduction to the
Moore-Penrose
Pseudo inverse

In this chapter we give a brief introduction to the Moore-Penrose pseudoinverse, a generalization of the inverse of a matrix. The Moore-Penrose pseudoinverse is defined for any
matrix and, as is shown in the following text, brings great notational and conceptual clarity
to the study of solutions to arbitrary systems of linear equations and linear least squares
problems.

4.1

Definitions and Characterizations

Consider a linear transformation A : X ---+ Y, where X and Y are arbitrary finitedimensional vector spaces. Define a transformation T : N(A).L ---+ R(A) by
Tx = Ax for all x E N(A).L.

Then, as noted in the proof of Theorem 3.17, T is bijective (1-1 and onto), and hence we
can define a unique inverse transformation r- 1 : R(A) ---+ N(A).L. This transformation
can be used to give our first definition of A+, the Moore-Penrose pseudoinverse of A.
Unfortunately, the definition neither provides nor suggests a good computational strategy
for determining A+.
Definition 4.1. With A and T as defined above, define a transformation A+ : Y ---+ X by

where y = Y1 + Yz with Yt
pseudoinverse of A.

E R(A)

and Yz E R(A).L. Then A+ is the Moore-Penrose

Although X and Y were arbitrary vector spaces above, let us henceforth consider the
case X = R.n and Y = IRm. We have thus defined A+ for all A E R.;" xn. A purely algebraic
characterization of A+ is given in the next theorem, which was proved by Penrose in 1955;
see [22].
29
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Theorem 4.2. Let A

E

lR;." xn. Then G = A+ if and only if

(PI) AGA =A.
(P2) GAG= G.
(P3) (AG)T

= AG.

(P4) (GA)T =GA.

Furthermore, A+ always exists and is unique.

Note that the inverse of a nonsingular matrix satisfies all four Penrose properties. Also,
a right or left inverse satisfies no fewer than three of the four properties. Unfortunately, as
with Definition 4.1, neither the statement of Theorem 4.2 nor its proof suggests a computational algorithm. However, the Penrose properties do offer the great virtue of providing a
checkable criterion in the following sense. Given a matrix G that is a candidate for being
the pseudoinverse of A, one need simply verify the four Penrose conditions (Pl)--(P4). If G
satisfies all four, then by uniqueness, it must be A+. Such a verification is often relatively
straightforward.

[a

Consider A=
Verify directly that A+=[! ~]satisfies (Pl)-(P4).
Note that other left inverses (for example, A -L = [3 - I]) satisfy properties (PI), (P2),
and (P4) but not (P3).

Example 4.3.

Still another characterization of A+ is given in the following theorem, whose proof
can be found in [1, p. 19]. While not generally suitable for computer implementation, this
characterization can be useful for hand calculation of small examples.
Theorem 4.4. Let A

E

lR;." xn. Then
A+

= lim (AT A+ 82 1) -I AT
6--+0

= limAT(AAT

+8 2 1)- 1 •

(4.1)
(4.2)

6--+0

4.2

Examples

Each of the following can be derived or verified by using the above definitions or characterizations.
Example 4.5.

xt

=

AT (AA T) -I if A is onto (independent rows) (A is right invertible).
1

Example 4.6. A+= (AT A)- AT if A is 1-1 (independent columns) (A is left invertible).
Example 4.7. For any scalar a,
if a t= 0,
if a= 0.

4.3. Properties and Applications
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Example 4.8. For any vector v E JRn,
if v i= 0,
if v = 0.
Example 4.9. [ 1
0

Example 4.10.

4.3

]+ = [

0
0

[~

~

1 0
0 0

r

=[

I

4
I

4

J.
I

4
I

4

l

Properties and Applications

This section presents some miscellaneous useful results on pseudo inverses. Many of these
are used in the text that follows.

Theorem 4.11. Let A E lRmxn and suppose U
orthogonal if MT = M- 1). Then

E lRmxm,

V E lRnxn are orthogonal (M is

Proof: For the proof, simply verify that the expression above does indeed satisfy each of
the four Penrose conditions.
0
Theorem 4.12. LetS E lRnxn be symmetric with UT SU = D, where U is orthogonal and
D is diagonal. Then s+ = U v+ UT, where v+ is again a diagonal matrix whose diagonal
elements are determined according to Example 4. 7.
Theorem 4.13. For all A

E

JRmxn,

1. A+= (AT A)+ AT= AT (AAT)+.

2. (AT)+= (A+{.
Proof: Both results can be proved using the limit characterization of Theorem 4.4. The
proof of the first result is not particularly easy and does not even have the virtue of being
especially illuminating. The interested reader can consult the proof in [1, p. 27]. The
proof of the second result (which can also be proved easily by verifying the four Pemose
conditions) is as follows:
(AT)+= lim (AAT

+ 82 1)-IA

~-+0

= lim[AT(AAT +8 2 1)-

1
{

0-+0

=[limAT(AAT +8 2 1)~-+0

=(A+{.

0

1

{
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Note that by combining Theorems 4.12 and 4.13 we can, in theory at least, compute
the Moore-Penrose pseudoinverse of any matrix (since AAT and AT A are symmetric). This
turns out to be a poor approach in finite-precision arithmetic, however (see, e.g., [7], [ 11],
[23]), and better methods are suggested in text that follows.
Theorem 4.11 is suggestive of a "reverse-order" property for pseudoinverses of products of matrices such as exists for inverses of products. Unfortunately, in general,

As an example consider A = [0 1] and B = [ : J. Then
(AB)+ = 1+ = 1

while
B+

A+=[~ ~] [ ~ J = ~·

However, necessary and sufficient conditions under which the reverse-order property does
hold are known and we quote a couple of moderately useful results for reference.

Theorem 4.14. (AB)+ = B+ A+ if and only if
1. R(BBT AT)~ R(AT)

and
2. R(AT AB) ~ R(B) .

Proof: For the proof, see [9).

D

Theorem 4.15. (AB)+ = B{ At, where Bt =A+ AB and A 1 = AB 1 B{.
Proof: For the proof, see [5].

Theorem 4.16. If A

D

E ffi?.~xr, BE ffi?.~xm,

then (AB)+ = B+ A+.

Proof· Since A E ffi?.~xr, then A+ = (AT A)- AT, whence A+ A = 1,. Similarly, since
1
BE rn?.;xm, we have B+ = BT(BBT)- , whence BB+ =!,.The result then follows by
0
taking B 1 = B, A 1 =A in Theorem 4.15.
1

The following theorem gives some additional useful properties of pseudoinverses.

Theorem 4.17. For all A

E ffi?.mxn,

1. (A+)+= A.
2. (AT A)+= A+(AT)+, (AAT)+ =(AT)+ A+.
3. R(A+)

= R(AT) = R(A+ A)= R(AT A).

4. N(A+)

= N(AA+) = N((AAT)+) = N(AAT) = N(AT).

5.

If A is normal, then

AkA+

=

A+ A k and (A k) + = (A +)k for all integers k > 0.
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Note: Recall that A E IRnxn is normal if AAT = AT A. For example, if A is symmetric,
skew-symmetric, or orthogonal, then it is normal. However, a matrix can be none of the
preceding but still be normal, such as

A=[ -b ab]
a

for scalars a, b E R
The next theorem is fundamental to facilitating a compact and unifying approach
to studying the existence of solutions of (matrix) linear equations and linear least squares
problems.
Theorem 4.18. Suppose A
AA+B=B.

E

IRnxp, B

E

IRnxm. Then R(B) s; R(A) if and only

Proof: Suppose R(B) s; R(A) and take arbitrary x E !Rm. Then Bx
there exists a vector y E JRP such that Ay = Bx. Then we have
Bx

E

if

R(B) s; R(A), so

= Ay = AA+Ay = AA+Bx,

where one of the Penrose properties is used above. Since x was arbitrary, we have shown
that B = AA+ B.
To prove the converse, assume that AA + B = B and take arbitrary y E R(B). Then
there exists a vector x E !Rm such that Bx = y, whereupon
y = Bx = AA+Bx

E

D

R(A).

EXERCISES
I. Use Theorem 4.4 to compute the pseudoinverse of

2. If x, y

E

U ;].

JRn, show that (xyr)+ = (xr x)+ (yT y)+ yxr.

3. For A E !Rmxn, prove that R(A) = R(AAT) using only definitions and elementary
properties of the Moore-Penrose pseudoinverse.
4. For A

E

lRmxn, prove that R(A+)

5. For A

E

IRpxn and B

6. Let A

E

JRnxn, B

E

E

= R(AT).

lRmxn, show that N(A) s; N(B) if and only if BA+ A= B.

.!Rnxm, and D

(a) Prove or disprove that

[~

AB
D

(b) Prove or disprove that

[~

B
D

E

!Rmxm and suppose further that Dis nonsingular.

r
r=[
=[

A+
0

-A+ABD- 1
v-'

A+
0

-A+Bv-t
v-'

l

]·

Chapter 5

Introduction to the Singular
Value Decomposition

In this chapter we give a brief introduction to the singular value decomposition (SVD). We
show that every matrix has an SVD and describe some useful properties and applications
of this important matrix factorization. The SVD plays a key conceptual and computational
role throughout (numerical) linear algebra and its applications.

5.1

The Fundamental Theorem

Theorem 5.1. Let A
V E IR.nxn such that

ns

where ~ = [~
specifically, we have

E IR~xn.

Then there exist orthogonal matrices U

E IRmxm

A= U~VT,
diag(a 1,

A= [Ul

... ,

a,)

E

~

U2] [

= u1svr.

(5.1)

IR'x', and al >
0
0

and

J[

yT
I
yT
2

> a, > 0. More

(5.2)

J

(5.3)

The submatrix sizes are all determined by r (which must be S min{m, n}), i.e., U1 E !Rmxr,
u2 E ]RmX(m-r), vl E IRnxr, v2 E ]RnX(n-r), and the 0-subblocks in ~ are compatibly
dimensioned.
Proof: Since AT A :=::: 0 (AT A is symmetric and nonnegative definite; recall, for example,
[24, Ch. 6]), its eigenvalues are all real and nonnegative. (Note: The rest of the proof follows
analogously if we start with the observation that A AT :=::: 0 and the details are left to the reader
as an exercise.) Denote the set of eigenvalues of AT A by {a?, i E !!_}with a 1 :=::: · · • :=::: a, >
0 = a,+ 1 = · · · =an. Let {vi , i E !!_}be a set of corresponding orthonormal eigenvectors
and let vl = [VJ,
v, ], v2 = [vr+l·
Vn]. Letting s = diag(a,,
'a,), we can
write AT A V1 = V1 S 2 . Premultiplying by Vt gives Vt AT A V1 = Vt V, S 2 = S 2 , the latter
equality following from the orthonormality of the vi vectors. Pre- and postmultiplying by
s-l gives the equation
0

0

0'

0

0

0'

0

0

0

(5.4)
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Turning now to the eigenvalue equations corresponding to the eigenvalues a,+ 1 , .•. , an we
have that AT A v2 = V20 = 0, whence Vl AT A v2 = 0. Thus, A v2 = 0. Now define the
matrix V1 E !Rmxr by V1 = AVtS- 1. Then from (5.4) we see that V{Vt =I; i.e., the
columns of V1 are orthonormal. Choose any matrix V2 E !Rmx(m-r) such that [V1 V 2 ] is
orthogonal. Then
VT AV

=[

V[AVt

=[

V[ AV1

V{AV1

V{AV1

V[ AV2 ]
VJ AV2

~]
r

since A v2 = 0. Referring to the equation vI = A vi s-J defining vI, we see that v A vi =
S and VJ A V1 = VJ V 1 S = 0. The latter equality follows from the orthogonality of the
columns of V1 and V2. Thus, we see that, in fact, VT A V = ( ~ ~],and defining this matrix
D
to be :E completes the proof.

Definition 5.2. Let A = V :E V T be an SVD of A as in Theorem 5.1.
1. The set {a1 ,

•.• ,

a,} is called the set of(nonzero) singular values of the matrix A and

is denoted :E(A). From the proof of Theorem 5.1 we see that a;(A)

I

=A.;'- (AT A) =

I

A.;'- (AAT).

Note that there are also rnin{m, n}- r zero singular values.

2. The columns of V are called the left singular vectors of A (and are the orthonormal
eigenvectors of AAT).
3. The columns ofV are called the right singular vectors of A (and are the orthonormal
eigenvectors of AT A).

Remark 5.3. The analogous complex case in which A E IC~ xn is quite straightforward.
The decomposition is A = V :E V H, where V and V are unitary and the proof is essentially
identical, except for Hermitian transposes replacing transposes.
Remark 5.4. Note that V and V can be interpreted as changes of basis in both the domain
and co-domain spaces with respect to which A then has a diagonal matrix representation.
Specifically, let C denote A thought of as a linear transformation mapping IR" to !Rm. Then
rewriting A = V :E V T as A V = V :E we see that Mat C is :E with respect to the bases
{ v 1 , ... , Vn} for IR" and {u 1 , ••. , Um} for !Rm (see the discussion in Section 3.2). See also
Remark 5.16.
Remark 5.5. The ~:ingular value decomposition is not unique. For example, an examination
of the proof of Theorem 5 .l reveals that
• any orthonormal basis for Jv'(A) can be used for V2.
• there may be nonuniqueness associated with the columns of V1 (and hence U1) corresponding to multiple a; 's.
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• any U2 can be used so long as [U 1 U2] is orthogonal.
• columns of U and V can be changed (in tandem) by sign (or multiplier of the form
eje in the complex case).
What is unique, however, is the matrix hand the span of the columns of U 1, U2 , V 1, and
V2 (see Theorem 5.11). Note, too, that a "full SVD" (5.2) can always be constructed from
a "compact SVD" (5.3).
Remark 5.6. Computing an SVD by working directly with the eigenproblem for AT A or
AAT is numerically poor in finite-precision arithmetic. Better algorithms exist that work
directly on A via a sequence of orthogonal transformations; see, e.g., [7], [ 11], [25].
Example 5.7.
A -- [ 0l

O
1

J-- U 1 UT '

where U is an arbitrary 2 x 2 orthogonal matrix, is an SVD.
Example 5.8.
A- [ 01

-~ J=

cose
[ -sine

sine
cose

][~ ~][

cose
sine

sine
-cose

J

'

where e is arbitrary, is an SVD.
Example 5.9.

A=u n=[

I

-2-./5
-5-

2

,/5

3
3
2

3

T

0

2

~

4,/5 ] [

15
--./5
-3-

3~
0
0

,fi

00 ] [ 2
,fi
T
0

,fi

T

-,fi

-2-

]

I

[ ]3h[~ ~]
3

=

2

3
2

3

is an SVD.
Example 5.10. Let A E IRnxn be symmetric and positive definite. Let V be an orthogonal
matrix of eigenvectors that diagonalizes A, i.e., VT A V = A > 0. Then A = VA VT is an
SVDof A.
A factorization Uh yT of an m x n matrix A qualifies as an SVD if U and V are
orthogonal and h is an m x n "diagonal" matrix whose diagonal elements in the upper
left corner are positive (and ordered). For example, if A= UbVT is an SVD of A, then
VbTUT is an SVD of AT.
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5.2

Some Basic Properties

Theorem 5.11. Let A E JRmxn have a singular value decomposition A = U:E vr. Using
the notation of Theorem 5.1, the following properties hold:
1. rank(A)

= r =the number of nonzero singular values of A.

2. Let U = [UJ, •.. , um] and V = [v 1 ,
product) expansion

... ,

Vn]. Then A has the dyadic (or outer

(5.5)

A= L_a;u;vf.
i=l

3. The singular vectors satisfy the relations

(5.6)

Av; = a;u;,
AT u; =

(5.7)

a;v;

fori E r_.
4. LetU1 =
Then

[UJ, •.• ,

u,], U2 = [ur+i• ... , Um], V1 =

[VJ, ... ,

v,], andVz = [vr+i• ... , Vn].

(a) R(UJ) = R(A) = N(AT/.
(b) R(U2) = R(A)_j_ = N(Ar).
(c) R(VJ)

= N(A)_j_ = R(AT).

(d) R(Vz)

= N(A) =

R(AT/.

Remark 5.12. Part 4 of the above theorem provides a numerically superior method for
finding (orthonormal) bases for the four fundamental subs paces compared to methods based
on, for example, reduction to row or column echelon form. Note that each subspace requires
knowledge of the rank r. The relationship to the four fundamental subs paces is summarized
nicely in Figure 5.1.
Remark 5.13. The elegance of the dyadic decomposition (5.5) as a sum of outer products
and the key vector relations (5.6) and (5.7) explain why it is conventional to write the SVD
as A = U:E vr rather than, say, A= U:E V.
Theorem 5.14. Let A
Theorem 5.1. Then

E

JRmxn have a singular value decomposition A = U:EVT as in
(5.8)

where

s-1
0
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A

r

r

E!1 {0)

~

{O)<Il

n -r

m-r

Figure 5.1. SVD and the four fundamental subspaces.
with the 0-subblocks appropriately sized. Furthermore,
be as defined in Theorem 5.11, then

r

=

L

if we let the columns of U and V

1

-v;uf.

(5.10)

i=l a;

Proof· The proof follows easily by verifying the four Penrose conditions.

D

Remark 5.15. Note that none of the expressions above quite qualifies as an SVD of A+
if we insist that the singular values be ordered from largest to smallest. However, a simple
reordering accomplishes the task:
(5.11)

This can also be written in matrix terms by using the so-called reverse-order identity matrix
(or exchange matrix) P = [e,, er-t, ... , e2 , el], which is clearly orthogonal and symmetric.
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Then
A+= (VI P)(PS- 1 P)(PVr)

is the matrix version of (5.11 ). A "full SVD" can be similarly constructed.
Remark 5.16. Recall the linear transformation T used in the proof of Theorem 3.17 and
in Definition 4.1. Since T is determined by its action on a basis, and since {v1 , ••• , v,} is a
basis for N (A)l_, then T can be defined by Tv; = a; u; , i E r_. Similarly, since {u 1 , ... , u,}
is a basis for R(A), then r- 1 can be defined by T -I u; = tv; , i E r_. From Section 3.2, the
matrix representation forT with respect to the bases {v1 , ••• , v,} and {u 1 , ••. , u,} is clearly
S, while the matrix representation for the inverse linear transformation T -I with respect to
the same bases is s- 1•

5.3

Row and Column Compressions

Row compression
Let A

E IR.mxn

have an SVD given by (5.1). Then
vT A= :EVT

= [

-- [

~ ~ J[ ~i J
svt
0 J
E JRmxn .

Notice that N(A) = N(VT A) = N(SVt) and the matrix svr E JR'XIl has full row
rank. In other words, premultiplication of A by VT is an orthogonal transformation that
"compresses" A by row transformations. Such a row compression can also be accomplished
by orthogonal row transformations performed directly on A to reduce it to the form [ ~ ].
where R is upper triangular. Both compressions are analogous to the so-called row-reduced
echelon form which, when derived by a Gaussian elimination algorithm implemented in
finite-precision arithmetic, is not generally as reliable a procedure.

Column compression
Again, let A

E ~R_mxn

have an SVD given by (5.1). Then
AV = V'E.

=

[VI

Vz] [

=[VIS 0] E

~ ~J
IR.mxn.

This time, notice that R(A) = R(AV) = R(V 1 S) and the matrix V 1S E JRmxr has full
column rank. In other words, postmultiplication of A by V is an orthogonal transformation
that "compresses" A by ~;olumn transformation:-;. Such a compression is analogous ro rhe
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so-called column-reduced echelon form, which is not generally a reliable procedure when
performed by Gauss transformations in finite-precision arithmetic. For details, see, for
example, [7], [11], [23], [25].

EXERCISES

1. Let X

E

!Rmxn. If XT X

= 0, show that X = 0.

2. Prove Theorem 5.1 starting from the observation that AAT ~ 0.
3. Let A

E

IRnxn be symmetric but indefinite. Determine an SVD of A.

4. Let x E !Rm, y E JRn be nonzero vectors. Determine an SVD of the matrix A
defined by A= xyT.

E IR~ xn

5. Determine SVDs of the matrices
(a)
(b)
6. Let A

[
]
[ ~l
-1
0

E

-1

!Rmxn and suppose W

E

!Rmxm andY E IRnxn are orthogonal.

(a) Show that A and WAY have the same singular values (and hence the same rank).
(b) Suppose that W and Y are nonsingular but not necessarily orthogonal. Do A
and WAY have the same singular values? Do they have the same rank?
7. Let A E IR~ xn. Use the SVD to determine a polar factorization of A, i.e., A = Q P
where Q is orthogonal and P = pT > 0. Note: this is analogous to the polar form
z = reie of a complex scalar z (where i = j = v''=I).

Chapter 6

Linear Equations

In this chapter we examine existence and uniqueness of solutions of systems of linear
equations. General linear systems of the form
(6.1)

are studied and include, as a special case, the familiar vector system
(6.2)

6.1

Vector Linear Equations

We begin with a review of some of the principal results associated with vector linear systems.
Theorem 6.1. Consider the system of linear equations
(6.3)

1. There exists a solution to (6.3) if and only ifb

E

R(A).

2. There exists a solution to (6.3) for all b E ffi.m if and only ifR(A) = ffi.m, i.e., A is

onto; equivalently, there exists a solution if and only if rank([ A, b]) =rank( A), and
this is possible only ifm ~ n (since m =dim R(A) = rank(A) ~ min{m, n }).
3. A solution to (6.3) is unique if and only if N(A) = 0, i.e., A is 1-1.
4. There exists a unique solution to (6.3) for all b E IR.m if and only if A is nonsingular;
equivalently, A E IR.m xm and A has neither a 0 singular value nor a 0 eigenvalue.
5. There exists at most one solution to (6.3) for all b E ffi.m if and only if the columns of
A are linearly independent, i.e., N(A) = 0, and this is possible only ifm :=: n.
6. There exists a nontrivial solution to the homogeneous system Ax = 0 if and only if
rank(A) < n.
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Proof: The proofs are straightforward and can be consulted in standard texts on linear
algebra. Note that some parts of the theorem follow directly from others. For example, to
prove part 6, note that x = 0 is always a solution to the homogeneous system. Therefore, we
must have the case of a nonunique solution, i.e., A is not 1-1, which implies rank(A) < n
by part 3.
D

6.2

Matrix Linear Equations

In this section we present some of the principal results concerning existence and uniqueness
of solutions to the general matrix linear system (6.1 ). Note that the results of Theorem
6.1 follow from those below for the special case k = 1, while results for (6.2) follow by
specializing even further to the case m = n.
Theorem 6.2 (Existence). The matrix linear equation
AX= B; A E
has a solution
AA+B =B.

if and only if'R(B) s;

JR.mxn, BE IR.mxk,

'R(A); equivalently, a solution exists

(6.4)

if and only if

Proof: The subspace inclusion criterion follows essentially from the definition of the range
of a matrix. The matrix criterion is Theorem 4.18.
D

Theorem 6.3. Let A
of the form

E JR.mxn,

B

E IR.mxk

and suppose that AA + B = B. Then any matrix

X= A+ B +(/-A+ A)Y,

where Y

E JR.nxk

is arbitrary,

(6.5)

is a solution of
AX= B.

(6.6)

Furthermore, all solutions of (6.6) are of this form.

Proof: To verify that (6.5) is a solution, premultiply by A:
AX= AA+ B +A(!- A+ A)Y
= B +(A- AA+ A)Y by hypothesis
= B since AA +A = A by the first Penrose condition.

That all solutions are of this form can be seen as follows. Let Z be an arbitrary solution of
(6.6). i.e., AZ:::: B. Then we can write
Z =A+ AZ +(I- A+ A)Z
= A+B +(I- A+A)Z

and this is clearly of the form (6.5).

D
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Remark 6.4. When A is square and nonsingular, A+ = A -I and so (I- A+ A) = 0. Thus,
there is no "arbitrary" component, leaving only the unique solution X = A -I B.
Remark 6.5. It can be shown that the particular solution X = A+ B is the solution of (6.6)
that minimizes Tr xT X. (Tr(-) denotes the trace of a matrix; recall that Tr xT X = Li,j xlj .)
Theorem 6.6 (Uniqueness). A solution of the matrix linear equation
AX= B; A E JR.mxn, BE JR.mxk

is unique if and only
N(A) = 0.

if A+ A

= I; equivalently, (6. 7) has a unique solution

(6.7)

if and only if

Proof: The first equivalence is immediate from Theorem 6.3. The second follows by noting
that A+ A = I can occur only if r = n, where r = rank(A) (recall r .:::: n). But rank(A) = n
if and only if A is l-1 or N(A) = 0.
D

Example 6.7. Suppose A
Solution:

E

JR.nxn. Find all solutions of the homogeneous system Ax= 0.

x=A+O+(I-A+A)y
=(1-A+A)y,

where y E JR.n is arbitrary. Hence, there exists a nonzero solution if and only if A+ A f= I.
This is equivalent to either rank(A) = r < n or A being singular. Clearly, if there exists a
nonzero solution, it is not unique.
Computation: Since y is arbitrary, it is easy to see that all solutions are generated
from a basis for R(I- A+ A). But if A has an SVD given by A = UhVT, then it is easily
checked that I - A+ A= V2 V[ and R(V2 V[) = R(V2 ) = N(A).
Example 6.8. Characterize all right inverses of a matrix A E JR.mxn; equivalently, find all
solutions R of the equation AR = Im. Here, we write Im to emphasize them x m identity
matrix.
Solution: There exists a right inverse if and only if RUm) s; R(A) and this is
equivalent to AA + Im = Im. Clearly, this can occur if and only if rank(A) = r = m (since
r .:::: m) and this is equivalent to A being onto (A+ is then a right inverse). All right inverses
of A are then of the form
R =A+ Im +Un-A+ A)Y
=A++(I-A+A)Y,

where Y E JR.nxm is arbitrary. There is a unique right inverse if and only if A+ A
(N(A) = 0), in which case A must be invertible and R = A -I.

I

Example 6.9. Consider the system of linear first-order difference equations
(6.8)

46

Chapter 6. Linear Equations

with A E rn:nxn and B E rn:nxm (n :;:: 1, m :;:: 1). The vector Xk in linear system theory is
known as the state vector at time k while uk is the input (control) vector. The general
solution of (6.8) is given by
k-i

Xk

= Akxo

+ LAk-i-j Buj

(6.9)

j=O

k

~Axo+[B,AB, ... ,A

k-i

Uk-i ]
Uk-2

~

Bj
[

0

(6.10)

fork :::: 1. We might now ask the question: Given x 0 = 0, does there exist an input sequence
{u j )~;;;b such that Xk takes an arbitrary value in rn:n? In linear system theory, this is a question

of reachability. Since m :::: 1, from the fundamental Existence Theorem, Theorem 6.2, we
see that (6.8) is reachable if and only if
R([B, AB, ... , An-i B]) = !Rn

or, equivalently, if and only if
rank [ B, AB, ... , An-i B]

= n.

A related question is the following: Given an arbitrary initial vector xo, does there exist an input sequence {u j J}:b such that Xn = 0? In linear system theory, this is called
controllability. Again from Theorem 6.2, we see that (6.8) is controllable if and only if

Clearly, reachability always implies controllability and, if A is nonsingular, controllability and reachability are equivalent. The matrices A = [ ~ ~] and B = [ ~] provide an
example of a system that is controllable but not reachable.
The above are standard conditions with analogues for continuous-time models (i.e.,
linear differential equations). There are many other algebraically equivalent conditions.
Example 6.10. We now introduce an output vector Yk to the system (6.8) of Example 6.9
by appending the equation
(6.11)

with C E JRPxn and D E JRPxm (p :;:: 1). We can then pose some new questions about the
overall system that are dual in the system-theoretic sense to reachability and controllability.
The answers are cast in terms that are dual in the linear algebra sense as well. The condition
dual to reachability is called observability: When does knowledge of {u j Jj:b and {yj 1}:6
suffice to determine (uniquely) x 0 ? As a dual to controllability, we have the notion of
reconstructibility: When does knowledge of {u j 1}:6 and [yj 1}:6 suffice to determine
(uniquely) Xn? The fundamental duality result from linear system theory is the following:

(A, B) iii reachable [controllable] ifand only if (A r. B T) is ohn:rvable [reconscruccib/t']
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To derive a condition for observability, notice that
k-1

Yk = CAkxo

+L

CAk-I-J Bu 1

+ Duk.

(6.12)

}=0

Thus,
Yo- Duo
Y1- CBuo- Du 1

r

(6.13)
Yn-1 - L,j-;,~ C An-l-j Bu j- Dun- I

Let v denote the (known) vector on the left-hand side of (6.13) and let R denote the matrix on
the right-hand side. Then, by definition, v E R(R), so a solution exists. By the fundamental
Uniqueness Theorem, Theorem 6.6, the solution is then unique if and only if N(R) = 0,
or, equivalently, if and only if

6.3

A More General Matrix Linear Equation

Theorem 6.11. Let A E

~mxn,

B E

~mxq,

and C E

~pxq.

Then the equation

AXC=B
has a solution
form

if and only if AA + BC+c

(6.14)

= B, in which case the general solution is of the

(6.15)
where Y

E ~nxp

is arbitrary.

A compact matrix criterion for uniqueness of solutions to (6.14) requires the notion
of the Kronecker product of matrices for its statement. Such a criterion (C c+ ®A+ A = I)
is stated and proved in Theorem 13.27.

6.4

Some Useful and Interesting Inverses

In many applications, the coefficient matrices of interest are square and nonsingular. Listed
below is a small collection of useful matrix identities, particularly for block matrices, associated with matrix inverses. In these identities, A E ~nxn, B E ~nxm, C E ~mxn,
and D E ~m xm. Invertibility is assumed for any component or subblock whose inverse is
indicated. Verification of each identity is recommended as an exercise for the reader.
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1. (A+ BDC)- 1 = A- 1 - A- 1 B(D- 1 + CA- 1 B)- 1CA- 1•
This result is known as the Sherman-Morrison-Woodbury formula. It has many
applications (and is frequently "rediscovered") including, for example, formulas for
1
the inverse of a sum of matrices such as (A+ D)- 1 or (A- 1 + v- 1 )- . It also
yields very efficient "updating" or "downdating" formulas in expressions such as
1
(A+ xxy)- (with symmetric A E IRnxn and x E !Rn) that arise in optimization
theory.
2. [

3· [

rl
~ !I rl
r

~ ~

= [

~

= [

I

l [~

~ -~

~I

rl

-C
= [

~ -~ l

Both of these matrices satisfy the matrix equation X 2 = I from which it is obvious
that x- 1 =X. Note that the positions of the I and -I blocks may be exchanged.

4. [

~ ~

1

= [

A~I -A~~1v-I

1

A
5· [ c

0 ]- = [
D

6. [ I +CBC

7. [

~ ~

~

r

rl

1
= [

A-

1

-v- 1 cA- 1
= [ _!_C

A-1

I

l
v- l
~~B l
0

1

+-~~!~cA-l

-A; BEl

where E = ( D - C A - 1 B) -I ( E is the inverse of the Schur complement of A). This
result follows easily from the block LU factorization in property 16 of Section 1.4.
1

A
S. [ C

DB ]- = [

F
-D- 1CF
1

where F =(A- BD- 1C)- • This result follows easily from the block UL factorization in property 17 of Section 1.4.

EXERCISES
1. As in Example 6.8, characterize a111eft inverses of a matrix A

E

!Rmxn _

2. Let A E IRmxn, B E !Rmxk and suppose A has an SVD as in Theorem 5.1. Assuming
R(B) s; R(A), characterize all solutions of the matrix linear equation
AX=B

in terms of the SVD of A,
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3. Let x, y

E

!Rn and suppose further that xT y
T -1

(/ - xy )

4. Let x, y

E

=f=. 1.

1

= I -

!Rn and suppose further that x T y

Show that

xTy - l
=f=.

T

xy .

1. Show that

-ex
c
where c

=

J,

1/(1 - xT y).

5. Let A E IR~ xn and let A -l have columns C!' ... ' Cn and individual elements Yij.
Assume that Yji =/= 0 for some i and j. Show that the matrix B =A- ~' e;eJ (i.e.,
A with Y1 subtracted from its (ij)th element) is singular.
l'
Hint: Show that c; E N(B).

6. As in Example 6.10, check directly that the condition for reconstructibility takes the
form

N[

fA J

~

CAn-!

N(An).

Chapter 7

Projections, Inner Product
Spaces, and Norms

7.1

Projections

Definition 7.1. Let V be a vector space with V =X EB Y. By Theorem 2.26, every v E V
has a unique decomposition v = x + y with x EX andy E Y. Define Px,y : V---+ X<; V
by

Px,yv = x for all v

E

V.

Px,y is called the (oblique) projection on X along Y.
Figure 7.1 displays the projection of von both X andY in the case V

= IR2 •

y

X

Figure 7.1. Oblique projections.

Theorem 7.2. Px.Y is linear and Pk.Y

=

Px,y.

Theorem 7.3. A linear transformation Pis a projection if and only if it is idempotent, i.e.,
P 2 = P. Also, P isaprojectionifandonlyifl -Pis a projection. lnfact, Py.x =I- Px,y.
Proof: Suppose P is a projection, say on X along Y (using the notation of Definition 7.1 ).
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Let v E V be arbitrary. Then Pv = P(x + y) = Px = x. Moreover, P 2v = P Pv =
Px = x = Pv. Thus, P 2 = P. Conversely, suppose P 2 = P. Let X= {v E V: Pv = v}
andY= {v E V: Pv = 0}. It is easy to check that X andY are subspaces. We now prove
that V = X$ Y. First note that if v E X, then Pv = v. If v E Y. then Pv = 0. Hence
if v E X n Y. then v = 0. Now let v E V be arbitrary. Then v = Pv +(I - P)v. Let
x = Pv, y = (/- P)v. Then Px = P 2v = Pv = x sox EX, while Py = P(l- P)v =
Pv- P 2 v = 0 soy E Y. Thus, V = X EB Y and the projection on X along Y is P.
Essentially the same argument shows that I - Pis the projection on Y along X.
D
Definition 7.4. In the special case where Y = Xl_, Px.x1. is called an orthogonal projection and we then use the notation Px = Px.x1..
Theorem 7.5. P E
if p2 = p =pT.

JFI1.nxn

is the matrix of an orthogonal projection (onto R(P))

if and only

Proof: Let P be an orthogonal projection (on X, say, along X j_) and let x, y E JFI1." be
arbitrary. Note that (I - P)x = (I - Px.xj_)x = Pxj_.xx by Theorem 7.3. Thus,
(/ - P)x E X_l. Since Py E X, we have (Py)T (I - P)x = yT pT (/ - P)x = 0.
Since x andy were arbitrary, we must have pT(I- P) = 0. Hence pT = pT P = P,
with the second equality following since pT P is symmetric. Conversely, suppose P is a
symmetric projection matrix and let x be arbitrary. Write x = P x + (I - P)x. Then
xT pT (I- P)x = xT P(l- P)x = 0. Thus, since Px E R(P), then (I- P)x E R(P)j_
and P must be an orthogonal projection.
D

7.1 .1

The four fundamental orthogonal projections

Using the notation of Theorems 5.1 and 5.11, let A
u!svr Then

E JFI1.mxn

with SVD A = U:EVT

r

Pn(A)

AA+

u!ur

L.u;uf,
i=l
m

p'R(A)j_

I-

AA+

UzU[

L.u;uf,

i=r+I
n

P)I[(A)

I-

A+ A

VzV{

L

v;vf,

i=rt-1
r

p)I[(A)J.

A+ A

vlvr

Lv;vf
i=l

are easily checked to be (unique) orthogonal projections onto the respective four funda-

mental subspaces.
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Example 7.6. Determine the orthogonal projection of a vector v E rn;n on another nonzero
vector w E rn;n.
Solution: Think of the vector w as an element of the one-dimensional subspace R( w).
Then the desired projection is simply
PncwJV = ww+v
WWTV

(using Example 4.8)

= ( WTV)
T
W.

w w

=

Moreover, the vector z that is orthogonal to w and such that v
z = PncwJ"' v

that

= (/- PncwJ)v = v- ( :;~) w.

Pv

+ z is

given by

See Figure 7.2. A direct calculation shows

z and w are, in fact, orthogonal:

v

z

Pv

w

Figure 7.2. Orthogonal projection on a "line."
Example 7.7. Recall the proof of Theorem 3.11. There, {v1 , ••• , vk} was an orthomormal
basis for a subset S of rn;n. An arbitrary vector x E rn;n was chosen and a formula for x 1
appeared rather mysteriously. The expression for x 1 is simply the orthogonal projection of
x on S. Specifically,

Example 7.8. Recall the diagram of the four fundamental subspaces. The indicated direct
sum decompositions of the domain rn;n and co-domain rn;m are given easily as follows.
Let x E rn;n be an arbitrary vector. Then
x = PN(AJ"'x

+ PN(A)X

=A+ Ax+(/- A+ A)x

= v, v{ X+

Vz v[ X (recall

vvT = /).
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Similarly, let y

E

!Rm be an arbitrary vector. Then
Y

= Pn(A)Y + PR<A)j_Y
= AA+y + (/- AA+)y
= Utur y + u2u[ y (recall uur = n.

Example 7 .9. Let

Then

1/4 1/4 ]
1/4 1/4
0

0

and we can decompose the vector [2 3 4f uniquely into the sum of a vector in N(A)l_
and a vector in N(A), respectively, as follows:

7.2

1/2
-1/2

-1/2
1/2

0

0

Inner Product Spaces

Definition 7.10. Let V be a vector space over JR. Then(·,·) : V x V-+ IRis a real inner
product if

1. (x, x) ::: Oforall x
2. (x, y)

E V and (x, x) =

0 if and only ifx = 0.

= (y, x) for all x, y E V.

3. (x,ay1 +fJy2) =a(x,yi) +f3(x,y2)forallx,yt,Y2 E Vandforalla,f3 E JR.

Example 7.11. Let V = !Rn. Then (x, y)
dot product.

= x T y is the "usual" Euclidean inner product or

Example 7.12. Let V = !Rn. Then (x, y) Q = xT Qy, where Q = QT > 0 is an arbitrary
n x n positive definite matrix, defines a "weighted" inner product.

Definition 7.13. If A E !Rm xn, then AT E !Rn xm is the unique linear transformation or map
such that (x, Ay) =(AT x, y)forall x E !Rm andforall y e !Rn.
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It is easy to check that, with this more "abstract" definition of transpose, and if the
(i, j)th element of A is aij, then the (i, j)th element of AT is ap. It can also be checked
that all the usual properties of the transpose hold, such as (AB) = BT AT. However, the
definition above allows us to extend the concept of transpose to the case of weighted inner
products in the following way. Suppose A E IRm xn and let (·, ·) Q and (·, ·) R, with Q and
R positive definite, be weighted inner products on !Rm and !Rn, respectively. Then we can
define the "weighted transpose" A# as the unique map that satisfies
(x,Ay)Q = (Aux,y)R forallx E !Rm andforally EIRn.

By Example 7.12 above, we must then have xT QAy = xT (Au{ Ry for all x, y. Hence we
must have QA = (Au{ R. Taking transposes (of the usual variety) gives AT Q = RAu.
Since R is nonsingular, we find
A#= R-IAT Q.

We can also generalize the notion of orthogonality (xT y = 0) to Q-orthogonality (Q is
a positive definite matrix). Two vectors x, y E !Rn are Q-orthogonal (or conjugate with
respect to Q) if (x, y)Q = xT Qy = 0. Q-orthogonality is an important tool used in
studying conjugate direction methods in optimization theory.
Definition 7.14. Let V be a vector space over <C. Then (·, ·) : V x V --+ <Cis a complex
inner product if
1. (x, x) :;:: 0 for all x E V and (x, x) = 0

2. (x,y)

=

3. (x, ay,

if and only if x

= 0.

(y,x)forallx,y E V.

+ f3y2)

= a(x, y,)

+ f3(x, Y2) for all x, y,, Y2

E

V andforall a, f3 E <C.

Remark 7.15. We could use the notation (·, ·)c to denote a complex inner product, but
if the vectors involved are complex-valued, the complex inner product is to be understood.
Note, too, from part 2 of the definition, that (x, x) must be real for all x.
Remark 7.16. Note from parts 2 and 3 of Definition 7.14 that we have

Remark 7.17. The Euclidean inner product of X, y

E

en is given by

n

(x, y)

= l:x;y; = xHy.
i=l

The conventional definition of the complex Euclidean inner product is (x, y)
use its complex conjugate xH y here for symmetry with the real case.

= yH x

but we

Remark 7.18. A weighted inner product can be defined as in the real case by (x, y)Q =
xH Qy, for arbitrary Q = QH > 0. The notion of Q-orthogonality can be similarly
generalized to the complex case.
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Definition 7.19. A vector space (V, IF) endowed with a specific inner product is called an
inner product space. If IF = e, we call V a complex inner product space. If IF = R we
call V a real inner product space.
Example 7.20.
1. Check that V = rn:.nxn with the inner product (A, B) = Tr AT B is a real inner product
space. Note that other choices are possible since by properties of the trace function,
Tr AT B = Tr B TA = Tr A B T = Tr BAT.
2. Check that V = enxn with the inner product (A, B)
product space. Again, other choices are possible.

= Tr A 8 B is a complex inner

Definition 7.21. Let V be an inner product space. For v E V. we define the norm (or
length) ofv by llv\\ = -J(V,V). This is called the nonn induced by(·,·).
Example 7.22.
1. If V =
n

rn:.n

(Li=l vi )

2. If

with the usual inner product, the induced norm is given by

II vII

with the usual inner product, the induced norm is given by

II vII

2 12
•

v = en

"n \vi\ 2) ! ·
(L...i=l

=

Theorem 7.23. Let P be an orthogonal projection on an inner product space V. Then
1\Pv\\ :=:: 1\v\\forall v E V.
Proof: Since Pis an orthogonal projection, P 2 = P = p#_ (Here, the notation p# denotes
the unique linear transformation that satisfies (Pu, v) = (u, P#v) for all u, v E V. If this
seems a little too abstract, consider V = rn:.n (or en), where p# is simply the usual pT (or
P 8 )). Hence (Pv, v) = (P 2 v, v) = (Pv, P#v) = (Pv, Pv) = \\Pv\\ 2 ;:: 0. Now I - Pis
also a projection, so the above result applies and we get

0 :=::((I- P)v, v) = {v, v)- (Pv, v)
=

from which the theorem follows.

\\v\\

2

-

\\Pv\\

2

D

Definition 7.24. The norm induced on an inner product space by the "usual" inner product
is called the natural norm.
In case V = en or V = JR(n, the natural norm is also called the Euclidean norm. In
the next section, other norms on these vector spaces are defined. A converse to the above
procedure is also available. That is, given a norm defined by 1\x II = ./(X,X), an inner
product can be defined via the following.

57

7.3. Vector Norms

Theorem 7.25 (Polarization Identity).
1. For x, y E .!Rn, an inner product is defined by
!lx

2. For X, y

E

l!xll
2

2

-

l!yll 2

en' an inner product is defined by

where j = i =

7.3

+ Yll 2 -

.J=T.

Vector Norms

Definition 7.26. Let (V, JF) be a vector space. Then
satisfies the following three properties:
1. l!xll 2:: Oforall x

E

Vand llxll

2. !!axil= lal!!xllforall x

E

II · II : V---.. IRis a vector norm if it

= 0 if and only ifx = 0.

V andforall a

E

JF.

3. l!x + Yll S: llxll + IIYIIforall x, y E V.
(This is called the triangle inequality, as seen readily from the usual diagram illustrating the sum of two vectors in IR2 .)
Remark 7.27. It is convenient in the remainder of this section to state results for complexvalued vectors. The specialization to the real case is obvious.
Definition 7 .28. A vector space (V, JF) is said to be a normed linear space if and only if
there exists a vector norm II · II : V ---.. IR satisfying the three conditions of Definition 7.26.
Example 7.29.

1. For X

E

en, the Holder norms, or p-norms, are defined by

Special cases:
(a) llx 11 1 =

I:7= 1 lx; (the "Manhattan" norm).
(L7= 1 1x;l 2 ) 2 = (x 8 x) 2 (the Euclidean norm).
I

1

(b) llxll 2 =
(c) !lxll 00

= maxlx;l
IE!!

=

1

lim l!xllp·

p--->+00

(The second equality is a theorem that requires proof.)
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2. Some weighted p-norms:
(a) llxllt.v = L~= 1 d;lx;l,

whered; > 0.

I

(b) llxllz.Q = (xHQx) 2 ,
denoted II· IIQ).

=

where Q

QH > 0 (this norm is more commonly

3. On the vector space (C[t 0 , tt], 1Ft), define the vector norm

11/11
On the vector space ( (C[to,

= max

t 1Jt, 1Ft),

t 0 :::_t~JJ

1/(t)l.

define the vector norm

11/lloo = t max
11/(1)11
:::_ts_tl

00 •

0

Theorem 7.30 (HOlder Inequality). Let X, y

E

en.

Then

1
I
-+-=1.
p

q

A particular case of the Holder inequality is of special interest.
Theorem 7.31 (Cauchy-Bunyakovsky-Schwarz Inequality). Let X, y

with equality

if and only if x

E

en.

Then

and y are linearly dependent.

Proof· Consider the matrix [x y] E cnxz. Since
[x

y]

H

[x

y]

=[

XHX
H
y X

is a nonnegative definite matrix, its determinant must be nonnegative. In other words,
0::::: (xHx)(yHy)- (xHy)(yHx). Since yHx = xHy, we see immediately that lxHyl ::S
llxllziiYib- D
Note: This is not the classical algebraic proof of the Cauchy-Bunyak.ovsky-Schwarz
(C-B-S) inequality (see, e.g., [20, p. 217]). However, it is particularly easy to remember.

en

Remark 7.32. The angle e between two nonzero vectors X' y E
may be defined by
cos() = 1 ;~~ 1~1 112 , 0 ::S () ::::: I· The C-B-S inequality is thus equivalent to the statement
I cos e I ::::: I.
Remark 7.33. Theorem 7.31 and Remark 7.32 are true for general inner product spaces.
Remark 7.34. The norm II liz is unitarily invariant, i.e., if u E cnxn is unitary, then
IIUxll 2 = llxll 2 (Proof IIUxlli = xHuHux = xHx llxlli). However, 11·11 1 and II·II<XJ
0

=
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are not unitarily invariant. Similar remarks apply to the unitary invariance of norms of real
vectors under orthogonal transformation.
Remark 7.35. If X, y

E

en are orthogonal, then we have the Pythagorean Identity
llx ± Yll~ = llxll~ + IIYII~,

the proof of which follows easily from liz II~
Theorem 7.36. All norms on
depending on n) such that

= zH z.

en are equivalent; i.e., there exist constants c 1, c2 (possibly

Example 7 .37. For X E en, the following inequalities are all tight bounds; i.e., there exist
vectors x for which equality holds:

llxll1 S Jn llxlb
llxll2 S llxll~>
llxlloo S llxll~>

llxiiJ S n llxlloo;
llxll2 S Jn llxlloo;
llxlloo S llxlb

Finally, we conclude this section with a theorem about convergence of vectors. Convergence of a sequence of vectors to some limit vector can be converted into a statement
about convergence of real numbers, i.e., convergence in terms of vector norms.
Theorem 7.38. Let II · II be a vector norm and suppose v, vO), v< 2), ... E en. Then
lim v<k)
k4+oo

7.4

=

v

if and only if lim II v<k)

-

k4+oo

vII = 0.

Matrix Norms

In this section we introduce the concept of matrix norm. As with vectors, the motivation for
using matrix norms is to have a notion of either the size of or the nearness of matrices. The
former notion is useful for perturbation analysis, while the latter is needed to make sense of
"convergence" of matrices. Attention is confined to the vector space (!Rm xn, IR) since that is
what arises in the majority of applications. Extension to the complex case is straightforward
and essentially obvious.
Definition 7.39. II · II :
properties:

1. II All

~

2. II a All

IR.mxn ~

IR is a matrix norm

Ofor all A E !Rmxn and II All = 0

= laiiiAII for all A E !Rmxn

if it satisfies the following three

if and only if A= 0.

and for all a E R

3. IIA + Bll S IIAII + IIBiiforall A, BE !Rmxn.
(As with vectors, this is called the triangle inequality.)

60

Chapter 7. Projections, Inner Product Spaces, and Norms

Example 7.40. Let A
defined by

II

All,~

(

E JR.mxn.

Then the Frobenius norm (or matrix Euclidean norm) is

t. t. a~) ~ (t.
l

~

af(A)) l

(Tc (A' A)) l

~

(TF (AA '))l

(where r = rank(A)).

Example 7.41. Let A

E JR.mxn.

Then the matrix p-norms are defined by

II Axil
IIAII = max _ _P = max IIAxll .
llxll.¥0 llxllp

P

llxll.=l

P

The following three special cases are important because they are "computable." Each is a
theorem and requires a proof.
1. The "maximum column sum" norm is

2. The "maximum row sum" norm is
IIAIIoo =max
rem

(t

laijl) ·

J=l

3. The spectral norm is

k

T

IIAII2 = Amax(A A)=

l

T

A~ax(AA )

= a1(A).

Note: IIA+II 2 = 1/a,(A), where r = rank(A).
Example 7.42. Let A E JR.mxn. The Schattenp-norms are defined by
I

IIAIIs.p

=

(af +···+a[)".

Some special cases ofSchatten p-norms are equal to norms defined previously. For example,
II· lls.2 =II· IIF and II· lls,oo =II· 11 2. The norm II· lis. I is often called the trace norm.

Example 7.43. Let A

E JR.mxn

Then "mixed" norms can also be defined by
IIAII

p,q

= max IIAxllp
llxii",.CO llxllq

Example 7.44. The "matrix analogue of the vector 1-norm," II Ails =

Li.j

la;j 1. is a norm.

The concept of a matrix norm alone is not altogether useful since it does not allow us
to estimate the size of a matrix product AB in terms of the sizes of A and B individually.
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Notice that this difficulty did not arise for vectors, although there are analogues for, e.g.,
inner products or outer products of vectors. We thus need the following definition.

Definition 7.45. Let A E JR.mxn, B E JR.nxk. Then the norms II· lla, II· llll, and II· lly are
mutuallyconsistentifiiABIIa::::: IIAIIIliiBIIy· A matrix norm 11·11 issaidtobeconsistent
if II A B II ::::: II A II II B II whenever the matrix product is defined.
Example 7.46.
1. II · II F and II · II P for all p are consistent matrix norms.
2. The "mixed" norm
ll·ll1
'

00

II Ax III
=max--= max laijl
x;"'O llx lloo
i,j

is a matrix norm but it is not consistent. For example, take A = B = [ :

: ]. Then

IIABIII,oo = 2 while IIAIIJ,ooiiBIII,oo = 1.
The p-norms are examples of matrix norms that are subordinate to (or induced by)

a vector norm, i.e.,
II Axil
IIAII =max--= max IIAxll
x;"'O
llx II
llxll=l
IIAxll
.
(or, more generally, IIA llp,q = maxx;"'O llxllq" ). For such subordmate norms, alsocalledoper-

atornorms, we clearly have IIAxll ::::: IIAIIIIxll. Since IIABxll ::::: IIAIIIIBxll ::::: IIAIIIIBIIIIxll,
it follows that all subordinate norms are consistent.
Theorem 7.47. There exists a vector x* such that II Ax* II= IIAIIIIx*ll if the matrix norm is
subordinate to the vector norm.
Theorem 7.48. If II · 11m is a consistent matrix norm, there exists a vector norm II · llv
consistent with it, i.e., IIAxl/v::::: IIAIIm llxllv·
Not every consistent matrix norm is subordinate to a vector norm. For example,
consider II · II F. Then II Ax 11 2 ::::: II A II F llx lb so II · lb is consistent with II · II F• but there does
not exist a vector norm II ·II such that IIAIIF is given by maxx~o 11 1~~i 1 •

Useful Results
The following miscellaneous results about matrix norms are collected for future reference.
The interested reader is invited to prove each of them as an exercise.

1. II In II P = 1 for all p, while llln II F =

Jn.

2. For A E JR.nxn, the following inequalities are all tight, i.e., there exist matrices A for
which equality holds:
IIAII1 ::::: Jn IIAib
IIAIIz::::: Jn IIAIII,
IIAIIoo::::: n IIAII1,
IIAIIF::::: Jn IIAIIJ.

IIAII1::::: n IIAII 00 ,
IIAIIz::::: Jn IIAIIoo,
IIAIIoo::::: Jn IIAIIz,
IIAIIF::::: Jn IIAIIz,

IIAII, ::::: Jn IIAIIF;
IIAIIz::::: IIAIIF;
IIAIIoo::::: Jn IIAIIF;
IIAIIF::::: Jn IIAIIoo·
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3. For A

E

!Rmxn,

max laij I :::: II A liz :::: ~ max laij 1.
l.}

l.j

4. The norms II · IIF and II ·liz (as well as all the Schatten p-norms, but not necessarily
other p-norms) are unitarily invariant; i.e., for all A E !Rmxn and for all orthogonal
matrices Q E !Rmxm and Z E IR.nxn, IIQAZIIa =!lAlla fora= 2 or F.

Convergence
The following theorem uses matrix norms to convert a statement about convergence of a
sequence of matrices into a statement about the convergence of an associated sequence of
scalars.
Theorem 7.49. Let

II ·II be a matrix norm and suppose A, A (I),

lim A (k) =A

k~+oo

A<Z), ... E !Rmxn. Then

if and only if lim IIA (k)- All = 0.
k~+oo

EXERCISES
1. If P is an orthogonal projection, prove that p+ = P.

2. Suppose P and Q are orthogonal projections and P
must be an orthogonal matrix.

+Q

= /. Prove that P - Q

3. Prove that I -A+ A is an orthogonal projection. Also, prove directly that Vz V[ is an
orthogonal projection, where Vz is defined as in Theorem 5.1.
4. Suppose that a matrix A E !Rmxn has linearly independent columns. Prove that the
orthogonal projection onto the space spanned by these column vectors is given by the
matrix P = A(AT A) -I AT.
5. Find the (orthogonal) projection of the vector [2 3
spanned by the plane 3x - y + 2z = 0.

4f

onto the subspace of IR 3

6. Prove that IR.nxn with the inner product (A, B) = Tr AT B is a real inner product
space.
7. Show that the matrix norms II · liz and II · II F are unitarily invariant.
8. Definition: Let A E IR.nxn and denote its set of eigenvalues (not necessarily distinct)
by P·t, ... , An}. The spectral radius of A is the scalar
p(A) =max I.A.;!.
i
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Exercises

Let

A=[~

14

Determine
9. Let

0
12

~]·
5

IIAIIF, IIAII 1, II A liz, IIAIIoo, and p(A).

A=[~!~]·
4 9 2

Determine IIAIIF, IIAII 1, IIAIIz, IIAII 00 , and p(A). (Ann x n matrix, all of whose
columns and rows as well as main diagonal and antidiagonal sum to s = n (n 2 + 1) /2,
is called a "magic square" matrix. If M is a magic square matrix, it can be proved
that liM lip= s for all p.)

A=

10. Let
xyT, where both x, y E !Rn are nonzero. Determine IIAIIF, IIAII 1, IIAIIz,
and IIAIIoo in terms of llxlla and/or IIYIIfJ, where a and {3 take the value 1, 2, or oo as
appropriate.

Chapter 8

Linear Least Squares
Problems

8.1

The Linear Least Squares Problem

Problem: Suppose A E !Rmxn with m 2: nand b E !Rm is a given vector. The linear least
squares problem consists of finding an element of the set
X= {x E

!Rn : p(x) =//Ax- bll 2 is minimized}.

Solution: The set X has a number of easily verified properties:

1. A vector x E X if and only if AT r = 0, where r = b - Ax is the residual associated
with x. The equations AT r = 0 can be rewritten in the form AT Ax = AT b and the
latter form is commonly known as the normal equations, i.e., x E X if and only if
x is a solution of the normal equations. For further details, see Section 8.2.
2. A vector x

E

X if and only if x is of the form
x

= A+b +(I- A+ A)y,

where y

E

!Rn is arbitrary.

(8.1)

To see why this must be so, write the residual r in the form

r = (b- Pn(A)b)

+ (Pn(A)b- Ax).

Now, (Pn(A)b- Ax) is clearly in 'R(A), while
(b- Pn(AJb) =(I- Pn(AJ)b

=

Pn(A)j_b E 'R(A)_!_

so these two vectors are orthogonal. Hence,

llr/1~ = //b- Ax//~
=lib- Pn(A)b//~

+ //Pn(A)b- Ax//~

from the Pythagorean identity (Remark 7.35). Thus, //Ax- b//~ (and hence p(x)
//Ax - b/lz) assumes its minimum value if and only if
Ax= Pn(A)b = AA+b
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=

(8.2)
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and this equation always has a solution since AA +b
solutions of (8.2) are of the form

E

R(A). By Theorem 6.3, all

x =A+ AA+b +(I- A+ A)y
=A+b+(I-A+A)y,

where y

E IR_n

is arbitrary. The minimum value of p(x) is then clearly equal to
lib- PncAlbll2 =
~

11(1- AA+)bll2
llbll2.

the last inequality following by Theorem 7.23.
3. X is convex. To see why, consider two arbitrary vectors x 1 = A+b +(I- A+ A)y
and x 2 = A+b +(I- A+ A)z in X. Let(} E [0, 1]. Then the convex combination
8x 1 + (1- 8)x 2 = A+b +(I- A+ A)((}y + (1- (})z) is clearly in X.
4. X has a unique element x• of minimal2-norm. In fact, x* = A+ b is the unique vector
that solves this "double minimization" problem, i.e., x* minimizes the residual p(x)
and is the vector of minimum 2-norm that does so. This follows immediately from
convexity or directly from the fact that all x E X are of the form (8.1) and

which follows since the two vectors are orthogonal.
5. There is a unique solution to the least squares problem, i.e., X = (x*}
and only if A+ A = I or, equivalently, if and only if rank(A) = n.

=

{A+b}, if

Just as for the solution of linear equations, we can generalize the linear least squares
problem to the matrix case.

Theorem 8.1. Let A

E IR_mxn

and BE

IR_mxk.

The general solution to

min IIAXXEJR.n><k

Bib

is of the form
X=A+B+(I-A+A)Y,

where Y

E IR_nxk

is arbitrary.

The unique solution of minimum 2-norm or F-norm is

X= A+ B.

Remark 8.2. Notice that solutions of the linear least squares problem look exactly the
same as solutions of the linear system A X = B. The only difference is that in the case
of linear least squares solutions, there is no "existence condition" such as R(B) s; R(A).
If the existence condition happens to be satisfied. then equality holds and the least squares
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residual is 0. Of all solutions that give a residual of 0, the unique solution X = A+ B has
minimum 2-norm or F -norm.
Remark 8.3. If we take B = Im in Theorem 8.1, then X = A+ can be interpreted as
saying that the Moore-Penrose pseudoinverse of A is the best (in the matrix 2-norm sense)
matrix such that AX approximates the identity.
Remark 8.4. Many other interesting and useful approximation results are available for the
matrix 2-norm (and F -norm). One such is the following. Let A E !R;zxn with SVD

= La;u;vf.

A= U:EVT

i=l

Then a best rank k approximation to A for 1 _:::: k _:::: r, i.e., a solution to
min IIA- Mlb

MEIR~Xrl

is given by
k

Mk =

La;u;vf.
i=l

The special case in which m = n and k = n- 1 gives a nearest singular matrix to A

8.2

E IR~ xn.

Geometric Solution

Looking at the schematic provided in Figure 8.1, it is apparent that minimizing II Ax - b II 2
is equivalent to finding the vector x E !Rn for which p = Ax is closest to b (in the Euclidean
norm sense). Clearly, r = b- Ax must be orthogonal to R(A). Thus, if Ay is an arbitrary
vector in R(A) (i.e., y is arbitrary), we must have
0 = (Ay)T (b- Ax)
=yTAT(b-Ax)

= yT(ATb- AT Ax).

Since y is arbitrary, we must have AT b - AT Ax = 0 or AT Ax = AT b.
Special case: If A is full (column) rank, then x = (AT A) -l AT b.

8.3
8.3.1

Linear Regression and Other Linear Least Squares
Problems
Example: Linear regression

Suppose we have m measurements (tl, YJ), ... , (tm, Ym) for which we hypothesize a linear
(affine) relationship
(8.3)
y =at+ f3
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b

r

p=Ax

AyE R(A)

Figure 8.1. Projection of b on R(A ).
for certain constants a and {3. One way to solve this problem is to find the line that best fits
the data in the least squares sense; i.e., with the model (8.3), we have

YI

= at1 + f3 + 81 ,

Y2

= at2 + f3 + 82

where 81 , ... , 8m are "errors" and we wish to minimize 8? + · · · + 8~. Geometrically, we
are trying to find the best line that minimizes the (sum of squares of the) distances from the
given data points. See, for example, Figure 8.2.

y

Figure 8.2. Simple linear regression.
Note that distances are measured in the vertical sense from the points to the line (as
indicated. for example. for the point (tJ. yJ)). However. other criteriilllfe possible. For example, one could measure the distances in the horizontal sense, or the perpendiculllf distance
from the points to the line could be used. The latter is called total least squares. Instead
of 2-norms, one could also use 1-norms or oo-norms. The latter two are computationally
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much more difficult to handle, and thus we present only the more tractable 2-norm case in
text that follows.
The m "error equations" can be written in matrix form as
y =Ax +8,

where

We then want to solve the problem
min 8T 8 =min (Ax - y)T (Ax - y)
X

or, equivalently,
min 11811~ =min II Ax- Yll~.

(8.4)

X

Solution: x = [ ~] is a solution of the normal equations AT Ax
special form of the matrices above, we have

and
AT y = [ Li t; Y;

L;Yi

AT y where, for the

J.

The solution for the parameters a and f3 can then be written

8.3.2

Other least squares problems

Suppose the hypothesized model is not the linear equation (8.3) but rather is of the form
(8.5)
In (8.5) the ¢; (t) are given (basis) functions and the c; are constants to be determined to
minimize the least squares error. The matrix problem is still (8.4), where we now have

An important special case of (8.5) is least squares polynomial approximation, which
corresponds to choosing¢; (t) =ti-l, i E !!_,although this choice can lead to computational

70

Chapter 8. Linear Least Squares Problems

difficulties because of numerical ill conditioning for large n. Numerically better approaches
are based on orthogonal polynomials, piecewise polynomial functions, splines, etc.
The key feature in (8.5) is that the coefficients c; appear linearly. The basis functions
¢; can be arbitrarily nonlinear. Sometimes a problem in which the c; 's appear nonlinearly
can be converted into a linear problem. For example, if the fitting function is of the form
y = f (t) = c 1ec 21 , then taking logarithms yields the equation logy = log c 1 + c 2 t. Then
defining y = logy, c1 = log c 1, and c2 = c2 results in a standard linear least squares
problem.

8.4

Least Squares and Singular Value Decomposition

In the numerical linear algebra literature (e.g., [4], [7], [11], [23]), it is shown that solution
of linear least squares problems via the normal equations can be a very poor numerical
method in finite-precision arithmetic. Since the standard Kalman filter essentially amounts
to sequential updating of normal equations, it can be expected to exhibit such poor numerical
behavior in practice (and it does). Better numerical methods are based on algorithms that
work directly and solely on A itself rather than AT A. Two basic classes of algorithms are
based on SVD and QR (orthogonal-upper triangular) factorization, respectively. The former
is much more expensive but is generally more reliable and offers considerable theoretical
insight.
In this section we investigate solution of the linear least squares problem
min IIAx- bllz, A E !Rmxn, bE !Rm,

(8.6)

X

via the SVD. Specifically, we assume that A has an SVD given by A= U:EVT = U 1SVt
as in Theorem 5.1. We now note that
IIAx-

bll~ = IIU:EVT x- bll;
=

II :E VT x

- uT bll; since

=II :Ez-ell~ where z =
=

II [

= II [

II · lb is unitarily invariant

yT X, c

=

uTb

~ ~ J[ ~~ J- [ ~~ JII:
Sz~~ c JII:
1

The last equality follows from the fact that if v = [ ~~ ]. then II vII~ = II vdl~ + II vzll~ (note
that orthogonality is not what is used here; the subvectors can have different lengths). This
explains why it is convenient to work above with the square of the norm rather than the
norm. As far as the minimization is concerned, the two are equivalent. In fact, the last
quantity above is clearly minimized by taking Z1 = s- 1 c,. The subvector Zz is arbitrary,
while the minimum value of II Ax- hll~ is llczll~·
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Now transform back to the original coordinates:
x = Vz

= [V, Vz] [ ~~
= V1 z, + Vzzz
=
=

]

v,s-'c, + Vzzz
v,s-'urh + Vzzz.

The last equality follows from

Note that since z2 is arbitrary, V2 z 2 is an arbitrary vector in R(V2 ) = N(A). Thus, x has
been written in the form x = A+ b + (I - A+ A) y, where y E ffi.m is arbitrary. This agrees,
of course, with (8.1).
The minimum value of the least squares residual is

and we clearly have that
minimum least squares residual is 0

{:=::=:>

b is orthogonal to all vectors in U2

{:=::=:>

b is orthogonal to all vectors in R(A)l.

{:=::=:>

b E R(A).

Another expression for the minimum residual is

II(!- AA+)hll~

= IIUzU{b//~ =

II(/ -

AA +)bllz. This follows easily since

bTUzUJUzUJb = bTUzUJb = 1/UJb/1~.

Finally, an important special case of the linear least squares problem is the
so-called full-rank problem, i.e., A E ffi.;:'xn. In this case the SVD of A is given by
A= U:EVT = [U 1 U2 ][g]vt, and there is thus "no V2 part" to the solution.

8.5

Least Squares and QR Factorization

In this section, we again look at the solution of the linear least squares problem (8.6) but this
time in terms of the QR factorization. This matrix factorization is much cheaper to compute
than an SVD and, with appropriate numerical enhancements, can be quite reliable.
To simplify the exposition, we add the simplifying assumption that A has full column
rank, i.e., A E ffi.;:'xn. It is then possible, via a sequence of so-called Householder or Givens
transformations, to reduce A in the following way. A finite sequence of simple orthogonal
row transformations (of Householder or Givens type) can be performed on A to reduce it
to triangular form. If we label the product of such orthogonal row transformations as the
orthogonal matrix QT E ffi_mxm, we have
(8.7)
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where R E Jlt~xn is upper triangular. Now write Q = [Q 1 Q 2 ], where Q 1 E Jltmxn and
Q 2 E Jltm x<m-n). Both Q 1 and Q 2 have orthonormal columns. Multiplying through by Q
in (8.7), we see that

A=Q[~]
= [QI

(8.8)

Qz] [

~J

= QIR.

(8.9)

Any of (8.7), (8.8), or (8.9) are variously referred to as QR factorizations of A. Note that
(8.9) is essentially what is accomplished by the Gram-Schmidt process, i.e., by writing
AR- 1 = Q 1 we see that a "triangular" linear combination (given by the coefficients of
R- 1 ) of the columns of A yields the orthonormal columns of Q 1•
Now note that
IIAx-

bll~

= IIQT Ax- QTbll~
= II [

~J

X -

[

since II· 11 2 is unitarily invariant

~~ J[,

where

[

C1
Cz

J = [ Qfb
QI b J

The last quantity above is clearly minimized by taking x = R- 1c 1 and the minimum residual
is llczllz. Equivalently, wehavex = R- 1 Qf b = A+ band the minimumresidualis II QI bll 2 .

EXERCISES
1. For A E Jltm xn, b E Jltm, and any y E
are orthogonal vectors.

Jltn,

check directly that (I - A+ A) y and A+ b

2. Consider the following set of measurements (x;, y;):
(1, 2), (2, 1), (3, 3).

ax

+ f3

that fits this

(b) Find the best (in the 2-norm sense) line of the form x = ay
data.

+ fJ

that fits this

(a) Find the best (in the 2-norm sense) line of the form y
data.

=

3. Suppose q 1 and q 2 are two orthonormal vectors and b is a fixed vector, all in

Jltn.

(a) Find the optimal linear combination aq 1 + (:3q 2 that is closest to b (in the 2-norm
sense).
(b) Let r denote the "error vector" b - aq1 - /3qz. Show that r is orthogonal to
both q 1 and qz.
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4. Find all solutions of the linear least squares problem
min II Ax- bll 2
X

when A= [

~

Jand b = [ ~

J

5. Consider the problem of finding the minimum 2-norm solution of the linear least
squares problem
min II Ax- bll2
X

when A = [

~ ~

Jand b =

[

! J.

The solution is

(a) Consider a perturbation £ 1 = [ ~ ~]of A, where 8 is a small positive number.
Solve the perturbed version of the above problem,

where A1 =A+ E 1. What happens to llx*-

yll 2 as 8 approaches 0?

(b) Now consider the perturbation £ 2 = [ ~ ~] of A, where again 8 is a small
positive number. Solve the perturbed problem
min II A2z- bib
z

where A2 =A+ E2. What happens to llx*- zll 2 as 8 approaches 0?
6. Use the four Penrose conditions and the fact that Q 1 has orthonormal columns to
verify that if A E ~;;' x n can be factored in the form (8. 9), then A+ = R -I Q f.
7. Let A E ~nxn, not necessarily nonsingular, and suppose A = QR, where Q is
orthogonal. Prove that A+ = R+ QT.

Chapter 9

Eigenvalues and
Eigenvectors

9.1

Fundamental Definitions and Properties

Definition 9.1. A nonzero vector X E en is a right eigenvector of A E enxn if there exists
a scalar A E e, called an eigenvalue, such that

(9.1)

Ax= AX.

Similarly, a nonzero vector y E en is a left eigenvector corresponding to an eigenvalue
11-if
(9.2)

By taking Hermitian transposes in (9.1), we see immediately that xH is a left eigenvector of A H associated with I. Note that if x [y] is a right [left] eigenvector of A, then
so is ax [ay] for any nonzero scalar a E C. One often-used scaling for an eigenvector is
a = 1/ llx II so that the scaled eigenvector has norm 1. The 2-norm is the most common
norm used for such scaling.
Definition 9.2. The polynomial n(A) = det(A -AI) is called the characteristic polynomial
of A. (Note that the characteristic polynomial can also be defined as det(Al - A). This
results in at most a change of sign and, as a matter of convenience, we use both forms
throughout the text.)

The following classical theorem can be very useful in hand calculation. It can be
proved easily from the Jordan canonical form to be discussed in the text to follow (see, for
example, [21]) or directly using elementary properties of inverses and determinants (see,
for example, [3]).
Theorem 9.3 (Cayley-Hamilton). For any A E enxn, ;rr(A) = 0.

-a

Let A=[-~
verify that ;rr(A) = A2 + 2A- 31

Example 9.4.

Then ;rr(A)
= 0.

=

A2 + 2A- 3. It is an easy exercise to

It can be proved from elementary properties of determinants that if A E enxn, then

;rr(A) is a polynomial of degree n. Thus, the Fundamental Theorem of Algebra says that
75
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rr(A.) has n roots, possibly repeated. These roots, as solutions of the determinant equation
rr(A.) = det(A -A./) = 0,

(9.3)

are the eigenvalues of A and imply the singularity of the matrix A - AI, and hence further
guarantee the existence of corresponding nonzero eigenvectors.
Definition 9.5. The spectrum of A E en xn is the set of all eigenvalues of A, i.e., the set of
all roots of its characteristic polynomialrr(A.). The spectrum of A is denoted i\(A).
Let the eigenvalues of A

E

en X n be denoted AI ,

0

0

0

,

An Then if we write (9 .3) in the
0

form
rr(A.) = det(A- A./) = (A. 1 -A.)··· (A.n -A.)

(9.4)

and set A. = 0 in this identity, we get the interesting fact that det(A) = A. 1 · A. 2 ···An (see
also Theorem 9.25).
If A E JR.nxn, then rr(A.) has real coefficients. Hence the roots of rr(A.), i.e., the
eigenvalues of A, must occur in complex conjugate pairs.

lR and let A = [ ~fJ ~]. Then rr(A.) =A. 2 - 2aA. + a 2 + {3 2 and
A has eigenvalues a± f3j (where j = i = .J=T).

Example 9.6. Let a, f3

E

If A E JR.nxn, then there is an easily checked relationship between the left and right
eigenvectors of A and AT (take Hermitian transposes of both sides of (9.2)). Specifically, if
y is a left eigenvector of A corresponding to A. E i\(A), then y is a right eigenvector of AT
corresponding to I E i\(A). Note, too, that by elementary properties of the determinant,
we always have i\(A) = i\(AT), but that i\(A) = i\(A) only if A E JR.nxn.

Definition 9.7. If A. is a root of multiplicity m ofrr(A.), we say that A. is an eigenvalue of A
of algebraic multiplicity m. The geometric multiplicity of A. is the number of associated
independent eigenvectors= n - rank(A- A./) =dim N(A -A./).
If A. E i\(A) has algebraic multiplicity m, then 1 ::::: dimN(A- A./) ::::: m. Thus, if
we denote the geometric multiplicity of A. by g, then we must have 1 ::::: g ::::: m.

Definition 9.8. A matrix A E JR.nxn is said to be defective if it has an eigenvalue whose
geometric multiplicity is not equal to (i.e., less than) its algebraic multiplicity. Equivalently,
A is said to be defective if it does not haven linearly independent (right or left) eigenvectors.
From the Cayley-Hamilton Theorem, we know that rr(A) = 0. However, it is possible for A to satisfy a lower-order polynomial. For example, if A = [ ~ ~ ], then A satisfies (A- 1) 2
(it.- 1);;;:; 0

= 0.

But it also clearly satisfies the smaller degree polynomial equation

)")eftnhion ~-~- Thll minimal polynomial of A
degree such that a(A) ;;;;; 0.

1::: Thl'."x"

ix

lhl'

polynomial O!(A.) of IPll!U

It can be shown that a(Jc) is essentially unique (unique if we force the coefficient
of the highest power of A to be + 1. say; such a polynomial is said to be monic and we
generally write a(A.) as a monic polynomial throughout the text). Moreover, it can also be
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shown that o:(A) divides every nonzero polynomial {J(A) for which {J(A) = 0. In particular,
o:(A) divides n(A).
There is an algorithm to determine o:(A) directly (without knowing eigenvalues and associated eigenvector structure). Unfortunately, this algorithm, called the Bezout algorithm,
is numerically unstable.
Example 9.10. The above definitions are illustrated below for a series of matrices, each
of which has an eigenvalue 2 of algebraic multiplicity 4, i.e., n(A) = (A- 2) 4 . We denote
the geometric multiplicity by g.

A-[~

0
I
2
0

!]

~

~

~

0
0

I
2
0
0

A~[~

2
0
0

2
0

2
0
0

0
0
2
0

~

0
2
0
0

0
0
2
0

~

-

A~u

A~u

0
1

hruw(A)

] how(A)

] ha, a(A)

] ha, a(A)

~
~

(A - 2)' ond g

(A - 2)' ond g

2

(A - 2) ond g

(A - 2) ond g

~
~
~

~

I.

2.

3.

4.

At this point, one might speculate that g plus the degree of a must always be five.
Unfortunately, such is not the case. The matrix

A~u
has o:(A)

1

2
0
0

0
0
2
0

!]

= (A- 2) 2 and g = 2.

Theorem 9.11. Let A E ccnxn and let Ai be an eigenvalue of A with corresponding right
eigenvector Xi. Furthermore, let YJ be a left eigenvector corresponding to any AJ E A(A)
such that AJ I= Ai. Then yf Xi = 0.

Proof· Since Axi

= AiXi,
(9.5)
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Similarly, since yfA = A.jyf,
(9.6)
Subtracting (9.6) from (9.5), we find 0 = (A.; -A. j) yf x;. Since A.; -A. j oft 0, we must have
yfx; = 0.
0
The proof of Theorem 9.11 is very similar to two other fundamental and important
results.
Theorem 9.12. Let A

E en xn be Hermitian, i.e., A

= A H. Then all eigenvalues of A must

be real.
Proof: Suppose (A., x) is an arbitrary eigenvalue/eigenvector pair such that Ax = A.x. Then

(9.7)
Taking Hermitian transposes in (9.7) yields

Using the fact that A is Hermitian, we have that IxH x = A.xH x. However, since x is an
eigenvector, we have xH x oft 0, from which we conclude I = A., i.e., A. is real.
0
Theorem 9.13. Let A

E cnxn be Hermitian and suppose A. and fJ- are distinct eigenvalues
of A with corresponding right eigenvectors x and z, respectively. Then x and z must be
orthogonal.

= A.x by zH to get zH Ax = A.zH x. Take the Hermitian
transpose of this equation and use the facts that A is Hermitian and A. is real to get xH Az =
A.xH z. Premultiply the equation Az = J-LZ by xH to get xH Az = J-LXH z = A.xH z. Since
A. oft J-L, we must have that xH z = 0, i.e., the two vectors must be orthogonal.
0

Proof: Premultiply the equation Ax

Let us now return to the general case.
Theorem 9.14. Let A E cnxn have distinct eigenvalues A. 1, ... , An with corresponding
right eigenvectors XI, ..• , Xn. Then {x 1 , ... , Xn} is a linearly independent set. The same
result holds for the corresponding left eigenvectors.
Proof: For the proof see, for example, [21, p. 118].

D

If A E cnxn has distinct eigenvalues, and if A; E A (A), then by Theorem 9.11' X; is
orthogonal to all y/s for which j oft i. However, it cannot be the case that Y;H x; = 0 as
well, or else x; would be orthogonal ton linearly independent vectors (by Theorem 9.14)
and would thus have to be 0, contradicting the fact that it is an eigenvector. Since Y;H x; oft 0
for each i, we can choose the normalization of the x; 's, or they; 's, or both, so that Y;H x; = 1
fori E !1·
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en

Theorem 9.15. Let A E
xn have distinct eigenvalues ). I' ... ' An and let the corresponding right eigenvectors form a matrix X = [xi, ... , Xn]. Similarly, let Y = [YI, ... , Yn]
be the matrix of corresponding left eigenvectors. Furthermore, suppose that the left and
right eigenvectors have been normalized so that Y;H x; = 1, i E !!· Finally, let A =
diag(A.J, ... , A.n) E IRnxn. Then Ax; = A.;x;, i E !:!_,can be written in matrixform as
AX=XA
while Y;H x j = liij, i E

!:!_,

j E

!:!_,

(9.8)

is expressed by the equation
Y 8 X =I.

(9.9)

These matrix equations can be combined to yield the following matrix factorizations:

x- 1AX =A= Y 8 AX
and

(9.10)

n

A= X Ax-'= XAY 8 = LA.;x;y;8

.

(9.11)

i=l

Example 9.16. Let
2

5
-3

~

-3
-2

-4

]

.

Then rr(A.) = det(A- ).!) = -(). 3 + 4A. 2 + 9). + 10) = -(A.+ 2)(A. 2 + 2). + 5), from
which we find A(A) = {-2, -1 ± 2j}. We can now find the right and left eigenvectors
corresponding to these eigenvalues.
For A. 1 = -2, solve the 3 x 3 linear system (A - ( -2)l)x 1 = 0 to get

Note that one component of x 1 can be set arbitrarily, and this then determines the other two
(since dimN(A - ( -2)1) = 1). To get the corresponding left eigenvector y 1 , solve the
linear system yf (A + 21) = 0 to get

This time we have chosen the arbitrary scale factor for y 1 so that y'[ x 1 = I.
For A. 2 = -1 + 2j, solve the linear system (A - ( -1 + 2j)l)x2 = 0 to get

xz

=[

j]

3+
3 ~/

.
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Solve the linear system yf! (A - ( -1 + 2 j) /) = 0 and normalize y 2 so that yf! x 1 = 1 to get

1;

l[l+J
] .
Yz = 4
j
For A3 = -1- 2j, we could proceed to solve linear systems as for A2 . However, we
can also note that x3 = xz and Y3 = yz. To see this, use the fact that A3 = A2 and simply
conjugate the equation Ax1 = AzXz to get Ax1 = Azxz. A similar argument yields the result
for left eigenvectors.
Now define the matrix X of right eigenvectors:

3+j
3-j
-2

3-

j]

3+j
-2

.

It is then easy to verify that

.!.=.L

.!.±.L

4
l+j

4

.!.=.L

4

4

Other results in Theorem 9.15 can also be verified. For example,

-2

x- 1AX =A=

~

[

0
-1 +2j
0

Finally, note that we could have solved directly only for x 1 and x 2 (and x 3 = x 2 ). Then,
instead of determining the y; 's directly, we could have found them instead by computing
x-' and reading off its rows.
Example 9.17. Let
A= [

-~ -~ ~].
0

-3

Then Jr(A) = det(A -A/) = -(A 3 + 8A 2 + 19A + 12) = -(A+ 1)(A + 3)(A + 4),
from which we find A(A) = {-1, -3, -4}. Proceeding as in the previous example, it is
~;;truightforw!ll"d to comput~

x~[~
and

x-•~q

1

3
2

I

0
-I

2
0
-2

-: ]
1

-3
2

]

=yr.
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We also have
sion

x- 1 AX= A =

diag( -1, -3, -4), which is equivalent to the dyadic expan-

3

A= I:>·iXiYr
i=l

~(-1)[ ~

w~ ~]+(-3)[ j ][~

+(-4) [ -:]

~

I

6
I

(-1) [ 3
I

6

I

3
2

3
I

3

[~

1
3

--

I

3
I

-~]

~]

I

6

0

I

J+ (-3) [

2

0 0
I

-2

6

I

0
0

3

-; ] + (-4) [

I

-3
I

3

I

-3
I

3
I

-3

I

3
I

-3
I

3

l

Theorem 9.18. Eigenvalues (but not eigenvectors) are invariant under a similarity transformation T.
Proof: Suppose (A, x) is an eigenvalue/eigenvector pair such that Ax = Ax. Then, since T
is nonsingular, we have the equivalent statement (T- 1 AT)(T- 1x) = A(T- 1x), from which
the theorem statement follows. For left eigenvectors we have a similar statement, namely
YH A = AYH if and only if (TH y)H cr-t AT) = A(TH y)H.
D
Remark 9.19. Iff is an analytic function (e.g., f(x) is a polynomial, or ex, or sinx,
or, in general, representable by a power series 2.::~:0 anxn), then it is easy to show that
the eigenvalues of f(A) (defined as I:~:OanAn) are j(A), but f(A) does not necessarily
have all the same eigenvectors (unless, say, A is diagonalizable ). For example, A = [ ~ 6J

has only one right eigenvector corresponding to the eigenvalue 0, but A 2 = [ ~ ~ J has two
independent right eigenvectors associated with the eigenvalue 0. What is true is that the
eigenvalue/eigenvector pair (A, x) maps to (f(A), x) but not conversely.
The following theorem is useful when solving systems of linear differential equations.
Details of how the matrix exponential e 1A is used to solve the system i = Ax are the subject
of Chapter 11.
Theorem 9.20. Let A

E !Rnxn

and suppose

x-t AX= A, where A is diagonal.

n

= 'LeJ..'tXiYiH·
i=l

Then
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Proof· Starting from the definition, we have

n

0

= L:e)..;tXiY;H·
i=l

The following corollary is immediate from the theorem upon setting t = 1.
Corollary 9.21. If A E lR" xn is diagonalizable with eigenvalues A;, i E !! , and right
eigenvectors x;, i E !! , then eA has eigenvalues e)..', i E !! , and the same eigenvectors.
There are extensions to Theorem 9.20 and Corollary 9.21 for any function that is
analytic on the spectrum of A, i.e., f(A) = Xf(A)X- 1 = Xdiag(j(AJ), ... , j(An))X- 1 .
It is desirable, of course, to have a version of Theorem 9.20 and its corollary in which
A is not necessarily diagonalizable. It is necessary first to consider the notion of Jordan
canonical form, from which such a result is then available and presented later in this chapter.

9.2

Jordan Canonical Form

Theorem 9.22.
1. Jordan Canonical Form (JCF): For all A
(not necessarily distinct), there exists X E

x- 1 AX=

C~xn

J = diag(J,, ... , Jq).

where each of the Jordan block matrices J 1,
A;
0
J;

with eigenvalues AJ, ... , An
such that

E cnxn

••• ,

0
A;

(9.12)

0

0
(9.13)
0

A;
0

C

Jq is of the form

A;

=

E

0

A;
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and L,j= 1 k; = n.
2. Real Jordan Canonical Form: For all A E !Rnxn with eigenvalues
necessarily distinct), there exists X E IR~xn such that

x- 1AX= 1

AI, ... ,

= diag(J[, ... , lq),

An (not

(9.14)

where each of the Jordan block matrices II, ... , lq is of the form

where M; = [ -~; ~: J and h = [ 6 ~ J in the case of complex conjugate eigenvalues
± }{3; E A(A).

a;

Proof: For the proof see, for example, [21, pp. 120-124].
Transformations like T = [ _ ~
and its complex counterpart:

D

-1 ] allow us to go back and forth between a real JCF

For nontrivial Jordan blocks, the situation is only a bit more complicated. With

-j
0

-j
0

0
1

0

0
1

0
-j

-~]
0

1

,
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it is easily checked that

T-1

[ "+ jfi
o

0!

0
0

0
0

+ jf3
0
0

0
0

0

]r~[~ l
h

jf3

0!-

M

jf3

0! -

Definition 9.23. The characteristic polynomials of the Jordan blocks defined in Theorem
9.22 are called the elementary divisors or invariant factors of A.
Theorem 9.24. The characteristic polynomial of a matrix is the product of its elementary
divisors. The minimal polynomial of a matrix is the product of the elementary divisors of
highest degree corresponding to distinct eigenvalues.
Theorem 9.25. Let A E cnxn with eigenvalues AJ, ... , An. Then

nA;.
n

1. det(A) =

i=l
n

2. Tr(A) =

L);.
i=l

Proof:
1. From Theorem 9.22 we have that A= X J x- 1 • Thus,

det(A)

= det(XJX- 1) = det(J) = n7= 1 A;.

2. Again, from Theorem 9.22 we have that A= X J x- 1 . Thus,
Tr(A) = Tr(XJX- 1 ) = Tr(JX- 1 X) = Tr(J) =
1 A;.

L:7=

0

Suppose A E JR7 x 7 is known to have :rr(A) = (A- 1) 4 (A- 2) 3 and
ct(A) = (A- l) (A- 2) 2 • Then A has two possible JCFs (not counting reorderings of the
diagonal blocks):

Example 9.26.

2

j(l)

=

1
0 1
0 0
0 0
0 0

0
0

0
0
1 0
0 1
0 0

0
0
0
0
2

0
0

0
0

0
0

0
0

0
0

0
0

0
0
0
0
0

2

0

0
0
0
0
0

0

2

0 0 0 0 0 0 2

and

f

2

l=

0
0
0
0

0
0
0

0
0
1
1
0
0

0
0
0
0
2
0

0
0
0
0

0
0
0
0
1

0
0
0
0
0
2 0

Note that J(ll has elementary divisors (A- 1) 2 , (A- 1), (A- 1), (A- 2) 2 , and (A- 2),
while J(2l has elementary divisors (A- 1) 2 , (A- 1) 2 , (A- 2) 2 , and (A- 2).
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Example 9.27. Knowing rr(A.), a(A.), and rank(A- Ai I) for distinct Ai is not sufficient to
determine the JCF of A uniquely. The matrices

AI=

a
0
0
0
0
0
0

both have rr(A.)
vectors.

9.3

=

0
a
0
0
0
0
0

a
0
0
0
0

0
0
0
a
0
0
0

0
0
0

0
0
0
0
0
a
0

a
0
0

(A.- a) 7 , a(A.)

=

0
0
0
0
0

Az =

a

a
0
0
0
0
0
0

0
a
0
0
0
0
0

a
0
0
0
0

(A.- a) 3 , and rank(A- a!)

0
0
0
a
0
0
0

0
0
0
a
0
0

0
0
0
0
a
0

0
0
0
0
0
0
a

= 4, i.e., three eigen-

Determination of the JCF

The first critical item of information in determining the JCF of a matrix A E JR.nxn is its
number of eigenvectors. For each distinct eigenvalue Ai, the associated number of linearly
independent right (or left) eigenvectors is given by dimN(A- A.;/) = n- rank( A- A.;/).
The straightforward case is, of course, when Ai is simple, i.e., of algebraic multiplicity 1; it
then has precisely one eigenvector. The more interesting (and difficult) case occurs when
A.i is of algebraic multiplicity greater than one. For example, suppose

A=

n
u

[ 3
0
0

Then

A-3/=

2
3
0

2 I ]
0 0
0 0

has rank 1, so the eigenvalue 3 has two eigenvectors associated with it. If we let [~ 1 ~2 ~3 ]T
denote a solution to the linear system (A- 3/)~ = 0, we find that 2~2 + ~3 = 0. Thus, both

are eigenvectors (and are independent). To get a third vector x 3 such that X
reduces A to JCF, we need the notion of principal vector.

=

[x 1 xz x3 ]

Definition 9.28. Let A E cnxn (or JR:nXn). Then X is a right principal vector of degree k
associated with A. E A (A) if and only if (A - A.I)k x = 0 and (A - A.l)k-l x ¥= 0.
Remark 9.29.

1. An analogous definition holds for a left principal vector of degree k.
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2. The phrase "of grade k" is often used synonymously with "of degree k."
3. Principal vectors are sometimes also called generalized eigenvectors, but the latter
term will be assigned a much different meaning in Chapter 12.
4. The case k = 1 corresponds to the "usual" eigenvector.
5. A right (or left) principal vector of degree k is associated with a Jordan block l; of
dimension k or larger.

9.3.1

Theoretical computation

To motivate the development of a procedure for determining principal vectors, consider a
2 x 2 Jordan block [ ~ ~]. Denote by xOl and x( 2l the two columns of a matrix X E JR~x 2
that reduces a matrix A to this JCF. Then the equation AX = X 1 can be written

The first column yields the equation AxOl = AxOl, which simply says that xOl is a right
eigenvector. The second column yields the following equation for x( 2l, the principal vector
of degree 2:
(A - A/)x(I) = x(l).
(9.17)
If we premultiply (9.17) by (A -A/), we find (A - A/) 2 x< 2l

=

(A - A/)xOl

= 0.

the definition of principal vector is satisfied.
This suggests a "general" procedure. First, determine all eigenvalues of A
(or cnxn). Then for each distinct A E A(A) perform the following:

Thus,

E JRnxn

I. Solve
(A - Al)x 0 l = 0.

This step finds all the eigenvectors (i.e., principal vectors of degree I) associated with
A. The number of eigenvectors depends on the rank of A - AI. For example, if
rank(A- A/)= n- 1, there is only one eigenvector. If the algebraic multiplicity of
A is greater than its geometric multiplicity, principal vectors still need to be computed
from succeeding steps.
2. For each independent x(l), solve
(A - A/)x( 2l = x 0 l.

The number of linearly independent solutions at this step depends on the rank of
(A - ATf. If, for example, this rank is n - 2, there are two linearly independent
solutions to the homogeneous equation (A - A/) 2 x( 2l = 0. One of these solutions
is, of course, xOl (7'= 0), since (A- A/) 2 x(l) = (A- A/)0 = 0. The other solution
is the desired principal vector of degree 2. (It may be necessary to take a linear
combination of x<O vectors to get a right-hand side that is in R(A -A/). See, for
example, Exercise 7.)
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3. For each independent x< 2l from step 2, solve

4. Continue in this way until the total number of independent eigenvectors and principal
vectors is equal to the algebraic multiplicity of A.
Unfortunately, this natural-looking procedure can fail to find all Jordan vectors. For
more extensive treatments, see, for example, [20] and [21]. Determination of eigenvectors
and principal vectors is obviously very tedious for anything beyond simple problems (n = 2
or 3, say). Attempts to do such calculations in finite-precision floating-point arithmetic
generally prove unreliable. There are significant numerical difficulties inherent in attempting
to compute a JCF, and the interested student is strongly urged to consult the classical and very
readable [8] to learn why. Notice that high-quality mathematical software such as MATLAB
does not offer a j cf command, although a jordan command is available in MATLAB's
Symbolic Toolbox.

Theorem 9.30. Suppose A E Ckxk has an eigenvalue A of algebraic multiplicity k and
suppose further that rank(A- AI)= k- 1. Let X= [x<J), ... , x<kl], where the chain of
vectors x<il is constructed as above. Then

Theorem 9.31. {x(l), ... , x<kl} is a linearly independent set.
Theorem 9.32. Principal vectors associated with different Jordan blocks are linearly independent.
Example 9.33. Let

A=[~0 01 ;].
2
The eigenvalues of A are A1 = 1, Az = 1, and A3 = 2. First, find the eigenvectors associated
with the distinct eigenvalues 1 and 2.
(A - 2l)x~J) = 0 yields
(l)

x3

i .

= [ 5 ]
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(A- ll)x?J = 0 yields

To find a principal vector of degree 2 associated with the multiple eigenvalue 1, solve
2
0 to get
(A- l/)xl l =

xi

(2)

x,
Now let
X=

=

[ 0] .
~

[xi xP' xJ"] ~ [ ~

0

0

I

5
3

0

Then it is easy to check that

x-·~u
9.3.2

0
]
1 -5
-~ and x-'AX
0

=

l

[ I

~
0

n

On the + 1's in JCF blocks

In this subsection we show that the nonzero superdiagonal elements of a JCF need not be
1's but can be arbitrary - so long as they are nonzero. For the sake of definiteness, we
consider below the case of a single Jordan block, but the result clearly holds for any JCF.
Suppose A E JRnxn and

Let D

= diag(d1 , ... , dn)

D- 1(X- 1 AX)D

be a nonsingular "scaling" matrix. Then
A

11.
d,

0

0

A

!h.
d,

0
0

A

= D- 1 J D = J =

dn-1

d"-2

A

0

0

0
d"
dn-1

A
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Appropriate choice of the d; 's then yields any desired nonzero superdiagonal elements.
This result can also be interpreted in terms of the matrix X = [x 1 , ..• , Xn] of eigenvectors
and principal vectors that reduces A to its JCF. Specifically, J is obtained from A via the
similarity transformation XD = [d 1x,, ... , dnxn].
In a similar fashion, the reverse-order identity matrix (or exchange matrix)

0

0

1

0
p = pT =p-i=

(9 .18)

0

1

0

0

can be used to put the superdiagonal elements in the subdiagonal instead if that is desired:
A.

1

0

A.

0

0
0

A.

p-i

P=

A.

0

1

A.

0

0
0
A.

0
A.

0

0

9.4

1

1
A.

0

0

A.
1

0
A.

Geometric Aspects of the JCF

The matrix X that reduces a matrix A E JRn xn (or en xn) to a JCF provides a change of basis
with respect to which the matrix is diagonal or block diagonal. It is thus natural to expect an
associated direct sum decomposition of JRn. Such a decomposition is given in the following
theorem.
Theorem 9.34. Suppose A

E

lRnxn has characteristic polynomial

rr(A.) = (A.- A.J)n 1 ···(A.- AmY"'

and minimal polynomial
a(A.) =(A.- A.,)vl ... (A.- A.m)v"'

with A. 1, ... , Am distinct. Then

= N(A- A.,It
= N(A- AJ/)"
Note that dimN(A- A.;!)"' = n;.
JRn

1

E9 · · · E9 N(A- A.mlY"'

1

E9 · · · E9 N(A- Am/)v"'.

Definition 9.35. Let V be a vector space over lF and suppose A : V --+ V is a linear
transformation. A subspace S ~Vis A-invariant if AS~ S, where AS is defined as the
set{As: s E S}.
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If V is taken to be JRn over JR. and S E JRn xk is a matrix whose columns s 1 , ••• , sk
span a k-dimensional subspace S, i.e., R(S) = S, then Sis A-invariant if and only if there
exists M E JRkxk such that
(9.19)
AS= SM.

This follows easily by comparing the ith columns of each side of (9.19):

Example 9.36. The equation Ax = A.x = x A. defining a right eigenvector x of an eigenvalue
A. says that x spans an A-invariant subspace (of dimension one).
Example 9.37. Suppose X block diagonalizes A, i.e.,

x- 1 AX =

[

d ~2 ].

Rewriting in the form

we have that AX;

= X;l;, i =

Theorem 9.38. Suppose A

E

1, 2, so the columns of X; span an A-invariant subspace.

JRnxn_

1. Let p(A) = a 0 / + a 1A + · · · + aqAq be a polynomial in A. Then N(p(A)) and
R(p(A)) are A-invariant.

2. S is A -invariant if and only if S .l is AT -invariant.
Theorem 9.39. IfV is a vector space over IF such that V = N 1 EB · · · EB Nm, where each
is A-invariant, then a basis for V can be chosen with respect to which A has a block
diagonal representation.

N;

The Jordan canonical form is a special case of the above theorem. If A has distinct
eigenvalues A.; as in Theorem 9.34, we could choose bases for N(A- A.;l)n' by SVD, for
example (note that the power n; could be replaced by v; ). We would then get a block diagonal
representation for A with full blocks rather than the highly structured Jordan blocks. Other
such "canonical" forms are discussed in text that follows.
Suppose X = [X l' ... ' Xml E JR~Xn is such that x-t AX = diag(JI, ... , lm). where
each l; = diag(J; 1, ... , l;k,) and each l;k is a Jordan block corresponding to A.; E A(A).
We could also use other block diagonal decompositions (e.g., via SVD), but we restrict our
attention here to only the Jordan block case. Note that AX; =X; 1;, so by (9.19) the columns
of X; (i.e., the eigenvectors and principal vectors associated with A.;) span an A-invariant
subspace of JRn.
Finally, we return to the problem of developing a formula for e1 A in the case that A
is not necessarily diagonalizable. Let Y; E cnxn, be a Jordan basis for N(AT - A.;I)"'.
Equivalently, partition

9.5. The Matrix Sign Function
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compatibly. Then
A= XJX- 1 = XJYH

=[X,, ... , XmJ diag(l,, ... , Jm) [Y,, ... , YmJH
m

= LX;l;Y;H·
i=l

In a similar fashion we can compute
m

etA= LX;etl;yiH'
i=l

which is a useful formula when used in conjunction with the result

0

A

0

eM

teAl

.lt2eAI

0

eM

teAl

0

0

0

eM

1
A

0

0

A

exp t

A

0

0

2!

0

for a k x k Jordan block J; associated with an eigenvalue A = A;.

9.5

The Matrix Sign Function

In this section we give a very brief introduction to an interesting and useful matrix function
called the matrix sign function. It is a generalization of the sign (or signum) of a scalar. A
survey of the matrix sign function and some of its applications can be found in [15].

Definition 9.40. Let z

E

C with Re(z)

f. 0.

Then the sign of z is defined by

Re(z)
{ +1
sgn(z) = IRe(z) I =
-1

Definition 9.41. Suppose A

ifRe(z) > 0,
ifRe(z) < 0.

E cnxn has no eigenvalues on the imaginary axis, and let

be a Jordan canonical form for A, with N containing all Jordan blocks corresponding to the
eigenvalues of A in the left half-plane and P containing all Jordan blocks corresponding to
eigenvalues in the right half-plane. Then the sign of A, denoted sgn(A), is given by

sgn(A) = X [ -/O 0I ] X -1 ,
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where the negative and positive identity matrices are of the same dimensions as Nand P,
respectively.

There are other equivalent definitions of the matrix sign function, but the one given
here is especially useful in deriving many of its key properties. The JCF definition of the
matrix sign function does not generally lend itself to reliable computation on a finite-wordlength digital computer. In fact, its reliable numerical calculation is an interesting topic in
its own right.
We state some of the more useful properties of the matrix sign function as theorems.
Their straightforward proofs are left to the exercises.

Theorem 9.42. Suppose A E enxn has no eigenvalues on the imaginary axis, and let
S = sgn(A). Then the following hold:
1. Sis diagonalizable with eigenvalues equal to ±I.
2.

s2 =

1.

3. AS= SA.
4. sgn(AH)

= (sgn(A))H.

5. sgn(T- 1 AT)= T- 1 sgn(A)T for all nonsingular T

E enxn.

6. sgn(cA) = sgn(c) sgn(A)forall nonzero real scalars c.

Theorem 9.43. Suppose A E enxn has no eigenvalues on the imaginary axis, and let
S = sgn(A). Then the following hold:
/. R(S -I) is an A-invariant subspace corresponding to the left half-plane eigenvalues
of A (the negative invariant subspace).
2. R(S + /) is an A -invariant subspace corresponding to the right half-plane eigenvalues
of A (the positive invariant subspace).
3. neg A

= (/ -

4. posA

= (/ + S)/2 is a projection onto the positive invariant subspace of A.

S) /2 is a projection onto the negative invariant subspace of A.

EXERCISES
1. Let A E en xn have distinct eigenvalues .A. 1> ••• , .A.n with corresponding right eigenvectors X]'
Xn and left eigenvectors YI,
Yn, respectively. Let v E en be an
arbitrary vector. Show that v can be expressed (uniquely) as a linear combination
0

0

0

'

0

0

0

,

of the right eigenvectors. Find the appropriate expression for v as a linear combination
of the left eigenvectors as well.
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2. Suppose A E rcnxn is skew-Hermitian, i.e., AH =-A. Prove that all eigenvalues of
a skew-Hermitian matrix must be pure imaginary.
3. Suppose A E rcnxn is Hermitian. Let A be an eigenvalue of A with corresponding
right eigenvector x. Show that x is also a left eigenvector for A. Prove the same result
if A is skew-Hermitian.
4. Suppose a matrix A
JCFs for A.

E

JR. 5 x 5 has eigenvalues {2, 2, 2, 2, 3). Determine all possible

5. Determine the eigenvalues, right eigenvectors and right principal vectors if necessary,
and (real) JCFs of the following matrices:
2

(a) [ 1

-1
0

J'

6. Determine the JCFs of the following matrices:

-2
(b)

[

-1

_:

2
7. Let

A= [

~~

2

Find a nonsingular matrix X such that

x-

1

=n

-! ].

AX

2

=

J, where J is the JCF

]=[~~~]·
0 0 1
Hint:Use[-1 1 -1]Tasaneigenvector.Thevectors[O
-1fand[1 0 Of
are both eigenvectors, but then the equation (A - /)x< 2l = xCO can't be solved.

8. Show that all right eigenvectors of the Jordan block matrix in Theorem 9.30 must be
multiples of e 1 E JR.k. Characterize all left eigenvectors.
9. Let A
xT y

E

JR.nxn be of the form A = xyT, where x, y
Determine the JCF of A.

E

!Rn are nonzero vectors with

= 0.

10. Let A E JH:.nxn be of the form A =I+ xyT, where x, y
with xT y = 0. Determine the JCF of A.

E

JH:.n are nonzero vectors

11. Suppose a matrix A E JH:. 16 x 16 has 16 eigenvalues at 0 and its JCF consists of a single
Jordan block of the form specified in Theorem 9.22. Suppose the small number w- 16
is added to the ( 16,1) element of J. What are the eigenvalues of this slightly perturbed
matrix?
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12. Show that every matrix A E JRnxn can be factored in the form A= S 1 S2, where S 1
and S2 are real symmetric matrices and one of them, say S1, is nonsingular.
Hint: Suppose A = X J x- 1 is a reduction of A to JCF and suppose we can construct
the "symmetric factorization" of J. Then A = (X StXT)(x-T s2x-t) would be the
required symmetric factorization of A. Thus, it suffices to prove the result for the
JCF. The transformation P in (9.18) is useful.
13. Prove that every matrix A E JRn xn is similar to its transpose and determine a similarity
transformation explicitly.
Hint: Use the factorization in the previous exercise.
14. Consider the block upper triangular matrix
A_ [ Au

-

Al2

0

A22

J'

where A E JRnxn and Au E JRkxk with 1 .::;: k .::;: n. Suppose A 12
want to block diagonalize A via the similarity transformation

where X E

JRkx(n-k),

i= 0 and that we

i.e.,
T-t AT - [ Au
-

0

0

A22

J.

Find a matrix equation that X must satisfy for this to be possible. If n = 2 and k = 1,
what can you say further, in terms of A 11 and A22, about when the equation for X is
solvable?
15. Prove Theorem 9.42.
16. Prove Theorem 9.43.
17. Suppose A E
sgn(A) =-I.

rcn xn

has all its eigenvalues in the left half-plane.

Prove that

Chapter 10

Canonical Forms

10.1

Some Basic Canonical Forms

Problem: Let V and W be vector spaces and suppose A : V ---+ W is a linear transformation.
Find bases in V and W with respect to which Mat A has a "simple form" or "canonical
form." In matrix terms, if A E !Rm xn' find p E JR:.;;: xm and Q E IR~ xn such that p A Q has a
"canonical form." The transformation A r--+ P AQ is called an equivalence; it is called an
orthogonal equivalence if P and Q are orthogonal matrices.
Remark 10.1. We can also consider the case A
Q are unitary.

E emxn

and unitary equivalence if P and

Two special cases are of interest:
1. If W = V and Q = p-i, the transformation A

r--+ P AP- 1

is called a similarity.

2. If W = V and if Q = pT is orthogonal, the transformation A r--+ P APT is called
an orthogonal similarity (or unitary similarity in the complex case).
The following results are typical of what can be achieved under a unitary similarity. If
A = A H E en xn has eigenvalues AJ' ... ' An' then there exists a unitary matrix u such that
UH AU = D, where D = diag(AJ. ... , An). This is proved in Theorem 10.2. What other
matrices are "diagonalizable" under unitary similarity? The answer is given in Theorem
10.9, where it is proved that a general matrix A E en xn is unitarily similar to a diagonal
matrix if and only if it is normal (i.e., AA H = AHA). Normal matrices include Hermitian,
skew-Hermitian, and unitary matrices (and their "real" counterparts: symmetric, skewsymmetric, and orthogonal, respectively), as well as other matrices that merely satisfy the
definition, such as A = [-~
for real scalars a and b. If a matrix A is not normal, the
most "diagonal" we can get is the JCF described in Chapter 9.

!]

Theorem 10.2. Let A = A H E en xn have (real) eigenvalues A I' ... ' An. Then there
exists a unitary matrix X such that XH AX = D = diag(AJ, ... , An) (the columns of X are
orthonormal eigenvectors for A).
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Proof· Let x 1 be a right eigenvector corresponding to AI, and normalize it such that xF x 1 =
1. Then there exist n - 1 additional vectors x2, ... , Xn such that X = (x 1, ... , Xn] =
[x 1 X 2 ] is unitary. Now

XH
l
XH AX= [ xH
2

JA [x,

Xz]

=[
=[
=[

xFAx 1
XfAx 1
AI

0
AI

0

xFAXz
XfAXz

xFAXz
XfAX 2
0
XfAXz

J

l

J
(10.1)

(10.2)

In (1 0.1) we have used the fact that Ax 1 = A1x 1 • When combined with the fact that
xF x 1 = 1, we get AI remaining in the (1,1)-block. We also get 0 in the (2,1)-block by
noting that x 1 is orthogonal to all vectors in X 2 . In (10.2), we get 0 in the (1,2)-block by
noting that XH AX is Hermitian. The proof is completed easily by induction upon noting
that the (2,2)-block must have eigenvalues Az, ... , An.
D
Given a unit vector x 1 E JR.n, the construction of X2 E JR.nx(n-I) such that X =
[x 1 X2 ] is orthogonal is frequently required. The construction can actually be performed
quite easily by means of Householder (or Givens) transformations as in the proof of the
following general result.

Theorem 10.3. Let X l

uX l =

with U, E

Then [X,

cnxk.

en

xk have orthonormal columns and suppose u is a unitary
[ ~], where R E ckxk is upper triangular. Write u H = [ u, Uz]

E

matrix such that

Uz] is unitary.

Proof: Let X 1 = [x~o ... , xk]. Construct a sequence of Householder matrices (also known
as elementary reflectors) H 1 , ..• , Hk in the usual way (see below) such that

where R is upper triangular (and nonsingular since x 1 , •••
Hk · · · H,. Then UH = H, · · · Hk and

, Xk

are orthonormal). Let U

=

Then X;H U2 = 0 (i E Is_) means that x; is orthogonal to each of then - k columns of U2 .
But the latter are orthonormal !:ince they are the last n - k rows of the unitary matrix U.
Thus, [X 1 U2] is unitary.
D
The construction called for in Theorem 10.2 is then a special case of Theorem 10.3
for k = 1. We illustrate the construction of the necessary Householder matrix for k = I.
For simplicity, we consider the real case. Let the unit vector x 1 be denoted by [~ 1 , .•• , ~n f.
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Then the necessary Householder matrix needed for the construction of Xz is given by
U = I - 2uu+ = I - +uuT,
where u = [.; 1 ± 1, .;2 , •.. , .;nf· It can easily be checked
u u
that U is symmetric and UT U = U 2 = I, so U is orthogonal. To see that U effects the
necessary compression of x 1 , it is easily verified that uT u = 2 ± 2.; 1 and uT x 1 = 1 ± .;,.
Thus,

Further details on Householder matrices, including the choice of sign and the complex case,
can be consulted in standard numerical linear algebra texts such as [7], [11], [23], [25].
The real version of Theorem 10.2 is worth stating separately since it is applied frequently in applications.

Theorem 10.4. Let A = AT E JRnxn have eigenvalues AJ, ... , An· Then there exists an
orthogonal matrix X E lRnxn (whose columns are orthonormal eigenvectors of A) such that
XT AX= D = diag(AJ, ... , An).
Note that Theorem I 0.4 implies that a symmetric matrix A (with the obvious analogue
from Theorem I 0.2 for Hermitian matrices) can be written
n

A= xDxT = LA;x;xr,

(10.3)

i=i

which is often called the spectral representation of A. In fact, A in (10.3) is actually a
weighted sum of orthogonal projections P; (onto the one-dimensional eigenspaces corresponding to the A; 's), i.e.,
n

A= LA;P;,
i=i

where P; = Pn(x;) = x;xt = X;xr since xr X; = I.
The following pair of theorems form the theoretical foundation of the double-FrancisQR algorithm used to compute matrix eigenvalues in a numerically stable and reliable way.
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Theorem 10.5 (Schur). Let A E cnxn. Then there exists a unitary matrix U such that
UH AU= T, where Tis upper triangular.

Proof: The proof of this theorem is essentially the same as that of Theorem 10.2 except that
in this case (using the notation U rather than X) the (1 ,2)-block uf AU2 is not 0.
0
In the case of A E !Rn xn, it is thus unitarily similar to an upper triangular matrix, but
if A has a complex conjugate pair of eigenvalues, then complex arithmetic is clearly needed
to place such eigenvalues on the diagonal of T. However, the next theorem shows that every
A E !Rnxn is also orthogonally similar (i.e., real arithmetic) to a quasi-upper-triangular
matrix. A quasi-upper-triangular matrix is block upper triangular with 1 x I diagonal
blocks corresponding to its real eigenvalues and 2 x 2 diagonal blocks corresponding to its
complex conjugate pairs of eigenvalues.
Theorem 10.6 (Murnaghan-Wintner). Let A E !Rnxn. Then there exists an orthogonal
matrix U such that UT AU = S, where Sis quasi-upper-triangular.
Definition 10.7. The triangular matrix T in Theorem 10.5 is called a Schur canonical
form or Schur fonn. The quasi-upper-triangular matrix Sin Theorem 10.6 is called a real
Schur canonical form or real Schur fonn (RSF). The columns of a unitary [orthogonal}
matrix U that reduces a matrix to [real] Schur fonn are called Schur vectors.
Example 10.8. The matrix

s~ [ -20
-2

is in RSF. Its real JCF is

h[

l
-1
0

5
4

0

l
0

n
n

Note that only the first Schur vector (and then only if the corresponding first eigenvalue
is real if U is orthogonal) is an eigenvector. However, what is true, and sufficient for virtually
all applications (see, for example, [17]), is that the first k Schur vectors span the same Ainvariant subspace as the eigenvectors corresponding to the first k eigenvalues along the
diagonal of T (or S).
While every matrix can be reduced to Schur form (or RSF), it is of interest to know
when we can go further and reduce a matrix via unitary similarity to diagonal form. The
following theorem answers this question.
Theorem 10.9. A matrix A E cnxn is unitarily similar to a diagonal matrix if and only
A is normal (i.e., AHA= AAH).

if

Proof: Suppose U is a unitary matrix such that uH AU= D, where Dis diagonal. Then

so A is normal.
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Conversely, suppose A is normal and let U be a unitary matrix such that U HAU
where T is an upper triangular matrix (Theorem 10.5). Then

It is then a routine exercise to show that T must, in fact, be diagonal.

1 0.2

=

T,

0

Definite Matrices

Definition 10.10. A symmetric matrix A
1. positive definite

E JR.nxn is

if and only if x TAx

> 0 for all nonzero x E JR.n. We write A > 0.

2. nonnegative definite (or positive semidefinite) if and only if xT Ax :::: 0 for all
nonzero x E JR.n. We write A ::;: 0.
3. negative definite

if -A is positive definite.

We write A < 0.

4. nonpositive definite (or negative semidefinite)
write A ::S 0.

if -A

is nonnegative definite. We

Also, if A and B are symmetric matrices, we write A > B if and only if A - B > 0 or
B - A < 0. Similarly, we write A ::;: B if and only if A - B ::;: 0 or B - A ::S 0.

Remark 10.11. If A E enxn is Hermitian, all the above definitions hold except that
superscript H s replace Ts. Indeed, this is generally true for all results in the remainder of
this section that may be stated in the real case for simplicity.
Remark 10.12. If a matrix is neither definite nor semidefinite, it is said to be indefinite.
Theorem 10.13. Let A = AH E enxn with eigenvalues AJ ::;: A2 ::;: · · · ::;: An. Then for all
X

E en,

Proof: Let U be a unitary matrix that diagonalizes A as in Theorem 10.2. Furthermore,
let y = U H X, where X is an arbitrary vector in en, and denote the components of y by
17;, i En. Then
n

XH Ax= (UH x)H uH AU(UH x)

= YH Dy =LA; 117;1 2 .
i=l

But clearly
n

LA; 117;1
i=l

2

::s

AJYH y = AJXH X
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and

n

.z::>·ii1Jd

2

::':

AnYH Y = AnXH X,

i=l

from which the theorem follows.

D

Remark 10.14. The ratio XHHAx
for A = AH E enxn and nonzero X E en is called the
X X
Rayleigh quotient of x. Theorem 10.13 provides upper (AJ) and lower (An) bounds for
the Rayleigh quotient. If A = AH E enxn is positive definite, XH Ax > 0 for all nonzero
X E en, so 0 < An ::::: ... ::::: AI·
I

Corollary 10.15. Let A

E

enxn. Then IIAIIz = A~ax(AH A).

Proof: For all X E en we have

I

Let x be an eigenvector corresponding to Amax (AHA). Then 11 1~~~~2 = A~ax (AHA), whence

IIAxllz
llxllz

!

H

II A liz= max--= Amax(A A).
xfO

D

Definition 10.16. A principal submatrix ofann x n matrix A is the (n -k) x (n -k) matrix
that remains by deleting k rows and the corresponding k columns. A leading principal
submatrix of order n - k is obtained by deleting the last k rows and columns.
Theorem 10.17. A symmetric matrix A E ~nxn is positive definite
following three equivalent conditions hold:

if and only if any of the

1. The determinants of all leading principal submatrices of A are positive.
2. All eigenvalues of A are positive.

3. A can be written in the form MT M, where ME ~nxn is nonsingular.
Theorem 10.18. A symmetric matrix A E ~n xn is nonnegative definite
of the following three equivalent conditions hold:

if and only if any

1. The determinants of all principal submatrices of A are nonnegative.
2. All eigenvalues of A are nonnegative.

3. A can be wrirren in rheform MT M, where M

E IR.h"

and k ~ rank(A) ""rank(M).

R.l!m!lrk 10.19. NOll! thllt thl! dl!terminl!Ol~ of all principlll QUbmmrim!Q muQt bB nonnBg!.HivB
in Theorem 10.18.1, not just those of the leading principal submatrices. For example,
consider the matrix A = [ ~ _~ The determinant of the I x I leading submatrix is 0 and
the determinant of the 2 x 2 leading submatrix is also 0 (cf. Theorem I 0.17). However, the

J.
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principal submatrix consisting of the (2,2) element is, in fact, negative and A is nonpositive
definite.
Remark 10.20. The factor Min Theorem 10.18.3 is not unique. For example, if

then M can be

[1 0]' [

{z
v0.

0
0

l

[

~)3 °~ ]

,. .

Recall that A :::: B if the matrix A - B is nonnegative definite. The following
theorem is useful in "comparing" symmetric matrices. Its proof is straightforward from
basic definitions.
Theorem 10.21. Let A, B

E IRnxn

be symmetric.

I. If A :::: Band M

E !Rnxm,

then Mr AM :::: Mr BM.

2. If A > Band M

E IR~xm,

then MT AM > Mr BM.

The following standard theorem is stated without proof (see, for example, [16, p.
181]). It concerns the notion of the "square root" of a matrix. That is, if A E IRnxn, we say
that S E !Rn xn is a square root of A if S 2 = A. In general, matrices (both symmetric and
nonsymmetric) have infinitely many square roots. For example, if A = h any matrix S of
~'
thetOrffi

[cosli
sinli

sinli].
-cosli lSasquareroot.

Theorem 10.22. Let A E IRnxn be nonnegative definite. Then A has a unique nonnegative
definite square rootS. Moreover, SA = AS and rankS= rankA (and hence Sis positive
definite if A is positive definite).
A stronger form of the third characterization in Theorem 10.17 is available and is
known as the Cholesky factorization. It is stated and proved below for the more general
Hermitian case.
Theorem 10.23. Let A E cnxn be Hermitian and positive definite. Then there exists a
unique nonsingular lower triangular matrix L with positive diagonal elements such that
A= LLH.

Proof: The proof is by induction. The case n = 1 is trivially true. Write the matrix A in
the form

By our induction hypothesis, assume the result is true for matrices of order n - 1 so that B
maybe written as B = L 1Lr, where L 1 E C(n-t)x(n-t) is nonsingular and lower triangular
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with positive diagonal elements. It remains to prove that we can write the n x n matrix A
in the form

b
a,,

J=

[ cLJ

a0

J[

Lf
0 ac

J'

where a is positive. Performing the indicated matrix multiplication and equating the corresponding submatrices, we see that we must have L 1c = b and a,, = cH c + a 2 • Clearly
c is given simply by c = L! 1b. Substituting in the expression involving a, we find
a 2 =a,,- bH L!H L! 1b =a,,- bH B- 1b (=the Schur complement of Bin A). But we
know that
0 < det(A) = det [ (;

b J=
a,,

det(B) det(a,,- bH B

- 1b).

Since det(B) > 0, we must have a,, - bH B- 1b > 0. Choosing a to be the positive square
root of a,, - bH B- 1b completes the proof.
D

10.3

Equivalence Transformations and Congruence

Theorem 10.24. Let A
that

E C~xn.

Then there exist matrices P

E

c:xm and Q E C~xn such

PAQ=[6 ~].

(10.4)

Proof: A classical proof can be consulted in, for example, [21, p. 131]. Alternatively,
suppose A has an SVD of the form (5.2) in its complex version. Then

0
[ s-I

Take P

=[

f(I J

S~

0
I

J[ Uf
UH J
[I
AV = 0

and Q = V to complete the proof.

0
0

J.
D

Note that the greater freedom afforded by the equivalence transformation of Theorem
I 0.24, as opposed to the more restrictive situation of a similarity transformation, yields a
far "simpler" canonical form (10.4). However, numerical procedures for computing such
an equivalence directly via, say, Gaussian or elementary row and column operations, are
generally unreliable. The numerically preferred equivalence is, of course, the unitary equivalence known as the SVD. However, the SVD is relatively expensive to compute and other
canonical forms exist that are intermediate between (10.4) and the SVD; see, for example
[7, Ch. 5], [4, Ch. 2]. Two such forms are stated here. They are more stably computable
than (10.4) and more efficiently computable than a full SVD. Many similar results are also
available.
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Theorem 10.25 (Complete Orthogonal Decomposition). Let A
unitary matrices U E emxm and V E enxn such that

E e~xn.

Then there exist

(10.5)
where R

E e~xr

is upper (or lower) triangular with positive diagonal elements.

Proof: For the proof, see [4].

Theorem 10.26. Let A
permutation matrix IT E

D
Then there exists a unitary matrix Q
such that

E e~xn.
en xn

QAIT = [
where R

E e~xr

is upper triangular and S

Proof: For the proof, see [4].

~ ~

l

E erx(n-r)

E emxrn

and a

(10.6)

is arbitrary but in general nonzero.

D

Remark 10.27. When A has full column rank but is "near" a rank deficient matrix,
various rank revealing QR decompositions are available that can sometimes detect such
phenomena at a cost considerably less than a full SVD. Again, see [4] for details.
Definition 10.28. Let A E enxn and X E e~xn. The transformation A H- XH AX is called
a congruence. Note that a congruence is a similarity if and only if X is unitary.
Note that congruence preserves the property of being Hermitian; i.e., if A is Hermitian,
then XH AX is also Hermitian. It is of interest to ask what other properties of a matrix are
preserved under congruence. It turns out that the principal property so preserved is the sign
of each eigenvalue.

Definition 10.29. Let A= AH E enxn and let 1T, v, and~ denote the numbers of positive,
negative, and zero eigenvalues, respectively, of A. Then the inertia of A is the triple of
numbers ln(A) = (rr, v, n, The signature of A is given by sig(A) = rr - v.
Example 10.30.

l.ln[l

i

0 0 ]

-1

0 0

2. If A= AH

0

=(2,1,1).

0 0
E

exn, then A

3. If ln(A) = (rr, v,

> 0 if and only ifln(A) = (n, 0, 0).

n, then rank(A) =

rr

+ v.

Theorem 10.31 (Sylvester's Law of Inertia). Let A
ln(A) = ln(X H AX).
Proof: For the proof, see, for example, [21, p. 134].

=

A HE

en xn

and X E e~ xn. Then

D

Theorem 10.31 guarantees that rank and signature of a matrix are preserved under
congruence. We then have the following.
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n.

Theorem 10.32. Let A = AH E cnxn with ln(A) = (n, 1.!,
Then there exists a matrix
X E C~xn such that XH AX= diag(l, ... , 1, -1, ... , -1, 0, ... , 0), where the number of
1 'sis n, the number of -1 'sis 1.!, and the numberofO's is~Proof: Let A. 1 , ... , An denote the eigenvalues of A and order them such that the first n are
positive, the next 1.! are negative, and the final~ are 0. By Theorem 10.2 there exists a unitary
matrix u such that uH AU= diag(A.,, ... ' An). Define then X n matrix
VV

= diag(l/~, ... , 1/~, 1/.f-A.~+l• ... , 1/.f-A.~+v• 1, ... , 1).

Then it is easy to check that X

1 0.3.1

= U VV

yields the desired result.

0

Block matrices and definiteness

Theorem 10.33. Suppose A= AT and D = DT. Then

ifandonlyifeither A> Oand D- BT A- 1 B > 0, or D > Oand A- BD-!BT > 0.
Proof: The proof follows by considering, for example, the congruence
B

D

J [ 0I
r-+

1

-A- B

I

]T [

A

BT

~ J[ ~

The details are straightforward and are left to the reader.

1

-A- B
I

J.

0

Remark 10.34. Note the symmetric Schur complements of A (or D) in the theorem.
Theorem 10.35. Suppose A= AT and D

= DT.
B
D

Then

J >- 0

ifandonlyifA ~ 0, AA+B =B. and D- BT A+B ~ 0.
Proof: Consider the congruence with

and proceed as in the proof of Theorem 10.33.

10.4

D

Rational Canonical Form

One final canonical form to be mentioned is the rational canonical form.

10.4. Rational Canonical Form
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Definition 10.36. A matrix A E IRn xn is said to be nonderogatory if its minimal polynomial
and characteristic polynomial are the same or, equivalently, if its Jordan canonical form
has only one block associated with each distinct eigenvalue.

Suppose A E IR.nxn is a nonderogatory matrix and suppose its characteristic polynomial is rr(A.) =A. n - (a 0 + a 1A. + · · · + an_,A.n-! ). Then it can be shown (see [12]) that A
is similar to a matrix of the form
0

0

0

0

0
(10.7)

0
0

0

Definition 10.37. A matrix A E IR.nxn of the form ( 10.7) is called a companion matrix or
is said to be in companion form.

Companion matrices also appear in the literature in several equivalent forms. To
illustrate, consider the companion matrix

(10.8)

This matrix is a special case of a matrix in lower Hessenberg form. Using the reverse-order
identity similarity P given by (9.18), A is easily seen to be similar to the following matrix
in upper Hessenberg form:
a3 az a,
[

1

0

0

0
0

1
0

0
1

~]
0

(10.9)

.

0

Moreover, since a matrix is similar to its transpose (see exercise 13 in Chapter 9), the
following are also companion matrices similar to the above:

[! H~ ]· [:: ~ pol].
0

0

a3

ao

0

(10.10)

0

Notice that in all cases a companion matrix is nonsingu1ar if and only if a0 =!= 0.
In fact, the inverse of a nonsingular companion matrix is again in companion form. For
example,
-~
ao

-~
ao

_!!J_

1

0

0
0

1

0
0

0

(10.11)
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with a similar result for companion matrices of the form (I 0.1 0).
If a companion matrix of the form (10.7) is singular, i.e., if a0 = 0, then its pseudoinverse can still be computed. Let a E IRn-I denote the vector [a1, a2, ... , an-1 and let
c = I+~r a. Then it is easily verified that

f

0
0

0

+

0

0

0 ]·
ca

0
0

0

Note that I - caa T = (I + a aT) -I, and hence the pseudoinverse of a singular companion
matrix is not a companion matrix unless a = 0.
Companion matrices have many other interesting properties, among which, and perhaps surprisingly, is the fact that their singular values can be found in closed form; see
[14].

Theorem 10.38. Let a 1 ~ a 2 ~ · • • ~ an be the singular values of the companion matrix
A in ( 10.7). Let a= ar + ai + · · · + a;_ 1 andy = 1 + aJ +a. Then
1(
al2 -_ 2
y

a?= 1

a!=~

+ VI y 2 -

z) '

4ao

fori = 2, 3, ... , n- I,

(y- Jyz- 4aJ).

If a0 =!= 0, the largest and smallest singular values can also be written in the equivalent form

Remark 10.39. Explicit formulas for all the associated right and left singular vectors can
also be derived easily.
If A E JRnxn is derogatory, i.e., has more than one Jordan block associated with
at least one eigenvalue, then it is not similar to a companion matrix of the form (10.7).
However, it can be shown that a derogatory matrix is similar to a block diagonal matrix,
each of whose diagonal blocks is a companion matrix. Such matrices are said to be in
rational canonical form (or Frobenius canonical form). For details, see, for example, [ 12].
Companion matrices appear frequently in the control and signal processing literature
but unfortunately they are often very difficult to work with numerically. Algorithms to reduce
an arbitrary matrix to companion form are numerically unstable. Moreover, companion
matrices are known to possess many undesirable numerical properties. For example, in
general and especially as n increases, their eigenstructure is extremely ill conditioned,
nonsingular ones are nearly singular, stable ones are nearly unstable, and so forth [14].
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Exercises

Companion matrices and rational canonical forms are generally to be avoided in floatingpoint computation.

Remark 10.40. Theorem 10.38 yields some understanding of why difficult numerical
behavior might be expected for companion matrices. For example, when solving linear
systems of equations of the form (6.2), one measure of numerical sensitivity is Kp(A) =
II A II P II A -I II P, the so-called condition number of A with respect to inversion and with respect
to the matrix p-norm. If this number is large, say 0(10k), one may lose up to k digits of
precision. In the 2-norm, this condition number is the ratio of largest to smallest singular
values which, by the theorem, can be determined explicitly as

y+Jyz-4a5
21aol
It is easy to show that 21 ~ol ::; K2 (A) ::; 1; 01 , and when ao is small or y is large (or both),
then Kz (A) ~ 1 ~ . It is not unusual for y to be large for large n. Note that explicit formulas
1
for K 1 (A) and K 00 (A) can also be determined easily by using (10.11).

EXERCISES
1. Show that if a triangular matrix is normal, then it must be diagonal.

2. Prove that if A E !Rnxn is normal, then N(A)

= N(Ar).

3. Let A E ccnxn and define p(A) = max/..EA(A) IAI. Then p(A) is called the spectral
radius of A. Show that if A is normal, then p (A) = II A 11 2 • Show that the converse
is true if n = 2.
4. Let A E en xn be normal with eigenvalues A I, ... ' An and singular values
···::=::an::=:: 0. Show that a;(A) = jA;(A)I fori E !!:_.

a] ::::: az :::::

5. Use the reverse-order identity matrix P introduced in (9.18) and the matrix U in
Theorem 10.5 to find a unitary matrix Q that reduces A E cnxn to lower triangular
form.
6. Let A = [

7. If A

E

~

: ]

E

CC 2 x 2 . Find a unitary matrix U such that

!Rn xn is positive definite, show that A -l must also be positive definite.

8. Suppose A E IRnxn is positive definite. Is [
9. Let R, S E
R >

s-

1.

!Rnxn

1

be symmetric. Show that [

A~' ] : =: 0?

~ ~ J > 0 if and only if S

> 0 and
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lO. Find the inertia of the following matrices:
(a) [

~

bl
-1

(d) [ 1 - j

(b) [

1+ j
-1

J
0

(c) [

-2
1- j

1+ j

-2

J'

Chapter 11

Linear Differential and
Difference Equations

11.1

Differential Equations

In this section we study solutions of the linear homogeneous system of differential equations
x(t)

= Ax(t);

x(to)

= Xo

(11.1)

E JR.n

for t 2: t0 . This is known as an initial-value problem. We restrict our attention in this
chapter only to the so-called time-invariant case, where the matrix A E JR.nxn is constant
and does not depend on t. The solution of (11.1) is then known always to exist and be
unique. It can be described conveniently in terms of the matrix exponential.
Definition 11.1. For all A
power series

E JR.nxn,

the matrix exponential eA

E JR.nxn

is defined by the

+oo 1

eA =

L

k=O

-,Ak.
k.

(11.2)

The series (11.2) can be shown to converge for all A (has radius of convergence equal
to +oo). The solution of (11.1) involves the matrix
(11.3)

which thus also converges for all A and uniformly in t.

11.1.1

Properties of the matrix exponential

0

1. e =I.
Proof' This follows immediately from Definition 11.1 by setting A
T

T

= 0.

2. ForallAElR.nxn, (eA) =eA.
Proof' This follows immediately from Definition 11.1 and linearity of the transpose.
109

110

Chapter 11. Linear Differential and Difference Equations

3. For all A E lRnxn and for all t, T
Proof" Note that

E

JR,

e<t+r)A =I+ (t

e(t+r)A = e 1 AerA = e'AetA.

+ r)A +

(t

+

<)2

2!

A2

+ ···

and
tA rA
e e

= ( I+ t A+ t22! A 2 + · · · ) ( I +<A+ T22! A 2 + · · · ) .

Compare like powers of A in the above two equations and use the binomial theorem
on (t + r/.
4. For all A, B E JR.nxn and for all t E JR, e 1 <A+B) =-e 1 AetB = e 1 BetA if and only if A
and B commute, i.e., AB = BA.

Proof" Note that
et<A+Bl =I+ t(A

+B)+

r2

-(A+

2!

B) 2 + · · ·

and

while
e

tB tA
e =

(

I+ t B

+

t2 2
t
2
2!
B + · · · ) ( I + t A+ 2! A + · · · ) .
2

Compare like powers of t in the first equation and the second or third and use the
binomial theorem on (A+ B/ and the commutativity of A and B.
5. For all A E lRnxn and for all t E JR, (e 1 A)- 1 =e-tA.
Proof" Simply take T = -t in property 3.
6. Let£ denote the Laplace transform and £- 1 the inverse Laplace transform. Then for
all A E JR.nxn and for all t E lR,
(a) £{e 1 A}=(si-A)- 1.
(b) ~:,-I{(si- A)-I}= etA.

Proof" We prove only (a). Part (b) follows similarly.

= Jor+oo et(A-sl) dt

since A and ( -s I) commute
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=
=

r+oo te(i.;-s)tX;Y;H dt

Jo

assuming A is diagonalizable

i=1

~[la+oo e(i.;-s)t dt]X;Y;H
n

1

= '"""' - - x ; Y;H assuming Re s > Re A.; for i E !!
Ls-A.·
i=J

I

= (sl- A)- 1•

The matrix (s I - A)- 1 is called the resolvent of A and is defined for all s not in A(A).
Notice in the proof that we have assumed, for convenience, that A is diagonalizable.
If this is not the case, the scalar dyadic decomposition can be replaced by
m

et(A-sl)

=

LX;et(J1 -sl)yiH
i=1

using the JCF. All succeeding steps in the proof then follow in a straightforward way.
7. For all A E JR.nxn and for all t E JR., 1ft(e 1 A) = Ae 1A = e 1AA.
Proof: Since the series (11.3) is uniformly convergent, it can be differentiated term-byterm from which the result follows immediately. Alternatively, the formal definition
d
e(t+M)A _ etA
-(etA)= lim
dt
LH-+0
/'<;.t

can be employed as follows. For any consistent matrix norm,
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For fixed t, the right-hand side above clearly goes to 0 as t:.t goes to 0. Thus, the
limit exists and equals Aet A. A similar proof yields the limit etA A, or one can use the
fact that A commutes with any polynomial of A of finite degree and hence with etA.

11.1.2

Homogeneous linear differential equations

Theorem 11.2. Let A

E

!Rn xn. The solution ofthe linear homogeneous initial-value problem
i(t)

= Ax(t);

fort ::: to is given by
x(t)

x(to)

= xo E !Rn

= e<t-to)Axo.

( 11.4)

( 11.5)

Proof: Differentiate (11.5) and use property 7 of the matrix exponential to get i(t) =
Ae<t-to)A x 0 = Ax(t). Also, x(t0 ) = e<to-to)A x 0 = x 0 so, by the fundamental existence and
uniqueness theorem for ordinary differential equations, ( 11.5) is the solution of ( 11.4).
D

11.1.3

Inhomogeneous linear differential equations

Theorem 11.3. Let A

E !Rnxn, B E !Rnxm and let the vector-valued function u be given
and, say, continuous. Then the solution of the linear inhomogeneous initial-value problem

i(t)

= Ax(t) + Bu(t);

x(to)

= xo E !Rn

(11.6)

for t ::: to is given by the variation of parameters formula
x(t)

= e<t-to)Axo + 1t e<t-s)A Bu(s) ds.

(11.7)

to

Proof: Differentiate (11.7) and again use property 7 of the matrix exponential. The general
formula
d 1q(t)
1q(r) Bf(x t)
f(x, t) dx =
' dx
dt p(t)
p(t)
at

+

dq(t)
dp(t)
f(q(t), t ) - - - f(p(t), t ) - dt
dt

is used to get i(t) = Ae<t-to)A x 0 + J,~ Ae<t-s)A Bu(s) ds + Bu(t) = Ax(t) + Bu(t). Also,
= e<ro-rolA x 0 + 0 = x 0 so, by the fundrummtal tlll.i~tcncc nnd uniqucnc:s:s theorem for
ordinary differential equations, ( 11. 7) is the solution of ( 11.6).
D

x (t0 )

Remark 11.4. The proof above simply verifies the variation of parameters formula by
direct differentiation. The formula can be derived by means of an integrating factor "trick"
as follows. Premultiply the equation i -Ax = Bu by e-tA to get
(11.8)
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Now integrate (11.8) over the interval [t 0 , t]:
td
-e-sAx(s) ds = lt e-sA Bu(s) ds.
~
l ~ ds

Thus,
e-tAx(t)- e-toAx(t0 )

=

t e-sABu(s) ds

lro

and hence
x(t) = e<t-to)Axo

+

t e(t-s)A Bu(s) ds.

}to

11.1.4

Linear matrix differential equations

Matrix-valued initial-value problems also occur frequently. The first is an obvious generalization of Theorem 11.2, and the proof is essentially the same.

Theorem 11.5. Let A
problem

E ~nxn.

The solution of the matrix linear homogeneous initial-value

X(t)

=

AX(t); X(to)

=C

E ~nxn

(11.9)

for t ::: to is given by
X(t) = e(t-toJAc.

(11.10)

In the matrix case, we can have coefficient matrices on both the right and left. For
convenience, the following theorem is stated with initial time to = 0.

Theorem 11.6. Let A E
problem

~nxn,

B E

~mxm,

X(t) = AX(t)

and C E

+ X(t)B;

Then the matrix initial-value

~nxm.

X(O) =

c

(11.11)

has the solution X(t) = e1ACe18 •

Proof: Differentiate e 1A C e1B with respect to t and use property 7 of the matrix exponential.
The fact that X (t) satisfies the initial condition is trivial.
D

Corollary 11.7. Let A, C

E ~nxn.

X(t)

Then the matrix initial-value problem

= AX(t) + X(t)AT;

X(O)

=c

(11.12)

has the solution X(t) = e 1 ACe1 A'.

When C is symmetric in (11.12), X (t) is symmetric and (11.12) is known as a Lyapunov differential equation. The initial-value problem (11.11) is known as a Sylvester
differential equation.
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11.1 .5

Modal decompositions

Let A E ffi.nxn and suppose, for convenience, that it is diagonalizable (if A is not diagonalizable, the rest of this subsection is easily generalized by using the JCF and the decomposition
A = L X;l; Yt as discussed in Chapter 9). Then the solution x(t) of (11.4) can be written
x(t) = e(t-to)Axo

=

(t

e)..,(t-to) X; Y;H) xo

•=I
n

= L(Y;H xoeA;(t-to))x;.
i=l

The 'A; s are called the modal velocities and the right eigenvectors x; are called the modal
directions. The decomposition above expresses the solution x (t) as a weighted sum of its
modal velocities and directions.
This modal decomposition can be expressed in a different looking but identical form
n

if we write the initial condition x 0 as a weighted sum of the right eigenvectors x 0 = La;x;.
i=l

Then

n

= L(a;eA,(t-to))x;.
i=l

In the last equality we have used the fact that Y;H x j = 8;j.
Similarly, in the inhomogeneous case we can write

1

t e(t-s)A Bu(s) ds

=

to

11.1.6

t (1
i=l

1

e)..,(t-s)Y;H Bu(s) ds)

X;.

to

Computation of the matrix exponential

JCF method
Let A
Then

E ffi.nxn

and suppose X

E JR~xn

is such that

x-I AX =

1, where 1 is a JCF for A.

etA = etXJx-•

= Xe 11 x-I
n

Le)..,t x,y,8

~

I

t.

if A is diagonalizable

•=I

X; e' 1' Y;"

in genernl.
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If A is diagonalizable, it is then easy to compute etA via the formula etA = Xet 1 x- 1
since et 1 is simply a diagonal matrix.
In the more general case, the problem clearly reduces simply to the computation of
the exponential of a Jordan block. To be specific, let l; E ('_kxk be a Jordan block of the form

)...

1

0

)..

0

0

l; =

= AJ + N.

0

0

0

)..

Clearly)...[ and N commute. Thus, etJ, = etA! e1 N by property 4 of the matrix exponential.
The diagonal part is easy: e 1AI = diag(eAI, ... , eAI). But e 1N is almost as easy since N is
nilpotent of degree k.
Definition 11.8. A matrix M
MP = 0, while MP-L t=- 0.

E ]Rnxn

is nilpotent of degree (or index, or grade) p

if

For the matrix N defined above, it is easy to check that while N has I 's along only
its first superdiagonal (and O's elsewhere), N 2 has 1's along only its second superdiagonal,
and so forth. Finally, Nk-i has a lin its (1, k) element and has O's everywhere else, and
Nk = 0. Thus, the series expansion of e 1N is finite, i.e.,
tk-i

t2

etN=l+tN+-N2+···+
2!

(k- 1)!

Nk-i

0

0

t
l

0

Thus,

etJ, =

12

eAI

teAl

2Ie

0

eAI

teAt

0

0

eM

0

At

lk-1

AI

(k-1)!

12

2Ie
0

e

At

teAt
eM

In the case when )... is complex, a real version of the above can be worked out.
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Example 11.9. Let A = [

=i

a

Then i\(A) = { -2, -2} and

Interpolation method
This method is numerically unstable in finite-precision arithmetic but is quite effective for
hand calculation in small-order problems. The method is stated and illustrated for the
exponential function but applies equally well to other functions.
Given A E JRnxn and f(A.) = e1'-, compute f(A) = e1A, where t is a fixed scalar.
(A.- A.; t',
Suppose the characteristic polynomial of A can be written as .7r(A.) =
where the A.; s are distinct. Define

nr=I

where ao, ... , an-I are n constants that are to be determined. They are, in fact, the unique
solution of the n equations:
g<k>(A.;) = f(kJ(A.;);

k = 0, I, ... , n;- I,

i Em.

Here, the superscript (k) denotes the kth derivative with respect to A.. With the a;s then
known, the function g is known and f(A) = g(A). The motivation for this method is
the Cayley-Hamilton Theorem, Theorem 9.3, which says that all powers of A greater than
n - I can be expressed as linear combinations of Ak fork = 0, I, ... , n - 1. Thus, all the
terms of order greater than n - I in the power series for e 1 A can be written in terms of these
lower-order powers as well. The polynomial g gives the appropriate linear combination.

Example 11.10. Let
A= [

-~
0

~]

-I

0

-I

and f(A.) = e 1'-. Then .7r(A.) =-(A.+ I) 3 , so m =I and n 1 = 3.
Let g(A.) = ao + a 1A. + a2A. 2. Then the three equations for the a; s are given by
g(-I) =/(-I)~ ao- a1
g'(-I) = f'(-I) ~ a 1

g"(-1)

=

-

J"(-I) ~ 2a2

+ a2

= e- 1 •

2a2 = te-',

= t 2 e-

1

•
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Solving for the a; s, we find

Thus,

Example 11.11. Let A= [ ::::~ ~]and f(A.) = e 0 ·. Then rr(A.) = (A.+ 2) 2 so m
nt = 2.
Let g(A.) = a 0 + a 1A.. Then the defining equations for the a;s are given by
g(-2)

= /(-2) =:} a 0 -

g'(-2) = /'(-2)

2a 1

a 1 = te-

=:}

= 1 and

= e- 21 ,
21

•

Solving for the a;s, we find
ao = e-2r
at= te-

+ 2te-2t,

21

•

Thus,
f(A)

= e A = g(A) = aol + a1 A
1

= (e-2r

+ 2te-2

1
) [

~ ~ J+ te-2r [ =~ ~

J

Other methods

.c-

1{(s/- A)- 1 } and techniques for inverse Laplace transforms. This
I. Use e 1A =
is quite effective for small-order problems, but general nonsymbolic computational
techniques are numerically unstable since the problem is theoretically equivalent to
knowing precisely a JCF.

2. Use Parle approximation. There is an extensive literature on approximating certain nonlinear functions by rational functions. The matrix analogue yields eA ~

11 B
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v- 1 (A}N(A}, where D(A) = 80 / + 81 A + · · · + 8pAP and N(A) = v0 J + v1 A +
· · · + vq A q. Explicit formulas are known for the coefficients of the numerator and
denominator polynomials of various orders. Unfortunately, a Pade approximation for
the exponential is accurate only in a neighborhood of the origin; in the matrix case
this means when IIA II is sufficiently small. This can be arranged by scaling A, say, by
2'

multiplying it by I j2k for sufficiently large k and using the fact that eA = ( e( 112' lA)
Numerical loss of accuracy can occur in this procedure from the successive squarings.
3. Reduce A to (real) Schur form S via the unitary similarity U and use eA = U e 5 U H
and successive recursions up the superdiagonals of the (quasi) upper triangular matrix
es.
4. Many methods are outlined in, for example, [ 19]. Reliable and efficient computation
of matrix functions such as eA and log(A) remains a fertile area for research.

11.2

Difference Equations

In this section we outline solutions of discrete-time analogues of the linear differential
equations of the previous section. Linear discrete-time systems, modeled by systems of
difference equations, exhibit many parallels to the continuous-time differential equation
case, and this observation is exploited frequently.

11.2.1

Homogeneous linear difference equations

Theorem 11.12. Let A
equations

E IRn xn.

The solution ofthe linear homogeneous system ofdifference
(11.13)

fork 2: 0 is given by

Proof: The proof is almost immediate upon substitution of ( 11.14) into ( 11.13 ).

D

Remark 11.13. Again, we restrict our attention only to the so-called time-invariant
case, where the matrix A in (11.13) is constant and does not depend on k. We could also
consider an arbitrary "initial time" k0 , but since the system is time-invariant, and since we
want to keep the formulas "clean" (i.e., no double subscripts}, we have chosen k0 = 0 for
convenience.

11.2.2

Inhomogeneous linear difference equations

Theorem 11.14. Let A E IRnxn, B E IRnxm and suppose {uk}t~ is a given sequence of
m-vectors. Then the solution of the inhomogeneous initial-value problem
(11.15)
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is given by
k-1

Xk

= Akxo + LAk-j- 1 Buj,

k ~ 0.

(11.16)

j=O

Proof: The proof is again almost immediate upon substitution of (11.16) into (11.15).

11.2.3

0

Computation of matrix powers

It is clear that solution of linear systems of difference equations involves computation of
Ak. One solution method, which is numerically unstable but sometimes useful for hand
calculation, is to use z-transforms, by analogy with the use of Laplace transforms to compute
a matrix exponential. One definition of the z-transform of a sequence {gd is
+oo

Z({gdt~) = L8kZ-k.
k=O

Assuming lzl > max lA. I, the z-transform of the sequence {Ak} is then given by
AEA(A)

+oo

k
"'kk
l
12
Z({A}) = L...,Z- A =I+ -A+ 2A +
k=O

z

z

.. ·

= (l-z-IA)-1
= z(zl- A)- 1 •

Methods based on the JCF are sometimes useful, again mostly for small-order problems. Assume that A E ]Rnxn and let X E JR~Xn be such that x-I AX = ], where J is a
JCF for A. Then
Ak = (XJX- 1 )k

=

XJkx-I

-I ~A.7x;y;H
-

if A is diagonalizable,

m

LX;J/Y;H

in general.

i=l

If A is diagonalizable, it is then easy to compute Ak via the formula Ak = X Jk x-I
since Jk is simply a diagonal matrix.
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In the general case, the problem again reduces to the computation of the power of a
Jordan block. To be specific, let l; E Cpxp be a Jordan block of the form

0

...

0

A

Writing 1; = AI + N and noting that AI and the nilpotent matrix N commute, it is
then straightforward to apply the binomial theorem to (AI + Nl and verify that

It=

(;)Ak-2

Ak

uk-1

0

Ak

uk-1

0

0

Ak

(

k

p-I

)Ak-p+l

(;)Ak-2
k),_k-1

0

Ak

0

The symbol (:) has the usual definition of q!(kk~q)! and is to be interpreted as 0 if k < q.
In the case when A is complex, a real version of the above can be worked out.

Example 11.15. Let A

= [=i

a
2
1

=[

Then

1
I

J[ (-2/

k(-2)k-l

0

(-2l

( -2)k-l ( -2- 2k)
-k( -2)k-l

J[

1
-1

k( -2)k+l
( -2l-l (2k- 2)

Basic analogues of other methods such as those mentioned in Section 11.1.6 can also
be derived for the computation of matrix powers, but again no universally "best" method
exists. For an erudite discussion of the state of the art, see [11, Ch. 18].

11.3

Higher-Order Equations

It is well known that a higher-order (scalar) linear differential equation can be converted to
a first-order linear system. Consider, for example, the initial-value problem
(11.17)

with </>(t) a given function and n initial conditions
y(O)

= CQ,

y(O)

= Cl,

... ,

Y(n-I)(O)

= Cn-l·

(11.18)
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Here, y<ml denotes the mth derivative of y with respect tot. Define a vector x(t)
componentsx 1 (t)=y(t), x 2 (t)=y(t), ... , Xn(t)=y<n-ll(t).Then

.i-1 (t)

= x 2 (t) = y(t),

xz(t)

= x 3 (t) =

Xn-l (t)
Xn(t)

E

JRn with

y(t),

= Xn(t) = Y(n-l)(t),

= y<n)(t) = -aoy(t)- a!y(t)- · · · - an-ly<n-l)(t) + ¢(t)
= -aoXJ (t) - GJXz(t) - · · · - an-!Xn (t) + ¢(t).

The initial conditions take the form x(O) = c = [c0 , CJ, ... , Cn-Jf.
Note that det(H- A)= A.n +an-JAn-!+···+ a 1A. + a 0 • However, the companion
matrix A in ( 11.19) possesses many nasty numerical properties for even moderately sized n
and, as mentioned before, is often well worth avoiding, at least for computational purposes.
A similar procedure holds for the conversion of a higher-order difference equation

with n initial conditions, into a linear first-order difference equation with (vector) initial
condition.

EXERCISES
I. Let P E lRnxn be a projection. Show that eP ~I+ 1.718P.

2. Suppose x, y E JRn and let A = xyr. Further, let a = xT y. Show that e 1 A
I+ g(t, a)xyr, where
!(e"1

g(t,a)= { a

3. Let

t

-

1)

if a ::ft 0,
if a= 0.
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where X

E

JRmxn is arbitrary. Show that

sinh 1 X

e A = [ eo/

~I

J.

4. Let K denote the skew-symmetric matrix
In

0
[ -In

0

J'

where In denotes the n x n identity matrix. A matrix A E JRZnxZn is said to be
Hamiltonian if K -lArK = -A and to be symplectic if K -lArK = A -L.
(a) Suppose H is Hamiltonian and let ).. be an eigenvalue of H. Show that -).. must
also be an eigenvalue of H.
(b) Suppose Sis symplectic and let).. be an eigenvalue of S. Show that lj).. must
also be an eigenvalue of S.
(c) Suppose that His Hamiltonian and Sis symplectic. Show that s-t H S must be
Hamiltonian.
(d) Suppose H is Hamiltonian. Show that
5. Let a, f3

E

e" must be symplectic.

lR and

A=[

~l

a
-{3

Then show that
etA= [

eat

cos f3t
sin f3t

eat

-eat

eat

6. Find a general expression for

[
7. Find etA when A
(a) [

=
i 2 J'
1

a
-{3

(b) [ -1

f3
a

3

sin f3t
cos f3t

l

r
l

-2

(c) [ -1

8. Let

(a) Solve the differential equation

i

= Ax ;

x(O)

=[ ~

J.

1

-2

l
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(b) Solve the differential equation
i

= Ax + b ;

x (0)

=[ ~

x(O)

= xo

l

9. Consider the initial-value problem
i(t)

=

Ax(t);

fort ~ 0. Suppose that A E lRnxn is skew-symmetric and let a=
l/x(t)ll 2 =a for all t > 0.

llxoll 2 . Show that

10. Consider then x n matrix initial-value problem
X(t)

=

AX(t)- X(t)A;

X(O) =C.

Show that the eigenvalues of the solution X (t) of this problem are the same as those
of C for all t.
11. The year is 2004 and there are three large "free trade zones" in the world: Asia (A),
Europe (E), and the Americas (R). Suppose certain multinational companies have
total assets of $40 trillion of which $20 trillion is in E and $20 trillion is in R. Each
year half of the Americas' money stays home, a quarter goes to Europe, and a quarter
goes to Asia. For Europe and Asia, half stays home and half goes to the Americas.
(a) Find the matrix M that gives

[ A]
E

R

=M

[A]
E

R

year k+l

year k

(b) Find the eigenvalues and right eigenvectors of M.
(c) Find the distribution of the companies' assets at year k.
(d) Find the limiting distribution of the $40 trillion as the universe ends, i.e., as
k---+ +oo (i.e., around the time the Cubs win a World Series).
(Exercise adapted from Problem 5.3.11 in [24].)
12.

(a) Find the solution of the initial-value problem
)i(t)

+ 2y(t) + y(t) = 0;

y(O)

=

1, y(O)

= 0.

(b) Consider the difference equation
Zk+2

If zo = 1 and Zt
general?

=

+ 2Zk+I + Zk

= 0.

2, what is the value of z 1ooo? What is the value of Zk in

Chapter 12

Generalized Eigenvalue
Problems

12.1

The Generalized Eigenvalue/Eigenvector Problem

In this chapter we consider the generalized eigenvalue problem
Ax= ABx,

where A, B E en xn. The standard eigenvalue problem considered in Chapter 9 obviously
corresponds to the special case that B = I.
Definition 12.1. A nonzero vector X E en is a right generalized eigenvector of the pair
(A, B) with A, B E cnxn if there exists a scalar A E C, called a generalized eigenvalue,
such that
Ax= ABx.
(12.1)

Similarly, a nonzero vector y
eigenvalue A if

E en

is a left generalized eigenvector corresponding to an
(12.2)

When the context is such that no confusion can arise, the adjective "generalized"
is usually dropped. As with the standard eigenvalue problem, if x [y] is a right [left]
eigenvector, then so is ax [ay] for any nonzero scalar a E C.
Definition 12.2. The matrix A- AB is called a matrix pencil (or pencil of the matrices A
and B).

As with the standard eigenvalue problem, eigenvalues for the generalized eigenvalue
problem occur where the matrix pencil A- AB is singular.
Definition 12.3. The polynomial rr(A) = det(A - AB) is called the characteristic polynomial of the matrix pair (A, B). The roots ofrr(A) are the eigenvalues of the associated
generalized eigenvalue problem.
Remark 12.4. When A, B E JRnxn, the characteristic polynomial is obviously real, and
hence nonreal eigenvalues must occur in complex conjugate pairs.
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Remark 12.5. If B = I (or in general when B is nonsingular), then rr(A) is a polynomial
of degree n, and hence there are n eigenvalues associated with the pencil A- AB. However,
when B =!= I, in particular, when B is singular, there may be 0, k E !!, or infinitely many
eigenvalues associated with the pencil A - AB. For example, suppose
(12.3)
where a and [3 are scalars. Then the characteristic polynomial is
det(A - AB)

=

(l - A)(a - [3A)

and there are several cases to consider.
Case 1: a =!= 0, [3 =!= 0. There are two eigenvalues, 1 and

~.

Case 2: a = 0, [3 =!= 0. There are two eigenvalues, I and 0.
Case 3: a =/= 0, [3 = 0. There is only one eigenvalue, I (of multiplicity 1).
Case 4: a = 0, [3 = 0. All A E C are eigenvalues since det(A - AB)

= 0.

Definition 12.6. If det(A - AB) is not identically zero, the pencil A - AB is said to be
regular; otherwise, it is said to be singular.
Note that if N(A) n N(B) =/= 0, the associated matrix pencil is singular (as in Case
4 above).
Associated with any matrix pencil A - AB is a reciprocal pencil B - /.LA and corresponding generalized eigenvalue problem. Clearly the reciprocal pencil has eigenvalues
IL =
It is instructive to consider the reciprocal pencil associated with the example in
Remark 12.5. With A and B as in (12.3), the characteristic polynomial is

t.

det(B - fLA} = (1 -

tLH/3 -

afL)

and there are again four cases to consider.
Case 1: a =!= 0, [3 =!= 0. There are two eigenvalues, I and ~Case 2: a = 0, [3 =1= 0. There is only one eigenvalue, I (of multiplicity 1).
Case 3: a =1= 0, [3 = 0. There are two eigenvalues, 1 and 0.
Case 4: a = 0, [3 = 0. All A E Care eigenvalues since det(B -/.LA)

= 0.

At least for the case of regular pencils, it is apparent where the "missing" eigenvalues have
gone in Cases 2 and 3. That is to say, there is a second eigenvalue "at infinity" for Case 3 of
A - AB, with its reciprocal eigenvalue being 0 in Case 3 of the reciprocal pencil B - JLA.
A similar reciprocal symmetry holds for Case 2.
While there are applications in system theory and control where singular pencils
appear, only the case of regular pencils is considered in the remainder of this chapter. Note
that A and/or B may still be singular. If B is singular, the pencil A - 'AB always has
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fewer than n eigenvalues. If B is nonsingular, the pencil A - "AB always has precisely n
eigenvalues, since the generalized eigenvalue problem is then easily seen to be equivalent
to the standard eigenvalue problem s-I Ax= AX (or AB- 1w = Aw). However, this turns
out to be a very poor numerical procedure for handling the generalized eigenvalue problem
if B is even moderately ill conditioned with respect to inversion. Numerical methods that
work directly on A and B are discussed in standard textbooks on numerical linear algebra;
see, for example, [7, Sec. 7.7] or [25, Sec. 6.7].

12.2

Canonical Forms

Just as for the standard eigenvalue problem, canonical forms are available for the generalized
eigenvalue problem. Since the latter involves a pair of matrices, we now deal with equivalencies rather than similarities, and the first theorem deals with what happens to eigenvalues
and eigenvectors under equivalence.
Theorem 12.7. Let A, B, Q, Z E

cnxn

with Q and Z nonsingular. Then

1. the eigenvalues of the problems A- "AB and QAZ- "AQBZ are the same (the two
problems are said to be equivalent).

2. ifx is a right eigenvector of A-AB, then z-l X is a righteigenvectorofQAZ-"AQB Z.
3. ify is a left eigenvector of A -AB, then Q-H y is a lefteigenvectorofQAZ -"AQBZ.
Proof:
1. det(QAZ- "AQBZ) = det[Q(A- "AB)Z]
and det Z are nonzero, the result follows.

= det Q det Z det(A- "A B).

Since det Q

2. Theresultfollowsbynotingthat(A-"AB)x = OifandonlyifQ(A-"AB)Z(Z- 1x) =
0.
3. Again, the result follows easily by noting that yH (A - "A B)
(Q-H y)H Q(A- "AB)Z = 0.
D

0 if and only if

The first canonical form is an analogue of Schur's Theorem and forms, in fact, the
theoretical foundation for the QZ algorithm, which is the generally preferred method for
solving the generalized eigenvalue problem; see, for example, [7, Sec. 7.7] or [25, Sec. 6.7].
Theorem 12.8. Let A, B E

cnxn.

Then there exist unitary matrices Q, Z E

QAZ = Ta,

cnxn

such that

QBZ = TfJ,

where Ta and TfJ are upper triangular.

By Theorem 12.7, the eigenvalues ofthe pencil A- "ABare then the ratios of the diagonal elements of Ta to the corresponding diagonal elements of Tf3, with the understanding
that a zero diagonal element of Tf3 corresponds to an infinite generalized eigenvalue.
There is also an analogue of the Mumaghan-Wintner Theorem for real matrices.
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Theorem 12.9. Let A, B
that

E IRnxn.

Then there exist orthogonal matrices Q, Z

QAZ = S,

E IRnxn

such

QBZ = T,

where T is upper triangular and S is quasi-upper-triangular.
When S has a 2 x 2 diagonal block, the 2 x 2 subpencil formed with the corresponding
2 x 2 diagonal subblock ofT has a pair of complex conjugate eigenvalues. Otherwise, real
eigenvalues are given as above by the ratios of diagonal elements of S to corresponding
elements of T.
There is also an analogue of the Jordan canonical form called the Kronecker canonical
form (KCF). A full description of the KCF, including analogues of principal vectors and
so forth, is beyond the scope of this book. In this chapter, we present only statements of
the basic theorems and some examples. The first theorem pertains only to "square" regular
pencils, while the full KCF in all its generality applies also to "rectangular" and singular
pencils.
Theorem 12.10. Let A, B E cnxn and suppose the pencil A- A.B is regular. Then there
exist nonsingular matrices P, Q E cnxn such that

P(A- A.B)Q = [

~ ~

J-

A. [

~ ~

l

where J is a Jordan canonical form corresponding to the finite eigenvalues of A - A.B and
N is a nilpotent matrix of Jordan blocks associated with 0 and corresponding to the infinite
eigenvalues of A- A.B.
Example 12.11. The matrix pencil
0

0

[ 02 2I 0 0
0
0
0

0
0
0

1 0
0 1
0 0

~]-A [~

0
I

0
0
0

0
0
0
0
0

00
1
0
0

00
0
0
0

l

with characteristic polynomial (A. - 2) 2 has a finite eigenvalue 2 of multiplicty 2 and three
infinite eigenvalues.
Theorem 12.12 (Kronecker Canonical Form). Let A, B
nonsingu[ar matrices P E cmxm and Q E en xn such that
P(A- AB)Q

= diag(L 11' . • . ,

E cmxn.

Then there exist

L 1,, L~, ... , L'[,, J- )...[,I- )..N),
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where N is nilpotent, both Nand J are in Jordan canonical form, and Lk is the (k + 1) x k
bidiagonal pencil

0

-)._

0

-A.

Lk

=

0

0

0

0

-A.
1

The I; are called the left minimal indices while the r; are called the right minimal indices.
Left or right minimal indices can take the value 0.

Example 12.13. Consider a 13 x 12 block diagonal matrix whose diagonal blocks are
0
[

0 ]

~ ~

'

[ -A.
1

J' [ -A.0

J' [ 2 _A.
0

1 0
-)._ 1

1
2- )._

J'[3 -A.], [ ~l

-)._ 0]
1

0

-A.
1

.

Such a matrix is in KCF. The first block of zeros actually corresponds to L 0 , L 0 , L 0 , L'&,
L'&, where each L 0 has "zero columns" and one row, while each L'& has "zero rows" and
one column. The second block is L 1 while the third block is LI. The next two blocks
correspond to
J =

2
0

1
2

[ 0

0

while the nilpotent matrix N in this example is

Just as sets of eigenvectors span A-invariant subspaces in the case of the standard
eigenproblem (recall Definition 9.35), there is an analogous geometric concept for the
generalized eigenproblem.
Definition 12.14. Let A, B
deflating subspace if

E

JE.nxn and suppose the pencil A- A.B is regular. Then Vis a

dim(A V

+ BV)

= dim V.

(12.4)

Just as in the standard eigenvalue case, there is a matrix characterization of deflating
subspace. Specifically, supposeS E JE.nxk is a matrix whose columns span a k-dimensional
subspace S of JE.n, i.e., R(S) = S. Then Sis a deflating subspace for the pencil A - A.B if
and only if there exists M E JE.kxk such that
AS= BSM.

(12.5)
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If B = I, then (12.4) becomes dim(AV + V) = dimV, which is clearly equivalent to
V. Similarly, (12.5) becomes AS = SM as before. If the pencil is not regular, there
is a concept analogous to deflating subspace called a reducing subspace.
AV

~

12.3

Application to the Computation of System Zeros

Consider the linear system

x =Ax+ Bu,
y = Cx + Du
with A E JR.nxn, B E JR.nxm, C E JRPxn, and D E JR.Pxm. This linear time-invariant statespace model is often used in multi variable control theory, where x(= x(t)) is called the state
vector, u is the vector of inputs or controls, and y is the vector of outputs or observables.
For details, see, for example, [26].
In general, the (finite) zeros of this system are given by the (finite) complex numbers
z, where the "system pencil"
(12.6)

drops rank. In the special case p = m, these values are the generalized eigenvalues of the
(n + m) x (n + m) pencil.
Example 12.15. Let

A=[

-4

C =[I 2],

2

D=O.

Then the transfer matrix (see [26)) of this system is

g(s)=C(sl-A)- 1 B+D=

+ 14 ,
+ 3s + 2

5s
s

2

which clearly has a zero at -2.8. Checking the finite eigenvalues of the pencil (12.6), we
find the characteristic polynomial to be
det [

A-)./
C

~ J"""5A + 14,

which has a root at -2.8.
The method of finding system zeros via a generalized eigenvalue problem also works
well for general multi-input, multi-output systems. Numerically, however, one must be
careful first to "deflate out" the infinite zeros (infinite eigenvalues of (12.6)). This is accomplished by computing a certain unitary equivalence on the system pencil that then yields a
smaller generalized eigenvalue problem with only finite generalized eigenvalues (the finite
zeros).
The connection between system zeros and the corresponding system pencil is nontrivial. However, we offer some insight below into the special case of a single-input,
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single-output system. Specifically, let B = b E ffi.n, c = CT E ffi. 1xn, and D = d E R
Furthermore, let g(s) = cT (sf- A)- 1b + d denote the system transfer function (matrix),
and assume that g(s) can be written in the form
v(s)
g(s) = n(s)'

where n (s) is the characteristic polynomial of A, and v (s) and n (s) are relatively prime
(i.e., there are no "pole/zero cancellations").
Suppose z E C is such that

[ A;/I

!J

is singular. Then there exists a nonzero solution to

or
(A - zl)x +by = 0,

(12.7)

+dy = 0.

(12.8)

CT X

Assuming z is not an eigenvalue of A (i.e., no pole/zero cancellations), then from (12.7) we
get
1
X= -(A- zl)- by.
(12.9)
Substituting this in (12.8), we have
-cT (A- zl)- 1by

+ dy

or g(z)y = 0 by the definition of g. Now y f. 0 (else x
i.e., z is a zero of g.

12.4

= 0,

= 0 from (12.9)).

Hence g(z)

= 0,

Symmetric Generalized Eigenvalue Problems

A very important special case of the generalized eigenvalue problem
Ax= "ABx

(12.10)

for A, B E ffi.nxn arises when A= AT and B = BT > 0. For example, the second-order
system of differential equations
Mx+Kx=O,
where M is a symmetric positive definite "mass matrix" and K is a symmetric "stiffness
matrix," is a frequently employed model of structures or vibrating systems and yields a
generalized eigenvalue problem of the form (12.10).
Since B is positive definite it is nonsingular. Thus, the problem (12.10) is equivalent
to the standard eigenvalue problem B -I Ax = "Ax. However, B- 1 A is not necessarily
symmetric.
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~

Example 12.16. Let A= [

;

l

B = [

J

i

Then

B~ 1 A= [ -~ ~

J

Nevertheless, the eigenvalues of 8~ 1 A are always real (and are approximately 2.1926
and -3.1926 in Example 12.16).

Theorem 12.17. Let A, BE
eigenvalue problem

JRnxn

with A= AT and B

= BT

> 0. Then the generalized

Ax= A.Bx
has n real eigenvalues, and the n corresponding right eigenvectors can be chosen to be
orthogonal with respect to the inner product (x, Yh = xT By. Moreover, if A > 0, then
the eigenvalues are also all positive.
Proof: Since B > 0, it has a Cholesky factorization B
(Theorem 10.23). Then the eigenvalue problem
Ax

= LL T, where L is nonsingular

= A.Bx = A.LL Tx

can be rewritten as the equivalent problem
(12.11)
Letting C = L ~I AL ~T and

z = LT x, (12.11) can then be rewritten as
(12.12)

Cz = A.z.

Since C = cT, the eigenproblem (12.12) has n real eigenvalues, with corresponding eigenvectors z1, ... , Zn satisfying
Zj = 8;j·

zT

Then x; = L ~T z;, i E ~. are eigenvectors of the original generalized eigenvalue problem
and satisfy
(x;, Xj)B

=

Finally, if A = AT > 0, then

xr Bxj = (zT L ~ )(LLT)(L ~T Zj) = 8ij.

c

1

= cT > 0, so the eigenvalues are positive.

0

Example 12.18. The Cholesky factor for the matrix Bin Example 12.16 is

L=[f 1].
-12

-12

Then it is easily checked that
C

= L~ 1 AL~T = [

0·5
2.5

1.5
-1.5

J'

whose eigenvalues are approximately 2.1926 and -3.1926 as expected.
The material of this section can, of course, be generalized easily to the case where A
and B are Hermitian, but since real-valued matrices are commonly used in most applications,
we have restricted our attention to that case only.
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12.5

Simultaneous Diagonalization

Recall that many matrices can be diagonalized by a similarity. In particular, normal matrices can be diagonalized by a unitary similarity. It turns out that in some cases a pair of
matrices (A, B) can be simultaneously diagonalized by the same matrix. There are many
such results and we present only a representative (but important and useful) theorem here.
Again, we restrict our attention only to the real case, with the complex case following in a
straightforward way.

Theorem 12.19 (Simultaneous Reduction to Diagonal Form). Let A, B

E IRnxn

with

A= AT and B = BT > 0. Then there exists a nonsingular matrix Q such that

where Dis diagonal. In fact, the diagonal elements of Dare the eigenvalues of s- 1 A.
Proof: Let B = LLT be the Cholesky factorization of Band set C = L -I AL-T. Since
C is symmetric, there exists an orthogonal matrix P such that pT C P = D, where D is
diagonal. Let Q = L- T P. Then

and
QTBQ = pTL-I(LLT)L-T p = pT p =I.

Finally, since QDQ- 1 = QQT AQQ- 1
0
have A(D) = A(B- 1 A).

=

L -T P pT L -I A

=

L -T L -I A

B- 1 A, we

Note that Q is not in general orthogonal, so it does not preserve eigenvalues of A and B
individually. However, it does preserve the eigenvalues of A-A.B. This can be seen directly.
LetA= QT AQ and iJ = QT BQ. Then iJ- 1 A: = Q- 1 s- 1 Q-TQT AQ = Q- 1 s- 1 AQ.
Theorem 12.19 is very useful for reducing many statements about pairs of symmetric
matrices to "the diagonal case." The following is typical.

Theorem 12.20. Let A, B

E lRnxn

be positive definite. Then A :::: B

if and only if B- 1

::::

A-1.

Proof: By Theorem 12.19, there exists Q E IR~xn such that QT AQ = D and QT BQ =I,
where Dis diagonal. Now D > 0 by Theorem 10.31. Also, since A :::: B, by Theorem
10.21 we have that QT AQ:::: QT BQ, i.e., D:::: I. But then D- 1 ::S I (this is trivially true
since the two matrices are diagonal). Thus, QD- 1 QT ::::: QQT, i.e., A- 1 ::::: s- 1•
D

12.5.1

Simultaneous diagonalization via SVD

There are situations in which forming C = L -I AL -T as in the proof of Theorem 12.19 is
numerically problematic, e.g., when L is highly ill conditioned with respect to inversion. In
such cases, simultaneous reduction can also be accomplished via an SVD. To illustrate, let
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us assume that both A and Bare positive definite. Further, let A= LAL~ and B = L 8 L~
be Cholesky factorizations of A and B, respectively. Compute the SVD
(12.13)
where L E IR~ xn is diagonal. Then the matrix Q = L [/ U performs the simultaneous
diagonalization. To check this, note that

QT AQ = UT CiJ 1 (LAL~)L[/U
= UTULVTVLTUTU

=

L2

while

QT BQ = UT L8 1 (L 8 L~)L[/U
=

uru

=I.

Remark 12.21. The SVD in (12.13) can be computed without explicitly forming the
indicated matrix product or the inverse by using the so-called generalized singular value
decomposition (GSVD). Note that

and thus the singular values of L8 1 LA can be found from the eigenvalue problem
(12.14)

=

L8T z we see that (12.14) can be rewritten in the form LAL~x = A.L 8 z
A.L 8 L~L8T z. which is thus equivalent to the generalized eigenvalue problem

Letting x

=

(12.15)
The problem ( 12.15) is called a generalized singular value problem and algorithms exist to
solve it (and hence equivalently (12.13)) via arithmetic operations performed only on LA
and L 8 separately, i.e., without forming the products LAL~ or L 8 L~ explicitly; see, for
example, [7, Sec. 8.7.3]. This is analogous to finding the singular values of a matrix M by
operations performed directly on M rather than by forming the matrix MT M and solving
the eigenproblem MT M x = A.x.
Remark 12.22. Various generalizations of the results in Remark 12.21 are possible, for
example, when A = AT :=:: 0. The case when A is symmetric but indefinite is not so
straightforward, at least in real arithmetic. For example, A can be written as A = PDP T,
where Dis diagonal and Pis orthogonal, but in writing A = P fjfjpT = P D(P iJ{ with
D diagonal, D may have pure imaginary elements.
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12.6

Higher-Order Eigenvalue Problems

Consider the second-order system of differential equations
(12.16)

Mq+Cq+Kq=O,

where q(t) E ~nand M, C, K E ~nxn. Assume for simplicity that M is nonsingular.
Suppose, by analogy with the first -order case, that we try to find a solution of ( 12.16) of the
form q(t) =eM p, where then-vector p and scalar A. are to be determined. Substituting in
(12.16) we get
or, since eM =F 0,
(A. 2 M

+ A.C + K) p

= 0.

To get a nonzero solution p, we thus seek values of A. for which the matrix A. 2 M+ A.C + K
is singular. Since the determinantal equation
0

= det(A. 2 M +

= A. zn +

A.C + K)

...

yields a polynomial of degree 2n, there are 2n eigenvalues for the second-order (or
quadratic) eigenvalue problem A. 2 M + A. C + K.
A special case of (12.16) arises frequently in applications: M = I, C = 0, and
K = K T. Suppose K has eigenvalues
/1!

Let Wk =
are

if1k

:=: ... :=:

/1r

:=:

0>

f1r+ 1

:=: ... :=:

f1n.

IL Then the 2n eigenvalues of the second-order eigenvalue problem A. 2 I + K
±jwk;k=l, ... ,r,

±
If r

= n (i.e., K = KT

12.6.1

Wk;

k = r

+ 1, ... , n.

:::: 0), then all solutions of q

+ K q = 0 are oscillatory.

Conversion to first-order form

Let x 1 = q and x 2
companion matrix)

= q.

Then (12.16) can be written as a first-order system (with block

0

0

[

-M-lK

X=

where x (t) E ~2n. If M is singular, or if it is desired to avoid the calculation of M- 1 because
M is too ill conditioned with respect to inversion, the second-order problem ( 12.16) can still
be converted to the first-order generalized linear system
I
[ 0

OJ. [ -K
0

M

X=

I
-C

J

X.
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Many other first-order realizations are possible. Some can be useful when M, C, and/or K
have special symmetry or skew-symmetry properties that can exploited.
Higher-order analogues of ( 12.16) involving, say, the kth derivative of q, lead naturally
to higher-order eigenvalue problems that can be converted to first-order form using a kn x kn
block companion matrix analogue of (11.19). Similar procedures hold for the general kthorder difference equation

which can be converted to various first-order systems of dimension kn.

EXERCISES
1. Suppose A E JR"x" and D E JR;;:xm. Show that the finite generalized eigenvalues of

the pencil

[~~]-A[~~]
are the eigenvalues of the matrix A - B D- 1C.
2. Let F, G E C"x". Show that the nonzero eigenvalues of FG and G Fare the same.
Hint: An easy "trick proof' is to verify that the matrices
[ FGG

~ J and [ ~

GOF

J

are similar via the similarity transformation

3. Let F E
same?

cnxm,

G E

cmxn.

Are the nonzero singular values of FG and G F the

4. Suppose A E JR" xn, B E JR" xm' and
ues of the pencils

c E ]Rm xn.

Show that the generalized eigenval-

[~~]-A[~~]
and

[ A+

B~ + GC ~

are identical for all F E Rm xn and all G
Hint: Consider the equivalence

E

] _A [

~ ~

]

JR" xm.

/ G][A-Al
B][I
0]
[ OJ
C
0
FJ'
(A similar result is also true for "nonsquare" pencils. In the parlance of control theory,
such results show that zeros are invariant under state feedback or output injection.)
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5. Another family of simultaneous diagonalization problems arises when it is desired
that the simultaneous diagonalizing transformation Q operates on matrices A, B E
IRnxn in such a way that Q- 1 AQ-T and QT BQ are simultaneously diagonal. Such
a transformation is called contragredient. Consider the case where both A and
Bare positive definite with Cholesky factorizations A = LAL~ and B = LsL~,
respectively, and let U :E VT be an SVD of L ~LA.
(a) Show that Q =LA v:E-! is a contragredient transformation that reduces both
A and B to the same diagonal matrix.
(b) Show that Q- 1 = I;-! UT L~.
(c) Show that the eigenvalues of AB are the same as those of :E 2 and hence are
positive.

Chapter 13

Kronecker Products

13.1

Definition and Examples

Definition 13.1. Let A E JR.mxn, B E JR.Pxq. Then the Kronecker product (or tensor
product) of A and B is defined as the matrix
a11B

A0B=

[

a,nB ]

;

:

am!B

amnB

E

JR.mp xnq.

(13.1)

Obviously, the same definition holds if A and B are complex-valued matrices. We
restrict our attention in this chapter primarily to real-valued matrices, pointing out the
extension to the complex case only where it is not obvious.
Example 13.2.
1. LetA=[~

2

2

nand B = [~

A0B=[ 3~
Note that B 0 A

2B
2B

~]. Then

':]~u

I

3
3
9

4
4
4
4

2
6
2
6

f. A 0 B.

6
6
2
2

n

2. For any B E JR.Pxq, h 0 B = [ ~ ~ J.
Replacing 12 by In yields a block diagonal matrix with n copies of B along the
diagonal.

l.,

3. Let B be an arbitrary 2 x 2 matrix. Then

B 0 /z =

bi,
139

0

b1z

0

bll

0

b12

0
hz1

bn

0

0

b22

l
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The extension to arbitrary B and In is obvious.
4. Letx E

~m,

y E IR". Then
X® y = [ XJY T , ... , XmY T]T
= [XJYI> · · ·, XJYn,

5. Let x

13.2

E

!Rm, y

XzYJ, · ·.,

XmYnf

E

~mn.

IR". Then

E

Properties of the Kronecker Product

Theorem 13.3. Let A E

~mxn,

BE

IR'xs, C E

!Rnxp,

and DE

!Rsxr.

Then

(A 0 B)(C 0 D)= AC 0 BD (E JR.mrxpr).

(13.2)

Proof: Simply verify that
a11B
(A ® B)(C ®D) =

:

[

am1B

~[
=AC®BD.

L~=I ai;kCkpBD

]

L~=l amkCkpBD

0

Theorem 13.4. For all A and B, (A® B/ =AT® BT.
Proof· For the proof, simply verify using the definitions of transpose and Kronecker
product.
0
Corollary 13.5.
Theorem 13.6.

If A

E

IR"x" and BE !Rmxm are symmetric, then A® B is symmetric.

If A and Bare nonsingular,

(A® B)- 1 =A -I®

Proof: Using Theorem 13.3, simply note that (A® B)(A- 1 ®

s- 1.

s- 1 )

=I® I =I.

D
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Theorem 13.7. If A

E IR.nxn

and B E

IR.mxm

are normal, then A ® B is normal.

Proof:
(A

18)

B)T (A ® B) = (AT ® BT)(A ® B)
=AT A® BT B

by Theorem 13.3

= AAT ® B BT

since A and B are normal

= (A ® B)(A ® Bl

Corollary 13.8. If A

E IR.nxn

by Theorem 13.4

by Theorem 13.3.

is orthogonal and B E

IR.mxm

0

is orthogonal, then A® B is

orthogonal.
cose
sine]
d
[ -sin</>
cos</J
sin</>] Th
· easi·1y seen that
E xamp Ie 139
. • Let A = [ -sine
cose an B =
cos</> .
en It· Is
A is orthogonal with eigenvalues e±JIJ and B is orthogonal with eigenvalues e±J</J. The 4 x 4
matrix A® B is then also orthogonal with eigenvalues e±J(e+</>) and e±J(e-</>).

Theorem 13.10. Let A E JRmxn have a singular value decomposition VA :EA VJ and let
B E JRPXq have a singular value decomposition uB :Es vJ. Then

yields a singular value decomposition of A ® B (after a simple reordering of the diagonal
elements of:EA ® :E 8 and the corresponding right and left singular vectors).

Corollary 13.11. Let A E lR;"xn have singular values a 1 2: · · · 2: a, > 0 and let B E JRfxq
have singular values TJ 2: · · · 2: Ts > 0. Then A® B (orB® A) has rs singular values
TJ 2: · · · 2: a, Ts > 0 and

a,

rank(A ®B)

= (rankA)(rankB) = rank(B ®A) .

Theorem 13.12. Let A E lRn xn have eigenvalues A;, i E ~. and let B
eigenvalues JL J, j E m. Then the mn eigenvalues of A 18) B are

E lRm xm

have

Moreover, if x 1, ••. , Xp are linearly independent right eigenvectors of A corresponding
to A1 , ••• , AP (p :S n ), and z 1, ••• , Zq are linearly independent right eigenvectors of B
corresponding to JLI, ... , Jl,q (q :S m), then x; ® Zj E JRmn are linearly independent right
eigenvectors of A ® B corresponding to A; J..L J, i E !!: j E q_.

Proof: The basic idea of the proof is as follows:
(A ® B)(x ® z) = Ax ® Bz
=AX® MZ

= )..p.,(x

18)

z).

0

If A and B are diagonalizable in Theorem 13.12, we can take p = n and q = m and
thus get the complete eigenstructure of A ® B. In general, if A and B have Jordan form
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decompositions given by p-I AP
following Jordan-like structure:

= JA

= 18 , respectively, then we get the

and Q- 1 BQ

(P ® Q)- 1 (A ® B)(P ® Q) = (P- 1 ® Q- 1 )(A ® B)(P ® Q)
= (P- 1 AP) ® (Q- 1 BQ)

=lA®ln.
Note that h ® 1 8 , while upper triangular, is generally not quite in Jordan form and needs
further reduction (to an ultimate Jordan form that also depends on whether or not certain
eigenvalues are zero or nonzero).
A Schur form for A ® B can be derived similarly. For example, suppose P and
Q are unitary matrices that reduce A and B, respectively, to Schur (triangular) form, i.e.,
pH AP = TA and QH BQ = T 8 (and similarly if P and Q are orthogonal similarities
reducing A and B to real Schur form). Then
(P ® Q)H (A® B)(P ® Q) =(PH® QH)(A ® B)(P ® Q)
=(PH AP) ® (QH BQ)

= TA ® Tn.

Corollary 13.13. Let A E

!Rnxn

and B E !Rmxm. Then

I. Tr(A ®B)= (TrA)(TrB) = Tr(B ®A).

2. det(A ®B)= (det A)m(det Bt = det(B ®A).

Definition 13.14. Let A E !Rnxn and BE !Rmxm. Then the Kronecker sum (or tensor sum)
of A and B, denoted A EB B, is the mn x mn matrix Urn ®A) + (B ®In). Note that, in
general, A EB B ::/= B EB A.
Example 13.15.
1. Let

A~u

2
2

!]andB~[; ~l

Then

AEflB = (h®A)+(B®h) =

3
1

2
2

3
1

0
0

1

4

0

0 0 0
0
0

0
0

0
0

The reader is invited to compute B EB A =
with A EEl B.

0

0

0

0
0

0
1 2
3 2

3
4

2
0

+

0
2
0
0

0
2
0
0

0
0
2

2

0
0

0

2

0
0
0
3
0
0

I

0
0

0
0

0

3
0

0
3

(h ®B)+ (A® h) and note the difference

13.2. Properties of the Kronecker Product

143

2. Recall the real JCF

M

I

0

0

M

I

0
0

M

1=

E JR2kx2k,

0

I

0
where M

=[

a
-{3

M

I

0

M

f3 ]· Define
a
0

0

0
Ek

0

0

=

0
0

0
Then J can be written in the very compact form J

=

(h ® M) + (Ek ®h)

=

M tB Ek.

Theorem 13.16. Let A E IRnxn have eigenvalues A.;, i E ?:!_, and let B E !Rmxm have
eigenvalues f.Lj, j E !:!!_. Then the Kronecker sum A$ B =Urn® A)+ (B ®In) has mn
eigenvalues
AJ

+

f.Ll, · · ·, AJ

+ f.Lm,

A2

+

f.Ll, · · ·, Az

+ f.Lm, ···,An+ f.Lm·

Moreover, if x 1 , ••• , x P are linearly independent right eigenvectors of A corresponding
to A. 1, ••• , Ap (p .S: n), and z1 , ••. , Zq are linearly independent right eigenvectors of B
corresponding to f.L 1, ... , f,Lq (q .S: m ), then z j ® X; E !Rmn are linearly independent right
eigenvectors of A $ B corresponding to A.; + f.L j• i E !!..• j E q_.
Proof: The basic idea of the proof is as follows:

0 Ax)+ (Bz 0 x)
= (z ®h)+ (f.LZ ® x)

[(1m® A)+ (B ® ln)](z ® x) = (z

=

(A.+ f,L)(z ® x).

D

If A and B are diagonalizable in Theorem 13 .16, we can take p = n and q = m and
thus get the complete eigenstructure of A $ B. In general, if A and B have Jordan form
decompositions given by p-I AP = JA and Q- 1 BQ = 1 8 , respectively, then
1

[(Q 0 ln)Um ® P)r [(/m ®A)+ (B ® ln)][(Q ® ln)Um ® P)]

= [(/m ® P)- (Q ® ln)- 1 ][(/m ®A)+ (B ® ln)][(Q ® ln)Um ® P)]
1

= [(/m ® p-I)(Q-I ® ln)][(lm ®A)+ (B ® ln)][(Q ® ln)Um ® P)]

= Um ® JA)

+ (JB ®In)

is a Jordan-like structure for A EB B.
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A Schur form for A EB B can be derived similarly. Again, suppose P and Q are unitary
matrices that reduce A and B, respectively, to Schur (triangular) form, i.e., pH AP = TA
and QH B Q = T8 (and similarly if P and Q are orthogonal similarities reducing A and B
to real Schur form). Then

where [(Q 0 ln)(Im 0 P)]

13.3

= (Q 0

P) is unitary by Theorem 13.3 and Corollary 13.8.

Application to Sylvester and Lyapunov Equations

In this section we study the linear matrix equation
(13.3)

AX+XB=C,

where A E !Rnxn, B E !Rmxm, and C E !Rnxm. This equation is now often called a Sylvester
equation in honor of J.J. Sylvester who studied general linear matrix equations of the form
k

LA;XB;

=c.

i=l

A special case of ( 13.3) is the symmetric equation
AX+XAT = C

(13.4)

obtained by taking B = AT. When C is symmetric, the solution X E !Rn xn is easily shown
also to be symmetric and (13.4) is known as a Lyapunov equation. Lyapunov equations
arise naturally in stability theory.
The first important question to ask regarding (13.3) is, When does a solution exist?
By writing the matrices in (13.3) in terms of their columns, it is easily seen by equating the
ith columns that
m

Axi

+ Xb; = c; = Axi + l~>jiXj·
j=l

These equations can then be rewritten as the mn x mn linear system

(13.5)

The coefficient matrix in (13.5) clearly can be written as the Kronecker sum Um 0 A)+
(BT 0 In). The following definition is very helpful in completing the writing of (13.5) as
an "ordinary" linear system.
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Definition 13.17. Let c; E

lRn

denote the columns ofC E

lRnxm

so that C

=

[c,, ... , cm].

:::::~~: ::d~~:::o:r:J::::fonned ~ "acking the columru of Con top of
Using Definition 13.17, the linear system (13.5) can be rewritten in the form
[(lm ®A)+ (BT ® In)]vec(X) =vee( C).

(13.6)

There exists a unique solution to (13.6) if and only if [(lm ®A)+ (BT ®In)] is nonsingular.
But [(lm ® A) + (Br ® In)] is nonsingular if and only if it has no zero eigenvalues.
From Theorem 13.16, the eigenvalues of [(lm ® A) + (Br ® In)] are A; + J.Lj, where
A; E A(A), i E !!_,and I-Lj E A(B), j E ~-We thus have the following theorem.

Theorem 13.18. Let A E

lRnxn,

BE lRmxm, and C E lRnxm. Then the Sylvester equation

(13.7)

AX+XB=C
has a unique solution

if and only if A and - B have no eigenvalues in common.

Sylvester equations of the form (13.3) (or symmetric Lyapunov equations of the form
(13.4)) are generally not solved using the mn x mn "vee" formulation (13.6). The most
commonly preferred numerical algorithm is described in [2]. First A and B are reduced to
(real) Schur form. An equivalent linear system is then solved in which the triangular form
of the reduced A and B can be exploited to solve successively for the columns of a suitably
transformed solution matrix X. Assuming that, say, n :::: m, this algorithm takes only 0 (n 3 )
operations rather than the O(n 6 ) that would be required by solving (13.6) directly with
Gaussian elimination. A further enhancement to this algorithm is available in [6] whereby
the larger of A or B is initially reduced only to upper Hessenberg rather than triangular
Schur form.
The next few theorems are classical. They culminate in Theorem 13 .24, one of many
elegant connections between matrix theory and stability theory for differential equations.

Theorem 13.19. Let A E lRnxn, B E lRmxm, and C E lRnxm. Suppose further that A and B
are asymptotically stable (a matrix is asymptotically stable if all its eigenvalues have real
parts in the open left half-plane). Then the (unique) solution of the Sylvester equation
(13.8)

AX+XB=C
can be written as

(13.9)

Proof: Since A and Bare stable, A;(A) + Aj(B) =ft 0 for all i, j so there exists a unique
solution to (13.8) by Theorem 13.18. Now integrate the differential equation X = AX+ X B
(with X(O) =C) on [0, +oo):
lim X(t)- X(O) =A
t-->+oo

{+oo X(t)dt + ( {+oo X(t)dt) B.

Jo

Jo

(13.10)
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Using the results of Section 11.1.6, it can be shown easily that lim e1A =
t-->+oo

Hence, using the solution X (t)

= e ACe18 from Theorem 11.6, we have that
1

lim e18

= 0.

lim X (t)

= 0.

r .... +oo
r~+x

Substituting in (13.10) we have
-C =A
r+oo

and so X=-

Jo

(fo+oo e ACe
1

18

dt)

+

e 1ACe18 dt satisfies (13.8).

(fo+co e ACe
1

18

dt) B

D

Remark 13.20. An equivalent condition for the existence of a unique solution to AX+
0
X B = C is that [ ~ _c8 ] be similar to [ ~ _ 8 ] (via the similarity [ ~ -~ ]).
Theorem 13.21. Let

A,

C

E lRn xn.

Then the Lyapunov equation
AX+XAT

=C

(13.11)

has a unique solution if and only if A and -A r have no eigenvalues in common.
symmetric and ( 13.11) has a unique solution, then that solution is symmetric.

If C is

Remark 13.22. If the matrix A E lfl!.n xn has eigenvalues )q' ... ' An' then -AT has eigenvalues -A 1 , .•. , -An. Thus, a sufficient condition that guarantees that A and -A r have
no common eigenvalues is that A be asymptotically stable. Many useful results exist concerning the relationship between stability and Lyapunov equations. Two basic results due
to Lyapunov are the following, the first of which follows immediately from Theorem 13.19.
Theorem 13.23. Let A, C E .Ifl!.nxn and suppose further that A is asymptotically stable.
Then the (unique) solution of the Lyapunov equation
AX+XAr=C
can be written as

(13.12)

Theorem 13.24. A matrix A E .Ifl!.n xn is asymptotically stable
positive definite solution to the Lyapunov equation
AX+XAr=C,

if and only if there exists a
(13.13)

where C = CT < 0.

Proof: Suppose A is asymptotically stable. By Theorems 13.21 and 13.23 a solution to
(13.13) exists and takes the form (13.12). Now let v be an arbitrary nonzero vector in JRn.
Then
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13.3. Application to Sylvester and Lyapunov Equations

Since -C > 0 and e 1A is nonsingular for all t, the integrand above is positive. Hence
vT Xv > 0 and thus X is positive definite.
Conversely, suppose X = xT > 0 and let A E A(A) with corresponding left eigenvector y. Then

0 > yHCy

= yH AXy + yHXAT y
=(A+ 5:.)yH Xy.

Since yHXy > 0, we must have A+ 5:. = 2ReA < 0. Since A was arbitrary, A must be
asymptotically stable.
D
Remark 13.25. The Lyapunov equation AX + X AT = C can also be written using the
vee notation in the equivalent form

[(/ 0 A)+ (A 0 I)]vec(X) = vec(C).
A subtle point arises when dealing with the "dual" Lyapunov equation AT X + X A = C.
The equivalent "vee form" of this equation is

[(/ 0 AT)+ (AT 0 I)]vec(X) = vec(C).
However, the complex-valued equation A H X + X A = C is equivalent to
[(/0 AH) +(AT 0 I)]vec(X) = vec(C).

The vee operator has many useful properties, most of which derive from one key
result.
Theorem 13.26. For any three matrices A, B, and C for which the matrix product ABC is
defined,

vec(ABC) = (CT 0 A)vec(B).

Proof: The proof follows in a fairly straightforward fashion either directly from the definitions or from the fact that vec(xyT) = y 0 x.
D
An immediate application is to the derivation of existence and uniqueness conditions
for the solution of the simple Sylvester-like equation introduced in Theorem 6.11.
Theorem 13.27. Let A

has a solution X
is of the form

E

E

lRmxn, BE JRPxq, and C E lRmxq. Then the equation
AXB=C

(13.14)

lRn x P if and only if A A+ C s+ B

= C, in which case the general solution
(13.15)

where Y

E

lRn x P is arbitrary. The solution of ( 13.14) is unique

if B s+ 0

A+ A = I.

Proof: Write (13.14) as
(BT 0 A)vec(X) =vee( C)

(13.16)
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by Theorem 13.26. This "vector equation" has a solution if and only if
(BT ® A)(BT ®At vec(C)

= vec(C).

It is a straightforward exercise to show that (M ® N) +

=

M+ ® N+. Thus, (13.16) has a

solution if and only if
vec(C)

=

(BT ® A)((B+{ ® A+)vec(C)

= [(B+ B{ ® AA+]vec(C)
= vec(AA+cB+ B)

and hence if and only if AA + C B+ B = C.
The general solution of (13.16) is then given by
vec(X) = (BT ®A)+ vec(C) +[I - (BT ®A)+ (BT ® A)]vec(Y),
where Y is arbitrary. This equation can then be rewritten in the form
vec(X)

= ((B+{

®A +)vec(C)

+ [/ -

(BB+{ ®A+ A]vec(Y)

or, using Theorem 13.26,

The solution is clearly unique if B B+ ® A+ A = I.

0

EXERCISES

1. For any two matrices A and B for which the indicated matrix product is defined,
show that (vec(A))T (vec(B)) = Tr(AT B). In particular, if B E ~nxn, then Tr(B) =
vec(In) T vec(B).
2. Prove that for all matrices A and B, (A® B)+= A+® B+.
3. Show that the equation AX B = C has a solution for all C if A has full row rank and
B has full column rank. Also, show that a solution, if it exists, is unique if A has full
column rank and B has full row rank. What is the solution in this case?
4. Show that the general linear equation
k

LAiXBi =C
i=l

can be written in the form

[Bf ® A 1 + · · · + B[ ® Ak)vec(X)

=

vec(C).

Exercises

5. Letx
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E JRm

6. Let A E

andy

JRnXn

E JRn.

and BE

ShowthatxT 0y = yxT.

JRmxm.

(a) Show that IIA 0 Bll2 = IIAII2IIBib·
(b) What is II A 0 B II F in terms of the Frobenius norms of A and B? Justify your
answer carefully.
(c) What is the spectral radius of A 0 B in terms of the spectral radii of A and B?
Justify your answer carefully.
7. Let A, BE

JRnxn.

(a) Show that (I 0 A)k = I 0 Ak and (B 0 I l = Bk 0 I for all integers k.
(b) Show that el®A =I 0 eA and eB®I = e 8 0 I.
(c) Show that the matrices I 0 A and B 0 I commute.
(d) Show that
eAE!lB

= e(l®A)+(B®l) = eB 0

eA .

(Note: This result would look a little "nicer" had we defined our Kronecker
sum the other way around. However, Definition 13.14 is conventional in the
literature.)
8. Consider the Lyapunov matrix equation ( 13.11) with
A= [

and C the symmetric matrix

~ -~ J

[~ -~ l

Clearly

Xs

~ ~J

=[

is a symmetric solution of the equation. Verify that

Xns = [

-~ ~ J

is also a solution and is nonsymmetric. Explain in light of Theorem 13.21.
9. Block Triangularization: Let

where A E
of the form

such that

JRnxn

and D

E JRmxm.

It is desired to find a similarity transformation

T=[~ ~]

r- 1 ST is block upper triangular.
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(a) Show that S is similar to

[

A + BX
0

B
]
D-XB

if X satisfies the so-called matrix Riccati equation

C-XA+DX-XBX=O.
(b) Formulate a similar result for block lower triangularization of S.
10. Block Diagonalization: Let

where A E
the form

IR.nxn

and DE

IR.mxm.

It is desired to find a similarity transformation of

T=[~ ~]

such that T- 1 ST is block diagonaL
(a) Show that S is similar to

if Y satisfies the Sylvester equation

AY- YD =-B.
(b) Formulate a similar result for block diagonalization of
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