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a b s t r a c t
This paper presents a novel DFT-based method for spectral analysis in power systems. The main objective
is to provide accurate estimates for harmonics/inter-harmonics containing time-varying frequencies.
The method addresses the problem of DFT errors when the sampling process is asynchronous, i.e. the
sampling frequency is not an integer multiple of the fundamental frequency. The oscillations of the
phase angle in the DFT result are attenuated using simple ﬁlters to provide frequency estimations for
each component of the input signal. The corrections of the input signal parameters are made by using the
DFT frequency response equations without the need of adjusting the sampling rate. The individual nature
of the correction process enables interharmonic components to be tracked. Simulation results show the
effectiveness of the method despite its simplicity, if compared with other methodologies.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Especially since the mid-1990s, interest in Power Quality (PQ)
and related ﬁelds has grown considerably [1]. There are many reasons for this increasing interest in PQ [2] and an important one is the
emphasis on overall power system efﬁciency. In order to achieve
this, new devices have been developed, such as adjustable-speed
motor drives and shunt capacitors for power factor correction to
reduce losses. The consequences of these measures include increasing harmonic levels in power systems which makes engineers
more aware of the future impact on the system capability. Moreover, according to [1], the embedded generation and renewable
sources of energy have created new power quality problems, such
as voltage variations, ﬂickers and waveform distortions, including
interharmonics. Taking this into account, the monitoring of harmonic and interharmonic distortions is an important issue that has
been addressed in recent years by many researchers.
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This scenario becomes even more challenging considering
the variation of voltage/current harmonics caused by continuous
changes in power system conﬁguration, as well as in load conditions. The Discrete Fourier Transform (DFT) is the recommended
method in IEC 61000-4-7 [3] to represent the spectral content of a
signal. This standard entails using a rectangular window with time
length of 200 ms which provides a frequency resolution of 5 Hz.
Additionally, as stated in [4], the DFT has been widely used for harmonic analysis over the last decades and is normally implemented
using the Fast Fourier Transform (FFT) algorithm. However, the DFT
presents low performance under time-varying conditions because
of the leakage effect [5], if synchronization does not take place.
Moreover, it was demonstrated [6] that detecting and accurately
measuring interharmonics can be difﬁcult using IEC speciﬁcation.
The Picket-fence effect [5,7,8] can occur degrading the results even
if the synchronization between the sampling and fundamental frequencies is carried out.
Various algorithms have been proposed to improve the DFT
performance [9–16]. Some methods maintain the sampling process
asynchronous and present correction algorithms based on fundamental frequency estimation, as proposed in [9,10]. The methods
presented in [11–13] are based on adjusting the sampling frequency in order to provide synchronous sampling. Other strategies
such as interpolation [14] and the “divide to conquer” principle
[15] have also been used to improve the harmonic estimation
using the DFT method. In [16], the authors apply a technique to
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compensate samples over the period of 2 and a modiﬁed DFT
algorithm is derived. Several advanced methods are also proposed
in the literature to measure harmonics and/or interharmonics,
such as those based on the Kalman ﬁlter [17–19], the Phase-Locked
Loop (PLL) [20,21] and artiﬁcial neural networks [22,23]. Despite
the advantages of advanced techniques, they can also show some
weaknesses. For example, the Kalman ﬁlter requires a high order
model. In addition, the nonlinear PLL system presents a slow
transient response in so far as the frequency deviation increases.
This paper presents a new and optimized version of Ref. [24].
Compared with this reference, this paper presents three important contributions. Firstly, the new algorithm uses its own DFT
ﬁlter equations in order to modify its results and improve the harmonic estimation. The algorithm in Ref. [24] was obtained by using
a polynomial ﬁtting of a data set consisting of signals with different spectral contents. This procedure implied in errors which are
minimized in this novel algorithm. Secondly, the leakage effect is
practically canceled using a new and simple procedure that takes
into account the phase angle information. Finally, it also presents
the correction of the phase angle. The two last features of the proposed paper are innovative aspects. The organization of the paper
is as follows. Section 2 presents a detailed and comprehensive analysis of DFT errors due to the asynchronous sampling process and
the fundamentals of the proposed method. Section 3 summarizes
the proposed algorithm. Section 4 presents the simulation results.
Finally, Section 5 presents the conclusions.
2. Asynchronous sampling – a qualitative analysis
Let x[n] be a voltage/current discrete-time obtained from sampling the continuous-time signal with nominal frequency f0 = 60 Hz.
This signal consists of the DC offset, fundamental and harmonic
components. If the sampling rate is a multiple of fundamental
frequency (fS = N × f0 ), then all harmonic components can be accurately estimated over time applying the DFT to a N-length sliding
window,
Xk [n] =

N−1


x[n − m]e−j2km/N

(1)

m=0

where k is the order of each component. For the DC offset, k = 0. For
the fundamental component, k = 1, and for its harmonics, k = 2, 3,
. . ., N/2. If (1) is interpreted as a ﬁltering process, the DFT operation
can be easily understood. In fact, Eq. (1) represents the convolution
sum of input signal x[n] with the following N-order complex FIR
ﬁlters,
hk [m] = ej2km/N ,

m = 0, 1, . . ., N − 1

(2)
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Fig. 1(b) shows the effects of synchronous and asynchronous
sampling. In the ﬁrst case, synchronous sampling implies that the
frequency of Eq. (3) is f = f0 . From Fig. 1(a), it can be easily noticed
that H1 (+f0 ) = N ∠ 0 and |H1 (−f0 )| = 0. Thus, in steady state, the output of the DFT ﬁlter could be rewritten as,
X1 =

NA1 jı1
e
2

(5)

From this result, it can be concluded that the DFT provides an
accurate estimation for the fundamental component as its amplitude and phase can be determined by computing the modulus and
the argument of the complex result X1 in Eq. (5). In Fig. 1(b), this
situation is shown by the phasor in gray which describes a circular
trajectory on a complex plane.
In a real power system, the operating frequency is prone to small
variations (f) due to the dynamic power balance. If the sampling
process is asynchronous (f = f0 + f), Eq. (4) cannot be simpliﬁed. In
Fig. 1, it can be observed that: (a) the ﬁrst term of Eq. (3) is attenuated and (b) the second term is not canceled. Hence, the DFT result
is basically a sum of two phasors, exempliﬁed in Fig. 1(b) (black
phasors) for a negative f. The largest phasor is the ﬁrst term of
Eq. (4), it rotates counter-clockwise and is shifted forward in relation to the correct result, as the phase response in +f is positive
for f < 0. The smallest phasor is the second term of Eq. (4) and it
rotates clockwise. The resulting X1 describes an ellipse in the complex plane instead of a desired circle. Basically, from the previous
analysis two points can be highlighted in order to characterize the
DFT result with asynchronous sampling (even if f > 0):
• The resulting amplitude, denoted by |X1 |, presents sinusoidal
oscillatory behavior around a mean value determined by the
attenuation of A1 due to the magnitude response at +f, that is,
|H1 (+f)|. The oscillation occurs with frequency 2f because of the
relative angular velocity of phasors in Eq. (4).
• The resulting phase, denoted by ∠X1 , also presents sinusoidal
oscillatory behavior with frequency of 2f. The oscillations occur
around the constant phase shift due to the phase response at +f,
that is, ∠H1 (+f).
The aforementioned observations about amplitude and phase
are key points in order to obtain the proposed algorithm for harmonic estimation, which will be presented in Section 3. Concerning
the amplitude correction of the DFT result, it can be observed that
the knowledge of frequency allows the computation of |H1 (+f)|.
Thus, if a lowpass ﬁlter is used for canceling the oscillation of
|X1 |, the resulting mean value can be divided by |H1 (+f)|, providing
an accurate approximation for amplitude A1 . The next subsection
addresses the frequency estimation problem and a simple and efﬁcient algorithm is derived for this purpose.

2.1. Amplitude and phase errors
2.2. Estimating frequency deviation from the phase result
The analysis of amplitude and phase errors assumes a single
sinusoidal signal to be studied. The general case is evaluated in
Appendix A, where the method is validated. Considering the fundamental component with frequency f and using Euler’s formula,
the signal under analysis x[n] is,
x[n] =

A1 j(2fnTS +ı1 ) A1 −j(2fnTS +ı1 )
e
e
+
2
2

(3)

The parameter TS is the sampling period (=1/fS ) and ı1 is the initial phase. According to the ﬁlter response for h1 , shown in Fig. 1(a),
the fundamental component extracted using DFT can be written as,
X1 =

A

1 jı1
e

2



H1 (+f ) +

A

1 −jı1

2

e



H1 (−f )

(4)

The process of deriving an equation to estimate the frequency
deviation starts by focusing on two particular time instants. According to [10], the difference between the phase angles at t[n] and
t[n − N] is,
[n] − [n − N] =



1+

f
f0



2

(6)

If there is no frequency deviation (f = 0), the difference in Eq.
(6) is equal to 2. Obviously, N samples correspond exactly to one
fundamental cycle. In this case, the phase parameter  of (6) and
the phase of the DFT result ∠X1 match.
/ 0, the phase error of the DFT makes it impossible
Suppose f =
to directly use ∠X1 in the place of  to calculate the unknown f.
However, the analysis in the previous subsection provided the basis
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Fig. 1. (a) Frequency response (magnitude and phase response) of the DFT ﬁlter for the fundamental component (h1 ) and (b) graphical representation of the DFT result in
the cases of synchronous and asynchronous sampling.

to solve this problem. Let f be almost constant within the period
between t[n] and t[n − N]. Using an arbitrary sinusoidal function
g[n] to represent the oscillatory behavior of the phase, the following
equation can be used:
∠X1 [n] − ∠X1 [n − N] = {[n] + ∠H1 (+f ) + g[n]} − {[n − N]
+ ∠H1 (+f ) + g[n − N]}

(7)

Eq. (7) is simple, but very important. Note that the constant
phase shifts at t[n] and t[n − N] are the same, and consequently cancel each other. The actual difference of phases and the difference
of sinusoidal terms remain in the equation. Using trigonometric
identities, it can be easily shown that the difference g[n] − g[n − N]
is also a sinusoid function and, consequently, has zero mean. Thus,
an estimation of the instantaneous frequency deviation can be
obtained rearranging Eq. (6) and using the mean value of Eq. (7)
for substitution of [n] − [n − N] in Eq. (6),

 [n] =
f

f0 
2

∠X1 [n] − ∠X1 [n − N] − 2



(8)

The bar above the difference of phases in (8) indicates the mean
value. It should be mentioned that the estimation of frequency deviation can be used to correct the amplitude and phase parameters

of the signal. In fact, the oscillations only need to be attenuated and
the DFT frequency response is known.
3. The algorithm of the proposed method
Let x[n] be the voltage/current signal to be analyzed with frequency f = f0 + f and sampled using N points per cycle (fS = N × f0 ).
Applying the DFT to a N-length sliding window, the harmonic (or
interharmonic) content can be estimated following the nine summarized steps.
Step 1: Acquire the sample at time index n, x[n],
Step 2: Apply the DFT recursive equation to extract the kth harmonic component,
Xk [n] = Xk [n − 1] · ej2k/N + (x[n] − x[n − N]) · ej2k/N

(9)

Step 3: Calculate the modulus of Xk and the difference between the
phase angles at time t[n] and t[n − N],



|Xk [n]| =

Re(Xk [n])2 + Im(Xk [n])2
k [n] = ∠Xk [n] − ∠Xk [n − N]

(10)
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Step 4: Apply the parameters obtained by (10) to the J-order recursive Moving-Average Filters (MAF) in order to calculate their
mean values,
|Xk [n]| = |Xk [n − 1]| +

1
(|Xk [n]| − |Xk [n − J]|)
J

k [n] = k [n − 1] +

1
(k [n] − k [n − J])
J

(11)

Step 5: Verify the presence of the kth component at the output of
the kth ﬁlter using Eq. (12). If Eq. (12) is false, use Eq. (13)
to suppress the leakage and go back to Step 1,
2k −  < k [n] < 2k + 
Âk [n] = 0

ˆ k [n] = 0
f

(12)

ˆ k [n] = 0


(13)

Step 6: Estimate the frequency deviation of the kth component
using k [n] computed in Step 4,



ˆ k [n] = f0 k [n] − 2k
f
2

(14)

Step 7: Determine the frequency response of the hk DFT ﬁlter at
frequency kf0 + fk ;
ˆ
ˆ k )| = 1 sen((N/fS )fk [n])
|Hk (kf0 + f
N sen((/fS )f
ˆ k [n]))
ˆ k) = −
∠Hk (kf0 + f

(N − 1) ˆ
fk [n]
fS

(15)

Step 8: Estimate the amplitude using the mean value of |Xk | in Eq.
(11) and the attenuation of the previous step;
Âk [n] =

2
|Xk [n]|
·
N |H (kf0 + f
ˆ k )|
k

(16)

Step 9: Estimate the phase of the kth component using Eq. (17) and
go back to Step 1;
ˆ k)
ˆ k [n] = ∠Xk [n] − ∠Hf + (kf0 + f

k

(17)

3.1. Comments on the algorithm
From the previous analysis, it can be clearly stated that the
system is capable of tracking interharmonic components in some
special cases. Notice that the algorithm for the estimation of the
component at the output of the hk ﬁlter indeed works individually.
For example, if the component at the output of the 5th order ﬁlter
has a frequency equal to 305 Hz, it does not matter if the fundamental frequency is 60 or 61 Hz. The performance in tracking such
components is directly related to the tolerance  (in radians) of
Step 5. The appropriate choice of  is also a relevant factor in eliminating the leakage efﬁciently. Additionally, it can be mentioned
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that the success of interharmonic analysis depends on the “distance” of this component from harmonic components present in the
signal.
In order to understand Step 5, consider a signal composed of the
/ 0 and harmonics. For instance,
fundamental component with f =
if the 7th harmonic is not present in the input signal, the output of
the h7 ﬁlter is composed of the other components present in the
signal due to the leakage. Suppose that this output is composed
mainly by the 5th harmonic. Thus, the difference of phases computed by (11) is closer to 10 instead of 14, which is the expected
value for the 7th harmonic. The absence of this component in the
signal under analysis can be detected easily by (12) and then the
leakage can be suppressed.
Finally, it must be mentioned that by using the DFT recursive
Eq. (9), it might be necessary to have an extra procedure in order
to prevent instabilities due to numerical precision. On the other
hand, the Fast Fourier Transform algorithm (FFT) can also be used
without degrading the performance of the proposed algorithm.
4. Results and discussion
In order to demonstrate the effectiveness of the proposed
DFT-based method, power system waveforms distorted by harmonics of time-varying frequencies will be considered in the
following subsections. For this purpose, a comparative study is
developed and the results of the proposed method are compared
with those of the following methods: (i) the conventional DFT and
(ii) the high performance method of the Coherent Resampling (CR)
technique, published in Refs. [11,12]. The sampling frequency is
fS = 128 × f0 = 7680 Hz and the DFT is carried out using a sliding window with N = 128 samples. The order of the MAF ﬁlters in Eq. (11)
is J = N/2. Table 1 lists the amplitude and initial phase of each component for testing time-varying harmonics from Sections 4.1–4.3.
In this table, the parameters of the interharmonic case, dealt with
in Section 4.4, are also presented. Finally, it should be mentioned
that all tests were performed using the Matlab® software.
4.1. Step variation of frequency
This simulation was performed by imposing a step change in the
fundamental frequency at t = 0.5 s. The frequency suddenly varies
from 60 to 60.5 Hz (f = 0.5 Hz). Fig. 2(a)–(c) shows the results for
two harmonic components. With the frequency deviation, the DFT
result for the 11th harmonic oscillates as can be seen in Fig. 2(a).
The proposed algorithm accurately estimates its amplitude, as well
as the CR method. The frequency tracking of the 11th harmonic
component is shown in Fig. 2(b) for the proposed method. The 6th
harmonic component is not present in the signal and Fig. 2(c) shows
the leakage effect in the DFT result. It can be seen that the proposed
method suppresses this effect properly. The CR algorithm also
suppresses the leakage error after synchronizing the fundamental
and resampling frequencies. It should be emphasized that, for all

Table 1
Waveform composition for the time-varying harmonics/interharmonic tests.
k (order)

f (Hz)

Ak (pu)

Harmonics tests
1
3
5
7

60
180
300
420

1.00
0.08
0.10
0.03

Inter-harmonic test
0.2
1
2.2
5

10
50
110
250

0.045
1.0
0.0631
0.207

ık (degrees)
0
279
312
144
41
−175
145
69

ık (degrees)

k (order)

f (Hz)

Ak (pu)

9
11
13
15

540
660
780
900

0.05
0.07
0.04
0.015

288
328
95
49

310
350
410

0.290
0.131
0.283

−17
35
21

6.2
7
8.2
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Fig. 2. Results for the step variation of frequency: (a) amplitude of 11th harmonic
component; (b) frequency tracking of the 11th harmonic component; and (c) amplitude of the 6th harmonic component showing the leakage in DFT result.

harmonic components, the results of the proposed method did not
exceed the 2% error band.

181 Reference
180
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method

179
178
0.5

1
Time (s)
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0.085

Frequency (Hz)
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0.074
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method DFT

0.01

CR [12]
0.005

1.5

0
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1
1.1
Time (s)

1.2

Fig. 4. Results for the sinusoidal variation of frequency: (a) amplitude of the 3rd
harmonic component; (b) frequency tracking of the 3rd harmonic component; and
(c) amplitude of the 14th harmonic component showing the leakage in the DFT
result.

CR method also presents an error due to the spread of energy. This
error is absent in the results of the proposed algorithm.

4.2. Ramp variation of frequency

4.3. Sinusoidal variation of frequency

In this case, a more realistic condition is tested. Simulating a
connection of load blocks in an electrical system, the frequency is
varied linearly using a rate of df/dt = −1 Hz/s. The results for two harmonic components are shown in Fig. 3(a)–(c). For the DFT method,
the error increases in proportion to the frequency deviation, as
shown in Fig. 3 (a) for the 7th harmonic. The CR technique presents
low oscillations during the ramp. The proposed method estimates
the amplitude of the 7th harmonic component with high accuracy.
The frequency tracking for this harmonic is shown in Fig. 3(b). The
time delay is about 25 ms, i.e. 1.5 fundamental cycles for all components. The leakage error in the DFT result can be seen in Fig. 3(c).
The output of the DFT ﬁlter for the 10th harmonic component also
increases in proportion to the frequency deviation. In this case, the

A continuous variation of the frequency is now considered. This
variation is a sinusoidal wave around the frequency nominal value
f0 . The maximum deviation is 0.5 Hz and the oscillations occur
with a rate of 1 Hz. The results are shown in Fig. 4(a)–(c). The
3rd harmonic component is accurately estimated by the proposed
algorithm as shown in Fig. 4(a). The frequency tracking for this
component is shown in Fig. 4(b). It can be noticed that the DFT
result presents the highest error when the frequency deviation is
the highest, e.g. t = 0.75 s and t = 1.25 s. The continuous variation
of the frequency also generates leakage error in the CR technique.
The result for the 14th harmonic component is shown in Fig. 4(c).
The DFT presents a high leakage error. The CR technique presents
a low, but non-zero, amplitude for the 14th harmonic component.
The proposed DFT-based method suppresses the leakage error successfully and, ﬁnally, it can be emphasized that all harmonics are
accurately estimated and the results did not exceed the 2% error
band.
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4.4. Interharmonic analysis
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Fig. 3. Results for the ramp variation of the frequency: (a) amplitude of the 7th
harmonic component; (b) frequency tracking of the 7th harmonic component; and
(c) amplitude of the 10th harmonic component showing the leakage in the DFT and
CR results.

This simulation shows the capability of the proposed algorithm
in tracking interharmonic components. Numerical determination
of interharmonics, as well as harmonics, for example in a voltage source converter, requires a precise analysis of a particular
converter including the load, or information from the manufacturer [25]. Thus, the signal analyzed here approximates the signal
obtained by [26] simulating a static frequency converter (50–60 Hz)
using the DC-link with reactor. In order to obtain more evident
interharmonic levels, the simulation used an uncontrolled diode
rectiﬁer and phase control approach for the inverter. The components of the current of phase C in the source (50 Hz) are listed
in Table 1. The use of these components illustrates more precisely the performance of the algorithm from a practical point of
view. In addition to the fundamental component (50 Hz) and its
harmonics (5th and 7th), there are three interharmonics with frequencies 110, 310 and 410 Hz and a sub-harmonic of frequency
10 Hz.
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Fig. 5. Results for the inter-harmonic analysis: (a) the harmonics and interharmonic amplitudes for the proposed method; (b) amplitude of the inter-harmonic
with frequency 410 Hz and the results of the h8 DFT ﬁlter; and (c) the frequency
deviations.

The results are shown in Fig. 5(a)–(c). It can be noticed in Fig. 5(a)
that harmonic component estimations (5th and 7th) presented
oscillatory behavior, resulting from the spreading of energy from
the interharmonic components. On the contrary, the interharmonics are accurately estimated as shown in Fig. 5(b) for the component
of 410 Hz. The CR and DFT methods are not capable of tracking
this component, but the output of the 8th order DFT ﬁlter (centered at 400 Hz) is shown for comparison. The results of CR and
DFT match. Finally, Fig. 5(c) shows the frequency deviations for all
components. It can be noticed that there was a deviation of 10 Hz
for all interharmonic components as each one is 10 Hz greater than
the 2nd, 6th and 8th harmonic frequencies, respectively. From this
simulation it is quite clear that the performance of the algorithm
of this work strictly depends on the composition of the analyzed
signal. In practice, however, the interharmonic levels are smaller
than that of Table 1 and the errors of harmonic estimations might
decrease.
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can be noticed that after the DFT calculation, the algorithm is composed of a few mathematical operations such as additions, square
root, multiplications, etc. Thus, considering the same method for
DFT computation in both the proposed algorithm and the coherent resampling method, the ﬁrst one presents large advantage in
terms of computational effort. In fact, the signal reconstruction is
performed by coherent resampling methods using spline functions
and many mathematical operations are involved in this process.
The tests have shown that the proposed algorithm requires half
the running time of the coherent resampling method, for the same
number of harmonics to be extracted.
A further extensive set of tests enable us to conclude that the
accuracy in amplitude estimation is directly related to harmonic
magnitude. For example, if a harmonic has amplitude near 1% of the
amplitude of the fundamental component, the probability of the
instantaneous error being larger than 2% is about 29%. However,
if the harmonic amplitude is slightly larger than 1%, this probability is drastically reduced. In fact, if an arbitrary harmonic has
amplitude equal or larger than 3% of fundamental component, the
probability of the maximum error being larger than 1% is practically
zero.
Additional tests were performed considering discrete-time signals obtained from an actual power system simulated in ATP
(Alternative Transients Program) software. The power generation
plant used has frequency control and some events such as faults,
sudden connection of load blocks and power transformer energization made it possible to analyze signals in a very similar way to that
of actual power systems. The results demonstrated the effectiveness of the proposed method in tracking variations of frequency,
amplitude and phase angle of these signals. Thus, accurate estimates are expected in the analysis of signals obtained from actual
power systems.
Finally, the proposed algorithm combines features such as computing mean values and simple equations using the well-known
DFT algorithm. These characteristics classify the method as highly
indicated for efﬁcient PQ monitoring.
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Appendix A. Statistical validation

5. Conclusions
This paper presented a DFT-based method for spectral estimation under time-varying conditions. After a precise qualitative
analysis of the DFT error resulting from the asynchronous sampling,
the proposed algorithm was presented. A simple strategy of analyzing the phase angle resulting from the DFT was able to reduce
the leakage effect effectively.
In order to evaluate the results of the proposed algorithm
the traditional DFT, as well as a high performance method based
on coherent resampling (CR) were chosen for comparison. The
signals used in simulations were generated using frequency variation patterns typically used in the literature: step, ramp and
sinusoidal. The results have shown the capability of the proposed method in dealing with these disturbances. Moreover, the
individual nature of this correction algorithm has shown the capability of tracking interharmonic components. In general, it can
be concluded that the performance of the new method is more
efﬁcient than the traditional DFT method, as well as the new CR
method.
Considering the computational effort, it can be stated that the
main contribution for the cost of the proposed algorithm consists
of the method used for computing the DFT. Consulting Section 3, it

The qualitative analysis of Section 2 provides the basis for the
proposed method. This appendix extends the previous analysis for
the purpose of this work. The starting point is the assumption of a
signal consisting of the fundamental component and its harmonics.
The sampling frequency is fS = N × f0 . Supposing that the fundamen/ 0, the output of any DFT ﬁlter
tal frequency is f = f0 + f with f =
is more complex than that represented by Eq. (4). Taking the ﬁlter
of the 5th harmonic as an example, the output of h5 can be written
as,
X5 [n] = · · · +
+
+
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(18)

Clearly, the ellipse in the complex plane is not present anymore,
as shown in Fig. 1(b). The 5th harmonic is not the only component at the output of the ﬁlter. All other components contribute
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A large batch of tests was run in order to analyze the validity of
the aforementioned properties. These properties can be established
as: (a) the mean value of the amplitude of the hk ﬁlter output is equal
to the actual value Ak attenuated by the magnitude ﬁlter response
at +kf and (b) the mean value of difference of phases of the kth
harmonic at time instants t[n] and t[n − N], deﬁned as k [n], is
given by a general formulation of (6), where 2 is changed by 2k.
Mathematically,

⎧
⎨ (|Xk |) = Ak · |Hk (+kf )|


⎩ (k ) = 1 + f
2k
f

(19)

0

In (19), the parameter  represents the mean value operator.
The introduction of k in the second Eq. (19) is intuitive as the percentage frequency deviations of all components are the same. In
fact, throughout one fundamental period (N samples) there are k
cycles of the kth harmonic and, obviously, the differences of phases
must be 2k rad.
The tests which were run play an important role in this work.
There are recommended levels for harmonic components of voltage
and current signals in electric systems published in the literature.
For example, in 69 kV systems the individual harmonic distortion
at the point of common coupling must be 3% maximum [2]. Thus,
considering 1.0 pu is the value for the amplitude of the fundamental
component, then the harmonic amplitude can be any number in the
continuous interval [0.0; 0.03]. Therefore, it should be mentioned
that the spectral content of the electrical signal under analysis can
show an inﬁnite number of combinations in terms of amplitudes
and phase angles of each harmonic component. Given the inability
of proving previous properties for every possible combination, the
tests can infer and validate such properties by using a “limited” data
set in terms of probabilities.
Let x[n] be the electrical signal under analysis consisting of
fundamental and harmonic components, with a fundamental frequency f = f0 + f. Each test is carried out according to the following
rules applied to the generation of x[n]. Firstly, the fundamental frequency deviation is randomly chosen from the interval [−0.5; +0.5].
The amplitude of fundamental component is set to 1.0 pu. The
amplitude Ak of the kth harmonic component is randomly chosen
from the interval [0; 0.1] pu. The exception is the amplitude of the
harmonic under analysis, which is set to a constant within the previous range. Finally, the initial phase ık for the kth harmonic is
randomly chosen from interval [0; 2]. By using uniform probability density functions for the choice of parameters, a large number
of harmonic content for the signal under analysis can be analyzed.
Consequently, this procedure implies in a wide study about the
validity of properties of (19). Finally, the signal is corrupted by
white Gaussian noise with a standard deviation .

This section presents the results of statistical analysis performed
for the amplitude of 5th harmonic, with A5 ﬁxed in 0.03 pu. This
choice is arbitrary as the results for all harmonic components are
similar. The total number of tests/experiments is E = 50,000 and,
for our purpose, sufﬁciently cover a large variety of conditions for
the input signal. The sampling frequency is fS = N × f0 , with N = 512,
and the DFT is computed using a N-length sliding window. For each
experiment, the mean value of |X5 | is computed considering an Nlength data window and then divided by |Hk (+kf)|. These values
consist of a dataset SA that contains information to analyze the
amplitude relationship of (19). The analysis of such information
is carried out using frequency polygons, obtained from histograms
with 50 bins. The frequency polygons are shown in Fig. 6(a) for different values of , the standard deviation of the additive noise. A
close relationship between the distribution of data and the level
of noise in input signal can be observed. However, it can be seen
that the central tendency of data is quite near the actual value of
A5 (0.03). These characteristics can also been seen in Fig. 6(b). In
terms of probabilities, for small noise pollution, the probability of
the mean value being within the interval A5 ± 3% is quite close to
1, as shown in Fig. 6(c).
Considering the results of Fig. 6, the ﬁrst Eq. (10) can be validated. As well as this equation being validated for the other
harmonics by ﬁxing their amplitudes and analyzing the DFT results,
the second Eq. (19) can be validated by ﬁxing the fundamental frequency deviation and analyzing the difference of phases. Due to
the fact that a large number of ﬁgures are needed to show all tests,
this section is limited to the analysis of the amplitude of the 5th
harmonic.
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to the output of h5 , characterizing the phenomenon of energy
spreading called leakage [5]. The analysis here is not as straightforward as that shown in Section 2. Additionally, the difference
between the phase angles at the time instants t[n] and t[n − N]
shows oscillations which are far different from the sinusoidal wave
previously described. Taking this into account, this paper intends
to show that the properties of the previous analysis in terms of
mean values are valid. In order to prove this true, an analysis
should be initiated by developing (18) and separating the real and
imaginary parts in this equation. However, this would be very complex. The next section shows an alternative way to deal with this
problem.
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Fig. 6. The results of statistical validation: (a) Frequency polygons to analyze the
ﬁrst Eq. (19). (b) The relationship between the standard deviation () of additive
noise and the mean value of dataset SA and (c) the probability of the mean value
being within the range A5 ± 3%.
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