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Preface 

1bis book provides a fundamental introduction to numericai anaJysis suitable for ur. 
dergraduate student<; in mathematics, comp·Jter science, physical sciences, and eng:
neering. It is assumed that the reader is familiar with calculus and has taken a struc
tured progranuning course. The text has enough material fined modularly for either a 
singJe-term course or a year sequence. Irl shon, !he l>ook contains enough material su 
instructors will be able to select topics appropriate to their needs. 

Students of various backgrounds should fir.d numerical methods quite interesting 
and useful, and thls is kept in mind throughout the book. Th•Js. there is a wide vari
ety of examples and problems that help to sharpen one's skill in both the theory and 
practice of r.umerical analysis. Computer calculations are presented in the fonn of ta
bles and graphs whenever possible so that the resulting numerical approximations arc 
easier to visualize and interpret. MATLAB programs are the vehicle for preseming the 
underlying numerical algorithms. 

Empha~is IS placed on understanding why numerical methoes work and their lim
itations. This is challengmg and involves a balance between t.f:!eory, error analysis, 
and readability. An error analysis for each method is presented in a fashion that i~ 
appropriate for the method at hand, yet does nor rum off the reader. A mathematical 
derivation for each merhod is given !hat uses de:nenrary results and builds the student's 
understanding of calculus. Computer assignmen:.~ using MATLAB give smdents a:1 
opportunity to practice their skills at scientific program:ning. 

Shoner numerical exercises can be carried out with a pocket calculator/computc~
and the longer ones can be done using MATLAB subroutines. It is left f()r the instn.JC· 
tor IO guide me students regarding the pedagogical use of numerical computatior.s 
Each instructor can make assignments that are appropriate to the availa":Jlc comput 
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viii PRHACE 

ing resources. Experimentation with the MA11..AB subroutine libraries is encouraged. 

These. materials can be used to assist students in the completion of the nu:nencal anal

ysis componem of computer laboratory exercises. 

Th~s Third Edition grows out of much polishing of the narrative for the Second 

Edition. for example. the Q R method has been added to the chapter on Eigenvalues 

and Eigenvectors. ~ew to this edition is the explicit use of the software MATLAB. 

An appendix gives an introduction to MA11.AB syntax. Examples have been added 

throughout the text with MATI..AB and complete MATLAB programs are given in 

each section. An instructor's disk is available upon request from L1e publisher. 
Previously we took the attitude lhal any software program that students mastered 

would work fmc. However, many student<; entering this course have yet to master a 

programming language (computer sc1ence students excepted). MAlLAB has become 

the tool of nearly all engineers and applied mathematicians, and its newest versions 

have improved the programming aspects. So we think that studen~s will have an easier 

.:md n:ore pmducti~e lime i~ this MATLAB version of our text. 
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Preliminaries 

Consider the function fix) = cos(x). ns derivative f'(x) = -sin(x). ar.d its an

tiderivativc F(x) = sin(x) +C. These form,ulas were studied in calculus. The former 

isused!odeterminetheslopem = /'(xn)ofthecurvey = f(x}atapoint(XJ, j(xo)), 

and the l11tter is used to compute the area under !he curve for a :5: x ::5 b. 

The slope at the poim (;r/2, 0) ism= J'(7r/2) = --1 and can be used to find the 
tangent line at th:s point (see Figure 1.1 (a)): 

y 

( :r) '(;r) ( ;r) 7r 
Yran = m x - 2 + 0::::: f :2 x - 2 = -x -t- 2· 

Figure 1.1 (a) 1be tangent hne to 
the curve \" = cos(x) at the poirll 
(n'/2. il). • 
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1.0 

-0.5. 

.t 

Figure 1.1 (h) The area under the 
curve }' - cos(:x) over the interva I 
[0.11"/2). 

The area under the curve for 0 -:: x < rr /2 is computed using an integral (see Fig
ure J.l(b)); 

area- fo" 12 

cos(x) dx = F (~) - F(O)-=- sin ( ~) -0 = 1. 

These arc some of the results that we will need to use from calculus. 

Review of Calculus 

It is assumed that the reader is familiar with the notation and subject matter covered in 
the undergraduate calculus sequence. This should have included the topics of limits. 
continuity, differentiation, integration, 5cquence~. and series. "Throughout the book we 
refer to the following result~. 

Limits and Continuity 
Definition 1.1. Assume that j(:r) is defined on a setS of real numbers. Then f is 
said to have the limit L at x = .to. and we write 

( l) lim j(x) = 1 .. 
_.l-+Ac 

if. given any E > 0, there c""i~ts a 8 > 0 ~uch that, whenever x E S, 0 < lx- xol < o 
implies that If (.t) - L I < ~. When the h -increment notation x - xo + h is used, 
~uation ( l ) becomes 

(2) lim ((xo +h) = L. 
h-0. 

Sr,C. 1.1 REVTRW OF CALCL!Ll:S 3 

Definition 1.2. Assume that f (:x) is defined on a set S ofrcal numbers and let xo e S. 
Then f is said to be continuous at x ,. .x11 if 

(3) lim j(:x) =/(xu). 
..r_...to 

The function f is said to be continuous on S if it is continuous at each point x E S. 
The notation c~(S) stands for the set of all functions f such that f and its first 11 

derivatives are continuous on S. When S i1> an interval, say [a, b]. then the notation 
c~ (a. b) is used. As an example, consider the function f (x) = :x4i3 on the inter
val [ -1, 1 ]. Clearly. I (.x) and I' (X) ..:...: ( 4} 3 )x l/3 are continuous on r- I. n while 
j"(x) = (4/9)x-213 is not continuous at x = 0. A 

Definition 1.3. Suppose that {xn};;: 1 is an infinite sequence. Then the sequence is 
said to have the limit L and we write 

(4) lim :Xn- l., 
11--jo(X.: 

if. given any E > 0, there exists a positive integer N =- N(t:) such that n > iV implies 
that ]x,- L] <E. A 

When a sequence has a limit, we say that it is a con11ergent seq~ence. Another 
commonly U5ed notation is "x, ) Las n ·- "X!." Equation (4) is equivalent to 

(5) lim (x., L) = 0. 
n-+C!O 

Thus we can view the sequence l~n}:;-': 1 = {x~ - L}~ 1 as an error :requeru~e. The 
following rheorcm relates the cnncepts of continuity and convergent sequence. 

Theorem 1.1. Assume that j(x) is defined on the setS and xo E S. The following 
~tatements are equivalent: 

(6) 
(a) The function f is continuous at xo. 

(b) If lim x.,- .~:o. then lim j(x,) = !(xoJ. 
n~+oo n-""~>OC 

Theorem 1.2 (Intermediate Value Theorem), As5umc that f E C(a, b] and L is 
any number hetween j(a) and j(b). Then there exist~ a number c, with c E (a, b), 
such that/ (c) = L. 

Example 1.1. The fundion f(x) ~ cos(x -1) ts continuous O\ler [0, 1], and the constant 
t - 0.8 E (cos(O), cos(l )). The solution to /(x) = 0.8 over [0. 1] is CI = 0.356499. 
Similarly, f (x) is continuous over [l, 2.51. and L = 0.8 E (cos(2.5), cos(f)). The solution 
to j(x) = 0.8 over [I, 2.5] is c2- 1.643502. These two oases are shown in Figure 1.2. • 
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}' 
y = /(x) 

LO 

0.6 

0.4 

0.2 Figure 1.2 The intermediate ~,,,!:;~ 

theorem applied to the function 
0.0 '---+---~--~-+-~--~- x f(x) "' cos(x- 1) over [0, 1] and 

cl O:'i LO 1.5 2 2.n 2.5 over the intervaJ [I, 2.5]. 

)' (xl'f(xl)) 
60 

50 

40 

30 

20 

10 

0.0 0.5 1.0 

y=f(x) 

1.5 2.0 2.5 

(b, f(b)) 

3.0 

Figure 1.3 The extreme v~b: 
theorem applied to the funct\•.••• 
f(x) = 35 + 59.5x- 66.5x:· '· · ' 
over the interval [0, 3]. 

Theorem 1.3 (Extreme Value Theorem for a Continuous Function). Assume that 
f E C[a, b]. Then there exists a lower bound M1, an upper bound M2, and two 
numbers X!, xz E [a, b] such that 

(7) M1 = f(xJ) .::S f(x) ::: f(xz) = M2 whenever x E [a, b] 

We sometimes express this by writing 

(8) M 1 = j(x!) = min (j(x)) and M2 = f(xz) = max {f(x)). 
a~x~b a~x$b 

Differentiable Functions 
Definition 1.4. Assume that f (x) is defined on an open interval containing xo. Then 
f is said to be differentiable at xo if 

(9) I
. /(x)- /(xo) 
tm 

X->Xj) X- XQ 
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exi~ts. When this limit exists, it is denoted by f' (xo) and is called the derivative off 
at xo. An equivalent way to express this llmit lS to use the h-increment notation: 

(IO) 
r f(xa +h)- j(:ro) j''( ) 
h~~o h "" xo · 

A function that has a derivative at each point in a sc~ S is said to be dijferentiohle 
on S. :"lote that, the number m = J'(xJ) is the slope of Ll-Je t.ar:gent I toe to the graph of 
the function y = j(x) at the point (xo, f(.~o)). ..t. 

Tbeorem 1.4. If j(x) is differentiable at x = xo. then f<x) is continuous at x = xo. 

It follows from Theorem 1.3 that, if a function f is differentiable on a closed 
interval Ia, b], then its extreme values occur at the end points of the interval or at the 
critical points (solutions of f'(x) = 0) i:~ the open interval (a, b). 

Example 1.2. The function j(.r) = 15x3 - 66.5x 2 o~-59.5x +35 is differentiable on [0, 3l 
The solutions to f'ix) = 45x2 - 123x -t- 59.5 = 0 are XJ = 0.54955 andx2 ""2.40601. 
The maxim•Jm a:1d minimum vaJues off on [0. 3] arc: 

rnin!f(O), j(3), f(XI ), j(xz)} = rnin(35. 20. 50.10438, 2.11350) = 2.11 B50 

and 

maxlf(O), f!3), j(xl ), f(x2)) = max(35, 20. 50.10438, 2.1!8501 = 50.1 043S. • 

'l'bwrem 1.5 (Rolle's Theorem). As&'.lme. ilia\ f E qa, b\ and fuat f'{x} ~xis\s fm 
allx E (a, b). If j(a) = j(b) = 0. then there exists a numberc, widl co: (a, b). such 
that /'(c)= 0. 

Theorem 1.6 (Mean Value Theorem). Assume that f E C[a, b] and that f'(x) 
exists i'or all x E (a. b). Then there exists a m:mher c, with c E (a. b), such that 

(]1) f'(c) = /(b)- j(a). 
b-a 

Geometrically, the Mean Value Theorem says that there is at least one number 
c E (a. b) such that the slope of the tangent line to the graph of y = f (x) at the pomt 
(c, J(c)) equals dle slope of the secant hnc through the points (a. f(a)) and (b, f(b)). 

EDJDple 1.3. The function fl.r) = sin(x) :s continuous on the closed intervai!O. I, 2.1) 
and differentiable on the open interval (O.l, 2.l). Thus, by the Mean Value Theorem, ~re 
is a number c such that 

J'(c) = /(2.1) - j(O.l) = 0 863209- 0.09983~ = 
0

.
381688

_ 
2.1-0.1 2.1-0.1 

flle solution to f'(c) =coste)= 0.381688 in the interval (O.l, 2.1) is c ·'- 1.179174. 
"be graphs of j(;:), the secant line y = 0.38!688x + 0.099833, and the tangent line 
• = 0.381688x ·t 0.474215 arc shown m Figure 1.4. • 
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1.0 

{(b) 

0.5 

f(a) 

y 

a 

(b, /(b)) 

0.5 

Figure 1.4 The mean value theorem applied to f (x) = 
sin(x) over the interval {0.1, 2.1 ]. 

Theorem 1.7 (Generalized Rolle's Them·em). Assume that f E C[a, b] and that 
f'(x). J"(x), ... , l(n)(x) exist over (a, b) and xo, Xl, ..• , Xn E fa, b]. If l(xj) = 0 
for j = 0, I, ... , n, then there exists a numberc, with c E (a, b), such that J<nl(c) = 0. 

Integrals 
Theorem 1.8 (First FundamentaJ Theorem). Iff is continuous over [a, b] and F 
is any antiderivative of I on fa, b J, then 

(12) ib f(x) dx = F(b)- F(a) where F'(x) = f(x). 

Theorem 1.9 (Second Fundamental Theorem). If 1 is continuous over [a, b] and 
x E (a, b), then 

(13) d r 
dx Ja f(t) dt = f(x). 

Example 1.4. The function f (.x) = cos(x) satisfies the hypotheses of Theorem I . 9 over 
the interval [0, tr/2], thus by the chain rule 

d rl 
dx Jo cos(t) dt = cos(x2)(x2

)' = 2x cos(x 2
). • 

Theorem 1.10 (Mean Value Theorem for Integrals). Assume that f E C[a, bJ. 
Then there exists a number c, with c E (a, b), such that 

- 1- {b f(x) dx = f(c). 
b- a Ja 

The value f(c) is the average value off over the interval [a, b]. 

SEC. I.! REVIEW OF CALCULUS 

y 

0.8 

0.6 

0.4 

0.2 Figure 1.5 Thf:: mean value 
theorem for integrals applied to 

7 

0.0 -P···'•''·········-'·-,-- .. c.: .•... --·•·······'-',··-~----'·-~-'•'····'---~----~~-~-'---~--•---;- x f(x) = sin(x) + ~ sin(3x) over the 
0.0 0.5 1.0 1.5 2.0 2.5 interval [0, 2.5]. 

Example 1.5. The function /(x) = sin(x) +! sin(3x) satisfies the hypotheses of The
orem 1.10 over the interval [0, 2.5]. An antiderivative of" f(x) is F(x) = - cos(x) -
b cos(3x ). 1be average value of the function f (x) over the interval [0, 2.5] is: 

_1_ [ 2
·
5 f(x)dx = F(2.5)- F(O) = 0.762629- (-1.111111) 

2.5 - 0 } 0 2.5 2.5 

= 1.873740 = 0.749496. 
2.5 . 

There are three solutions to the equation j(c) = 0.749496 over the interval [0, 2.5]: 
cr = 0.440566, i:z = 1.268010, and c3 = 1.873583. The area of the rectangle with 
base b- a = 2.5 and height f(cj) = 0.749496 is f(cj)(b- a) = 1.873740. The area 
of the rectangle has the same numerical value as the integral of f(x) taken over the inter
val [0, 2 .5]. A comparison of the area under the curve y = f (x) and that of the rectangle 
can be seen in Figure 1.5. • 

Theorem 1.11 (Weighted Integral Mean Value Theorem). Assume that f, g E 

C[a, b] and g{x) :=: 0 for x E [a, b]. Then there exists a number c, with c E (a, b), 
such that 

(14) 1b f(x)g(x)dx = j(c) lb g(x)dx. 

Example 1.6. The functions j(x) = sin(x) and g(x) = x 2 satisfy the hypotheses "r 
Theorem I . I I over the interval [0, 1r /2]. Thus there exists a number c such that 

_ ( ) J;/2 
x 2 sin(x) dx 1.14159 

sm c = ,.12 = 
1 29193 

= 0.883631 
fo x2dx . 

ore= sin- 1(0.883631) = 1.08356. • 
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Series 

Definition 1.5. Let (a,,1~ 1 he a .~equencc. Then 2:~ 1 an is an infinite series. The 

nth partial sum is Sn = Lt=l at. The infinite series converges if and only if the 
<;equence {S, }~ 1 COOVCJ'FCS to a limit S, that is. 

II 

(15) lim S,. = Jim ""OJ.= S. ~t--)oo n-+oo ~ 
.t=l 

[fa series does not converge, we say that it diJ'e11leS. 

Example 1.7. 
partial sum is 

Consider the infinite sequence {a,}~ 1 = { - 1
-} 

00 

. Then the nth 
n(n + 1) •-' 

Therefore, the swn of the infinite series is 

S = lim Sn = lim (I n__!_f 
1 

) = I. 
n~x n -•DC • 

Theorem 1.12 (Taylor's Theorem). Assume that f E C + 1 [a. b] and let xo E 

[a, b]. Then. for every x E (a. b), there exists a number c = c(x) (the value of c 
depends on the value of x) that lies between x0 and .t such that 

(16) _f(x) = Pn(X) + Rn(X.). 

where 

(17) 

md 

f(n+O(c) 
Rn(X) = (x- xo)"-l 1

• 
(11 + 1)! 

Example 1.8. The function f (.t) = sin(x) sati$fies the hypothe;,es of Theorem 1.12. l : ;,· 
Taylo1 polynomial Pn(x) of degrcen = 9 expanded about xo = 0 is obtained bv evalu3tl:·: 

sse. 1.1 RF.v!F.w oF CALr:m.us 

y 

t.O 

0.5 

-0.5 

-1.0 

Fleure 1.6 The graph of f(x) = sin(x) and the Taylor 
polynomial P(x) -X - XJ /3! +X~ /5! - X 7f7! + .x9/9!. 

the followi og derivatives at .x = 0 and ~uhstituting the numerical values into formula ( 17; 

f(x) = sin(x), 

j'(x) = cos(x). 

j"(x) =- sin(x), 

fC 31 {x) - - cos(x), 

f(9\x) = cos(x). 

/(0) = 0. 

j'(O) = 1, 

f"(O) = 0, 

fm(DJ- -1. 

/\ graph of both f and P9 over the interval [0. lrr] is shown in Figure 1.6. 

9 

• 

Corollllry l.l. If Pn (x) is the Taylor polynomial of degn:e n given in Tin:orern 1.12. 
thl;'n 

(19) 

Evaluation of a Polynomial 

Le-t the polynomial P(x) of degree n have the fonn 

(20) 
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Horner's method or synthetic djvision is a technique for evaluating polynomials. H 
can be thought of as nesred multiplication. For example, a fifth-degre~ polynomial can 
be written m t'Je nes:ed muhipllcation form 

Theorem 1.13 (Horner's Method for Polynomial Evaluation). Assume that P(x) 
is the polynomial given in equation (20) and x = cis a number for which P(c) is to be 
evaluated. 

Se: b,, = a, and compt.ne 

(21) for k = n - [, 11 - 2, ... , I, 0: 

then ho ~= P(c). Moreover, if 

(22) Qo<x) = b,.x"-r ;- b,_1x"- 2 + · · · ;- b}x2 - h2x + b1• 

then 

(23) P(x) = (x - c)Qo(x) ..... R{), 

where Qo(x) is the quotient polynomial of degree n - 1 and R{) = bo = P(c) is the 
remainder. 

Proof Substituting the right side of equation (22) for Qo(x) and bo for Ro in equa
tion (23) yields 

P(x) = (x - c)(bnx"-1 "'- b11-tx"-2 + · · · + h3x 2 + ~x + bt) + bo 
(24) = bnx" '!" (bn-1 ~ cbn)x"- 1 + · · · + (/n- ch))x 2 

+ (bJ - cb2lx + (bo - cb1 ). 

The numbers bk are detennined by comparing the coefficients of .~ 4 in equatim1s (20) 
and (24 ). as shown in Table 1.1. 

The value P(c) = ho is easily obtained by substituting x = c into equation (22) 
and using the fact that R0 = bo: 

(25) P(c) = (c- c)Qo(c)..,... Ro = bo. • 

The recursive fonnula for bk given i:l (21) is easy to impleme:11 with a cnmputer. 
A simple algorithm i~ 

b(n) = a!n}: 

fork = n - I: - l: 0 
b(k)-= a(k} + c * h(k- 1 ); 

end 
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Table 1.1 Coefficients bt for Horner's Melhod 

Comparing (20} and (24) Solving for bt 

On =bn b, :=an 
On-l =bn-1 -cb11 b.,_ I :=an-1 +cbn 

Table 1.2 Homer's Table for the Synthetic Division Process 

Input l an an-1 an-2 at az at ao 
X I xbn xbn-1 xbk+t Xb3 X~ xbt 

bll bn-1 bn-2 b~ h?. hl · bo = P(x) 

1 Output 

When Homer's method is perfonned by hand, it is easier to write the coefficie:m of 
P(x) on a line and perform the calculation b1c = at+ cbk-+1 below ak m a colum:1. 
The fonnat for this procedure is illustrated in Table I .2. 

Example 1.9. Use synthetic division (Homer's method) to find P(3) for the poly:-~omi::l 

Input 
x-3 

as 
] 

Therefore, P(3) = 17 

P(x.) = x. 5 
- 6x4 + 8x 3 

- 8x 2 + 4x -40. 

IZ4 a3 a2 <7] 

-6 8 8 4 
3 -9 -3 !5 

-3 -1 5 19 

b4 b3 bz bt 

ao 
-40 

57 

17=P(3)=bo 

Output 

• 
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Exercises for Review of Calculus 

L (a) Find L = li:n11 ~:x.(4.n + l:t/{2n- l ). Tben determine jf,l = jL x.} and find 

~inln •x€j1 • 

(b) FindL = l:m ...... ru(2n2-'--6n-IJ/(4n2+2n+l). Then determine(!.)= jL-xnl 

and find limn-+oo E11 • 

2. Let {x.};;"'_ 1 be a sequence such thatlimn-+oo Xn = 2. 

(a) find lim •. ~X> sin(x. I. (b) Find hm•·+-:>e ln(x~). 

3. Fine the number(s] <" referred to in the intermediate value theorem for each function 

over the indicated interval and for the g1v1:n value of 1.. 

(a} .f(x)= -x 2 +2x+3ovcr(--!,O]usingL=2 

(b) rx) = ,fx2- 5x -- 2 over [6, 8] using L = 3 

4. Find the upper and lower bounds referred to in the extreme value theorem for each 

fun:tion over the indicated interval. 

(a) f(.l):::: x 2 - 3x +lover I-I. 2] 
(b) f(x) = cos2(xl - sin( .:c) over {0, 2;r) 

5. Find the nuober(si c referred to in Rolle's theorem tor each function over the indi

cated interval. 

(a) f(x) = x 4 - 4.t 2 over 1-2. 2] 

(b) f(x) = sin(x) + sin!2x) over 10. 21r I 

6. Find the nurnber(s) c referred to in the mean value theorem for each function over the 

indicated interval. 

(a) j(xl'-""Jxoverl0,4] 
r2 

(b) f<x) = --- over[O, I] 
x-1 

7. Apply t~e generalized Rolle's thoorern to f(:x) = x(x- l)(x- 3) over [0, 3]. 

8. Apply the first fundamental theorem of calculus to each function over the indicated 
interval. 

Ca) /U) = xe' over 10. 2] 
3x 

Chl fU) = --·--- over! -1. I J 
x2 + l 

9. Apply the second fundamental theorem of calculus to each function. 

(a) -A _1~; 12 cos(l) lit Cb) j, It·' e'~ dr 

10. hnd the nuober(sj c referred to in the mean valLe t:1corem for (nteg~als for each 

function, over Lhc indicated interval. 

fa) f(x) = 6x~ ove~ 1-3. { 
{b) /(X) ~~ X COS(.\) over [0. ]Jr/2] 

II. l"ind the sum nf each sequence or series. 
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(a) { ~. r 2 n=O 

(b) { ~ r 
Jn' n= I 

(X, X 3 I 
(c) Ln(n~ l) (d) 

L4ki -I 
n=l k=] 

12. Find the Taylor polynomial of degree n "· 4 for each funclian expanded about tl1• 

give:J value of xo. 

(a) j(x) = ..fi, xo =I 

(b) j(x)=x~+4x 2 +3x+!,xo=0 

(c) f(x) = cos(x}, xo = 0 

13. Given that f(:r) = sin(x) and P(x) = x- x3 /3! + x·1 ;5! -x7/7! +x<J /9!, Show tl:, 
pCk)(Q) = t<k)(Q) fork= 1, 2, .... 9. 

14. Use synthetic division {Homer's method) to find P(c). 

(a) P(.x) = x4 + x 3 - 13x2 - x- 12, c = 3 

(b) P(x) = 2.x 7 +x6 +xs- 2.x4 -x +23, c = -1 

15. Find the average area of all circles centered al the origin with radii between I and 3. 

16. Assume that a polynomial, P(x), has n real roots in the interval [a, b]. Show tha 
pCn-l)(x) has at least one real root in the interval [a, b). 

11. Assume that f, f'. and!" are defined on the interval [a. bJ; /(a) = f(b) = 0; a~1 
f(c) > Ofor c E (a, b). Show that there is a number d E (a. b) such that f"(d) < 0 

1.2 Binary Numbers 

Human beings do arithmetic using the decimal (base 10) number system. Most com 

puu:rs do arithmetic using the binary (base 2) number system. It may seem otherwise 
since commun:cation with the computer (input/output) is in base 10 numbers. Thi: 
transparency does not mean that the computer uses base I 0. In fact, it converts input 
to base 2 (or perhaps base 16). then performs base 2 arithmetic, and finally translate 

the answer into base 10 before it d1splays a result. Some experimentation is require1 

to verify this. One computer with nine decimal digits of accuracy gave the answer 

{I) 
IOO.tXlO 

2:::: 0.1 = 9999.99447. 
k--1 

Here the rmcnt was to add the number lj repeatedly : 00. 000 times. The mathcmalil'a 

answer is e~actly I 0. 000. One goal is to understand the reason for the computer's ap 

parently flawed calculation. At the end of this section, it will be shown how somethin; 

is los! when the computer translates the decimal fraction Yo into a binary number. 
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Binary ~umbers 

Base I 0 numbers arc used for most mathematical purposes. For illustration, the number 
1563 is e11pressible in expandedfonn as 

1563 = o x ro·1) ~ (5 x HY) + (6 x 101, + (3 x 10°). 

In general. let N denote a positive integer; then t:~e digits ao. a 1 •••• , ak exist so that 
N has the base l 0 expansion 

N = (ak X lOk) ....... (ak-1 X wk--l) + < •• T (Gj X 10 1) -r (ao X 10°), 

where the digits ak are chosen from !0, l .... , 8. 9}. Thus N is expressed in decimal 
noration as 

(2) (decimal) 

If it is understood that I 0 is the base. then (2) is written as 

Fer example, we understand L\J.at 1563 = l563ter.· 
Using powers of 2. the number 1563 can be written 

1563 = (l X 210
) + (l X 29

) + (0 X 28) + (0 X 27
) + (0 X 26

) 

(3) -+- (0 X 25) + (l X 24) + (l X 23) + (0 X 22) + (1 X 21) 

This can be verified by performing the calculation 

1563= 1024+512+16+8+2+1. 

In generaL let N denote a positive imeger; the digits bo, b1, ... , b J exist so that N 
has the base 2 expansion 

<4J N = (hJ x 21 ) + (bJ--1 x 21
-') +- .. + (b1 x 21

) +<box 2°), 

where each digit b_~ is either a 0 or 1. Thus N is expressed in binary notation as 

(5) (binary). 

l,;sing the notatior. (5) and the result in (3) yields 

1563::::: 1100001101ltwo· 

Remarks. The word "two" will always be used as a subscript at the end of a binary 
number. TI1is will enable the reader to distinguish binary numbers from the ordinary 
~ase 10 usage. Thus lll means one hundred eleven. whereas lll 1wo stands for seven. 
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It is usually the case that the binary representation tor N will require more digits 
than the decimal representation. This is due to the fact that powers of 2 grow much 
more slowly than do powers of 10. 

An efficient algorithm for finding the base 2 representation of L'le integer N can be 
derived from equation (4). Dividing both sides of (4) by 2 yields 

(6\ N (b ..,J-1· b 2J·2) "b zO· bo ' l = } X~ ) -t- ( J-1 X ;-" · -l I 1 X J + 2 . 
Hence the remainder, upon dividmg N by 2, is the digit b(l. ~ow detennir.e b1 . !(" ((\~ 
is written as N/2 = Qo + bo/2, then 

(7) Qo = (b; X z.!-l) + (b.f--t X 21 - 2 ) + · ·- ~ (h) X 2 1
) + (b 1 X 2°1. 

Now divide both sides of (7) by 2 to get 

Qo b ,1-2) (b 1-1 o h -
2 

= ( J X - ~ ) ·-I .X. 2 ) + · · -+ (b2 X t ) -~ · -
2 

Hence the remainder. upon dividing Qo by 2, is the digit b I· Tnis process ts continued 
and generates sequences I Q ~ :· and I bk} of quotients and remainders, respectively. The 
process is terminated when an integer J is found such that Q 1 = 0. The sequences 
obey the followir.g formulas: 

(8) 

N = 2Qo~bo 
Qo = 2QI- h 

QJ-2 = 2QJ-t +hJ-1 

QJ-1 = 2Q; +b) (Qj = 0). 

Example l.IO. Show bow to obtain 1563 = 11000011011 1,..0 . 

Stan with N = 1563 and construct the quOtients and remainders according to the 
equations in (8): 

1563 = 2 X 781 + I, bo =I 
781 = 2 X 390 +I, b1 =I 

390= 2 X !95+0, b:l = 0 
)95 = 2 X 97 +], b3 =I 

97=2 X 48+ I. b4 =I 
48=2 X 24-'-0, b5 = 0 
24=2 X 12 + 0, b6 =0 

12 = 2 X 6+0. In =0 

6=2x 3+0. bg =0 

3=2x I+ 1. b9 = 1 

1=2x 0 +I. biO = :. 
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Thus tt.e binary representation for 1563 is 

• 

Sequences and Series 

When rational numbers are e1lpressed ir. decimal form, it is often :he case tha: infinitely 
many digits are req~.:ired. A familiar example is 

I -
- = 0.3. 
3 

Here the symool3 means that the digit 3 is repeated forever to form an infinite repeating 
decimal. It is understood that 10 is the base in (9). Moreover, it is the mathematical 
intent that (9) is the shorthand nO£ation for the infinite series 

5 = (3 X 10 1
) + (3 X !0-2

) .._ • · · + (3 X 10-") + · · · 
(10) 

If only a finite number of digits is displayed, then an appro1limation to 1/3 is obtained. 
For example, 1/3 ""'0.333 = 333/I(X)(). The error in this approximation is I/3000. 
Using (10), the reader can verify that J /3 = 0.333 ~ I /3000. 

It is important to understand the e1lpansion in {I 0). A naive approach is to multiply 
both sides by 10 and then subtract. 

lOS == 3 + (3 X J0 I) + (3 X 10-2) + · · · + (3 X 10-n) + · · · 
-s == - (3 x w- 1)- (3 x w-2)- ... - (3 x w-n)- ... 

--··- .. -· -

9$ == 3 + (0 X 10-l) + (0 X [ o-2) ...;.. .. · + (0 X 10 ") + · · · 

·rnerefore, S = 3/9 = lj3. The theorems necessary to justify taking the difference 
between two infinite series can be found m most calculus books. A review of a few of 
the concepts follows. and the reader may war.t to refer to a standard text on calculus to 
fill m all the C.ctails. 

Definition 1.6 (Geometric Series]. The infinite series 

01.1 
oc 

L cr" = c ...... cr + cr 2 ..,... · · · ~ cr" + ... 
n=O 

where c f= 0 and r i= 0, is called a geometric series with rauo r. 
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Theorem !.14 (Geometric Series). Tne geometric series has the following proper
ties: 

(12) 

(l3) 

Proof 

(14) 

00 

If lri < 1. then L:crn = _c_. 
,==() I - r 

If lr I > I, then the series diverges. 

The summation fonnula for a finite geometric series is 

~ c(l-rn"'l) 
Sn = c + cr -l- cr~ + · · · + ern = -----.:.. 

1-r 
for r =j:. I. 

To establish (12), observe that 

{15) lr < 1 implies rhat lim r"+l = 0. 
rJ-+00 

Taking the limit as n __,. oo, use ( 14) and ( 15' to get 

J:m Sn = _c_ (1 - lim r"+ 1) = _c_. 
n· • x; 1 - r n-.oo 1 - r 

By equation 115) of Section 1.1, the limit above establishes (12). 

When rl ::: I, the sequence l:r"-ll does not converge. Hence !he sequence {Snl 
in (14j does not tend to a limit. Therefore, (13) is established. • 

Equation (12) in Theorem 1.14 represents an efficient way to convert an infinite 
repeatmg decimal into a fraction. 

Example 1.11. 

00 oc 

oj =I: 3oo>-k = -3- I: 3(10) ·~ 
k=l k=O· 

3 10 I 
;;;;-3+--l =-3+-=-. 

1-ro 3 3 • 

Binary Fracttom 

Binary (base 2) fractions can be expressed as sums involving negative powers of 2. If 
R is a real number that lies in t.r.c range 0 < R < I, there exist digits d1• d2, ... , 

d11 , ••• so that 

(16) R = (di >: 2-') ~ (d2 X 2 2) + ... + (d, X T") + .... 

where dj E {0, 1). We usually express the quantity on the right side of (16) in the 
binary fraction notation 

(17) 
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There are many real numbets whose binary representation requires infinitely many 
digits. 1llc: fraction 7 I I 0 can be expressed as 0. 7 in base 10, yet its base 2 representa
tion requires infinitely many digits: 

7 --(]8) lO:::;;; 0.10ll0tw0 • 

The binary fraction in (18) is a repeating fraction where the group of four digits. OliO 
is repeated forever. 

An efficient algorithm for finding base 2 representations can now be developed. If 
borh sides of (l6) are multiplied by 2, the resuit is 

(19) 2R == d1 + ((d2 X r 1
) -1- • · • ..,_ (dn X r'...- 1) + · · · ). 

The quantity in parentheses on the right side of ( 19) is a positive number and is lc~s 
than 1. Therefore d1 is the integer part of 2R, denoted dt = int (2R). To contim:e the 
process, take the fractional part of (19) and write 

(20) FJ = fracl2Rl = (d._ X 2' I)+ . '' + (dn X rn· I) + ...• 

where frac(2R) is the fractional part of the real number 2R. Multiplication of both 
sides of (20) by 2 results in 

(21) Zf't = dz + ((d3 X r 1)-:- ... + (dn X rn+ 2) + ... ). 
~ow take the integer part of (21) and obtain d2 = int(2F1 ). 

The process is continued, possibly ad infinitum (if R has an infinite nonrepeating: 
base 2 representation). and two sequences ldk I and ~ F* J are recursively genera(ed: 

dk = in I( 2Fk-, ). 

F, = frac(2Fk_!), 
(22) 

where d1 = int(2.R) and F1 :.:;;; frac(2R). The binary decimal representation of R is 
then given by the convergent geometric series 

00 

R = L dj(2)-j. 
j=l 

Example J.12. The binary dedmaJ representation of 7/10 given in ( 18} was found usmg 
the formulas in (22). Let R = 7/10 = 0.7; then 

2R --· 1.4 d1 = int(l.4) = 1 F1 = frac( 1.4) = 0.4 

lF1.:..:. 0.8 d2 = int(0.8) = 0 F2 = frac40.R) = 0.8 

2h = 1.6 d~ = int(l .6) = 1 F3"" frac( 1.6) ~ 0.6 

2F3 = 1.2 d4 = int(l.2) = 1 F4 = frac(l.2J ""0.2 

2F:. = 0.4 d~ = int(0.4) = 0 F5 = frac(0.4) =:: 0.4 

2F:. = 0.8 d6 = int(0.8} = 0 F0 ,_ frac(0.8) o 08 
2h= 1.6 d1 = int( l.6) = I F1 == frac~ 1.6) = 0 () 
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Note that lF2 = 1.6 = 2 F0 . The pattems dk = dk-4 and h = Fk+4 will occ~.:r fork = 2. 
3, 4, .. Thus 7/10 = O.JOliDtwo- • 

Geometric series can be used w find the base I 0 rational number tha: a binary 
number repre<>ents. 

Example 1.13. Find the base 10 rational number that the binary number 0.01 rwo rcpre· 
sent~. In expanded form. 

O.O'f1wo = (0 X 2-i) +(I X T 2) ~ (0 X T 3
) + (! x 2-4

) r · · 
00 ex; 

= I:<z-2l" = -t + L::rz-2)k 
k=l k=O 

l 4 I = -I + -- ,~ -I + - = _,. 
I-t 3 3 • 

Binary Shifting 
If a ration~! number that is equivalent to an infinite repeating bina.)t expansion is to be 
J1JunJ. then a shift in the digits can tx: helpful. For example, let S be given by 

S = O.OOOOOIIO<Xltwo· 

Muil.ipl) in!' both sid~s of (23) by 25 will shifr the binary point five places to the r'.ght. 
a.1d 32S h:r.; the fonn 

(~4) 

Sit;Jibrl>. muhiplying both sides of (23) by 2 1c will shift the binary poinl ten places to 
the ri2ht ;1nd 10245 has the fonn 

(25) I 024S = ll 000.11 ~W(>· 

The r<~sult of naively taking the differences between the left- and right-hand sides or 
(24) ar.d C5) is 992S = II CIOOtv.o or 992S = 24, since ll [)()(\..,0 = 24. 'lberefore. 
s.,.... x;.n. 

Scientific Notation 
,\ -;:a:1cbrd way to present a real nu:nber. called scientific notation. is obtained hy 
~111 flu I~ tilt decimal point and supplying an appropria:e power of I 0. For ex~mple, 

o.0000747 = 7.47 x w- 5, 

31.4159265 = 3.14159265 X 10. 

9.700,000.000 = 9.7 X J09
. 

In c:~emistry. an important constant is Avogadro's mnnber, whicl: is 6.02252 x 1023 . It 
is the nu:nbcr of atoms in the gra:n atomic weight of an element. In computer science. 
I K ~· 1.024 x 103 . 
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Table 1.3 Decimal Equivalents for a Set of Binary Numbers with 4-Bit Mantissa and 
Exponent of n = ~3, -2, ... , 3, 4 

Exponent: 

Mantissa n=-3 n = -2 n = -1 n=O n=1 n=Z n=3 n=4 

0.1()()(ltw0 0.0625 0.125 0.25 0.5 I 2 4 8 
0.1001two 0.0703125 0.140625 0.28125 0.5625 1.125 2.25 4.5 9 
0.1010.wo 0.078125 0.15625 0.3125 0.625 1.25 2.5 5 10 
O.!Olllwo 0.0859375 0.171875 0.34375 0.6875 1.375 2.75 5.5 11 

0.1 IOO.wo 0.09375 0.1875 0.375 0.75 1.5 3 6 12 
O.ll01two 0.1015625 0.203125 0.40625 0.81.25 1.625 3.25 6.5 13 
O.lliOtwo 0.109375 0.21875 0.4375 0.875 1.75 3.5 7 14 
0.111 ltwo 0.1171875 0.234375 0.46875 0.9375 1.875 3.75 7.5 15 

Machine Numbers 

Computers use a normalized floating-point binary representation for real numbers. 
This means that the mathematical quantity x is not actually stored in the computer. 
Instead, the computer stores a binary approximation to x: 

(26) X;::,;; ±q X 2". 

The number q is the mantissa and it is a finite binary expression satisfying the inequal
ity l /2 ::; q < l. The integer n is called the exponent. 

ln a computer, only a small subset of the real number system is used. Typically, this 
subset contains only a portion of the binary numbers suggested by (26). The number 
of binary digits is restricted in both the numbers q and n. For example, consider the 
set of all positive real numbers of the form 

(27) 

where d1 = 1 and d2, d3, and d4 are either 0 or 1, and n E { -3, -2, -I, 0, 1, 2, 3, 4}. 
There are eight choices for the mantissa and eight choices for the exponent in (27), and 
this produces a set of 64 numbers: 

(28) {O.IOOOtwo X T 3 ,0.l00lrwo X 2-3, .... O.J110two X 24 ,0.lllltwo X 24
}. 

The decimal forms of these 64 numbers are given in Table 1.3. It is important to Jearn 
that when the mantissa and exponent in (27) are restricted the computer has a limited 
number of values it chooses from to store as an approximation to the real number x. 

What would happen if a computer had only a 4-bit mantissa and was restricted 

to perform the computation (It + ! ) + ~? Assume that the computer rounds all real 

numbers to the closest binary number in Table 1.3. At each step the reader can look at 
the table to see that the best approximation is being used. 
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I ~ 10 O.llOltwo X 2-3 = O.OllOltwo X 2-2 

(29) I ~ 5 O.llOltwo x 2-2 = O.llOltwo X 2-2 

-3-
O.OOllltwo X 2-1 • m 

The computer must decide how to store the number O.OOllltwo x 2-2. Assume that 11 

is rounded to 0.101(\wQ x 2-1• The next step is 

(30) 

In ~ 0.1011\wo X 2-l = 

! ~ 0.101ltw0 X2-2 = 
-7-

n 

O.lOIOtwo x 2-1 

O.OlOlltwo X 2-1 

O.llllltwo X 2-1• 

The computer must decide how to store the numberO.llllltwo x 2-1. Since rounding 
is assumed to take place, it stores O.IOOO<>two x 2°. Therefore, the computer's solution 
to the addition problem is 

(31) 

The error in the computer's calculation is 

(32) 
7 ls - 0.11)()()(\wo ~ 0.466667-0.500000 ~ 0.033333. 

Expressed as a percentage of 7/15, this amounts to 7.14%. 

Computer Accuracy 

To store numbers accurately, computers must have floating-point binary numbers with 
at least 24 binary bits used for the mantissa; this translates to about seven decimal 
places. If a 32-bit mantissa is used, numbers with nine decimal places can be stored. 
Now, again, consider the difficulty encountered in (1) at the beginning of the section, 
when a computer added 1 I 10 repeatedly. 

Suppose that the mantissa q in (26) contains 32 binary bits. The condition 1/2 .::: q 
implies that the first digit is d 1 = 1. Hence q has the form 

(33) 

When fractions are represented in binary fonn, it is often the case that infinitely 
many digits are required. An example is 

(34) 
I -

IO = O.OOOlltwo· 
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When the 32-bit mantissa is used, truncation occurs and the computer uses the internal 
approximation 

(35) _2_ "'=' O.ll001100110011001100110011001l(}Q..,0 x T 3, 
10 

The error in the approximation in (35), the difference between (34) and (35) is 

(36) O.llOOtwo X T 35 ;:::; 2.328306437 X w- 11 . 

Because of (36), the computer must be in error when it sums the 100,000 addends 
of 1/10 in (l). The error must be greater than (l00,000)(2.328306437 x w- 11 ) = 
2.328306437 x w-6. Indeed, there is a much larger error. Occasionally, the partial 
sum could be rounded up or down. Also, as the sum grows, the latter addends of 1/10 
are small compared to the current size of the sum, and their contribution is truncated 
more severely, The compounding effect of these errors actually produced the error 
w.ooo- 9999.99447 = 5.53 x w-3

. 

Computer Floating-point Numbers 
Computers have both an integer mode and ajloating-point mode for representing num
bers. The integer mode is used for performing calculations that are known to be integer 
valued and has limited usage for numerical analysis. Aoating-point numbers are used 
for scientific and engineering applications. It must be understood that any computer 
implementation of equation (26) places restrictions on the munber of digits used in the 
mantissa q, and that the range of possible exponents n must be limited. 

Computers that use 32 bits to represent single-precision real numbers use 8 bits 
for the exponent and 24 bits for the mantissa. They can represent real numbers with 
magnitudes in the range 

2.938736E- 39 to 1.701412E + 38 

(i.e., 2- 128 to 2127) with six decimal digits of numerical precision (e.g., r 23 == 1.2 x 
w-7). 

Computers that use 48 bits to represent single-precision real numbers might use 
8 bits for the exponent and 40 bits for the mantissa. They can represent real numbers 
in the range 

2.9387358771 E- 39 to 1.7014118346E + 38 

(i.e., 2- 128 to 2 127) with ll decimal digits of numerical precision (e.g., 2-39 = 1.8 x 
to-rz). 

If the computer has 64-bit double-precision real numbers, it might use 11 bits for 
the exponent and 53 bits for the mantissa. They can represent real numbers in the range 

5.562684646268003 E- 309 to 8. 988465614311580E + 307 

(i.e., 2- 1024 to 21023 ) with about 16 decimal digits of numerical precision (e.g .• z-52 = 
2.2 x w-16). 
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Exercises for Binary Numbers 

1. Use a computer to accumulate the following sums. The intent is to have the computer 
do repeated subtractions. Do not use the multiplication shortcut. 

(a) lO,ooo-:L!~i000 0.1 (b) 10,000-:L~~~O.l25 
2. Use equations (4) and (5) to convert the following binary numbers to decimal 

(base 10) form. 

(a) l0101two (b) 111000rwo 

(c) 1111111Dtwo {d) 100000011ltwo 

3. Use equations (16) and (17) to convert the following binary fractions to decimal 
(base 1 0) form. 

(a) O.llOlltwo 

(c) O.l01010ltwo 

(b) 0.10101two 

(d) 0.11011011Dtwo 

4. Convert the following binary numbers to decimal (base 10) form. 

(a) 1.0110101two (b) 1 L0010010001two 

5. The numbers in Exercise 4 are approximately ../2 and rr:. Find the error in th~_,c 
approximations, that is, find 

(a) ../2- 1.01101011wo (Use ..fi == 1.41421356237309 · · ·) 

(b) 7f - 11.0010010001two (Use rr: = 3.14159265358979, · ·) 

6. Follow Example 1.10 and convert the following to binary numbers. 

(a) 23 (b) 87 (c) 378 (d) 2388 

7. Follow Example 1.12 and convert the following to a binary fraction of the form 

O.dtdz · · · dntwo· 
(a) 7/16 (b) 13/16 (c) 23/32 (d) 75/128 

8. Follow Example 1.12 and convert the following to an infinite repeating binary frac
tion. 

(a) 1/10 (b) 1/3 (c) 117 
9. For the following seven-digit binary approximations, find the error in the approxima

tion R- O.dtdzd3d4d5d6d?two· 

(a) 1/10""" 0.0001100.wo (b) 1/7""" 0.0010010two 

10. Show that the binary expansion l !7 = 0.00 I two is equivalent to ~ = k + tr + 5 i 2 + 
. ... Use Theorem 1.14 to establish this expansion. 

11. Show that the binary expansion 1/5 = O.OOlltwo is equivalent to ! = f6 + ~ + 
~ + .... Use Theorem 1.14 to establish this expansion. 

12. Proxe that any number z-N, where N is a positive integer, can be represented as a 
decimal number that has N digits, that is, z-N = O.dtdzd3 .. 'dN. Hint. 1/2 = 0.5, 
1/4 = 0.25, .... 
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13. Use Table L3 to detemtine what happens when a computer with a 4-bit mantissa 
performs the following calculations. 

(a) 0 + ~) + % (b) ( io + n + ~ 
(c) ( f, + ~) + ~ (d) (to + ~) + ~ 

14. Show that when 2 is replaced by 3 in all the formulas in (8) the result is a method for 
finding the base 3 expansion of a positive integer. Express the following integers in 
base 3. 
(a) 10 (b) 23 (c) 421 (d) 1784 

15. Show that when 2 is replaced by 3 in (22) the result is a method for finding the base 3 
expansion of a positive number R that lies in tbe interval 0 < R < 1. Express the 
following numbers in base 3. 
(a) 1/3 (b) 1/2 (c) 1/10 (d) 11/27 

16. Show that when 2 is replaced by 5 in all the formulas in (8) the result is a method for 
finding the base 5 expansion of a positive integer. Express the following integers in 
baseS. 
(a) 10 (b) 35 (c) 721 (d) 734 

17. Show that when 2 is replaced by 5 in (22) the result is a metbod for finding the base 5 
expansion of a positive number R that lies in the interval 0 < R < 1. Express the 
following numbers in base 5. 
(a) 1/3 (b) 1/2 (c) 1/10 (d) 154/625 

Error Analysis 

In the practice of numerical analysis it is important to be aware that computed solutions 
are not exact mathematical solutions. The precision of a numerical solution can be 
diminished in several subtle ways. Understanding these difficulties can often guide the 
practitioner in the proper implementation and/or development of numerical algorithms. 

Definition 1.7. Suppose that pis an approximation to p. The tlbsobue en-or is 
E p::::: jp- jj1, and the relative e"or is Rp = IP- Pl/\pl. provided that p # 0. .4 

The error is simply the difference between the true value and the approximate 
value, whereas the relative error is a portion of the true value. 

Example 1.14. Find the error and relative error in the following three cases. Let x == 
3.141592andx= 3.14; then the error is 

(Ia) Ex = jx- XI= J3.14I592- 3.141 = OJJOl592, 

and the relative error is 

jx- Xl 0.001592 
Rx = ~ = 3.141592 =OJlOSO?. 
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Let y = 1,000,000 andy= 999, 996; then the error is 

(lb) Ey == jy- Yl = 11.000,000- 999. 9961 = 4, 

and the relative error is 

IY- Yl 4 
Ry = ~ = 1.000,000:0.000004. 

Let z = 0.000012 and z = 0.1100009; then the error is 

(I c) Ez = lz- Z/ = 10.000012- 0.0000091 = 0.000003, 

and the relative error is 

R _ iz - Z1 _ 0.000003 _ 
z- I -

0 0000 - 0.25. 
Z/ . 12 • 

In case ( 1 a), there is not too much difference between Ex and Rx, and either could 
be used to detennine the accuracy of x. In case ( l b). the value of y is of magnitude I 06, 
the error Ey is large, and the relative error Ry is small. In this case, y would probably 
be considered a good approximation toy. In case (lc), z is of magnitude w-6 and 
the error Ez is the smallest of all three cases, but the relative error Rz is the largest. 
In terms of percentage, it amounts to 25%, and thus z is a bad approximation to z. 
Observe that as IPI moves away from 1 (greater than or Jess than) the relative error Rp 
is a better indicator of the accuracy of the approximation than E p· Relative error i.s 
preferred for floating-point representations since it deals directly with the mantissa. 

Definition 1.8. The number fi is said to approximate p to d significant digits if d is 
the largest positive integer for which 

(2) 
IP- Pl w-d ---<--IPI 2 . 

Example 1.15. Detennine the number of significant digits for the a\)proximations in 
Example 1.14. 

(3a) If X :;;; 3.141592 and :X= 3.14, then lx - Xjjjx I = 0.000507 < ro-2;2. Therefore, 
x approximates x to two significant digits. 

(3b) lf y ::::: ~,000,000 andy = 999,996, then ly - J\Jlyl = 0.000004 < lo-s J2. 
Therefore. y approximates y to five significant digits. 

(3c) If z = 0.000012 and Z = 0.000009, then lz - ZJ/IzJ = 0.25 < w-0 /2. Therefore, z 
apprmdmates z to no significant digits. • 
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6 

2 
~ 1.7 lbe graphs of y = 

0.0 0.~ J.O 
x f(x) = ~< y = f>s{x), and the are<J 

1.5 under the cusve for 0 ~ x :::; j. 

Truncation Error 

Th~.: nutio;~ vf truncation ~1Tm u~nall ~- refers to errors mtrodUJ.:ed v. he:J a more com 
phcated malhemaucal cxp:~.:ssion is ''replaced" with a more elcmemary formula. This 
tenninology originarcs from the technique of replacing a ~,;orr.plicatcu fuudion with a 
truncated Taylor ~eri~·~. ror cxamp:e, Un: infinite Taylor serie~ 

, 4 .6 , ~ rl~ ,. 2 X ,, ·• . 
c =1 ;.x +-;+----;-+-.-+···+-, +·" 2. 3. 4. n 

• ~ X~ x" ,8 Th' . h ..... might be replaced wid! just the first tJ vc terms 1 I· x· + zr + y _,_ 41 . JS ffilg I .....: 

done when approximating an integral numerically. 

Edamplc 1.16. Given that J~/2 ~x2 

dx = 0.544987104184 = p, dekrrnine the accuracy 

of the approximation obtained by replacing the integrand f(x) = ~2 
with the IIUJlCated 

2 x• ..:"' .1. 
1 

Taylor series f's(x) - 1 ""'x + 1f + 1! + 4f 
Term-by-lerrn integration produces 

Since w-5 /2 > IP-Pl/lpl = 7.03442 X 10- 1 > w-6 /2. the appruximaliuu p agrees with 

the true answer p = 0.544987104184 to five significant digits. The graphs of j(x 1 - r '
1 

andy = f'R (x) and the area under the curw fur 0 ::;:: x _::: l/2 an! .~hown in Figure I. 7 • 
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Round-Off Error 

A ~,:omputer's represemation of real number~ is limited to the lixcd precision of the 
:rw.nri<~a. TJUc: value~ are ~ometimcs not stored exactly by a cornputer·s rcprescn
t;l1'011 '10.:' is caned rQund-off error. ln the prec.:cding section the real number 
i: 10 O.OCI0111wo \~.a:> truncated when 11 wa~ ~tored in a comput~J. The actual num
nc-r tll.H is stored in the computer may undergo chopping or rounding of the la~t diglf. 
·rh~rcf,lre, since the compurer hardware works with only a limited numocr of digi~.~ in 
machiou: J.ullllx:r~. roumJing errors are introduced and propagated i1 succe~sivc com
ruta:JC>>J~. 

Chopping off Versus Rounding Off 

Cf/n;,J!Icr any real number p that is expressed in a nuf71Ullized decimal form: 

(..J.) 

\vher~ I ,:;; d1 ,:;; 9 and 0 ::: d i ::: 9 for j :> 1. Suppo.>sc: that k is the maximum number 
1::" dc~·imal digits carried in the floatmg-poinl mmputations of a computer; then the real 
nmnon pis represented by flcttcp[p). which is give:~ by 

,, hG< ' < d: :::: 9 and 0 :::. dj ~ 9 for I <. j ::; k. The number fici!Qp( p! is J.:al:ed 
t.~c choppedjloaling-poin! represenlalion of p. In this case the k.th digi: of flct.op( p) 
a).!rc.:-' with the kth digit of p. An alternative k-digit reprcscncarion i~ lhr rounded 
.fi;,ati!lg-poinl represemation f I round ( p). which ~ s given by 

'(! 

v.i:lere I ::; d 1 :::: 9 lmd 0 ~ d1 ::;: 9 for I < j < k and the last digit. rk. is obtain.:J 
b:• rounding the number dtd~ 1 1th_2 .. · to :IH: nearc~t mteger. For example, the real 
nwnh<:r 

22 
p = ·- = 3.1428Y/142S~/142X~7 ... 

7 

bas the followir.g six digit representations: 

flchop(Pl = 0.314285 >-! 101
. 

flroortd(P) = 0.:1142&6 '· 101. 

h>r comrnofl pnl)OScS !he chopping and rounding would be written a~ .'.14285 a:1d 
3.14286. re~pecti•·ely. The reader should not.:: that e:-sentially all computers u~e some 
form of the rounded floating point representation method. 
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Loss of Significance 

Consider the two numbers p = 3,1415926536 and q == 3.1415957341, which are 
nearly equal and both carry ll decimal digits of precision. Suppose that their differ
ence is formed: p - q = -0.0000030805. Since the first six digits of p and q are 
the same, their difference p - q contains only five decimal digits of precision. This 
phenomenon is called loss of significance or subtractive cancellation. This reduction 
in the precision of the final computed answer can creep in when it is not suspected. 

Example 1.17. Compare the results of calculating /(500) and g(500) using six digits 
and rounding. The functions are f(x) = x (.JX+T- Jx) and g(x) = rx+f+Ji" For the 

first function, 

For g(x), 

/(500) = 500 ( ~ ~ ~) 

= 500(22.3830- 22.3607) = 500(0.0223) = 11.1500 

500 
g(500) = /Cr\1 = 

v501 + v500 
500 500 

22.3830 + 22.3607 = 44.7437 = 11
"
1748

' 

The second function, g(x), is algebraically equivalent to j(x), as shown by the computa
tion 

X ( v'X+T - .ji) ( v'x+T + JX) 
f(x) = --'----=~~----=-~ 

v'X+T + .jX 

X ((.rx+1)2 _ (JX)2) 

v'x+T + .jX 
X 

The answer, g(500) = 11.1748, involves less error and is the same as that obtained by 
rounding the true answer 11.174755300747198 ... to six digits. • 

The reader is encouraged to study Exercise 12 on how to avoid loss of significance 
in the quadratic formula. The next example shows that a truncated Taylor series will 
sometimes help avoid the loss of significance error. 

Example 1.18. Compare the results of calculating /(0.01) and P(O.Ol) using six digit~ 
and rounding, where 

and 
1 x x 2 

P(x) = 2 + 6 + 24 · 
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The function P(x) is the Taylor polynomial of degree n == 2 for f(x) expanded about 
x=O. 

For the first function 

j(O.Ol = / 1
·
0

\ - 1- O.ot = 1.010050- 1-0.01 = 0.5. 
) (0.0!)2 0.001 

For the second function 

I 0.01 0.001 
P(O 01) :;:: - + - + --

. 2 6 24 

= 0.5 + 0.001667 + 0.000004 = 0.501671. 

The answer P (0.0 1) = 0.501671 contains less error and is the same as that obtained by 
rounding the true answer 0.50167084168057542 ... to six digits. • 

For polynornjaJ evaluation, the rearrangement of terms into nested multiplication form 
will sometimes produce a better result. 

Example 1.19. Let P(x) = x 3 - 3x2 + 3x - 1 and Q(x) = ((x - 3)x + 3)x - I. 
Use three-digit rounding arithmetic to compute apProximations to P(2.19) and Q(2.19). 
Compare them with the true values, P(2.19) = Q(2.l9) = 1.685159. 

?(2.19) ~ (2.19)3 - 3(2.19)2 + 3(2.19)- 1 

= 10.5- 14.4 + 6.57- I = 1.67. 

Q(2.19)"" ((2.19- 3)2.19+ 3)2.19- 1 = 1.69. 

The errors are 0.015159 and -0.004841, respectively. Thus the approximation Q(2.19) "'-' 
1.69 has less error. Exercise 6 explores the situation near the root of this polynomiaL • 

O(h 11
) Order of Approximation 

Clearly the sequences { ~} 
00 

and { l} 00 

are both converging to zero. In addition, it 
12 n=l n n=l 

should be observed that the first sequence is converging to zero more rapidly than the 
second sequence. In the coming chapters some special tetnUnology and notation will 
be used to describe how rapidly a sequence is converging. 

Defuli.tion 1.9. The function j(h) is said to be big Oh of g(h), denoted f(h) = 
O(g(h)), if there exist constants C and c such that 

(7) 1/(h)l s Cig(h)l whenever h s c. 

Examp\el.lO. Consider the functions f (x) = x1 + 1 and g(x) = x3. Since x1 :;: x:!. and 
1 :::" x 3 for x =:: l. it follows that x 2 + I :::" 2x3 for x =:: L Therefore, j(x) = O(g(x)). • 
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The big Oh notation provides a useful way of describing the rate of growth of a function 
in terms of well known eleme111ary functions (x". x 1 i ~. a :r, loga x, etc.). 

The rate of convergence of ~equcnces can be described in a similar manner. 

Definition 1.10. Let {.tnl~ 1 and 1Ynl~ 1 be two sequences. The Se<juence (xnl is 
said to be of order big Oh of {y11 ). denoted X 11 - 0(y11 ). if there exist constants C 
and N such !hat 

(8) /Xnl :::=: Cl.vnl whenever n ::: N. .i. 

Example 1.21. ":: 1 = 0 U ). smce "~.:rl ~ ~ - ~ whenever n ::: 1. • 
OHen a function j(h) b approximated by a function p(h) and the error b()und is 

known to be Mih"/. This lead~ to the folJowing definition. 

Definition 1.11. Assume th<Jt f (h) is approximated by the function p(h) and that 
there exist a realwnstant M ::. 0 and a Positive integer n so that 

(9) 
1/(h)- p(h)l < M 

1h"l -
for sufficiently small h. 

We say that p(h) approximates f (h) with order of approximation O(h") and write 

(10) j(hl = p(h) + O(h"). .i. 

When relation (9) is rewnttcn in the form lf(h)- p(h)l ~ Mlh"l, we see that the 
no1ation O(h") ~t.ands in place of the error bound M;h" /. The following results show 
how to apply the definition to simple combinations of two functions. 

Theorem 1.15. Assume that f(h) = p(h) + O(h'~). g(h) = q(h) + O(h'11 ). anJ 
r -== min{m. n }. Then 

(ll) 

(12) 

and 

{13) 

/(h)+ g(h)-= p(h) f q(h) + ouo. 
J (hl~:lh) = p(h)q(h) + O(h'). 

/(h) - p(h) 1 O(h') provided that g(h) ~ 0 and q(h) # 0. 
f?(h) q(h) 

It is instructive to consider p(x) to be the nth Taylor polynomial approximauon 
of f (.r); then the remainder term is simply designated 0 (h n + 1), which stands for the 
pre:.ence of omitted tenns starting with !he. power h"+ 1. The remainder renn converge)> 
to z~ro with the same rapidity !hat h"' 1 converges to zero as h approaches lero. as 
expressed in the relationship 

(14) 

SIX. l.3 ERROR ANALYSIS 31 

for <.ufficiently small h. Hence the notation 0 (h"~ 1) stand~ in place of the quantity 
Mh' + 1• where M is a constant nr "he haves like a constant." 

Theorem 1.16 (Taylor's Theorem). Assume that f E en+ I (a, b]. If both xo and 
x :. xu+ I! lie m [a, b], then 

n pk)( ) 
(l')l flxo +h)= L · k,xo hk + 0(h"+1). 

k,() • 

The following example illustratr::s the above theorems. The computations usc the 
addition properties (i) O(hP) + O(hP) = 0 (hP), (ii) O(h.P) + O(hq) = O(h'), 
wh<'re r - min(p, q}. and the multiplicative property (iii) O(hP)O(hq) = OW). 
whcres=p f q. 

Example 1.22. Consider the Taylor polynomial exPflllsions 

. hz h 1 h2 h4 
en- 1 + h + - +- + 0(h4

) and cos(h) = I--+-+ O(h6\ 
2! 3! 2! 41 . 

Determine the order of approximation for their sum and product. 
For the sum we have 

h2 h3 hz 11 4 

e" + eos(h) = 1 + h + i! + 3! + 0(h 4
} + I - 2T + 41 + 0(h 6

) 

h3 h4 
= 2 I h + - + 0(h 4

) + -- + 0(h6
). 

3! 4! 

Since O(h') i ~ == 0(h4 ) and 0(h4 ) + 0(h6 ) = 0(h 4
). this reduce<; to 

h' 
eh + cos(h) :- 2 + h +- I· 0(h 4

). 
3~ 

lJI)d the order of approximation is 0(h 4
). 

The product is treated ~iwilarly. 
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Since 0(h 4)0(1{')"" 0(hl0 ) and 

5h4 hs ha h7 
-24- 24 + 48 + 144 + 0(h6) + O(h4) + O(hlo)"" 0\h'\), 

toe preceding equation is simplified to yield 

hJ 
eh cos(h) = l +h-} + 0(h4

). 

and the order of approximation is 0(h4 ). • 

Order of Convergence of a Sequence 

Numerical approximations are often arrived at by computing a sequence of approxi
mations that get closer and closer to the desired answer. The definition of big Oh for 
sequences was given in Definition 1.1 0, and the definition of order of convergence for 
a sequence is analogous to that given for functions in Definition Lll. 

Definition l.l2. Suppose that lim,_ 00 x, = x and {r,j~ 1 is a sequence witl1 
lim, ..... oo r,. = 0. We say that {xn}~ 1 converges to x with the order of conve;
gence O(r,), if there exists a constant K > 0 such that 

lxn- x\ K ---< 
!r,) -

for n sufficiently large. 

This is indicated by writing x, = 
gence O(r,). 

x + O{rn). or Xn ~ x with order of conwr· 
j_ 

Example 1.23. Let .x, ""cos(n)(n2 and r, = Ijn 2; then limn--700 Xr. = 0 with a raH- of 
con'letgence 0~\ f n2\. Th\s follows immcliately from the n:.l.at\on 

\ cos(n)/ n 2 [ 
---,2::---- =I cos(n)l < l for all n. 

)1/n .1 - ' 

Propagation of Error 

Let us investigate how enor might be propagated in successive computations. Con 1der 
the addition of two numbers p and q (the true values) with the approximate vatues p 
and q. which contain errors £ 17 and ~'q· respectively. SU!rting with p = p + 6 and 
q = q +eq, the sum is 

(16} 

&ace, for addition, the error in the sum is the sum of the errors in the addends. 
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The rropa,eatioll of error in multiplication is more complicated. The produc: i~ 

(17) 

Hence. if p and q are larger than 1 in absolute value, terms fi~'l and q€ P show that there 
is a potsibility of magnification of the original errors f p and Cq. Insights arc gained if 
wt lOGk at the relative error. Rearrange the terms in (I 7) to gel 

(18} 

Sl&ppose I hat p .f:. 0 and q f= 0; then we can divide (18) by pq to obtain the re'atiH~ 
error in the product pq: 

(l9) R 
- pq- pq -- -'-P_f_,_q_+__;_q__,Ep'--+_E_.·p_li...:..<: Pfq qEp Epiiq -- =-+-+--. 

rq - pq pq pq pq pq 

Flll'thertnO!e, suppose that p and q are good approximations for p and q: then 
p{ p-:..: 1 JiJq ""' I, and R, Rq = (Ep/p) (Eq/q) ~ 0 (Rp and Rq are the relative errors 
in~ ~lppr·.}Ximations p and If>. Then making these substitutions into (19) yiekh t"·lt' 

simplified relaticnship 

(20) 
pq - pq ~ fq f p -

Rpq = ~-- + -- + 0- Rq-+- Rp. 
pq q p 

Thi~ S\!ows that the relmive error in the product pq is approximately the sum nf the 
re\i'tiv e errors in the approximations fi and q. 

Often an if1:t1al error will be propagated in a sequence of calculations. A quality 
thatisdesiraC1k for any numerical process is that a small error i:1 the initial conditions 
will pi'Gduce ~:n::ll changes in the final result. An algorit!un with this feature is called 
sr.bl•; otherwise. it is called unstable. Whenever pos~ible we shall choose methods 
tb!hre stable. ·1 he following definition is used to describe 1he propagation of error. 

Definition 1.13. Suppose that E represents an initial error and E(n) represents the 
gro,..·~ of 11w t:rJ<)r after n steps. If tdn); ~ nE, the growth of error is said to be linear. 
!f I( -~n)! ~ K~E. the growth of error is called exponential. If K ;. I, 1he exponential 
er~or grow; without hound as n _.. oo, and if 0 < K < I, the exponential error 
dir::•fli~he~ ~ h'f"<) as n --"" oc. .t. 

""he ne (t ewo examples show how an ini1ial error can propagate in either a stable 
or an ul'l~t!ble fa~hlon. In the first example, three algorithms are introduced. Each 
algQ(ithm recum~ly generates the same sequence. Then. in the second example, small 
~. wnt be made to the initial conditions and the propagation of error will he 

anal~#ld. 
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Table 1.4 The Sequence {x. I ::: ( 1/3"} and the Appro;v;imations {rn }, {Pn} and {q.} 

n Xn rn Pn lln 

0 1 == 1.0000000000 0.9999600000 1.0000000000 1.0000000000 

1 ! :::0.3333333333 0.3333200000 0.3333200000 0.3333200000 

2 ~=0.1111111111 0.1111066667 0.1110933330 0.1110666667 

3 tr :::0.0370370370 0.0370355556 0.0370177778 0.0369022222 

4 ir =0.0123456790 0.012345185~ 0.0123259259 0.0119407407 

5 z.h = 0.0041152263 0.0041150617 0.0040953086 0.0029002469 

6 ~ =0.0013717421 o.oo137J6sn 0.0013517695 -0.0022732510 

7 m., =0.0004572474 0.0004572291 0.0004372565 -0.0!04777503 

8 ~ =0.00)1524158 0.0001524097 0.0001324188 -0.0326525834 

9 ~ =0.00)0508053 0.0000508032 0.0000308063 -0.0983641945 

10 ~ =0.0000169351 0.0000169344 -0.0000030646 -0.2952280648 

Example 1.24. Show that the following thr~ schemes can be used with infinite-precision 
arithmetic to recursively generate the terms in the sequence {1/3"}~. 

(2la) ro =I and Tn = 3'•-1 forn = l, 2, ... , 

I 4 1 
(21b) PO= 1, PI= 3' and Pn = "jP~t-1- "jPn-1 for n = 2, 3, ... , 

(2lc) 
I 

qo= l,q1 = 3. and 
10 

qn = 39n-l - qn-2 forn = 2, 3, .... 

Formula (2la) is obvious. In (21 b) the difference equation has the general. solution p. 
A (1 /311 ) + B. This can be verified by direct substitution: 

4 l 4(A ) I(A ) 
3P"-l- 3Pn-2 = 3 3•-l + B - 3 3•-2 + 8 

= (~-~)A-(~-!) B =A.!_+ B = p11 • 
3" 3" 3 3 3" 

Setting A I and B = 0 will generate the desired sequence. In (2lc) the difference 
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Tal)le 1.5 The Error Sequences (x. - rn). (x. - p11 }, and {x11 - q.} 
-· 

" Xn- rn x.,- Pn .:Cn -q. 

() 0.0000400000 0.0000000000 0.{)()()()()()()( 
1 0.0000133333 0.0000133333 0.0000013333 
2 0.0000044444 0.0000177778 0.0000444444 
3 0.0000014815 0.0000192593 0.0001348148 
4 0.0000004938 0.0000197531 0.0004049383 
5 0.0000001646 0.0000199177 0.0012149794 
6 O.OOJ0000549 0.0000 199726 0.0036449931 
7 O.OOJ0000183 0. 0000199909 0.0109349977 
R 0.0000000061 0.0000199970 0.0328049992 
9 0.0000000020 0. 0000199990 0.0984149998 

!0 0.0000000007 0.0000199997 0.2952449999 

~uatwn has the general solution q11 = A(l/3") + 83". This too is verified by substitution: 

130 q.,_l -qn-2 = 130 (3:_1 + 83"-1)- (3:-2 + 83"-2) 

= ( 10
- ~)A- (10 -1)3n-2 B 

3• 3n 

I n 
=A-+B3 =q,. 

3" 

!Idling A = 1 and 8 = 0 generates the required sequence. 

kample 1.25. Generate approximations to the sequence {x.} 
IC!lemes 

ro = 0.99996 and Tn = 3'n-1 

p0 = 1, PI = 0.33332, 
4 I 

Pn = 3Pn-l- 3Pn-2 and 

~22c) qo = l, q, = 0.33332, and 
lO 

qn = 3qn-l - qn-2 

• 

( 1/3"} using the 

for n = 1, 2, 

for n = 2, 3, 

for n = 2, 3, 

In (22a) the initial error in ro is 0.00004, and in (22b) and (22c) the initial errors in PI 
md q1 are 0.000013. Investigate the propagation of error for each scheme. 

Table 1.4 gives the first ten numerical approximations for each sequence, and Table 1.5 
~i\dthe error in each fonnula. The error for {r.} is stable and decreases in an exponential 
manner. The errorfor (Pn} is stable. The error for (q,} is unstable and grows at an expo
n.:ntial rate. Although the error for [ Pn l is stable, the tenns Pn - 0 as n ~ oo, so that 
lhe error eventually dominates and the terms past pg have no significant digits. Figures 1.8, 
1.9, and 1.10 show the errors in{,.,). IPn }, and {q.}. respectively. • 
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0.000010 

0.000005 • 

0.0000151 

+-------------~·L-~•~~·~~~-1•--_.--~. n 
2 4 6 8 10 

Figure 1.8 A stable decreasing error sequence {xn - r" 1. 

0.0000201 0.000015 
0.000010 

0.000005 

+-------------~--------------------

• • • 
• 

• 

n 
2 4 6 8 10 

Figure 1.9 A stable error sequence {xn - p~ ). 

Uncertainty in Data 

Data from real-world problems contain uncertainty or error. This type of error is re
ferred to as noise. It will affect the accuracy of any numerical computation that is based 
on the data. An improvement of precision is not accomplished by perfonning succes
sive computations using noisy data. Hence, if you start with data with d significant 
digits of accuracy, then the result of a computation should be reported in d significant 
digits of accuracy. For example, suppose that the data PI = 4.152 and P2 = 0.07931 
both have four significant digits of accuracy. Then it is tempting to report all the digits 
that appear on yourcalculator(i.e., PI+ p2 = 4.23131). This is an oversight, because 

0.31 0.2 

0.1 

~--~--~--_.--~~------i---~·L---~------~ 

• 

11 

• 
• 

2 4 6 8 w 
Figure 1.10 An unstable increasing error sequence {x~ - qn }. 
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you should not report conclusions from noisy data that have more significant digits 
than the original data. The proper answer in this situation is p 1 + P2 = 4.231. 

Exercises for Error Analysis 

l. Find the error Ex and relative error Rx. Also determine the number of significant 
digits in the approximation. 
(a) x = 2.71828182, x = 2.7182 
(b) y = 98, 350, y = 98, 000 
(c) z = 0.000068, z = 0.00006 

2. Complete the following computation 

dx = fi 

State what type of error is present in this situation. Compare your answer with the 
true value p = 0.2553074606. 

3. (a) Consider the data Pt = 1.414 and P2 = 0.09125, which have four significant 
digits of accuracy. Determine the proper answer for the sum PI + P2 and the 
product PI pz. 

(b) Consider the data PI = 31.415 and Pl = 0.027182, which have five significant 
digits of accuracy. Determine the proper answer for the sum p 1 + pz and the 
product Pi pz. 

4. Complete the following computation and state what type of error is present in this 
situation. 

sin ('J + 0.00001) -sin ('J) 0.70711385222 - 0.70710678119 
(a) 0.00001 = 0.00001 = · · · 
(b) ln(2 + 0.00005) - ln(2) = 0.69317218025 -0.69314718056 = ... 

0.00005 0.00005 
S. Sometimes the loss of significance error can be-avoided by rearranging terms in the 

function using a known identity from trigonometry or algebra. Find an equivalent 
formula for the following functions that avoids a loss of significance. 
(a) In(x + I) - ln(x) for large x 
(b) ~- x for large x 
(c) cos2(x)- sin2 (x) for x ~ "lr/4 

(d) 
1 + cos(x)., 

10f X~ 1C 
2 

6. Polynomial Evaluation, Let P(x) = x 3 - 3x2+3x -I, Q(x) = ((x- 3)x+3)x -1, 
and R(x) = (x- 1)3. 

(a) Use four-digit rounding arithmetic and compute P(2. 72), Q(2. 72), and R(2. 72}. 
In the computation of P(x), assume that (2.72)3 = 20.12 and (2.72)2 = 7.398. 
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(b) Use four-digit rounding arithmetic and compute ?(0.975), Q(0.975), and 
R(0.975). In the computation of P(x), assume that (0.975) 3 = 0.9268 and 
(0.975)2 = 0.9506. 

7. Use three-digit rounding arithmetic to compute the following sums (sum in the given 
order): 

(a) L~=L -{r (b) I:%=1 ~ 
8. Discuss the propagation of error for the following: 

(a) The sum of three numbers: 

p + q + r = (p + fp) + @' + Eq) + (r' + E,}, 

(b) The quotient of two numbers: !!.. :::: ~ + fp. 
q q+E'q 

(c) The product of three numbers: 

pqr = (p +fp)W +fq)tr +f,). 

9. Given the Taylor polynomial expansions 

-
1 

-
1

- = 1 + h + h2 + h3 + 0(h4
) 

-h 

and 

h2 h4 
cos(h) = I - - + - + O(h6). 

2! 4! 

Determine the order of approximation for their sum and product. 

10. Given the Taylor polynomial expansions 

and 

h2 h3 h4 
eh = I + h + 2! + 3! + 41 + 0(h 5

) 

h3 
sin(h) = h - - + 0(h5 ). 

3! 

Determine the order of approximation for their sum and product. 

11. Given the Taylor polynomial expansions 

and 

h2 h4 
cos(h) = I--+-+ O(h6

) 
2! 4! 

J,3 h5 
sin(h) = h-- +- + O(h7

). 
3! 5! 

Determine the order of approximation for their sum and product. 

SEC. 1.3 ERROR ANALYSIS 39 

12. Improving the Quadratic Formula. Assume that a f. 0 and b2 -4ac > 0 and consider 
the equation ax 2 +bx+c = 0. The roots can be computed with the quadratic formulas 

-b- .Jb2 - 4ac 
(i) and XL= X2 = 

2a 2a 

Show that these roots can be calculated with the equivalent formulas 

(ii) 
-2c 

XL=:--~=';'= 
b + .Jb2 - 4ac 

and 
-2c 

X2= -:--;:::::;;;::== 
b- Jb2- 4ac· 

Hint. Rationalize the numerators in (i). Remark. In the cases when lbl ~ Jb2- 4ac, 
one must proceed with caution to avoid loss of precision due to a catastrophic can
cellation. If b > 0, then XL should be computed with formula (ii) and x2 should be 
computed using (i). However, if b < 0, then Xt should be computed using (i) and x 2 
should be computed using (ii). 

13. Use the appropriate formula for x 1 and x2 mentioned in Exercise 12 to find the roots 
of the following quadratic equations. 

(a) x 2
- !,000.001x + 1 = 0 

(b) x 2 - 10,000.0001x +I = 0 
(c) x 2 - lOO,OOO.OOOO!x + 1 = 0 
(d) x2 - t,000,000.000001x + 1 = 0 

Algorithms and Programs 

1. Use the results of Exercises 12 and 13 to construct an algorithm and MATLAB pro
gram that will accurately compute the roots of a quadratic equation in all situations, 
including the troublesome ones when lbl ,.,.Jb2 - 4ac. 

2. Follow Example 1.25 and generate the first ten numerical approximations for each 
of the following three difference equations. In ~ach case a small initial error is in
troduced. If there were no initial error, then each of the difference equations would 
generate the sequence {I ;2n} ~1 . Produce output analogous to Tables 1.4 and 1.5 and 
Figures 1.8, 1.9, and l.JO. 

(a) ro = 0.994 and r,. = ~rn-l, for n = I, 2, ... 

(b) Po = I, PI = 0.497, and Pn = ~Pn-1 - Pn-2. for n = 2, 3, .. . 

(c) qo = 1, Ql = 0.497, and q,. = ~Qn-1 - Qn-2. for n = 2, 4, .. . 



2 
The Solution of Nonlinear 
Equations f (x) = 0 

Consider the physical problem that involves a spherical ball of radius r that is sub
merged to a depth din water (see Figure 2.1). Assume that the ball is constructed from 
a variety of longleaf pine that has a density of p = 0.638 and that its radius measures 
r = 10 em. How much of the ball will be submerged when it is placed in water? 

The mass M w of water displaced when a sphere is submerged to a depth d is 

and the mass of the ball is Mb = 4Jrr3 p/3. Applying Archimedes' law Mw = Mb, 
produces the following equation that must be solved: 

t 
d 

t 

40 

Figure 2.1 The ponion of a 
sphere of radius r that is to be sub
merged to a depth d. 

2.1 
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y 

y = 2552 - 30d2 + d3 

2000 

1000 

-1000 

Figure 2.2 The cubic y = 2552 - 30d2 + d3. 

In our case (with r == 10 and p = 0.638) this equation becomes 

11'(2552- 30d2 + d3
) = 0. 

3 

d 

The graph of the cubic polynomial y = 2552- 30d2 + d 3 is shown in Figure 2.: 
from it one can see that the solution lies near the valued= 12. 

The goal of this chapter is to develop a variety of methods for finding num{ 
approximations for the roots of an equation. For example, the bisection method ' 
be applied to obtain the three roots d1 = -8.17607212, d2 = 11.86150151 
d3 = 26.31457061. The first root d 1 is not a feasible solution for this problem, be~ 
d cannot be negative. The third root d3 is larger than the diameter of the sphere < 

is not the desired solution. The root d2 = 11.86150151 lies in the interval {0, 20 
is the proper solution. Its magnitude is reasonable because a little more than om 
of the sphere must be submerged. 

Iteration for Solving x = g(x) 

A fundamental principle in computer science is iteratwn. As the name sugge 
process is repeated until an answer is achieved. Iterative techniques are used t• 
roots of equations, solutions of linear and nonlinear systems of equations, and soh 
9f differential equations. In this section we study the process of iteration using rei 
substitution. 

A rule or function g (x) for computing successive terms is needed, together ' 
starting value PO· Then a sequence of values {pk) is obtained using the iterativ 
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Pk+ 1 = g ( Pt l. 'lbe sequence has the pattern 

{I) 

Po 

PI = g(PO) 

P2 = g!pt) 

Pk = g(PJ:-d 

Pk-1 = g(pd 

(staning valu~} 

What can we leam from an unending sequence of numbers? lf the numbers 1er.d 
to a limit, we feel that somethmg has been achieved. But whal if the numbers diverge 
or are periodrc? The next example addresses this situation. 

Example 2.1. The iterative rule po = I and Pk+ 1 = I 00 l Pk fork =- 0, I .... produce:; 
a divergent s~::quence. The first I 00 lenns look as follows: 

PI = 1.001po ""(1.001)(1.000000) = 1.001000, 

P2 = 1.001pl = (1.00J)(J.(J01000) = 1.002001, 

P3 = l.OOip2 = (1.001)(1.002001) = 1.003003, 

Proo = l.OOlp99 = (l.OOI):J.I040!2) = 1.105:16. 

The process can be continued indefimtely. and it is easily shown that limn-oo Pn = ··· x. 
In Chapter 9 we will see that the sequence lpk) is a numerical solution to the differentia! 
eqt.allon y' = 0.001 y. The soluuon is known to be y(x) = e0·00 h. Indeed, if we compare 
tl:e IOOth tenn m rhe sequence wilh y(/00}, we see lhal PICkJ = 1.105116 '"' 1.105171 = 
t.IJ.I = ~·(I 00). • 

In this section we are concerned with the types of functions g{x) that produce 
convergent seqt:ences l P*}. 

Finding Fixed Pointo; 

[)efinition 2.1 (Fixed PoinO. A fixed point of a function g(x) is a real number P 
such that P = g(P). .a. 

Geometrically, the fixed points of a functior. y = g(x) are the points of inrersection 
of y = g{x) and y = x. 

[)efinition 2.2 (Fixed-point Iteration). The Heratio:J Pn + 1 
I. ... i'i calledjixed-pointiteration. 

g(p,) for n 0, 

"" 
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Theotem 2.1. Assume that g is a continuot:s function and that {p,}:,'_ 0 is a sequence 
~nera'led by fixed-point iteration. If lim~-x Pn = P, the:l P i~ a fixed poim of g<x). 

?roqf. !! lim,_x Pn = P, then lim~~·x h+J = P. It follow;; from this result. the 
c::ont.inu; Ly of g, and the re 1 ation Pn + 1 = g ( Pn ) that 

(?-) g(P) = g (lim Pn) = lim g(p,l = lim Pn -I =. P. n___,.oc .1-1-+0C n__,.oc 

"TWrefore, Pis a fixed point of g(x). 

Example 22. Ccnsider the convergent iteratio:1 

PO= 0.5 and PHI = e-p, fork"" 0. l ... 

In~ f'it!.t 10 tenns are obtained by the calculations 

PI = e .o.sooooo = 0.606531 

P2 = e-0·60653 1 = 0.545239 

P3 = e-0.545239 =-· 0.579703 

P9 = e-0·56{,.4°9 = 0.567560 

PIO =:: e-0 .. 567560;; 0.566907 

Tile sequence is converging, and funher calculations rcveai that 

lir.J l'n "-= 0.567143 .... 
n-x 

Tk\1\Wt !\eve found an approximation for the fixed poi:lt of the function y = e->. • 

The followir.g two theorems establish conditions for the existence of a fixed point 
and 'the convergence of the f.xed-point iteration process to a fixed point. 

'fheorern%.2. Assume that g E Cia. bj. 

{3) lftbe range of chc mapping y = g(xj satisfies y E (a, hI f(Jr all .r c {a, b J, rlren 
B hiS a fixed poi::~t in [a, b]. 

(4) F:111hennore. suppose that g'(x) is defined over (a, b) and that a posithe constant 
A < I exists w1th I g'(x)t ~ K < 1 for all x E (a, b), then g has a ur.ique f:x.ed 
pnint Pin ia.b]. 
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Proofof(J). If g(a) =a or g(b) = b, the assertion is true. Otherwise, the values 
of g(a) and g(b) must satisfy g(a) E (a, b] and g(b) E [a, b). The function f(x) = 
x ~ g(x) has the property that 

f(a) =a- g(a) < 0 and /(b) = b- g(b) > 0. 

Now apply Theorem 1.2, the Intermediate Value Theorem, to f(x), with the constant 
L = 0, and conclude that there exists a number P with P E (a, b) so that j(P) = 0. 
Therefore, P = g(P) and Pis the desired fixed point of g(x). 

Proof of(4). Now we must show that this solution is unique. By way of contradic
tion, let us make the additional assumption that there exist two fixed points Pt and P2. 
Now apply Theorem 1.6, the Mean Value Theorem, and conclude that there exists a 
number d E (a, b) so that 

(5) 

Next, use the facts that g(PJ) 
equation (5) and obtain 

P 1 and g(Pz) = P2 to simplify the right side of 

P2 - Pt 
g'(d)= =l. 

P2- Pt 

But this contradicts the hypothesis in (4) that /g'(x)/ < 1 over (a, b), so it is not 
possible for two fixed points to exist. Therefore, g(x) has a unique fixed point P 
in [a, b] under the conditions given in ( 4 ). • 

Example 2.3. Apply Theorem 2.2 to rigorously show that g(x) = cos(x) has a unique 
fixed point in [0, 1]. 

Clearly, g E C[O, 1]. Secondly, g(x) = cos(x) is a decreasing function on [0, 1], thus 
its range on [0, I] is [cos( 1), I] s; [0, 1]. Thus condition (3) of Theorem 2.2 is satisfied and 
g has a fixed point in [0, 1]. Finally, if x E (0, 1), then lg'(x)l = 1- sin(x)l = sin(x) :::;: 
sin(l) < 0.8415 < I. Thus K =sin( I) < I, condition (4) of Theorem 2.2 is satisfied, and 
g has a unique fixed point in [0, 1]. • 

We can now state a theorem that can be used to determine whether the fixed-point 
iteration process given in ( 1) will produce a convergent or divergent se<juence. 

Theorem 2.3 (Fixed-point Theorem). Assume that (i) g, g' E C[a, b], (ii) K is a 
positive constant, (iii) PoE (a. b), and (iv) g(x) E [a, b] for all x E [a, b]. 

(6) If lg'(x)l :5 K < I for all x E [a, b], then the iteration p, = g(Pn-l) will 
converge to the unique fixed point P E [a, b]. In this case, Pis said to be an 
attractive fixed point. 

(7) If /g'(x)/ > I for all x E [a, b], then the iteration Pn = g(p,-J) will not 
converge toP. In this case, Pis said to be a repelling fixed point and the iteration 
exhibits local divergence. 
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a 

Figure 2.3 The relationship among P, fJO, Pl. IP ~Pol. 
and IP- pJi. 

Remark I. It is assumed that Po ;fo P in statement (7 ). 
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b 

Remark 2. Because g is continuous on an interval containing P, it is pennissible to use 
the simpler criterion /g'(P)I :S K < 1 and lg'(P)I > 1 in (6) and (7), respectively. 
Proof We first show that the points (p11 }~0 all lie in (a. bj. Starting witlt po, we 
apply Theorem 1.6, the Mean Value Theorem. There exists a value co E (a, b) so that 

(8) 
/P ~ Ptl = /g(P) ~ g(po)/ = /g'(co)(P- Po)/ 

= \g'(ci))\\P- P11i :SKIP- Pl11 < \P- pi)\. 

Therefore, Pl is no further from P than Po was, and it follows that p 1 E (a, b) (see 
Figure 2.3). In general, suppose that Pn-1 E (a, b); then 

/P ~ Pni = /g(P)- g(Pn-J)i = /g'(cn-t)(P- Pn-di 
= lg'(cn-t)IIP- Pn-tl::::: KIP- Pn-tl < /P- Pn-ti-

(9) 

Therefore, Pn E (a, b) and hence, by induction, all the points {Pn}~0 lie in (a, b). 
To complete the proof of (6), we will show that 

(10) lim /P-pn/=0. 
n->oo 

First, a proof by induction will establish the inequality 

(11) 

The case n = 1 follows from the details in relation (8). Using the induction hypothesJs 
I P- Pn-11 :S Kn- 11P- Pol and the ideas in ~9), we obtain 

IP- Pnl :SKIP- Pn-ti::::: K K"-~ IP- Poi= K"/P- pol-

Thus, by induction, inequality (II) holds for all n. Since 0 < K < 1, the term K" 
goes to zero as n goes to infinity. Hence 

(12) 0:5 lim /P- Pni:::;: lim K"/P- Pol= 0. n.......,oo n--+00 

The limit of I P - Pn 1 is squeezed between zero on the left and zero on the right, so we 
can conclude that limn_,.oo I P- Pni = 0. Thus lim,_,. 00 Pn = P and, by Theorem 2.1, 
the iteration Pn = g (p 11 -1) converges to the fixed point P. Therefore, statement ( 6) of 
Theorem 2.3 is proved. We leave statement (7) for the reader to investigate. • 
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y 

y=x 

\ 

p 

Po 

Figure 2.4 (a) Monotone convergence when 0 < g'(P) < I. 

y 

y = g(x) 

~ 

Figul"e2.4 (b) Oscillating convergence when -I< g'(P) < 0. 

Corollary 2.1. Assume that g satisfies the hypothesis given in (6) of Theorem 2.3. 
Bounds for the error involved when using Pn to approximate P are given by 

(13) IP- Pnl:::: K 11 1P- pol for all n 2: I, 

and 

( 14) I 
p - I < xn IPI -pol 

Pn- l-K for all n 2: 1. 
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y=x 

y 

X 

-l7 

Figure 2.5 (a) Monotone divei· 
gence when I < g'(P). 

Figul"e 2.5 (b) Divergent oscilla
tion when g'(P) <-I. 

Graphical Interpretation of Fixed-point Iteration 

Since we seek a fixed point P to g(x), it is necessary that the graph of the curve 
y = g(x) and the line y = x intersect at the point (P, P). Two simple types of 
convergent iteration, monotone and oscillating, are illustrated in Figure 2.4(a) and (b), 
respectively. 

To visualize the process, start at Po on the x-axis and move vertically to the point 
(po, pi)= (po, g(po)) on the curve y = g(x). Then move horizontally from (po, pl) 
to the point (pt, p!) on the line y == x. Finally, move vertically downward to P1 on 
the x-axis. The recursion Pn+l = g(p11 ) is used to construct the point (pn. Pn+d on 
the graph, then a horizontal motion locates (Pn+l, Pn+l) on the line y = x, and then a 
vertical movement ends up at Pn+1 on the x-axis. The situation is shown in Figure 2.4. 
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If /g'(P)/ > I, then the iteration Pn+l = g(pn) produces a sequence that diverges 
away from P. The two simple types of divergent iteration, monotone and oscillating, 
are illustrated in Figure 2.5(a) and (b), respectively. 

Example2.4. Consider the iteration Pn+l = g(pn) when the functiong(x) = l+x-x2j4 
is used. The fixed points can be found by solving the equation x = g(x). The two solutions 
(fixedpointsofg)arex = ~2andx = 2. Thederivativeofthefunctionisg'(x) = 1-x/2, 
and there are only two cases to consider. 

Case (i): P = - 2 
Start with Po= - 2.05 
then get PI= - 2.100625 

P2 "" - 2.20378135 
P3 = - 2.41794441 

lim Pn =- oo. 
n->oo 

Since lg'(x)j > ~on [-3, -1], by The· 
orem 2.3, the sequence will not converge 
toP= -2. 

Case (ii): 
Start with 
then get 

P=2 
PO= 1.6 
PI= 1.96 
P2= 1.9996 
pp= 1.99999996 

n!i.l~Jo Pn = 2. 

Since lg'(x)l < ! on [1, 3], by Theo· 
rem 2.3, the sequence wiii converge to 
p ==2. 

• 
Theorem 2.3 does not state what will happen when g'(P) = 1. The next example 

has been specially constructed so that the sequence {Pn} converges whenever Po > P 
and it diverges if we choose Po < P. 

Example 2.5. Consider the iteration Pn+l = g(pn) when the function g(x) = 2(x -1) 112 

for .x 2: 1 is used. Only one fixed point P = 2 exists. The derivative is g'(x) = 1/(x-1)112 

and g' (2) = I, so Theorem 2.3 does not apply. There are two cases to consider when the 
starting value lies to the left or right of P = 2. 

Case (i): Start with Pn""' 1.5, 
then get PI= 1.41421356 

P2 = 1.28718851 
P3 = 1.07179943 
P4 = 0.53590832 

Ps =2(-0.46409168) 112. 

Since p4 lies outside the domain of 
g(x). the tenn P5 cannot be computed. 

Ca.st \h): Start w\th Po= 1.5, 
then get Pl = 2.44948974 

P2 =2.40789513 
P3 = 2.37309514 
P4 = 2.34358284 

n!l"Jo Pn = 2. 

Tllis sequence is converging too slowly 
to the value P = 2; indeed, P10oo = 
2.00398714. 

• 
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Absolute and Relative Error Considerations 
In Example 2.5, case (ii), the sequence converges slowly, and after 1000 iterations the 
three consecutive terms are 

PIOOO = 2.00398714, PUJOl= 2.00398317, and P1002 = 2.00397921. 

This should not be disturbing; after all, we could compute a few thousand more tenns 
and find a better approximation! But what about a criterion for stopping the iteration? 
Notice that if we use the difference between consecutive tenns, 

IPIOOI- P1002l = /2.00398317-2.00397921/ = 0.00000396. 

Yet the absolute error in the approximation PH)()() is known to be 

/P- PIOOOI = /2.00000000-2.00398714/ = 0.00398714. 

This is about 1000 times larger than IPIOOI - P1002l and it shows that closeness of 
consecutive tenns does not guarantee that accuracy has been achieved. But it is usually 
the only criterion available and is often used tO tenninate an iterative procedure. 

Program 2.1 (Fixed-Point Iteration). To approximate a solution to tlie equation 
x = g(x) starting with the initial guess po and iterating Pn+l = g(pn). 

function [k,p,err,P]=fixpt(g,pO,tol,maxl) 
% Input - g is the iteration function input as a string 'g' 
~ - pO is the initial guess for the fixed point 
~ - tol is the tolerance 
~ - maxl is the maximum number of iterations 
Y.Output - k is the number of iterations that were carried out 
~ - p is the approximation to the fixed point 
X - err is the error in the approximation 
Y. - P contains the sequence {pn} 
P{1)= pO; 
for k"'2:max1 

end 

P(k)=feval(g,P(k-1)); 
err•abs(P(k)-P(k-1)); 
relerr~err/(abs(P(k))+eps); 

p=P(k); 
if (err<tol) I (relerr<tol),break;end 

if k == maxi 
disp('maximum number of iterations exceeded') 

end 
P=P'; 

Remark. When using the user-defined function fixpt, it is necessary to input the 
M·file g.m as a string: 'g' (see MATIAB Appendix). 
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Exercises for Iteration for Solving x = g(x) 

1. Determine rigorously if each function has a unique fixed point on the given interval 
(follow Example 2.3). 
(a) g(x) = 1 - x 2 j4 on [0, I] 
(b) g(x) = z-x on [0, l] 

(c) g(x)"" 1/x on [0.5, 5.2] 

2. Investigate the nature of the fixed-point iteration when 

1 2 
g(x) = -4+4x- -x 

2 

(a) Solve g(x) = x and show that P = 2 and P = 4 are fixed points. 
(b) Use the starting value Po = 1. 9 and compute p 1 , P2, and P3. 
(c) Use the starting value po = 3.8 and compute Pt. P2, and P3· 
(d) Find the errors Ek and relative errors Rk for the values Pk in parts (b) and (c). 
(e) What conclusions can be drawn from Theorem 2.3? 

3. Graph g (x), the line y = x, and the given fixed point P on the same coordinate 
system. Using the given starting value po, compute Pt and P2· Construct figures 
similar to Figures 2.4 and 2.5. Based on your graph, determine geometrically if fixed
point iteration converges. 
(a) g(x) = (6 + x) 112, P = 3, and po = 7 
(b) g(x) =I +2/x, P = 2, and Po =4 
(c) g(x) = x 2/3, P = 3, and Po = 3.5 
(d) g(x) = -x 2 + 2x + 2, P = 2, and po = 2.5 

4. Let g(x) = x2 + x - 4. Can fixed-point iteration be used to find the solution(s) to the 
equation x = g(x)? Why? 

5, Let g(x) = x cos(x). Solve x = g(x) and find all the fixed points of g (there are in
finitely many). Can fixed-point iteration be used to find the solution(s) to the equation 
x = g(x)? Why? 

6. Suppose that g(x) and g'(x) are defined and continuous on (a, b); po, Pl, P2 E (a, b); 
and p 1 = g(po) and P2 = g(pt). Also, assume that there exists a constant K such 
that jg'(x)j < K. Show that IP2- Ptl < Klpt -poi. Hint. Use the Mean Value 
Theorem. 

7. Suppose that g(x) and g'(x) are continuous on (a, b) and that Jg'(x)J > 1 on this 
interval. If the fixed point P and the initial approximations p 0 and PI lie in the interval 
(a, b), then show that PI = g(po) implies that JEt I= jP- Ptl > IP- pol= JEol. 
Hence statement (7) of Theorem 2.3 is established {local divergence). 

8. Let g(x) = -0.0001x2 + x and p0 =I, and consider fixed-point iteration. 
(a) Showthatpo >PI>···> Pn > Pn+t > · ·· · 
(b) Show that Pn > 0 for all n. 

2.2 
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(c) Since the sequence {Pn) is decreasing and bounded below, it has a limit. What 
is the limit? 

9. Let g (x) = 0.5x + 1.5 and Po = 4, and consider fixed-point iteration. 
(a) Show that the fixed point is P = 3. 
(b) Show that JP- Pnl = IP- Pn-!1/2 for n = 1, 2, 3, .. . 
(c) Show that IP- Pnl = IP- poi/2n for n = 1, 2, 3, ... . 

10. Let g(x) = xf2, and consider. fixed-point iteration. 
(a) Findthequantity IPk+t- Pki/IPk+ll-
(b) Discuss what will happen if only the relative error stopping criterion were used 

in Program 2.1. 

11. For fixed-point iteration, discuss why it is an advantage to have g' ( P) "" 0. 

Algorithms and Programs 

1. Use Program 2.1 to approximate the fixed points (if any) of each function. Answers 
should be accurate to 12 decimal places. Produce a graph of each function and the 
line y = x that clearly shows any fixed points. 
(a) g(x) = x 5 - 3x3 - 2x2 + 2 
(b) g(x) = cos(sin(x)) 
(c) g(x) = x2 - sin(x + 0.15) 
(d) g(x) = xx-cos(x) 

Bracketing Methods for Locating a Root 
Consider a familiar topic of interest. Suppose that you save money by making regular 
monthly deposits P and the annual interest rate is I; then the total amount A after N 
deposits is 

(1) A = p + p ( 1 + :2) + p ( 1 + :2 y + ... + p ( 1 + :2) N -1 

The first term on the right side of equation (1) is the last payment. Then the next-to-last 
payment, which has earned one period of interest, contributes P ( 1 + -bJ The second-

from-last payment has earned two periods of interest and contributes P ( 1 + fJ.) 2, and 
so on. Finally, the last payment, which has earned interest for N -1 periods, contributes 
P ( 1 + ·f.J.} N,-l toward the total. Recall that the formula for the sum of the N terms of 
a geometric series is 

(2) 
? 3 N-l 1- rN 

l + r + r- + r + · · · + r = ---
1-r 
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We can write (1) in the form 

A = p ( 1 + ( 1 + 1/2) + ( 1 + /2 y + ... + ( 1 + /2) N -l) . 
and use the substitution r = (1 + 1 I 12) in (2) to obtain 

1- (l + tz)N 
A= p I . 

1-0+n) 
This can be simplified to obtain the annuity-due equation, 

(3) 

The following example uses the annuity-due equation and requires a sequence of 
repeated calculations to find an answer. 

Example 2.6. You save $250 per month for 20 years and desire that the total value of 
all payments and interest is $250, 000 at the end of the 20 years. What interest rate 1 is 
needed to achieve your goal? If we hold N "" 240 fixed, then A is a function of I alone; 
that is A= A (I). We will start with two guesses, lo = 0.12 and It= 0.13. and perform a 
sequence of calculations to narrow down the final answer. Starting with Io = 0.12 yields 

250 (( 0 12)
1411 

) A(0.12) = -- 1 + ~2 - 1 = 247,314. 
0.12/12 1 

Since this value is a little short of the goal, we next try I 1 "" 0.13: 

250 (( 0 13 )
240 

) A(0.13) = -- 1 + -·- -I = 282,311. 
0.13/12 12 

This is a little high, so we try the value in the middle h = 0.125: 

250 (( 0.125)'ZAI) ) A(0.125)=0.l
25112 

1+12 -1 =264,623. 

This is again high and we conclude that the desired rate lies in the interval [0.12, 0.12'i I· 
The next guess is the midpoint h = 0.1225: 

250 (( 0.1225)
240 

) A(0.1225) = 
0

_
1225112 

1 + ~ -I = 255,803, 

This is high and the interval is now narrowed to [0.12, 0.1225]. Our last calculation uses 
the midpoint approximation /4 = 0.12125: 

250 (( 0.12125)
240 

) A(0.12125)=
0

.
12125112 

1+-
1
-
2

- -1 =251,518. 
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(a,f(a)) 

b 

(b,f(b)) 

(a) If f(a) and f(c) have 
, opposite signs then 

squeeze from the right. 

(a,f(a)) 

a 

Figure 2.6 The decision process for the bisection process. 
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(b,f(b)) 

(b) Iff(c) and/(b) have 
opposite signs then 
squeeze from the left. 

Further iterations can be done to obtain as many significant digits as required. The 
purpose of this example was to find the value of 1 that produced a specified level L of the 
function value, that is to find a solution to A (I) ~ L. It is standard practice to place the 
constant Lon the left and solve the equation A(/) - L = 0. • 

Definition 2.3 (Root of an Equation, Zero of a Function). Assume that f (x) is a 
continuous function. Any number r for which f(r) = 0 is called arootofthe equation 
f(x) = 0. Also, we say r is a zero ofthefunction f(x). .t.. 

For example, the equation 2x2 + 5x -. 3 = 0 has two real roots r 1 = 0.5 and 
rz = -3, whereas the corresponding function f (x) = 2x 2 + 5x - 3 = (2x - 1 )(x + 3) 
has two real zeros, rt = 0.5 and r 2 = -3. 

The Bisection Method of Bolzano 

In this section we develop our first bracketing method for finding a zero of a continuous 
function. We must start with an initial interval [a, b], where j(a) and j(b) have 
opposite signs. Since the graph y = f(x) of a continuous function is unbroken, it will 
cross the x-axis at a zero x = r that lies somewhere in the interval (see Figure 2.6). The 
bisection method systematically moves the end points of the interval closer and closer 
together until we obtain an interval of arbitrarily small width that brackets the zero. 
The decision step for this process of interval halving is first to choose the midpoint 



54 CHAP. 2 THE SOLUTI0:-1 OF r"'ONL!l'EAR EQUATIONS f(x) = 0 

c:::;; (a+ b)/2 and then to analyze the three possibilities that might arise: 

(4) 

(5) 

(6) 

lf j"(a) and {(c) have opposite signs. a zero lies in [a. cJ. 

If j(c) and f(b) ha\le opposite s1gns, a zero lies in [c, b]. 

Iff (r) :::;; 0, the:-~ the zero is c. 

If either case ( 4) od5) occur\ we have fm:nd an interval haif as wide as the original 
interval that contains the root. a:Jd we are "squeezmg down on it" (see Figure 2.6). To 
continue the process, relabel the new smaller ir.tervalla. b] and repeat the process until 
the interval is as small a<; desired. Si:-~ce the bisection process involves sequences of 
nested intervals and their midpoints. we will use the following notation to keep track 
of the details in the process: 

lao, boJ is the startmg Interval and co= ~ is the midpomt. 

[a 1• b J] is the second interval, which brackets the 7..ero r, an<! c 1 is it~ rrudpoint; 
t7l :he interval [fl]. b!l is r.alf as wide as [ao. hoi-

After arriv:ng at the nth in~erval [a,. b,], which brackets rand !las midpoint 
cr.. the interval [aHl• b.,+11 is constructed, which also brackets rand is half 
a~ W!de as [a,, b,]. 

It is left as an exercise for the reader to show that the sequence of left end points is 
increasing and the sequence of right end points 1s decreasing; that is, 

(8) ao ~ a1 .s · · · :::;: ar. ~ · · · :::: r :::: · · · :S bn .S: · · • .S bt ~ bo. 

where Cn = a.;b•, and if j(a,_t)f(b,+l) < 0, then 

(9) [a,+J,bn+Jl=[a,,r0 ] or [a, ... J,b,,tJ=[c,.b,l for all n. 

1'heorem 2.4 (Bisection Theorem). Assume (ha( f E Cfa, b] and that there exists 
a number r E [a, bl such that j(r) = 0. If f(a) and j(b) have opposite signs: and 
icnl;;"=o represents the sequence of midpoints generated by the bisection process of (8) 
and (9), then 

110) 
b - (l 

r- l'n; < 2n·l for n = 0, I, ... , 

and therefore the sequcr.ce {c,J;;-',..0 converges to the zero x = r; that Js, 

lim Cn = r. 
n-+oo 

Pr()(~( Since both the zero r and the midpoint Cn lie in the interval [an, bn], the dis
tance be1ween Cn and r cannot be greater than half the width of this interval (see Fig· 
urc 2.7). Thus 

(12) 
bn -an 

Jr- Cnl :::_ --
2
- for all n. 
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b., 

FiKUre· 2. 7 1be root r liJld rnidooint Cn of [an , bnl for the 
bisection method. 

Observe that the successive interval widths fonn the pattem 

bo -ao 
bt -at = -

2
- 1-, 

b1- at bo- ao 
b2- a2 = --

2
- = ---zr-· 

. 

ll is left as an c;"crcise for the reader w use mathemarica.J imluclioa and show rlw.r 

(13) 
bo -ao 

bn -a"=---
2~ 

Combining (12) and (13) results in 

(14) for all n. 

Now an argument similar to the one g;ven in Theorem 2.3 can be used to show that 
{14) implies that the sequence (c, };;:,0 converges to r and the proof of the theorem is 
complete. • 

Example 2.7. The function h{x) = .x sin(x) occurs in the study or undamped forced 
oscillations. hnd the value of x that lies in the interval [0. 2], where the function takes on 
rhe value h(x) = 1 (the function sm(x) is cvalt:atcd in radians). 

We use the bisection method lO find a zero of the hnction /(x) = .x sin(x) I. Startir.g 
with ao = 0 and bJ = 2, we compt:tc 

j(O) = -1.000:::00 and j(2) = 0.818595, 

so a root ol" j(x) = 0 lies in the interval [0.2J. At the midpoint co= I, we find that 
/(1) = -0.158529. Hence the function changes sign on f co. hoi =[I. 21. 

To continue, we squeeze from the lett and set at = co and b1 = bo. The mkpoint 
is q = 1.5 and /(CJ) ;: 0.496242. Now, j(l) = -0.158529 and f(l.5) = 0.496242 
imply that the roollies in the interval [a1. c1] = li.O, 1.5]. The next decision is to squeeze 
from the right and set a2 = at and b2 = t.:t. Indus manner we obtain a sequence lck l that 
converges to r «::: 1.11415 7141 . A sample calculation is given i:1 Table 2.1. • 
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Left Right Famc:tion ~ue. 
k end point, <l.t Midpoint, Ci: cod point, b1 f(ck) 

0 0 I. 2. -0.158529 

I 1.0 1.5 2.0 0.496242 

2 1.00 1.25 1.50 0.186231 
3 1.000 1.125 1.250 0.015051 
4 1.0000 1.0625 1.1250 -0.071827 

5 1.06250 1.09375 1.12500 -0.028362 

6 1.093750 1.109375 1.125000 -0.006643 
7 1.1093750 1.117l875 !.1 25()(X)() 0.004208 
8 !.10937500 1.11328125 1.11718750 -0.001216 

' 

.. 

A virtue of the bisection mctl1od is that fonnula ( 10) prov1des a predetennined 

estimate for the accuracy of the computed solution. In Example 2.7 the width of the 

starting interval was bo - ao = 2. Suppose that Table 2. I were cont:nued to the 

thirty-first iterate: then, by (10), the error bound wou.ld be :t.-11 ::=:: (2- 0)/231 ~ 
4.656613 x l 0- 10. Hence c31 would be an approx irnat1on lo r with nine decimal places 

of accuracy. The number N of repeated bisections needed to guarantee that the Nth 
midpoint c N is an approximation to a zero and has an error less than the preassigned 

value 8 is 

(15) N 
_. (ln(b -a) -ln(8)) 
- mt lo(2) · 

The proof of this formula is left as an exercise. 
Another popular algorithm is the method of false position or the regula falsi 

Method. It was developed because the bisection method converges at a fairly slow 

speed. As before, we assume that j(a) and f(b) have opposite signs. Tne bisection 

method used the midpoint of the interva\ \a, b1 as the next ileratc. A better approxi

mation is obtained if we lind the point (c, 0) where the secant iine L joining the point~ 

(a, j(a)) and (b, f<b)) crosses the x-axis (see Figure 2.8). To find the value c, we 

write down two versions of the slope m of the line L; 

(16) m= 
f(b)- /(a) 

b-a 

where the points (a, j(a)) and (b, f(b)) are used, and 

(17) m= 
0- f(b) 

c -b ' 

(a. f(a)} 

(b, f{b)) 

(a) Jfj(a) andf(c) have 
opposite signs then 
squeeze fron: the right. 

(a.j{a)) 

(b) lf j(c) and /(b) have 
opposite signs then 
squeeze fwm the left. 

Figure l.S The Ot:cision process for the false posiuor: me:hod. 

where the points (c. 0) and (b. /(b)) are used. 
Equating the slopes in (16) and ( 17), we have 

j(b)- /(a) 0- f(b) 

b-a c--b · 

which is easily solved for c w g~t 

(18) c = b _ ..:.f__;(_b)_(b_-_a_:_) 
j(b)- f(a) · 

The three possibilities are the same as before: 

(19) If f(a) and f (c) have opposite signs, a zero lies in (a. c). 

(20) U j (c) and f (b) have opposite signs, a zero lies in !c, b l 
(21) If j(c) = 0, then the zero is c. 

Convergence of the False Position Method 

The decision process implied by (19) and (20) along with (18) is used to construct 

a sequence of intervals {[a..,, b..,Jl ead. of which brackets 1he zero. At each srep th<' 
approximation of 1he zero r is 

(22) c = b _ f(h 11 Hhn -a,) 
" 

11 
f(bn)- f(an) ' 
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:Figure 2.9 The stationary endpoint for rhe false posicion 
method. 

anc it can be proved that the sequence len 'r will converge to r. But beware; althougt: 
the interval width b, -an is getting smaller, it is possib)e that it may not go to zero. If 
the graph of y = j(x) is concave near (r, 0). one of the end points becomes fixed and 
the orher one marche.~ into the solution (see Figure 2.9). 

Now we rework the solution to x sin(x) - l = 0 using the method of false posi
tion and observe that it converges faster than the bisection method. Also, notice that 
{b,, -an )~0 does not go to zero. 

Example 2.8. Use the false position method to find the root of x sin(x) - I = 0 diat is 
:ocated in the interval [0. 2) {tbe function sin(x) is evaluated in radians). 

Starting with ao = {) and ba = 2, we have j (0) = -1.00000000 and f (2) 
0.81859485, so a root ties in the interval (0, 2). Using fonnula (22), we get 

.. _ 
2

_ 0.818594B5(2-0) _ nNV7 

-0- O.SlS59485 _(-l)-l.unr5017 and /(co)=-0.02001921. 

The function changes sign on the interval [CQ, bol = [UJ9975017, 2], so we squeeze from 
dJe left and set OJ =::CO and b1 = /Jo. formula (22) produces the next approximation; 

c _ 
2 

_ 0.81859485(2- 1.09975017~ _ I 
1

- 0.81859485- (-0.0200!921)- J.ll 24074 

and 

f(q) = 0.00983461. 

Next j(x) changes sign on (OJ, cd = [1.09975017. l.l2124074].and the next decision is 
to squeeze from the right and s~t a1 = a 1 a:-.d b2 = q . A summary of the cakulations is 
given in Table 2.2. • 

The termination criterion used in the bisection method is not useful for the false 

position method and may result i;~ an inflnite loop. The closeness of consecutive iter
ates and the size of If (en)· are both used in the tenn.ination criterion for P:-ogram 2.3. 
In section 2.3 we discuss the reasons for this cboicc. 
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.'hble l.l False Position Method Solution of x sin{x) - 1 = 0 
.. -

J 

left Right Function value, 

* end point. ax Midpoint, q end point, b.c j(c,t) 

0 O.OOOOI::JOO) 1.09975017 2.!XXXJOOJO -0.02001921 
1 1.099'75017. l.l2124074 2. <XXIOOCKXl 0.00983461 
2 1.(19975017 1.11416120 1.12124074 0.00l00563 
3 1.09915017 1.11415714 1.11416120 0.00000000 

! 

Program 2.2 (Bisection Method). To approximate a rOOt of the equation f(x) = 0 ·, 
in the intervaJ [a, b). Proceed with the method only if f(x) is continuous and j(a) ! 

j and f(b) have opposite signs. · 

function [c,err,yc)abisect(f,a,b,delta) 

i.lnput - f is the function input as a string 'f' 
% - a and b are the left and right end points 
% - delta is the tolerance 
f.Cutput - c is the zero 
% - yc•f(c) 
% - er~ is the error estimate for c 

ya=feval (f, a) ; 
yb=feval(f ,b); 
if ya•yb>O,break,end 
max1~1+round((log(b-a)-log(delta))/log(2)); 

for k-=1 :maxi 
cc(a+b)/2; 
yc•feval(f,c); 
if yc"•O 

a.::c; 

h"'C; 
elseif yb*yc>8 

b=c; 
yb•yc; 

else 

end 

a=c; 
ya=yc; 

end 
if b-a < delta, break,end 

c=(a+b)/2; 
errsoabs (b-a) ; 
yc=feval(f ,c), 
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Program 2.3 (False Position or Regula Falsi Method). To approximate a root of 
the equation f(x) = 0 in the interval [a, b). Proceed with the method only if f(x) ; 
is continuous and j(a) and f(b) have opposite signs. i 

function [c,err,yc]=regula(f,a,b,delta,epsilon,max1) 
%Input - f is the function input as a string 'f' 
% - a and b are the left and right end points 
% - delta is the tolerance for the zero 
% - epsilon is the tolerance for the value of f at the zero 
% - maxl is the maximum number of iterations 
%Output - c is the zero 
% - yc=f(c) 
% - err is the error estimate for c 
ya=feval(f,a); 
yb"'feval(f,b); 
if ya*yb>O 

end 

disp('Note: f(a)*f(b)>O'), 
break, 

for k=1:max1 
dx"'yb*(b-a)/(yb-ya); 
c=b-dx; 

end 

ac•c-a; 
yc=feval (f, c); 
if yc•=O, break; 
elseif yb•yc>O 

b*c; 
yb=yc; 

else 
a=c; 
ya=yc; 

end 
dx=min(abs(dx),ac); 
if abs(dx)<delta,break,end 
if abs(yc)<epsilon,break,end 

c; 
err=abs(b-a)/2; 
yc=feval(f,c); 
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Exercises for Bracketing Methods 

In Exercises 1 and 2, find an approximation for the interest rate I that will yield the total 
annuity value A if 240 monthly payments P are made. Use the two staning values for I 
and compute the next three approximations using the bisection method. 

1. P =$275, A =$250, ooo, 10 = 0.11, It = 0.12 

2. P =$325, A =$400, 000, lo = 0.13, It = 0.14 

3. For each function, find an interval [a, b] so that I (a) and I (b) have opposite signs. 
(a) f(x) = e" - 2- x 
(b) l(x) = cos(x) + 1 - x 
(c) f(x) = ln(x)- 5 +x 
(d) f(x) = x 2 - lOx+ 23 

In Exercises 4 through 7 start with [ao, bo] and use the false position method to compute 
CO, q, C2, and C3. 

4. ex- 2 -x = 0, [ao,bo] = [-2.4, -1.6] 

5. cos(x) +I - x = 0, [ao. bo] = [0.8, 1.6] 

6. ln(x)- 5 + x = 0, [ao, bo] = (3.2, 4.0] 

7. x 2 - lOx + 23 = 0, [a0 , bo] = [6.0, 6.8] 

8. Denote the intervals that arise in the bisection method by [ao, bo], [at. btl, 
[an, bn]. 
(a) Show that ao "5 at "5 .. · .::::an _:::: · · · and that .. · .:::: bn .:::: .. · .:::: bt _:::: bo. 
(b) Show that bn -a, = (bo- ao)/2n. 
(c) Let the midpoint of each interval be c, = (an + bn)/2. Show that 

lim a,.= lim c, = lim b,.. n.....:,.oo n-+oo n ...... co 

Hint. Review convergence of monotone sequences in your calculus book. 

9. What will happen if the bisection method is ~sed with the function f(x) = 1/(x- 2) 
and 
(a) the interval is [3, 7]? (b) the interval is [1, 7]? 

10. What will happen if the bisection method is used with the function f(x) = tan(x) 
and 
(a) the interval is [3, 4]? (b) the interval is [1, 3]? 

11. Suppose that the bisection method is used to find a zero of f(x) in the interval [2. 7]. 
How many times must this interval be bisected to guarantee that the approximation 
eN has an accuracy of 5 x w-9? 

12. Show that formula (22) for the false position method is algebraically equivalent to 

anf(b,.)- b,.J(a,) 
c, = . 

f(bn)- f(an) 
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13. Establish formula (15) for determining the number of iterations required in the bisec
tion method. Hint. Use Jb- aJ/2n+l < o and take logarithms. 

14. The polynomial f(x) = (x -1)3(x -2)(x- 3) has three zeros: x = 1 of multiplicity 3 
and x = 2 and x = 3, each of multiplicity 1. If ao and bo are any two real numbers 
such that ao < I and bo > 3, then f(ao)/(bo) < 0. Thus, on the interval [ao, boJ 
the bisection method will converge to one of the three zeros. If ao < 1 and bo > 3 
are selected such that en = "•!b" is not equal to I, 2, or 3 for any n ~ 1, then the 
bisection method will never converge to which zero(s)? Why? 

15. If a polynomial, f(x), has an odd number of real zeros in the interval [ao, bo], and 
each of the zeros is of odd multiplicity, then f(ao) f(bo) < 0, and the bisection 
method will converge to one of the zeros. If ao < 1 and bo > 3 arc selected such that 
Cn = a. !b• is not equal to any of the zeros off (x) for any n :::_ 1, then the bisection 
method will never converge to which zero(s)? Why? 

Algorithms and Programs 

1. Find an approximation (accurate to I 0 decimal places) for the interest rate I that will 
yield a total annuity value of $500, 000 if 240 monthly payments of $300 are made. 

2. Consider a spherical ball of radius r = 15 em that is constructed from a variety 
of white oak that has a density of p = 0. 710. How much of the ball (accurate to 
8 decimal places) will be submerged when it is placed in water? 

3. Modify Programs 2.2 and 2.3 to output a matrix analogous to Tables 2.1 and 2,2, 
respectively (i.e., the first row of the matrix would be [0 ao co bo f(co) ]). 

4. Use your programs from Problem 3 to approximate the three smallest positive roots 
of x = tan{x) (accurate to 8 decimal places). 

5. A unit sphere is cut into two segments by a plane. One segment has three times the 
volume of the other. Determine the distance x of the plane from the center of 'the 
sphere (accurate to 10 decimal places). 

.3 Initial Approximation and Convergence Criteria 

The bracketing methods depend on finding an interval [a, b] so that f (a) and f(b) have 
opposite signs. Once the interval has been found, no matter how large, the iterations 
will proceed until a root is found. Hence these methods are called globally convergent. 
However, if f(.r) = 0 has several roots in [a, b], then a different starting interval must 
be used to find each root. It is not easy to locate these smaller intervals on which f (x) 
changes sign. 

In Section 2.4 we develop the Newton-Raphson method and the secant method for 
solving f (x) = 0. Both of these methods require that a close approximation to the rool 
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be given to guarantee convergence. Hence these methods are called locally convergent. 
They usually converge more rapidly than do global ones. Some hybrid algorithms start 
with a globally convergent method and swit~h to a locally convergent method when 
the iteration gets close to a root. 
. If the computation of rQOts is one part of a larger project, then a leisurely pace 
IS suggested and the first thing to do is graph the function. We can view the graph 
Y = f(x) and make decisions based on what it looks like (concavity, slope, oscillatory 
behavior, local extrema, inflection points, etc.). But more important, if the coordinates 
of points on the graph are available, they can be analyzed and the approximate location 
of roots determined. These approximations can then be used as starting values in our 
root-finding algorithms. 

We must proceed carefully. Computer software packages use graphics software of 
varying sophistication. Suppose that a comp!Jter is used to graph y = j(x) on [a, b]. 
Typically, the interval is partitioned into N + l equally spaced points: a = xo < 
XI < · · · < XN = band the function values Yk = f (xk) computed. Then either a 
line segment or a "fitted curve" are plotted between consecutive points (Xk-I, Yk- I) 
and (xko Yk) fork = I, 2, ... , N. There must be enough points so that we do not 
miss a root in a portion of the curve where the function is changing rapid! y. If f (x) 
is continuous and two adjacent points (xk-t. Yk-t) and (xk, Yk) lie on opposite sides 
of the x-axis, then the Intermediate Value Theorem implies that at least one root lies 
in the interval [Xk-I, Xk ]. But if there is a root, or even several closely spaced roots, 
in the interval [ Xk -l, Xk] and the two adjacent points (xk-I, Yk-l) and (xk, Yk) lie on 
the same side of the x-axis, then the computer-generated graph would not indicate a 
situation where the Intermediate Value Theorem is applicable. The graph produced by 
the computer will not be a true representation of the actual graph of the function f. 
It is not unusual for functions to have "closely" spaced roots; that is, roots where the 
graph touches but does not cross the x-axis, or root~ "close" to a vertical asymptote. 
Such characteristics of a function need to be considered when applying any numerical 
root-finding algorithm. 

Finally, near two closety spaced roots or near adoubte root, the com~mter-generated 
curve between (Xk-l· Yk-I) and (xko Yk) may fail to cross or touch the x-axis. If 
1/(xk)/ is smaller than a preassigned value E (Le.,j(xk) ~ 0), then Xk is a tentative 
approximate root. But the graph may be close to zero over a wide range of values near 
Xko and thus Xk may not be close to an actual root. Hence we add the requirement that 
the slope change sign near (xk, Yk); that is, m, 

1 
= n-Yk-l and mk = Yk+l-Yk must 

• • • • •- Xk-Xk-l Xk+J-Xk 

have opposrte srgns. Smce Xk- Xk-I > 0 and Xk+l - Xk > 0, it is not necessary to use 
the difference quotients, and it will suffice to check to see if the differences Yk - Yk-l 

and Yk+ 1 - Yk change sign. In this case, Xk is the approximate root. Unfortunately, 
we cannot guarantee that this starting value will produce a convergent sequence. If the 
graph of y = f (x) has a local minimum (or maximum) that is extremely close to zero, 
then it is possible that Xk will be reported as an approximate root when f(x~c.) ~ 0, 
although Xk may not be close to a root. 
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Table 2.3 Finding Approximate Locations for Roots 

Function values 

Xk Yk-1 Yk 

-1.2 -3.125 -0.968 
-0.9 -0.968 0.361 
-0.() 0.361 1.024 
-0.3 1.024 1.183 

0.0 I.I83 UKXJ 
0.3 1.000 0.637 
0.6 0.637 0.256 
0.9 0.256 0.019 
L2 0.019 0.088 

y 

-1.0 

Differences in y 

Yk- Yk-1 

2.157 
1.329 

0.663 
0.159 

-0.183 
-0.363 
-0.381 
-0.237 

0.069 

Significant changes 
Yk+l- Ylt. in j(x) or j 1(x) 

1.329 
0.663 

0.159 
-0.183 

-0.363 
-0.381 
-0.237 

0.069 

0.537 

f changes sign in [Xk-1, xk] 

/
1 changes sign near Xk 

f' changes sign near xk 

Figure 2.10 The graph of the cu
bic polynomial y = x 3 - x 2 - x + I 

Example 2.9. Find the approximate location of the roots of x 3 - ,T
2 - x + 1 = 0 on the 

interval [- 1.2, 1.2]. For illustration, choose N = 8 and look at Table 2.3. 
The three abscissas for consideration are -1.05, -0.3, and0.9. Because f(x) changes 

sign on the interval [ -1.2, -0.9], the value -LOS is an approximate root; indeed, 
/(-1.05) = -0.210. 

Although the slope changes sign near -0.3, we find that f ( -0.3) = 1.183; hence 
-0.3 is not near a root. Finally, the slope changes sign near 0.9 andf(0.9) = 0.019, so 0.9 
is an approximate root (see Figure 2.10) • 
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y 

X 

y=-E 

Figure 2.11 (a) The horizontal convergence band for locating a solution to 
j(x) = 0. 

y 

x=p-8 
' 

Figure 2.11 (b) The vertical convergence band for locating a solution to f(x) = 0. 

Checking for Convergence 

65 

A graph can be used to see the approximate location of a root, but an algorithm must be 
used to compute a value Pn that is an acceptable computer solution. Iteration is often 
used to produce a sequence {Pk} that converges to a root p, and a termination criterion 
or strategy must be designed ahead of time so that the computer wil\ stop when an 
accurate approximation is reached. Since the goal is to solve f (x) = 0, the final value 
Pn shouid'have the property that l.f<Pn)l <E. 

The user can supply a tolerance value E for the size of 1 f {p") I and then an iterative 
process produces points Pk = (pko f(pk)) until the last point Pn lies in the horizontal 
band bounded by the lines y = +E and y = -E, as shown in Figure 2. I I (a). This 
criterion is useful if the user is trying to solve h(x) = L by applying a root-finding 
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algorithm to the function f(x) "'= h(x)- L. 
Another termination criterion involves the abscissas, and we can try to (kt rT;;'·'·" 1' 

the sequence [ Pk} is converging. If we draw the vertical lines x = p + 8 anr: ·' . 
on each side of x = p, we could decide to stop the iteration when the pnin< /',, :u.> 
between these two vertical lines, as shown in Figure 2.ll(b). 

The latter criterion is often desired, but it is difficult to implement because it in 
valves the unknown solution p. We adapt this idea and terminate further calculation,; 
when the consecutive iterates Pn -1 and Pn are sufficiently close or if they agree withw 
M significant digits. 

Sometimes the user of an algorithm will be satisfied if Pn ~ Pn- I and other tim;:s 
when f(Pn) ~ 0. Correct logical reasoning is required to understand the com;¢. 
quences. If we require that IPn - p) < S and jj(pn)l < E, the point Pn will b,, 
located in the rectangular region about the solution (p, 0), as shown in Figure 2.12(n). 
If we stipulate that IP" - PI < 8 or jf(Pn)l < E, the point Pn could be located 
anywhere in the region formed by the union of the horizontal and vertical stripes, ,,,, 
shown in Figure 2.12(b). The size of the tolerances 8 and E are crucial. If the tol· 
erances are chosen too small, iteration may continue forever. They should be chosen 
about 100 times larger than w-M, where M is the number of decimal digits in tl"'' 
computer's floating-point numbers. The closeness of the abscissas is check;;d v>"ith OJh.· 

of the criteria 

lPn - Pn- I I < J (estimate for the absolute error) 

or 

21Pn - Pn-ll < & 
IPn I + lPn-J I 

(estimate for the relative error). 

The closeness of the ordinate is usually checked by \ f (Pn) \ < E. 

Troublesome Functions 
A computer solution to f(x) == 0 will almost always be in error due U• n:w!duh 
and/or instability in the calculations. If the graph y = f(x) is steep nc;c;H tik: mu; 
(p, 0), then the root-finding problem is well conditioned (i.e., a solution with scv..:ial 
significant digits is easy to obtain). If the graph y = j(x) is shallow near (p, 0).. ther 
the root-finding problem is ill conditioned (i.e., the computed root may haw a fe" 
significant digits). This occurs when j(x) has a multiple root at p. This;:; d:<:ussed 
further in the next section. 
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y 

Po 

/ 

Figure 2.12 (a) The rectangular region defined by Jx- pi < & AND IYI < e. 

y 

I 
L· 

Figure2.12 (b) The unbounded region defined by lx- PI < & OR IYI <e. 

X 

X 
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Program 2.4 (Approximate Location of Roots). To roughly estimate the loca

tions of the roots of the equation j(x) = 0 over the interval [a, b], by using the 

equally spaced sample points (xk. j(xk)) and the following criteria: 

(i) (Yk~tHYk) < 0, or 

(ii) IYkl < E and (Yk- Yk~IHYk+I- Yk) < 0. 
That is, either /(Xk~I) and f(xt) have opposite signs or 1/(xt)l is small and the 

slope of the curve y = f (x) changes sign near (xk, f (x~c) ). 

function R s approot (X,epsilon) 

7. Input - f is the object function saved as an M-file named f.m 
Y. - X is the vector of abscissas 
% - epsilon is the tolerance 
!. Output - R is the vector of approximate roots 

Y"'f(X); 
yrange = max(Y)-min(Y); 
epsilon2 "' yrange•epsilon; 
n=length(X); 
m=O; 
X(n+l)=X(n); 
Y(n+O=Y(n); 

for k=2:n, 

end 

if Y(k-l)•Y(k)<=O, 
m=m+l; 
R(m)=(X(k-l)+X(k))/2; 

end 
s=(Y(k)-Y(k-1))•(Y(k+1)-Y(k)); 
if (abs(Y(k)) < epsilon2) & (s<"'O), 

m=m+l; 
R(m)..,X(k); 

end 

Example 2.10. Use approot to find approximate locations for the roots of /(x) = 
sin(cos(x 3)) in the interval { -2, 2]. First save f as an M-file named f.m. Since the results 

will be used as initial approximations for a root-finding algorithm, we will construct X so 
that the approximations will be accurate to 4 decimal places. 

»X..,-2: .001 :2; 

>>approot (X,0.00001) 

ans"' 

-1.9875 -1.6765 -1.1625 1.1625 1.6765 1.9875 

SEC. 2.3 INITIAL APPROXIMATION AND CONVERGENCE CRITERIA 69 

Comparing the results with the graph of f, we now have good initial approximations for 
one of our root-finding algorithms. . • 

Exercises for Initial Approximation 

In Exercises I through 6 use a computer or graphics calculator to graphically determine 

the approximate lQCation of the roots of f(x) = 0 in the given interval. In each case, 

determine an interval {a, b] over which Programs 2.2 and 2.3 could be used to determine 
the roots (i.e., f(a)f(b) < 0). 

1. f(x) =x2--r for-2 ::;x:::; 2 

1. f(x) = x - cos(x) for -2:::; x :::; 2 

3. f(x) = sin(x)- 2cos(x) for -2:::; x :::; 2 

4. f(x) = cos(x) +(I +x2)-1 for -2:::; x:::; 2 

5. j(x) = (x- 2)2 -ln(x) forO.S S x:::; 4.5 

6. f(x) = 2x- tan(x) for -1.4:::; x:::; 1.4 

Algorithms and Programs 

In Problems 1 and 2 use a computer or graphics calculator and Program 2.4 to approximate 
the real roots, to 4 decimal places, of each function over the given interval. Then use 

Program 2.2 or Program 2.3 to approximate each root to 12 decimal places. 

l. j(x) = 1,000,000x3 - lll,OOOx 2 +I l !Ox- 1 for -2 ~ x ~ 2 

2. f(x) = 5x 10 - 38x9 + 2lx11 - Srrx6 - 3rrx5 - Sx1 + Sx -3 for -15:::; x :::; 15. 

3. A computer program that plots the graph of y :::;;; f(x) over the interval [a, b] using 
the points (xo, yo), (XJ, yi), ... , and (XN. YN) usually scales the vertical height of 
the graph, and a procedure must be written to determine the minimum and maximum 

values of f over the interval. 

(a) Construct an algorithm that will find the values Y max = maxk{yk} and Y min = 
mink{yk}. 

(b) Write a MATLAB program that will find the approximate location and value of 

the extreme values of j(x) on the interval [a, b]. 

(c) Use your program from part (b) to find the approximate location and value of 

the extreme values of the functions in Problems I and 2. Compare your approx

imations with the actual values. 
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2.4 Newton-Rapbson and Secant Methods 

Slope Methods for Finding Roots 

Iff~~·), f'(x), and f''(x) are continuous ncar a root p, the1 this c~tra information 
regarding the nature of f (x ., can be useri to develop algorithms that will produce se
quences lpd that converge faster top than either the bisection or false position method. 
The Ncwton-Raphson (or simply Newton's) method is one of the most useful and best 
kOO'Wll algorithms that rehcs on the continuity of j"(x) and f"{x). We shall introduce 
it graphically and men give a more rigorous treatment based on the Taylor polynomial. 

Assume that the initial approximation po is near the root p. 'lben the graph of 
y = j(x) intersects the x-axis at the point (p, 0), a..1d the point (p0, f<Po)) lies on the 
curve near rhe poinl {p. 0) ~see Figure 2.13}. Denne PI to be the pomt ofimersection of 
the .x-axis and the line tangent tO the curve at the point (po. [(pol). Then Figure 2.13 
shows that p1 will be closer top than p~ in this case. An equation relating PI and pn 
can he found if we write down two versions for the slope of the tangent line L: 

0- J(po) 
m= 

Pl --Po 

which is the slope of the line through (p 1. 0) and fpo, f(po)), and 

(2) m == f'(po). 

which is the slope at the point (po. f(po)). F.AJUating the values of the slope m in 
equations ( 1) aud (2) and solving for PI results in 

(3) 
ftpo) 

PI =PO--f'( 1-. Po. 

Po 
i<?"'-:--~~--------t----- .l 

Figure 2.13 The geomei.Jic consll1lction of P• and P2 for 
the Newton-Raphson method. 
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The process above can be repeated to obtain a sequence { pk} that conver~es to p. 
We r.ow make these ideas more precise. 

Theorem 2.5' (Newton-Raphson Th.eorem). Assume that f E C2]a. bj and :here 
exists a number p E Ia. b], where f(p) = 0. If f'(p) =f. 0, then there exists a 8 > 0 
such that the sequence fPk l~o defined by lhe itcr.uion 

(4) f(Pk-ll 
Pk = g(pk-·1) = Pk-l- -'--'--

J'(Pk lJ 
for k = I. 2. 

will converge top foe any initial approximation poE [p- 8. p + 8]. 

Remark. The function g(x) defined by fomm\a 

(5) 
f(x) 

g(x) = x- --
j'(x) 

is called the Newton-Raphson iteration function. Since f(p) = 0, it is easy to see 
that g(p) = p. Thus the Newton-Raphson iteration for finding the root of the equation 
f<x) "" 0 is accomplished by finding a fixed point of the function g(x ). 

Proof. The geometric construction of PI shown in Figure 2.13 does not help in un
derstanding why ro needs to be close top or why the continuity of f"(x) is essential. 
Our analysis starts with the Taylor polynomial of degree n = I and its remainder te1m: 

(6) 
f"(c)(x- po) 2 

f(x) = j(po) + J' (po)(x -·pol -t-
2
! 

where c lies somewhere between po and x. Substituting x = pinto equation (6) and 
using the fact that f { p) = 0 produces 

(7) 
' . j"(c)(p- Pol2 

0 = j(po) + f (poi{p- Po)+ 
2
! . 

If Pn is close enough ro p, the last term on the right side of (7) will be small com
pard to the sum of the first two terms. Hence i·. can be neglected and we can use the 
approximation 

Ol) o :":: J (PO)+ J'(poHP- Po). 

Soi\iDg for pin equation (8), we get p ;:o:: Po- f(po)/ /'(Po). This is used to define 
the r.eX\ approximation PI to the root 

(9) 
j(po) 

PI =po- -f'( ). 
. PO 

When Pk i is used in place of PG in equation (9). the general ruh: (4) is established. For 
most applications this is all that needs to be understood. However, to fully comprehend-
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what is happening, we need to consider the fixed-point iteration function and apply 
Theorem 2.2 in our situation. The key is in the analysis of g'(x): 

'(x) = 
1 
~ f'(x)f'(x) ~ f(x)/'

1
(x) = f(x)J"(x) 

g (f'(x))2 (f'(x))2 

By hypothesis, f(p) = 0; thus g'(p) = 0. Since g'(p) = 0 and g(x) is continuous, it 
is possible to find a o > 0 so that the hypothesis lg'(x)l < 1 of Theorem 2.2 is satisfied 
on (p ~ o, p + o). Therefore, a sufficient condition for Po to initialize a convergent 
sequence {pd~0, which converges to a root of f(x) = 0, is that p0 E (p ~ o, p + o) 
and that o be chosen so that 

1/(x)J"(x)l 
(f'(x)l2 <. l for all X E (p- 0, p + o) (10) • 

Corollary 2.2 (Newton's Iteration for Finding Square Roots). Assume that A > 0 
is a real number and let Po > 0 be an initial approximation to v'A. Define the sequence 
{pk )~using the recursive rule 

(II) 

A 
Pk-J +--

Pk = ___ .._P.;;.k_-.:..1 
2 

for k = I, 2, .... 

Then the sequence (Pk )~0 converges to v'A; that is, limn->oc Pk = fA. 

Outline of Proof Start with the function f(x) = x 2 - A, and notice that the roots of 
the equation x 2 - A = 0 are ±JA. Now use f(x) and the derivative f'(x) in formula 
(5) and write down the Newton-Raphson iteration formula 

f(x) x 2 - A 
g(x) =X - -- = X - ---. 

f'(x) 2x 
(12) 

This formula can be simplified to obtain 

(13) 
x+!! 

g(x) = __ x. 

2 

When g(x) in (13) is used to define the recursive iteration in (4), the result is formula 
( 11 ). It can be proved that the sequence that is generated in ( 11) will converge for any 
starting value Po > 0. The details are left for the exercises. • 

An important point of Corollary 2.2 is the fact that the iteration function g(x 1 

involved only the arithmetic operations+.-, x, and/ If g(x) had involved the cal
culation of a square root, we would be caught in the circular reasoning that being able 
to calculate the square root would permit you to recursively define a sequence that will 
converge to ../A. For this reason, f(x) = x 2 - A was chosen, because it involved onh 
the arithmetic operations. • 
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Example 2.11. Use Newton's square-roc,t algorithm to find .../5. 
Starting with PO = 2 and using fonnula (ll), we compute 

2+5/2 
PI == --= 2.25 

2 
2.25 + 5/2.25 

P2 = 
2 

= 2.236111111 

2.236111111 + 5/2.236111111 2 8 
P3 = 2 = .23606797 

2.36067978 + 5/2.236067978 2 
P4 = 

2 
= -236067978. 
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Further iterations produce Pk % 2.236067978 for k > 4, so we see that convergence 
accurate to nine decimal places has been achieved. • 

Now let us turn to a familiar problem from elementary physics and ;;ee why de
termining the location of a root is an important task. Suppose that a projectile is fired 
from the origin with an angle of elevation bo and initial velocity uo. In elementary 
courses, air resistance is neglected and we learn that the height y = y(t) and the dis
tance traveled x = x(t), measured in feet, obey the rules 

(14) 

where th~ horizontal and vertical components of the initial velocity are u_, = v0 cos(bo) 
and vy =>= vo sin(b0), respectively. The mathematical model expressed by the rules 
in (14) is easy to work with, but tends to give too high an altitude and too long a range 
for the projectile's path. If we make the additional assumption that the air resistance is 
proportional to the velocity, the equations of motion become 

(15) 

and 

(16) 

where C = m f k and k is the coefficient of air resistance and m is the mass of the 
projectile. A larger value of C will result in a higher maximum altitude and a longer 
range for the projectile. The graph of a flight path of a projectile when air resistance is 
considered is shown in Figure 2.14. This improved model is more realistic, but requires 
the use of a root-finding algorithm for solving f(t) = 0 to determine the elapsed time 
until the projectile hits the ground. The elementary model in (14) does not require a 
sophisticated procedure to find the elapsed time. 
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Table 2.4 Finding the Time When the Height /(t) Is Zero 

k Time,pk Pk+t- Pk Height, f(Pk) 

0 8.00000000 0.79773101 83 .22097200 
I 8.79773101 ~0.05530160 -6.68369700 
2 8.74242941 -0.00025475 -0.03050700 
3 8.74217467 -0.0000000 I -0.00000100 
4 8.74217466 0.00000000 0.00000000 

Example 2.12. A projectile is fired with an angle of elevation bo = 45°, vy == vx "" 
160 ftfsec, and C == 10. Find the elapsed time until impact i111d find the range. 

Using fonnulas (15) and (16), the equations of motion are y "" f(t) = 4800(1 -
e-1110) - 320t and x = r(t) = 1600(1 - e-r/!0). Since j(8) == 83.220972 and /(9) = 
-31.534367, we will use the initial guess PO= 8. The derivative i.s f'(t) = 48Qe-tfl0-
320, and its value /'(PQ) = f'(8) = -104.3220972 is. used in formula (4) to get 

= 8- 83.22097200 = 8 797731010 
PI -104.3220972 . . 

A summary of the calculation is given in Table 2.4. 
The value P4 has eight decimal places of accuracy, and the time lilltil impact is t ~ 

8.74217466 seconds. The range can now be computed using r(t), and we get 

r(8.74217466) = 1600 ( 1 - e-0·
1174217466

) ""'932.4986302fl • 

The Division-by-Zero Error 

One obvious pitfall of the Newton-Raphson method is the possibility of division by 
zero in formula (4), which would occur if f'(Pk-d ""0. Program 2.5 has a procedure 
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to check for this situation, but what use is the last calculated approximation Pk-1 in 
this case? It is quite possible that f(Pk-d is sufficiently close to zero and that Pk-1 
is an acceptable approximation to the root. We now investigate this situation and will 
uncover an interesting fact, that is, how fast the iteration converges. 

Definition 2.4 (Order of a Root). Assume that f(x) and its derivatives J'(x), 
•.• , f(Ml (x) are defined and continuous on an interval about x = p. We say that 
f(x) = 0 has a root of order Mat x = p if and only if 

(17) 

f(p) = 0, J'(p):;;: 0, 

A root of order M = 1 is often called a simple root, and if M > I, it is called a 
multiple root. A root of order M "" 2 is sometimes called a double root, and so on. 
The next result will illuminate these concepts. .._ 

Lemma 2.1. If the equation f(x) = 0 has a root of order M at x = p, then there 
exists a continuous function h(x) so that f(x) can be expressed as the product 

(18) f(x) = (x- p)Mh(x), where h(p) =1= 0. 

Example 2.13. The function f(x) = x 3 - 3x + 2 has a simple root at p = -2 and a 
double root at p"" 1. This can be verified by considering the derivatives f'(x) = 3x 2

- 3 
and f"(x) = 6x. At the value p = -2, we have /(-2) = 0 and f'(-2) = 9, so 
M = 1 in Definition 2.4; hence p = -2 is a simple root. For the value p = 1, we have 
f(l) = 0, j'(l) = 0, and j"(l) = 6, so M = 2 in Definition 2.4; hence p = 1 is a double 
root. Also, notice that f(x) has the factorization f(x) = (x + 2)(x- I )2

. • 

Speed of Convergence 

The distinguishing property we seek is the following. If pis a simple root of f(x) = 0. 
Newton's method will converge rapidly, and the number of accurate decimal places 
(roughly) doubles with each iteration. On the other hand, if p is a multiple root, the 
error in each successive approximation is a fraction of the previous error. To make 
this precise, we define the order of convergence. This is a measure of how rapidly a 
sequence converges. 

Definition 2.5 (Order of Convergence). Assume that {Pn};;:,0 converges top and 
set En = p - Pn torn 2: 0. If two positive constants A =I= 0 and R > 0 exist, and 

(19) 
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Table 2.5 Newton's Method Converges Quadratically at a Simple Root 

Et = p- Pk 
IEHtl 

k Pk Pk+l - Pk 
1Ek12 

0 -2.400000000 0.323809524 0.400000000 0.476190475 
I -2.076190476 0.072594465 0.076190476 0.619469086 
2 -2.003596011 0.003587422 0.003596011 0.664202613 
3 -2.000008589 0.000008589 0.000008589 
4 -2.000000000 0.000000000 0.000000000 

then the sequence is said to converge to p with order of convergence R. The num
ber A is called the asymptotic error constant. The cases R = 1, 2 are given special 
consideration. 

(20) 

(21) 

If R = 1, the convergence of IPnl~o is called linear. 

If R = 2, the convergence of fPnl~o is called quadratic. 

If R is large, the sequence [ Pn} converges rapidly to p; that is, relation ( 19) implies 
that for large values of n we have the approximation I En+ tl ""' A I£, I R. For example, 
suppose that R = 2 and lEn I ""' w-2; then we would expect that lEn+ II ""' A X 10-4

. 

Some sequences converge at a rate that is not an integer, and we will see that the 
order of convergence of the secant method is R = (I + ~) /2 ""' 1.618033989. 

Example 2.14 (Quadratic Convergence at a Simple Root). Start with po = -2.4 
and use Newton-Raphson iteration to find the root p = -2 of the polynomial f(x) 
.r 3 - 3x + 2. The iteration formula for computing {pk} is 

2pL -2 
Pk=g(Pk-t)= 2 · 

3pk-l - 3 
(22) 

Using formula (2 \)to check. for quadratic convergence, we get the values in 'fable 2.5. • 

A detailed look at the rate of convergence in Example 2.14 will reveal that the error 
in each successive iteration is proportional to the square of the error in the previous 
iteration. That is, 

w-here A "'=' 2/3. To check this, we use 

IP- P3l = 0.000008589 and IP- Pd = 10.00359601112 = 0.000012931 

and it is easy to see that 

2 2 
IP- P31 = 0.000008589""' 0.000008621 = 3IP- P21 
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'Dible 2.6 Newton's Method Converges Linearly at a Double Root 

E1c "'P-Pk 
(Ek+tl k Pt PHI- Pk TEil 

0 l. 2()(}()(J()(X)() -0.096969697 -0.200000000 0.515151515 
I 1.103030303 -0.050673883 -0.103030303 0.508165253 
2 1.052356420 -0.025955609 -0.052356420 0.496751115 
3 1.026400811 -0.013143081 -0.02640081 I 0.509753688 
4 1.013257730 -0.006614311 -0.013257730 0.501097775 
5 1.006643419 -0.003318055 -0.006643419 0.500550093 

.. 

Example 2.15 {Linear Convergence at a Double Root). Start with PO = 1.2 and use 
Newton-Raphson iteration to find the double root p""' 1 of the polynomial f(:x) ""':x 3 -

3x+2. 
Using formula (20) to check for linear convergence, we get the values in Table 2.6. • 

Notice that the Newton-Raphson method is converging to the double root, but at 
a slow rate. The values of f(Pk) in Example 2.15 go to zero faster than the values 
of f'(pk), so the quotient f(pk)/f' (pk) in fonnula (4) is defined when Pk =I= p. 
The sequence is converging linearly, and the error is decreasing by a factor of approx
imately 1/2 with each successive iteration. The following theorern summarizes the 
performance of Newton's method on simple and double roots. 

Theorem 2.6 (Convergence Rate for Newton-Raphson Iteration). Assume that 
Newton-Raphson iteration produces a sequence {Pn}~=O that converges to the root p 
of the function f (x ). If p is a simple root, convergence is quadratic and 

(23) 
)j"(p)) 

!En+ll "'=' Zlf'(p)l !En/
2 

for n sufficiently large. 

If p is a multiple root of order M, convergence is linear and 

(24) 
M-1 

!En+l! "'=' ~1£"1 for n sufficiently large. 

Pitfalls 
The division-by-zero error was easy to anticipate, but there are other difficulties that 
are not so easy to spot. Suppose that the function is f(x) = x 2 - 4x + 5; then the 
sequence {pd of real numbers generated by formula (4) will wander back and forth 
from left to right and not converge. A simple analysis of the situation reveals that 
f(x) > 0 and has no real roots. 
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Figure 2.15 (a) Newton-Raphson iteration for j(x) ::= 

xe~" can produce a divergent sequence. 

X 

Sometimes the initial approximation po is too far away from the desired root and 
the sequence (pk} converges to some other root. This usually happens when the stope 
J'(po) is small and the tangent line to the curve y = .f(x) is nearly horizontal. For 
example, if .f(x) = cos(x) and we seek the root p = "JT/2 and start with po = 3, 
calculation reveals that PI = -4.01525255, pz = ~4.85265757, ... , and {pd will 
converge to a different root -37tj2:::;;; ~4.71238898. 

Suppose that .f(x) is positive and monotone decreasing on the unbounded interval 
[a, oo) and po > a; then the sequence {pk} might diverge to +oo. For example, if 
.f(x) = xe~x and po = 2.0, then 

PI =4.0, pz = 5.333333333, Pts = 19.723549434, 

and {pk} diverges slowly to +oo (see Figure 2.15(a)). This particular function has 
another surprising prob\em. The value of J(x) goes to zero rapidly as x gets large, for 
example, /(Pts) = 0.0000000536, and it is possible that PIS could be mistaken for 
a root. For this reason we designed stopping criterion in Program 2.5 to involve the 
relative error 21Pk+l - Pki/(IPkl+ w-6), and when k = 15, this value is 0.106817, so 
the tolerance 0 = 1 o-6 will help guard against reporting a false root. 

Another phenomenon, cycling, occurs when the terms in the sequence {Pk} tend to 
repeat or almost repeat. For example, if f(x) = x 3-x-3 and the initial approximation 
is po = 0, then the sequence is 

PI = -3.000000, 

Ps = -3.000389, 

P2 = -1.961538, 

P6 = -1.961818, 

P3 = -1.147176, 

P7 = -1.147430, 

P4 = -0.006579, 

and we are stuck in a cycle where Pk+4:::;;; Pk fork= 0, 1, ... (see Figure 2.15(b)). 
But if the starting value Po is sufficiently close to the root p :;::::: 1.671699881, then {Pk} 
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Figure 2.15 (b) Newton-Raphson iteration for f(x) = 
x 3 - x - 3 can produce a cyclic sequence. 
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y = arctan(x) 

Figure 2.15 (c) Newton-Raphson iteration for f(x) == 
arctan (x) can produce a divergent oscillating sequence. 
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X 

X 

converges. If Po = 2, the sequence converges: PI = 1.72727272, P2 = 1.67369173. 
P3 = 1.671702570, and P4 = 1.671699881. 

When lg'(x)l ::::: 1 on an interval containing the root p, there is a chance of di
vergent oscillation. For example, let f(x) = arctan(x); then the Newton-Raphson 
iteration function is g(x) = x- (1 + x 2) arctan(x), and g'(x) = -2x arctan(x). If the 
starting value Po= 1.45 is chosen, then 

PI = -1.550263297, pz = 1.845931751, P3 = -2.889109054, 

etc. (see Figure 2.15(c)). But if the starting value is sufficiently close to the root p = 0, 
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Figure 2.16 The geometric construction of P2 for the se
cant method. 

a convergent sequence results. If PO= 0.5, then 

P1 = -0.079559511. pz = 0.000335302, P3 = 0.000000000. 

The situations above point to the fact that we must be honest in reporting an answer. 
Sometimes the sequence does not converge. It is not always the case that after N 
iterations a solution is found. The user of a root-finding algorithm needs to be warned 
of the situation when a root is not found. If there is other information concerning 
the context of the problem, then it is less likely that an erroneous root will be found. 
Sometimes j(x) has a definite interval in which a root is meaningful. If knowledge 
of the behavior of the function or an "accurate" graph is available, then it is easier to 
choose po. 

The Secant Method 

The Newton-Raphson algorithm requires the evaluation of two functions per iteration, 
f { Pk _ 1) and !' ( Pk _ 1 ) • Traditionally, the calculation of derivatives of elementary func
tions could involve considerable effort. But, with modem computer algebra software 
packages, this has become less of an issue. Still many functions have nonelementary 
forms (integrals, sums, etc.), and it is desirable to have a method that converges almost 
as fast as Newton's method yet involves only evaluations of f(x) and not of j'(x). 
The secant method will require only one evaluation of f (x) per step and at a simple 
root has an order of convergence R ~ 1.618033989. It is almost as fast as Newton's 
method, which has order 2. 

The formula involved in the secant method is the same one that was used in the 
regula falsi method, except that the logical decisions regarding how to define each 
succeeding term are different. Two initial points (po, f (po)) and (pJ, /(pJ)) near 
the point (p, 0) are needed, as shown in Figure 2.16. Define P2 to be the abscissa 
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Table 2.7 Convergence of the Secant Method at a Simple Root 

k Pk Pk+1- Pk Ek = p- Pk 
IEHJI 

iEkll.6l8 

0 -2.600000000 0.200000000 0.600000000 0.914152831 
1 -2.400000000 0.293401015 0.400000000 0.469497765 
2 -2.106598985 0.083957573 0.106598985 0.847290012 
3 -2.022641412 0.021130314 0.022641412 0.693608922 
4 -2.001511098 0.001488561 0.001511098 0.825841116 
5 -2.000022537 0.000022515 0.000022537 0.727100987 
6 -2.000000022 0.000000022 0.000000022 
7 - 2.000CK.l0000 0.000000000 0.000000000 

of the point of intersection of the line through these two points and the x-axis; then 
Figure 2.16 shows that pz will be closer top than to either Po or PI· The equation 
relating pz, P1, and po is found by consjdering the slope 

(25) 
f(P1)- f(po) 

m= and 
0- f(pi) 

m=--=--=--
Pl- PO pz-PI 

The values of m in (25) are the slope of the secant line through the first two approxi
mations and the slope of the line through (P1, f(Pt)) and (pz, 0), respectively. Set the 
right-hand sides equal in (25) and solve for pz = g(pt, po) and get 

(26) 
f(pt)(pt -Po) 

P2 = g(p1, PO) =PI - j(pt) _ f(po) · 

The general term is given by the two-point iteration formula 

(27) 
f(PkHPk- Pk-d 

Pk+I = g(pk, Pk-d = Pk- f( ) f( ) · 
Pk - Pk-1 

Example 2.16 (Secant Method at a Simple Root). Start with po = -2.6 and 
PI = -2.4 and use the secant method to find the root p "" -2 of the polynomial functiPn 
j(;.c) = x 3 

- 3x + 2. 
In this case the iteration formula (27) is 

(p~- 3pk + 2)(pk- Pt-d 
Pk+1 = g(pko Pk-t) = Pk- 3 3 

3 3 Pk - Pt-1 - Pk + Pk-1 
(2.8) 

Thi& can be algebraically manipulated to obtain 

) 
PtPk-1 + PtPi-t- 2 

(J9 Pk+I = g(pk, Pk-I) = 2 2 
3 

· 
Pt + PlPk-1 + Pk-1 -

The sequence of iterates is given in Table 2. 7. • 
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There is a relationship between the secant method and Newton's method. For a 
polynomial function f(x), the secant method two-point formula Pi:+i = g(pJ:, Pk-i) 
will reduce to Newton's one-point fonnula PHI = g(pJ:) jf Pk is replaced by Pk-1· 

Indeed, if we replace Pk by Plr.-1 in (29), then the right side becomes the same as the 
right side of (22) in Example 2.14. 

Proofs about the rate of convergence of the secant method can be found in advanced 
texts on numerical analysis. Let us state that the error terms satisfy the relationship 

(30) I /
"( ) 10.618 

IEk I::::::: 1Eklt.618 __ P_ 
+I 2/'(p) 

where the order of convergence is R = (1 + ./5)/2 ~ 1.618 and the relation in (30) is 
valid only at simple roots. 

To check this, we make use of Example 2.16 and the specific values 

IP- Psi= 0.000022537 

IP- P411.618 = 0.0015110981
·
618 = 0.000027296, 

and 

A= 1/"(-2)/2/'(~2)1°·618 = (2/3)0
·
618 = 0.778351205. 

Combine hese and it is easy to see that 

IP- P5i = 0.000022537 ~ 0.000021246= Alp- P4il.618 . 

Accelerated Convergence 

We could hope that there are root-finding techniques that converge faster than linearly 
when pis a root of order M. Our final result shows that a modification can be made to 
Newton's method so that convergence becomes quadratic at a multiple root. 

Theorem 2.7 (Acceleration of Newton-Raphson Iteration). Suppose that the 
Newton-Raphson algorithm produces a sequence that converges linearly to the root 
x = p of order M > 1. Then the Newton-Raphson iteration fonnula 

(31) 
Mf(Pk-J) 

Pk = Pk-t - J'( ) 
Pk-1 

will produce a sequence {pk}~0 that converges quadratically top. 
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Table 2.8 Acceleration of Convergence at a Double Root 

k Pk Pk+l- Pk Ek = p- Pk 
IE.t+tl 
IEA:12 

0 1.200000000 -0.193939394 -0.200000000 0.151515150 
1 1.006060606 -0.006054519 -0.006060606 0.165718578 
2 1.000006087 -0.00Xl06087 
3 l.OOOCOOOOO 0.000000000 

Table l.9 Comparison of the Speed of Convergence 

Method 

Bisection 
Regula falsi 
Secant method 
Newton-Raphson 

Secant method 
Newton-Raphson 

Accelerated 
Newton-Raphson 

Special 
COIISiderations 

Multiple root 
Multiple root 
Simple root 

Simple root 
Multiple root 

-0.000006087 
0.000000000 

Relation between 
successive error tenns 

Ek+t ""!IEkl 
Ek+I ""AlEx I 
Ek+I ""AlEx I 
Ek+t ""AIEkl 
Ek+I ""A1Ek11.618 

Ek+t ""AIEd 
Ek+t ""AiEd 

Example 2.17 {Acceleradon of Convergence at a Double Root). Start with po = 1.2 
_,.use accelerated Newton-Raphson iteration to find the double root p = 1 of j(x) = 
xl- 3x +2. 

Since M = 2, tbe acceleration formula (3 I} becomes 

- 2 f(Pk-l) - PLt + 3pk-I -4 
Pk- Pk-1 - f'(Pk-d - 3pLl - 3 ' 

and we obtain the values in Table 2.8. • 
Table 2.9 compares the speed of convergence of the various root-finding methods 

that we have studied so far. The value of the constant A is different for each method. 
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Program 2.5 (Newton·Raphso» Iteration). To .approximate a root of j (x) = 0 ,i 

given one initial approximation po and using the iteration 

f(Pk-!) 
Pk = Pk-1 - f' ( ) Pk-1 

for k = 1, 2, 

function [pO,err,k,y]=newton(f,df,pO,delta,epailon,max1) 
Y.Input - f is the object function input as a string 'f' 
7. - df is the derivative of f input as a string 'df' 
7. - pO is the initial approximation to a zero of f 
% - delta is the tolerance for pO 
7. - epsilon is the tolerance for the function values y 
X - max1 is the maximWll .nlllllber of iterations 
%Output - pO is the Newton-Raphson approximation to the zero 
% - err is the error estimate for pO 
% - k is the number of iterations 
;. - y is the fUnction value f(pO) 
for k"'l:maxl 

p1=p0-feval{f,p0)/feval(df,p0); 
err-=abs(pl-pO); 
rele~r=2•err/(abs(pl)+delta); 

pO=pl; 
y=fe'lfal{f,pO); 
if (err<delta)/(r~lerr<delta)/(abs(y)<epsilon),break,end 

end 

Progrant 2.6 (Secant Method). To apJlroximate a root of f (x) = 0 given two I 
initial approximations po and PI and using the iteration . 

f(PkHPt- P~.:-1) 
Pk+l = Pk- f(pk)- /(Pk-d for k == 1, 2, .... 

L-----------------------------~------------------~~-----·~ 
functio~ [pl,err,k,yJ=secant(f,pO,p1,delta,epsilon,max1) 
%Input - f is the object function input as a string 'f' 
% - pO and pl ere the initial approximations to a zero 
% - delta is the tolerance for pl 
% - epsilon is the tolerance for the function values y 
% - max1 is the maximum number of iterations 
%Output - pl is the secant method approximation to the zero 
% - err is the error estimate for pl 
r. - k is the number of iterations 
% - y is the function value f(pl) 
for k=1:maxl 
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p2=p1-feval(f,p1)*(p1-p0)/(feval(f,p1)-feval(f,p0)); 
err=abs(p2-p1); 
relerr=2*err/(abs(p2)+delta); 
pO=pl; 
p1=p2; 
y=feval(f ,pl); 
if (err<delta)l(relerr<delta)l(abs(y)<epsilon),break,end 

end 

Exercises for Newton-Raphson and Secant Methods 

For problems involving calculations, you can use either a calculator or computer. 

1. Letj(x) =x2 -x+2. 

(a) Find the Newton-Raphson formula Pk = g(Pk-tl· 

(b) Start with PO= -1.5 and find PI, pz, and P3· 

2. Let f(x) = x 2 - x- 3. 

(a) Find the Newton-Raphson formula Pk = g(Pk-Il. 

(b) Start with po = 1.6 and find Pt, p2, and P3· 
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(c) Start with p0 = 0.0 and find p 1, p2, p3, and P4· What do you conjecture about 
this sequence? 

3. Let j(x) = (x- 2)4 . 

(a) Find the Newton-Raphson formula Pk = g(Pk-l ). 

(b) Start with po = 2.1 and find Pt, p2, p3, and P4· 

(c) Is the sequence converging quadratically or linearly? 

4. Let j(x) = x 3 - 3x - 2. 

(a) Find the Newton-Raphson formula Pk ·~ g(Pk-J). 

(b) Start with PO= 2.1 and find Ph p2, p3, and P4· 

(c) Is the sequence converging quadratically or linearly? 

5. Consider the function f (x) = cos(x). 

(a) Find the Newton-Raphson formula Pk = g(Pk-J). 

Ql) We want to find the root p = 3rr /2. Can we use po :== 3? Why? 

(l-1) We want to find the root p = 3n /2. Can we use PO = 5? Why? 

6. Coasider the function f(x) = arctan(x). 

(a) Find the Newton-Raphson formula Pk =; g(pk-1). 

(b) If po = 1.0, then find PI, P2, PJ, and P4· What is lim, .... oo Pk? 

(c) If Po= 2.0, then find Pl· p2, p3, and P4· What is lim,-+oo Pk? 
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7. Consider the function J(x) = xe-x. 

(a) Find the Newton-Raphson formula Pk = g(Pk-J). 

(b) If PO= 0.2, then find Pl· P2· p3, and P4· What is limn ..... oo Pk? 

(c) If Po= 20, then find PI· pz, pJ, and P4· What is lim" .... oo Pk? 

(d) What is the value of j(p4) in part (c)? 

In Exercises 8 through 10, use the secant method and formula (27) and compute the nnl 

two iterates pz and P3· 

8. let j(x) = x 2 - lx- l. Start with po = 2.6 and Pl = 2.5. 

9. Let f(x) = x 2 - x- 3. Start with Po= 1.7 and PI = 1.67. 

10. Let /(x) = x 3
- x + 2. Start with po = -1.5 and PI= -1.52. 

11. Cube-root algorithm. Start with f(x) = x 3 - A, where A is any real number, and 
derive the recursive formula 

2Pk-l +AfpL 
Pk = 

3 
for k = 1, 2, 

12. Consider f(x) = xN- A, where N is a positive integer. 

(a) What real values are the solution to f(x) = 0 for the various choices of N nnd 
A that can arise? 

(b) Derive the recursive formula 

(N -l)Pk-1 + Ajp~~~ 
Pk = N fork= I, 2, .... 

for finding the Nth root of A. 

13. Can Newton-Raphson iteration be used to solve f(x) = 0 if j(x) = x 2 - 14x +50? 
Why? 

14. Can Newton-Raphson iteration be used to solve f(x) = 0 if f(x) = x 113? Why? 

15. Can Newton-Raphson iteration be used to solve f(x) = 0 if j(x) = (x - 3) 112 and 
the starting value is po = 4? Why? 

16. Establish the limit of the sequence in (11). 

17. Prove that the sequence {pk} in equation (4) of Theorem 2.5 converges to p. Use the 
following steps. 

(a) Show that if p is a fixed point of g (x) in equation (5) then p is a zero off (x). 

(b) If pis a zero of f(x) and J'(p) -! 0, show that g'(p) = 0. Use part (b) and 
Theorem 2.3 to show that the sequence (pk} in equation (4) converges top. 

18. Prove equation (23) of Theorem 2.6. Use the following steps. By Theorem 1.11. we 
can expand f (x) about x = Pk to get 
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Since p is a zero of f (x), we set x = p and obtain 

0 = f(Pk) + f'(pk)(p- Pk) + ~j"(q)(p- pd. 

(a) Now assume that j'(x) -! 0 for all x near the root p. Use the facts given above 
and f'(pk) -! 0 to show that 

- + f(pk) - - f"(q) 2 
P Pk f'(pk) - 2/'(pk) (p- pk) . 

(b) Assume that J'(x) and f"(x) do not change too rapidly so that we can use the' 
approximations f'(pk) ""=! f'(p) and f''(Ck) ""=! f"(p). Now use part (a) to get 

E ~ - j"(p) £ 2 
k+l ~ 2f'(p} k· 

19. Suppose that A is a positive real number. 

(a) Show that A has the representation A = q x 22m, where 1/4 .:::; q < 1 and m ts 
an integer. 

(b) Use part (a) to show that the square root is A 112 = q 112 X zm. Remark. Let 
po == (2q + 1)/3. where I/4 .:::; q < I, and use Newton's formula (II). After 
three iterations, P3 will be an approximation to q 112 with a precision of 24 
binary digits. This is the algorithm that is often used in the computer's hardware 
to compute square roots. 

20. (a) Show that formula (27) for the secant method is algebraically equivalent to 

Pk-tf{pk) - Pk/(Pk-d 
Pk+l = . 

f(Pk)- f(Pk-J) 

(b) Ex.plain why loss of significance in subtraction makes this formula inferior for 
computational purposes to the one given in formula (27). 

21. Suppose that p is a root of order M = 2 for f(x) ::::;; 0. Prove that the accelerated 
Newton-Raphson iteration 

2/(Pk-d 
Pk = Pk-l - f'( ) 

Pk-l 

converges quadratically (see Exercise 18). 

22. Halley's method is another way to speed up convergence of Newton's method. The 
Halley iteration formula is 

(x) = x _ f(x) (t _ f(x)J"(x))-l 
g f'(x) 2(j'(x))2 

The term in brackets is the modification of the Newton-Rapbson formula. Halley's 
method will yield cubic convergence (R = 3) at simple zeros of f(x). 

(a) Start with f(x) = x2 -A and find Halley's iteration formula g(x) for find
ing VA. Use po "" 2 to approximate ./5 and compute PI· pz, and P3· 
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(b) Start with f(x) = x 3 - 3x + 2 and find Halley's iteration formula g(x). Use 
po = -2.4 and compute pJ, P2· and P3· 

23. A modified Newton-Raphson method for multiple roots. If p is a root of multiplic
ity M, then j(x) = (x- p)Mq(x), whereq(p) "'0. 
(a) Show that h(x) = f(x)jf'(x) has a simple root at p. 

(b) Show that when the Newton-Raphson method is applied to finding the simple 
root p of h(x) we get g(x) = x- h(x)/ h'(x), which becomes 

j(x)j'(x) 
g(x) = x- (j'(x))2- j(x)f"(x). 

(c) The iteration using g(x) in part (b) converges quadratically to p. Explain why 
this happens. 

(d) Zero is a root of multiplicity 3 for the function j(x) = sin(x3). Start with 
po = 1 and compute Pl. pz, and P3 using the modified Newton-Raphson 
method. 

24. Suppose that an iterative method for solving f (x) = 0 produces the following four 
consecutive error terms (see Example 2.11): Eo= 0.400000. Et = 0.043797,£2 = 
0.000062, and E3 = 0.000000. Estimate the asymptotic error constant A and the 
order of convergence R of the sequence generated by the iterative method. 

Algorithms and Programs 

1. Modify Programs 2.5 and 2.6 to display an appropriate error message when (i) di· 
vision by zero occurs in (4) or (27), respectively, or (ii) the maximum number ol 
iterations, ma.xl, is exceeded. 

2. It is often instructive to display the terms in the sequences generated by ( 4) and (2 7 1 

(i.e., the second column of Table 2.4). Modify Programs 2.5 and 2.6 to display the 

sequences generated by (4) and (27), respectively. 

3. Modify Program 2.5 to use Newton's square-root algorithm to approximate each "r 
the following square roots to 10 decimal places. 

(a) Start with Po = 3 and approximate J8. 
(b) Start with po = 10 and approximate ./9f. 
(c) Start with po = -3 and approximate -./8. 

4. Modify Program 2.5 to use the cube-root algorithm in Exercise 11 to approximule 
each of the following cube roots to 10 decimal places. 

(a) Start with Po= 2 and approximate 7113. 

(b) Start with PO= 6 and approximate 200111. 

(c) Start with po = -2 and approximate (-7) 1!3. 
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5. Modify Program 2.5 to use the accelerated Newton-Raphson algorithm in Theo
rem 2.7 to find the root p of order M of each of the following functions. 

(a) f(x) = (x- 2) 5, M = 5, p = 2; start with Po= 1. 

(b) j(x) = sin(x 3), M = 3, p = 0; start with po = 1. 

(c) /(x) = (x- l) ln(x), M = 2, p = l; start with po = 2. 

6. Modify Program 2.5 to use Halley's method in Exercise 2.2 to find \he s\m})k -z.er~ of 
j(x) = x 3 - 3x + 2. using Po= -2.4. 

7. Suppose that the equations of motion for a ptoject\le are 

y = j(t) = 9600(1- e-1115)- 480t 

x = r(t) = 2400(1 - e-t/! 5). 

(a) Find the elapsed time until impact accurate to 10 decimal places. 

(b) Find the range accurate to 10 decimal places. 

8. (a) Find the point on the parabola y = x 2 that is closest to the point (3, 1) accurate 
to 10 decimal places. 

(b) Find the point on the graph of y =-: sin(x - sin(x)) that is closest to the point 
(2.1, 0 .5) accurate to lO decimal places. 

(c) Find the value of x at which the minimum vertical distance between the graphs 
of f(x) = x 2 + 2 and g(x) = (x/5)- sin(x) occurs accurate to 10 decimal 
places. 

'9. An open-top box 1s constructed from a rectangular piece of sheet metal measuring 10 
by 16 inches. Squares of what size (accurate to O.(}()()()(}(}(l( t i.ncn) sl:\ou.\d be cut fr~m 
the corners if the volume of the box is to be 100 cubic inches? 

10. A catenary is the curve formed by a hanging cable. Assume that the lowest point is 
<0, 0); then the formula for the catenary is y = C cosh(x 1 C) - C. To determine the 
catenary that goes through (±a, b) we must solve the equation b = C cosh(a j C) - C 
for C. 

(:f) Show that the catenary through (±10, 6) is y = 9.1889cosh(.x/9.1889) ~ 
9.1&89. 

(b) Find the catenary that passes through(± 12, 5). 
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Z.S Aitken's Process and Steffensen's and Muller's 
Methods (Optional) 

In Section 2.4 we saw that Newton's method converged slowly at a multiple root and 
the sequence of iterates {pd exhibited linear convergence. Theorem 2.7 showed how 
to speed up convergence, but it depends on knowing the order of the root in advance. 

Aitken's Process 

A technique called Aitken's 4 2 process can be used to speed up convergence of any 
sequence that is linearly convergent. In order to proceed, we will need a definition. 

Definition 2.6. Given the sequence {Pn}~0 , define the forward difference D.p, by 

(1) D.p, = Pn+l - Pn for n ~ 0. 

Higher powers b. k p, are defined recursively by 

(2) 

Theorem 2.8 (Aitken's Acceleration). Assume that the sequence 1Pn}~0 con
verges linearly to the limit p and that p - Pn ::fo 0 for aJl n ~ 0. If there exists a 
real number A with lA I < 1 such that 

(3) I. P- Pn+l A 1m = , 
n-+oo p- Pn 

then the sequence [q,.}~0 defined by 

(b.pn)2 (Pn+l - Pn)2 

qn = Pn- D.2pn = Pn- Pn+2- 2Pn+l + Pn 
(4) 

converges to p faster than { Pn} ~0• in the sense that 

(5) l . I p- q, I o tm --- = 
n-...oo p- Pn 

Proof. We will show how to derive formula (4) and will leave the proof of {5) as an 
exercise. Since the terms in (3) are approaching a limit, we can write 

(6) p- Pn+l ""'A and 
p-pll 

The relations in (6) imply that 

P- Pn+2:::::: A 
p- Pn+l 

when n is large 

(7) (p - Pn+l )2 ;:::::: (p - Pn+2) (p- Pn) • 
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Table 2.10 Linearly Convergent Sequence IPn) 

n 

1 
2 
3 
4 
5 
6 

En 
Pn En= Pn- P An=--

En-1 
0.606530660 0.039387369 ~0.586616609 

0.545239212 ~0.021904()79 -0.556119357 
0.579703095 0.012559805 -0.573400269 
0.560064628 -0.007078663 -0.563596551 
0.571172149 0.004028859 -0.569155345 
0.564862947 -0.002280343 -0.566002341 

Table 2.11 Derived Sequence {q,) Using 
Aitken's Process 

n 

1 
2 
3 
4 
5 
6 

0.567298989 
0.567193142 
0.567159364 
0.567148453 
0.567144952 
0.567143825 

0.000155699 
0.000049852 
0.000016074 
0.000005163 
0.000001662 
0.000000534 

When both sides of (7) are expanded and the terms p2 are canceled, the result is 

2 
Pn+2Pn- Pn+l 

(8) p :::::: = q, for n = 0, I, .... 
Pn+2 - 2Pn+l + Pn 
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The formula in (8) is used to define the term q,.. It can be rearranged algebraically to 
obtain formula (4), which has less error propagation when computer calculations are 
made. • 

Example 2.18. Show that the sequence {pn) in Ex.ample 2.2 exhibits linear convergence, 
and show that the sequence {q.,) obtained by Aitken's b.2 process converges faster. 

The sequence IPn) was obtained by fixed-point iteration using the function g(x) = 
e-x and ~arting with po = 0.5. After convergence has been achieved, the limit is P ""' 
0.567143290. The values Pn and qn are given in Tables 2.10 and 2.11. For illustration, the 
value of qti~ given by the calculation 

(pz ~ pt)2 
q[ =p]-

P3- 2pz + Pl 

(-0.061291448)2 

= 0.606530660- = 0.567298989. 
0.095755331 • 
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y =f(x) 

Figure 2.17 The starting approximations po, Pl· and pz for Muller's method. and the 
differences ho and h 1· 

Although the sequence fqn} in Table 2.11 converges linearly, it converges faster 
than (Pnl in the sense of Theorem 2.8, and usually Aitken's method gives a better 
improvement than this. When Aitken's process is combined with fixed-point iteration. 
the result is called Steffensen's acceleration. The details are given in Program 2. 7 an u 
in the exercises. 

Muller's Method 
Muller's method is a generalization of the secant method, in the sense that it dm · 
not require the derivative of the function. It is an iterative method that requires thre,· 
starting points (po, f(po)), (pJ, f(pJ)), and (pz, /(p2)). A parabola is constructed 
that passes through the three points; then the quadratic formula is used to find a roo1 
of the quadratic for the next approximation. It has been proved that near a simpk 
root Muller's method converges faster than the secant method and almost as fast a' 
Newton's method. The method can be used to find real or complex zeros of a functio11 
and can be programmed to use complex arithmetic. 

Without loss of generality, we assume that p2 is the best approximation to the 
root and consider the parabola through the three starting values, shown in Figure 2.17 
Make the change of variable 

(9) t =X- P2. 

and use the difference 

(10) ho =Po- P2 and h1 = P1 - P2· 

Consider the quadratic polynomial involving the variable t: 

(11) y=at2 +bt+c. 
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Each point is used to obtain an equation involving a, b, and c: 

At t = ho: 

(.12) At t = h\: 

Att=O: 

ah~ + bho + c = fo, 

ah1 +bh, +c = f1, 
a& + bO + c = /2. 

From the third equation in (12), we see that 

(13) c=/2. 
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Substituting (13) into the first two equations in (12) and using the definition eo= Jo-e 
and e1 = /J - c results in the linear system 

(14) 
ah6 + hho = fo - c = eo, 

ahf+bht =/1 -c=e1• 

Solving the linear system for a and b results in 

eoh1- e1ho 
a = ---:;---.,.. 

h 1h5- hohi 
(15) 

e,h~- eoht 
b =: 2. 

h1h5- hoh 1 

The quadratic formula is used to find the roots t = Zl, ~2 of (II): 

-2c 
z= . 

b±-/b2 -4ac 
(16) 

Fonnula ( !6) is equivalent to the standard formula for the roots of a quadratic and is 
better in th.is case because we know that c = h· 

To ensure stabJJity of the method, we choose the root in (16) tb.at has the sm.aJJest 
absolute value. If b > 0, use the positive sign with the square root, and if b < 0, use 
the negative sign. Then P3 is shown in Figure 2.17 and is given by 

(17) P3 = P2 + z. 
To update the iterates, choose po and p 1 to be the two values selected from among 

{po, PI;~ f3} that lie closest to P3 (i.e., throw out the one that is farthest away). Then re
place W.;..ith P3. Although a Jot of auxiliary calculations are done in Muller's method, 
it only requires one function evaluation per iteration. 

If Muller's method is used to find the real roots of f(x) = 0, it is possible that 
one may encounter complex approximations, because the roots of the quadratic in ( 16) 
might be complex (nonzero imaginary components). In these cases the imaginary com
ponents will have a small magnitude and can be set equal to zero so that the calculations 
proceed with real numbers. 
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Table 2.12 Comparison of Convergences near a Simple Root 

Secant Muller's Newton's Steffensen 
k method method method with Newton 

0 -2.600000000 -2.600000000 -2.400000000 -2 .400000000 
I -2.400000000 -2.500000000 -2.076190476 -2.076190476 
2 -2.106598985 -2.400000000 -2.003596011 -2.003596011 
3 -2.022641412 -1.985275287 -2.000008589 -1.982618143 
4 -2.001511098 -2.000334062 -2.000000000 -2.000204982 
5 -2.000022537 - 2.00CI000218 -2.000000028 
6 -2.000000022 -2.000000000 -2.000002389 
7 -2.000000000 -2.000000000 

Comparison of Methods 

Steffensen's method can be used together with the Newton-Raphson fixed-point func
tion g(x) = x - f(x)jf'(x). In the next two examples we look at the roots of 
the polynomial j(x) = x 3 - 3x + 2. The Newton-Raphson function is g(x) = 
(2x 3 - 2)j(3x2 - 3). When this function is used in Program 2.7, we get the calcula
tions under the heading Steffensen with Newton in Tables 2.12 and 2.13. For example, 
starting with Po = - 2.4, we would compute 

(18) PI = g(po) = -2.076190476, 

and 

(19) P2 = g(pJ) = -2.003596011. 

Then Aitken's improvement will give P3 ""' -1.982618143. 

Example 2.19 (Convergence near a Simple Root). This is a comparison of methods 
for the function J (x) = x 3 - 3x + 2 near the simple root p = -2. 

Newton· s method and the secant method for this function were given in Examples 2.1-+ 
and 2.16, respectively. Table 2.12 provides a summary of calculations for the methods. • 

Example 2.20 (Convergence near a Double Root). This is a comparison of the method' 
for the function f (x) = x 3 - 3x + 2 near the double root p = l. Table 2. 13 provides c1 

summary of calculations. ll' 

Newton's method is the best choice for finding a simple root (see Table 2.12). At ,l 
double root, either Muller's method or Steffensen's method with the Newton-Raphson 
formula is a good choice (see Table 2.13). Note in the Aitken's acceleration formula (4' 
that division by zero can occur as the sequence {pd converges. In this case, the la~t 
calculated approximation to zero should be used as the approximation to the zero of j . 
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Table 2. U Comparison of Convergence Near a Double Root 

Secant Muller's Newton's Steffensen 
k. method method method with Newton 

0 1.4000000JO 1.400000000 1.200000000 1.200000000 
t 1.200000000 l. 300000000 l.l 030303()3 1. \030:.031)3 
2. 1.138461538 1.200000000 1.052356417 1.052356417 
3 1.083873738 1.003076923 1.0264008 I 4 0.996890433 
4 1.053093854 1.003838922 1.013257734 0.998446023 
j 1.032853156 I .000027140 1.006643418 0.999223213 
6 1.020429426 0.999997914 1.0033253 7 5 0.999999193 
1 1.012648627 0.999999747 1.001663607 0.999999597 
8 1.007832124 1.000000000 1.000832034 0.999999798 
g 1.004844757 1. i)(X)416075 0.999999999 

In the fol\owin.g program the se~uence \pk}, generated by Steffensen's method 
with the Newton-Raphson formula. is stored in a matrix Q that has maxl rows and 
three columns. The first colurrm of Q contains the initial approximation to the root, 
po, and the terms p3, P6, ... , P3k. ... generated by Aitken's acceleration method (4). 
The second and third columns of Q contain the terms generated by Newton's method. 
The stopping criteria in the program are based on the difference between consecutive 
terms from the first column of Q. 

Program 2.7 (Steffensen's Acceleration). To quickly find a solution of the fixed
point equation x = g(x) given an initial approximation p0 ; where it is assumed 
that both g(x) and g'(x) are continuous, /g'(x)/ < 1, and that ordinary fixed-point 
iteration converges s\owly (\inearly) to p. 

function [p,Q]=steff(f,df,p0,delta,epsilon,max1) 

%Input - f is the object function input as a string 'f' 
% - df is the derivative of f input as a string 'df' 
X - pO is the initial approximation to a zero of f 
X - delta is the toler~ce for pO 
% - epsilon is the tolerance for the function values y 
% - maxi is the maximum number of iterations 
%Output - p is tP,e Steffensen approxiJU.aHon to the zero 
% - Q is the matrix containing the Steffensen sequence 

%Initialize the matrix R 
R~zeros(max1,3): 

R(l, l)=pO; 
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for k•l :maxl 
for j•2:3 

7»enominator in Newton-Raphson method is calculated 
nrdenomEfeval(df,R(k,j-1)); 

XCalculate Hewton-Raphson approximations 
it nrdenom••O 

'division by zero in Nevton-Raphson method' 
break 

else 
R(k,j)=R(k,j-1)-feval(f,R(k,j-1))/nrdenom; 

end 

Y»enominator in Aitken's Acceleration process calculatt 
aadenom~R(k,3)-2•R(k,2)+R(k,1); 

/,Calculate Aitken's Acceleration approximations 
if aadenom••O 

'division by zero in Aitken's Acceleration' 
break 

else 
R(k+1,1)•R(k,1)-(R(k,2)-R(k,1))~2/aadenom; 

end 

end 

%End program if divis:on by zero occurrei 
~f (nrdencm•~O)I(aadenom==O) 

end 

break 
end 

%Stopping cri"eria are evaluated 
err•abs(R(k,1)-R(k+1,1)); 
relerr=err/(abs(R(k+1,1))+delta); 
y=feval(f,R(k+:,t);; 
1f (err<ctelta)l (relerr<delta)l(y<epsilon) 

% p and the matrix ~ are deter~ined 
p•R(k+1,1); 
Q•R{:: 1:+1,:; ; 
brefut. 

end 
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· Program 2.8 (Muller's Method). To find a root of the equation j(x) = 0 given 
three distinct initia1 approximations Po· Pl, and Pl· 

fULction [p,y,err]-muller(f,p0,pl,p2,delta epsilon,~axl) 
'!.Input - f is the object fun.ctiou iuput u a stTing • :f' 
~~~ - pO. pl, and p2 are the initial approximations 
~{ - delta is the tolerance for pO, pi, and p2 
/, - epsilon the the tolerance for the function values y 
% - ma:z:1 is the maximum number of iterations 
%Output - p is the Muller approximation to the zero of f 
i~ - y is the. function value y • f (p) 
% - err is the error in the approxiaation of p. 
%lnit1alize the matrices P and Y 
P"' [pO pl p2] ; 
Y'"feval(f,P); 

~Calculate a and b in formula (15) 
for k=l:maxl 

hO=P(1)-P(3);hl•P(2)-P(3);eD-Y(1)-Y(3);sl•Y(2)-Y(3);c=Y(3); 
denom%hl•h0-2-hO~bl-2; 

a=(eO•hl-el•hO)/denom; 
b=(e1•h0~2-eO•h1~2)/den~; 

%Suppresa any complex roots 
:f b-2-4•a•c > 0 

disc•sqrt(b~2-4•a•c); 

else 
disc••O; 

end 

%Flnd the smallest root of (17) 
if b < 0 

disc•-disc; 
end 

z=-2•c/Cb+disc); 
p=oP(3)+z; 

%Sort che entries of P to find the two closeat to p 
if abs(p-P(2})<abs(p-P(1)) 

Q~~(2) P(1) P(3)]; 
P=Q; 
Y=feval (f, p; ; 

end 
if abs(p-P(3))<abs(p-P(2)) 

R=[P(l) P(3) P(2):; 
P•R; 
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Y=feval(f,P); 
end 

Y.Replace the entry of P that was farthest from p with p 
P(3)=p; 
Y(3) = feval(f,P(3)); 
y=Y(3); 

Y~etermine stopping criteria 
err=abs(z); 
relerr=err/(abs(p)+delta); 
if (err<delta)l(relerr<delta)l(abs(y)<epsilon) 

break 
end 

end 

Exercises for Aitken's, Steffensen's, and Muller's Methods 

1. Find D.pn, where 

(a) Pn = 5 (b) Pn = 6n + 2 

2. Let p, = 2n2 +I. Find t,k Pn. where 

(a) k = 2 (b) k = 3 

(c) Pn = n(n + 1) 

(c) k = 4 

3. Let p, == 112n. Show that qn = 0 for all n, where q, is given by formula (4). 

4. Let p, = I/n. Show that q, = l/(2n + 2) for all n; hence there is little acceleration 
of convergence. Does lPn} converge to 0 linearly? Why? 

5. Let Pn = l/(2"- I). Show thatqn =If (4"+1 - I) for all n. 

6. The sequence Pn = 1/(4" + 4-n) converges linearly to 0. Use Aitken's formula (4) 
to find q1, qz,and q3, and hence speed up the convergence. 

n Pn q,. 

0 0.5 -0.26437542 
I 0.23529412 
2 0.06225681 
3 0.01562119 
4 0.00390619 
5 0.00097656 

7. The sequence {p,} generated by fixed-point iteration starting with Po= 2.5 and using 
the function g(x) = (6 + x) 112 converges linearly to p = 3. Use Aitken's formula 
(4) tO find qJ, qz, and q3, and hence speed up the convergence. 
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8. The sequence {Pnl generated by fixed-point iteration, starting with po = 3.14, and 
using the function g(x) = ln(x) + 2 converges linearly to p ::::: 3.1419322. Use 
Aitken's formula (4) tO find q1, q2. and q3, and hence speed up the convergence. 

9. For the equation cos(x)- I = 0, the Newton-Raphson function is g(x) = x- (I -

cos(x))/ sin(x) = x- tan(x/2). Use Steffensen's algorithm with g(x) and start with 
Po= 0.5, and find Pt. pz, and p3; then find p4, Ps. and P6· 

10. Convergence of series. Aitken's method can be used to speed up the convergence of 
a series. If the nth partial sum of the series is 

show that the derived series using Aitken's method is 

In Exercises II through 14, apply Aitken's method and the results of Exercise 10 to >reed 
up the convergence of the series. 

11. Sn = L~=l (0.99)k 

12. Sn = Lk=l 4k}4-k 

13. Sn = L~=l -f=r 
14. Sn = I:Z=I k 
15. Use Muller's method to find the root of f(x) == x 3 - x - 2. Start with po = 1.0, 

PI = 1.2, and P2 = 1.4 and find P3, p4, and ps. 

16. Use Muller's method to find the root of f(x) = 4x2 -ex. Start with pi) = J..O, 
PI = 4.1, and P2 = 4.2 and find p3, p4, and P5· 

17. Let {pn) and {qnl be any two sequences of real numbers. Show that 

(a) D.(pn + q,) = D.pn + t1qn 

(b) d(p,qn) = Pn+l t1qn + qndPn 

18. Start with formula (8), add the tenns Pn+2 and- Pn+2 to the right side, and show that 
an equivalent formula is 

~ (Pn+2 - Pn+ I ) 2 

P ""' Pn+2 - = q, · 
Pn+2- 2Pn+l + Pn 

19. Assume that the error in an iteration process sadsfies the relation En+l = K E, for 
some constant K and I K I < I. 

(a) Find an expression for E, that involves Eo, K, and n. 

(b) Find an expression for the smallest integer N so that IE N I < 1 o-8. 
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Algorithms and Programs 

1. Use Steffensen's method with the initial approximation po = 0.5 to approximate the 
zero of f(x) = x - sin(x) accurate to 10 decimal places. 

2. Use Steffensen's method with the initial approximation Po = 0.5 to approximate the 
zero of j(x) = sin(x3) closest to 0.5 accurate to 10 decimal places. 

3. Use Muller's method with the initial approximations Po = 1.5, PI = 1.4, and 
p2 = 1.3 to find a zero of j(x) = 1 + 2x- tan(x) accurate to 12 decimal places. 

4. In Program 2.8 (MuUer's method) a I x 3 matrix Pis initialized with p0, p1, and P2· 
Then at the end of the loop, one of the values po, PI, or P2 is replaced with the new 
approximation to the zero. This process is continued until the stopping criteria are 
satisfied, say at k = K. Modify Program 2.8 so that, in addition to p and err, a 
( K + I) x 3 matrix Q is produced such that the first row of Q contains the I x 3 
matrix P with the initial approximations to the zero, and the kth row of Q contains 
the kth set of three approximations to the zero. 

Use this modification of Program 2.8 with the initial approximations po = 2.4, 
PI = 2.3, and P2 = 2.2 to find a zero of f(x) = 3cos(x) + 2sin(x) accurate to 
8 decimal places. 

3 
The Solution of Linear Systems 
AX=B 

Three planes fonn the boundary of a solid in the first octant, which is shown in Fig
ure 3 .I. Suppose that the equations for these planes are 

5x+ y+z =5 

x+4y+z =4 

x + y + 3z = 3. 

What are the coordinates of the point of intersection of the three planes? Gaussian 
elimination can be used to find the solution of the linear system 

X= 0.76, y = 0.68, and z = 0.52. 

In this chapter we develop numerical methods for solving systems of linear equations. 

3.1 Introduction to Vectors and Matrices 

A real N-dimensional vector X is an ordered set of N real numbers and is usually 
written in the coordinate form 

(1) 

Here the numbers X[, xz, ... , and XN are called the components of X. The set con
sisting of all N -dimensional vectors is called N ~dimensional space. When a vector is 
used to denote a point or position in space, it is called a position vector. When it is 

101 
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o.o Vectors in N -dimensional space obey the algebraic property 

1.0 

z 

0.5 

0.0 

1.0 

Figure 3.1 The intersection of three planes 

used to denote a movement between two points in space, it is called a displacement 
vector. 

Let another vector be Y = (y 1 , yz, ... , y N). The two vectors X and Y are said to 
be equal if and only if each corresponding coordinate is the same; that is, 

{2) X= Y if and only if Xj = Yj for j = 1, 2, ... , N. 

The sum of the vectors X and Y is computed component by component, using the 
definition 

(3) 

The negative of the vector X is obtained by replacing each coordinate with its 
negative: 

(4) 

The difference Y - X is formed by taking the difference in each coordinate: 

(5) y- X= (YI- X)' Y2- X2, ...• YN- XN). 

(6) Y-X=Y+(-X). 

If cis a real number (scalar), we define scalar multiplication eX as follows: 

(7) eX= (CX], CXz, ••• , CXN ). 

If c and dare scalars, then the weighted sum eX+ dY is called a linear comhina
thm of X and Y, and we write 

(8) 

The dot product of the two vectors X and Y is a scalar quantity (real number) 
defined by the equation 

(9) X· Y =x1Y1 +xzyz + · · · +xNYN· 

The nonn (or length) of the vector X is defined by 

(10) I!XII =(xi +xi+ ... +x~) 1 12 . 
Equation ( 1 0) is referred to as the Euclidean norm (or length) of the vector X. 

Scalar multiplication eX stretches the vector X when lei > 1 and shrinks the 
vector when lei < 1. This is shown by using equation ( 10): 

/leX II= (c2xt + c2x~ + · .. + c2x~) 1 /2 

= /ci{Xf +X~+···+ x1)l/Z = lci/IXI/. 
(11) 

An important relationship exists between the dot product and norm of a vector. If 
both sides of equation ( 10) are squared and equation (9) is used, with Y being replaced 
with X, we have 

(12) IIX/12 = xr +xi+ .. · +x1 =X· X. 

If X and Y are position vectors that locate the two points (x 1, x2, •.• , x N) and 
(Yt, yz, ... , YN) in N -dimensional space, then the displacement vector from X to Y 
is Qiven by the difference 

(13) Y- X (displacement from position X to position Y). 

Notice that if a particle starts at the position X and moves through the displacement 
Y- X, its new position is Y. This can be obtained by the following vector sum: 

(14) Y =X+ (Y- X). 

Using equations (lO) and (13), we can write down the formula for the distance 
between two points in N -space. 

(15) IJY- XII = (<YI - xJ)2 + (Y2- xz)2 + .. · + (YN- XN) 2
} 

112
. 

When the distance between points is computed using formula (15), we say that the 
points lie in N -dimensional Euclidean space. 
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Example 3.1. Let X = (2, -3, 5, -1) and Y = (6, I, 2, -4). The concepts mentioned 
above are now illustrated for vectors in 4-space. 

Sum 
Difference 
Scalar multiple 
Length 
Dot product 
Displacement from X to Y 
Distance from X to Y 

X+ Y = (8, -2, 7, -5) 
X - Y = ( -4, -4, 3, 3) 
3X = (6, -9, 15, -3) 
IIXII;; (4+9+25 + 1) 112 = 39112 

X · Y = 12 - 3 + 10 + 4 = 23 
Y- X = (4, 4, -3, -3) 
IIY- XII = (16 + 16 + 9 + 9) 112 = so112 • 

It is sometimes useful to write vectors as columns instead of rows, For example, 

(16) 

Then the linear combination c X + d Y is 

eX+ dY = r ~~~ ~~~~]. 
CXN +dyN 

(17) 

By choosing c and d appropriately in equation (17), we have the sum I X + I Y, 

the difference IX- 1 Y, and the scalar multiple eX+ OY. We use the superscript"'", 
for transpose to indicate that a row vector should be converted to a column vector, and 
vice versa. 

(18) and 

The set of vectors has a zero element 0, which is defined by 

(19) 0 = (0, 0, ... ' 0). 

Theorem 3.1 (Vector Algebra). Suppose that X, Y, and Z are N-dimensional vec
tors and a and bare scalars (real numbers). The following properties of vector addition 
and scalar multiplication hold: 

(20) Y + X = X + Y 
(21) 0 +X= X+ 0 

commutative property 
additive identity 
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(22) X - X = X + (-X) = 0 
(23) (X + Y) + Z = X + ( Y + Z) 
.{24) (a+b)X=aX+bX 
(25) a(X + Y) =aX +a Y 
(26) a(bX) = (ab)X 

additive inverse 
associative property 
distributive property for scalars 
distributive property for vectors 
associative property for scalars 

Matrices and Two-dimensional Arrays 

105 

A matrix is a rectangular array of numbers that is arranged systematically in rows and 
columns. A matrix having M rows and N columns is called an M x N (read "M by N") 
matrix. The capital letter A denotes a matrix, and the lowercase subscripted letter a;1 
denotes one of the numbers forming the matrix. We write 

(27) A= [a,j]MxN for I ::::: i::::: M,l.:::; j :S N, 

where aij is the number in location (i, j) (i.e., stored in the ith row and jth column 
of the matrix). We refer to aiJ as the element in location (i, j). In expanded form we 
write 

Q[[ al2 alj GJN 

azr a22 a21 a2N 

(28) row i __.,.. Qi] ail 
=A. 

aiJ a;N 

aM1 aM2 aMJ aMN 

i 
column j 

The rows of the M x N matrix A are N -dimensional vectors: 

(29) V; = (an,a,.z, ... ,a,.N) fori= I, 2, ... , M. 

The row vectors in (29) can also be viewed as I x N matrices. Here we have sliced 
theM x N matrix A into M pieces (submatrices) that are I x N matrices. 

In this case we could express A as an M x I matrix consisting of the 1 x N row 
matrices V;; that is, 

(30) A= V; 
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Similarly, the columns of the M x N matrix A are M x I matrices: 

an Glj GJN 
02] G2j G2N 

(3!) CJ= cj = CN= 
Gil aij GiN 

GM! GMj GMN 

In this case we could express A as a l x N matrix consisting of theM x 1 column 
matrices C j : 

(32) 

Example 3.2. Identify the row and column matrices associated with the 4 x 3 matrix 

[

-2 4 
5 -7 

A= 0 -3 

-4 6 
!] . 

-5 

ThefourrowmatricesareV,=[-2 4 9),V2 =[5 -7 l],V3 =[0 -3 8), 
and V 4 = [ -4 6 -5]. The three column matrices are 

Notice how A can be represented with these matrices: 

• 

Let A= [a;j]MxN and B = [bij]MxN be two matrices of the same dimension. 
The two matrices A and B are said to be equal if and only if each corresponding 
element is the same; that is, 

(33) A= B if and only if a;1 = b;1 for I .::: i .::: M, 1 .::: j .::: N. 

The sum of the two M x N matrices A and B is computed element by element, 
using the definition 

(34) A+ B = [a;J + biJ]MxN for 1 S i S M, 1 S j .::: N 
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The negative of the matrix A is obtained by replacing each element with its nega
tive:· 

(35) -A=[-aij]MxN for I Si :::M, 1 S) SN. 

The difference A - B is formed by taking the difference of corresponding coordi
nates: 

(36) A- B = [aij- b;j]MxN for I SiS M, IS j S N. 

If cis a real number (scalar), we define scalar multiplication cA as follows: 

(37) cA = [Caij]MxN for I S i S M, I S j S N. 

If p and q are scalars, the weighted sum p A + q B is called a linear combination 
of the matrices A and B, and we write 

(38) pA + qB = [pau + qbii]MxN for I SiS M, 1 S j S N 

The zero matrix of order M x N consists of all zeros: 

(39) 0 = [O)MxN· 

Example 3.3. Find the scalar multiples 2A and 3 B and the linear combination 2A - 3B 
for the matrices 

A= r-~ ~J 
3 -4 

and B = r-~ -!] . 
-9 7 

Using formula (37), we obtain 

2A = r~~ ~~J 
6 -8 

and 
[ 

-6 
3B = 3 

-27 
-1~]. 

21 

The linear combination 2A - 3B is now found: 

[

-2 + 6 4- 9] [ 4 
2A- 3B = 14- 3 10 + 12 = 11 

6 + 27 -8 - 21 33 

-5] 22 . 
-29 • 

Theorem 3.2 (Matrix Addition). Suppose that A, B, and C are M x N matrices 
and p and q are scalars. The following properties of matrix addition and scalar multi
plication hold: 

(40) 8 +A= A+ B 
(41) O+A=A+O 
(42) A-A=A+(-A)=fl 
(43) (A+ B)+ C = A+ (B + C) 
(44) (p +q)A = pA +qA 
(45) p(A +B)= pA + pB 
(46) p(qA) = (pq)A 

commutative property 
additive identity 
additive inverse 
associative property 
distributive property for scalars 
distributive property for matrices 
associative property for scalars 



108 CHAP. 3 THE SOLUTIO~ OF Ll~l::AR S"l'STEMS AX= R 

Exercises for Introduction to Vectors and Matrices 

T!lt! reader is encouraged lO carry out the following eli.ercises by hand and with MATLA.B. 

1. Given the ve<.1ors X andY, find (a) X-i- Y, (b) X- Y, (e) 3X. (d) ]IX If, (e) 71'- 4X, 
(f) x. Y, and (g} i!7r - 4X!\. 
(i} X= (3, -4) andY= (-2, 8) 

(ii) X= (-6, 3, 2) andY= (-8, 5, I) 

{iii} X= (4. -8, I) andY= (1, -12, -11) 
(iv) X= (l, -2.4,2) andY= (3, --5, -4. Ol 

2. Using the law of cosines. it can be shown that the angle I} between two vectors X and 
Y ·IS g"1vcn by the relation 

X·Y 
cos(&)= !lXI[ UYU. 

Find the angle. in radians, between the following vectors: 
(a) X= (-6. 3. 2) andY= (2, -2, l) 
(b) X = (4, -8, ll andY = (3. 4, 12) 

3. Two vectors ;rand Y are satd to be orthogonal (perpendicuiar) if the angle between 
them is 11'/2 
(a) Prove that X and Y are orthogonal if and only if X · Y = 0. 

Usc part (a) 10 determine if the following vectors are onhogonal. 
(b) X= (-6. 4, 2) andY= (6. 5, 8) 
(c) X=(-4,8,3)andf=(2.5.l6) 
(d) X=(-5,7,2.)andf=(4,1,6) 
(e) Find two different vectors that are orthogonal to X= (I. 2, -5). 

4. Find (a) A+ B, (b) A- B. and (c) 3A -· 2B for the matrices 

j-1 9 
.4 = . 2. -3 

L i) s 

r --4 9 
l 

B == I 3 -5 
L s 

S. The trompo1e of an M x N maUix A. denoted A', is the N x M matrix obumvd 
from A by converting the rows of A 10 columns of A'. That is, if A = [a,1 ]M, ._ ;tH-i 

A'"' [b1j )NxM' then the elemen!s satisfy the relation 

Find lhe transpose of :.he following matrices. 

[

-2 5 12.] 
1 4 -1 

(a) 7 0 6 

ll -3 ~ 

(b) n ; n 

3.2 
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6. The square matrix A of dimension N x N is said to be symmeb'ic if A = A' (see 
Exercise 5 for the definition of A')_ Determine whether tbe following square matrices 

:~Rm~i i] ~l [~ -i -i] 
{
ij i = j 

(c) A=[a;i1Nx'V•whereaiJ= .... l'..J.;' 
· l -l) +) r 

{
eos(ij) i = j 

(d) A= (a,j}N"'"'' whereaij = . . . . 
1 
..... 

1
. 

! -l)- J r 

7. Prove statements (20), (24). and f25) in Theorem 3.1. 

Properties of Vectors and Matrices 
A linear combination of the variables X[, x2, •..• XN is a sum 

(I) 

where ak is the coefficient of x~ fork= I, 2 ..... N. 
A linear equation in Xt. x2, ... , XN is obtained by requiring the linear combinatio:1 

in (I) to t.ake on a prescribed val~;.e b; that is, 

(2) 

Systems of linear equations arise frequently, and if M equations \n N unknowns 
are given, we write 

GJJX[ +a12.x2 +···+atNXN =bt 

a21x1 + a22x2 + · · · +a2NXN = b2 

(3) 
G,t]X] +ak2X2 + · · · + GlN.XN = bk 

GMlXi""t"GM2X2+···+aMN-tN =bM. 

To keep crack of the different coefficients in each equation, Jt is necessary 10 usc the 
two "'~scripts (k, j). The first subscript locates equation k and the second subscript 
locates the vari ab te .x J. 

A solution to (3) is a set of numerical values x 1. x2 • ... , x N that satisfies all the 
equations in {3) simu1:aneously. Hence a solution can be viewed as an N-dimensionat 
vector: 

(4) 
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Example 3.4. Concrete (used for sidewalks, etc.) is a mixture of ponland cement, sand, 
and gravel. A distributor has three batches available for contractors. Batch 1 contains ce
ment, sand, and gravel mixed in the proportions 1 (8, 3/8, 4/8; batch 1 has the proportions 
2jiO, 5/10, 3/10; and batch 3 has the proportions 2/5, 3/5, Oj5. 

Let x~o xz, and X3 denote the amount (in cubic yards) to be used from each batch to 
form a mixture of 10 cubic yards. Also, suppose that the mixture is to contain bl = 2.3, 
bz =" 4.8, and b3 = 2.9 cubic yards of portland cement, sand, and gravel, respectively. 
Then the system of linear equations of the ingredients is 

(5) 

<U2Sxl +0.200x2 +0.400x3 = 2.3 (cement) 

0.375xl + 0.500xz + 0.600x3 = 4.8 (sand) 

0.500xl + O.JOOx2 + O.OOOx3 =" 2.9 (gravel) 

The solution to the linear system (5) is xl = 4, x2 = 3, and X) = 3, which can be verified 
by direct substitution into the equations: 

(0.125)(4) + (0.200)(3) + (0.400)(3) = 2.3 
(0.375)(4) + (0.500)(3) + (0.600)(3) = 4.8 

(0.500)(4) + (0.300)(3) + (0.000)(3) = 2.9. 

Matrix Multiplication 

• 

Definition 3.1. If A = [aik}MxN and B = [bkJ}NxP are two matrices with the 
property that A has as many columns as B has rows, then the matrix product AB is 
defined to be the matrix C of dimension M x P: 

(6) 

where the element c;1 of Cis given by the dot product of the ith row of A and the jth 
column of B: 

(7) 
N 

CiJ = L a;kbkJ = anbiJ + a;21J2j + · · · + aiNbNJ 
hd 

for i = I, 2, , .. , M and j = l, 2, ... , P. • 
Example 3.5. Find the product C = A B for the following matrices, and tell why B A is 
not defined. 

[5 -2 1] 8 = 3 8 -6 . 

The matrix A has two columns and B has two rows, so the matrix product AB is 
defined. The product of a 2 x 2 and a 2 x 3 matrix is a 2 x 3 matrix. Computation reveals 
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that 

AB = [ 2 3] [5 -2 1] 
-1 4 3 8 -6 

= [ lO + 9 -4 + 24 2- 18] =" [19 
-5 + 12 2 + 32 -1-24 7 

20 -16] 
34 -25 =c. 

When an attempt is made to fonn the product BA, we discover that the dimensions are 
not compatible in this order because the rows of B are tluee-dimenskmal vectors and the 
columns of A are two-dimensional vectors. Hence the dot product of the jth row of B and 
the kth column of A is not defined. • 

If it happens that AB = BA, we say that A and B commute. Most often, even 
when AB and BA are both defined, the products are not necessarily the same. 

We now discuss how to use matrices to represent a linear system of equations. 
The linear equations in (3) can be written as a matrix product. The coefficients akJ 
are stored in a matrix A (called the coefficient matrix) of dimension M x N, and the 
unknowns x j are stored in a matrix X of dimension N x I. The constants bk are stored 
in a matrix B of dimension M x 1. It is conventional to use column matrices for both 
X and B and write 

(8) AX= =B. 

The matrix multiplication AX = B in (8) is reminiscent of the dot product for 
ordinary vectors, because each element bk in B is the result obtained by taking the dot 
product of row k in matrix A with the column matrix X. 

Example 3.6. Express the system of linear equations (5) in Example 3.4 as a matrix 
product. Use matrix multiplication to verify that [4 3 3)' is the solution of (5): 

(9) 
[

0.125 0.200 0.400] [XI] [2.3] 
0.375 0.500 0.600 X2 = 4.8 . 
0.500 0.300 0.000 X3 2.9 

To verify that (4 3 3]' is the solution of (5), we must show that A [4 3 31' 
[2.3 4.8 2.9]': 

[

0.125 
0.375 
0.500 

~:~: ~::~] [~] = [~:~ ! ~:~ 1 : :~] :::: [~:i] . 
0.300 0.000 3 2.0 + 0.9 + 0.0 2.9 • 
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Some Special Matrices 

The M x N matrix. whose elements are all zero is called the zero JfJidrix of dillun
sitm M x N and is denoted by 

(10) 

When the dimension is clear. we use 0 to denote the zero matrix. 
The identity matrix of order N is the square matrix given by 

(II l where 8
. . _ { I when i - j, 
'
1

- 0 whenifj. 

II i~ the multiplicative identity, as ilJustrated in the next example. 

Example 3. 7. Let A be a 2 x 3 matrix. Then /2 A = A /4 = A. Multiplication of A lln 

the left by f2 results in 

[6 ~][:~: :~~ :~~]=[~~;!6 :~~:6 :~~:~]=A. 
Multiplication of A on the right l>y l3 results in 

u12 a13] 0 1 0 ;;;;; [an +0-'-0 [
1 0 OJ 

a22 a23 
0 0 1 azt + 0-0 D+a12+0 0+0+al3] A • 

0 + azz + 0 0 + 0 + an - · 

Some properti~:::-. of matrix. multiplication are given in the following theorem. 

Theorem 3.3 (Matrix Multiplication). Suppose that c is a scalar and that A. H. 

and C are matrices such thar !:he indicated sums and products are defined: then 

(12) (AB)C = A(BC) 
(13) IA=AI-A 
(14) A(B+C)=AB+AC 
(15) (A+ B)C- AC +BC 
(16) .-(A B)= (cA"lB = A(cB) 

associativity of matrix multiplication 
identity matrilt 
left distributive property 
right disrributive property 
scalar associative property 

The Inverse of a Nonsingular Matrix 

The concept of an inverse applies to matrices. but special attention must be given ... \ 1. 

N x. N rnatrix A is called nonsingular or invertible if there exists an N x N Tmttrix R 
~uch that 

( 17) AB = BA =I. 
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If no such matrix 8 can be found, A is said to be singular. \\<'hen B can be found 
anti (17) holds, we usually write B = A -I and use the familiar relation 

(18) AA ·I = A 1 A if A is nonsingular. 

It is easy to show that at most one matrix B can he found that satisfies relation ( 17 ). 
Suppose that C is also an inverse of A (i.e., A C = C A = /). Then properties (12) 
and ( 13) can be used to nbtain 

C- /C = (BA)C;;;;; B(AC) = Bl =B. 

Determinants 

The determinanl of a square malrix A is a scalar quantity (real number) and is denoted 
by det(A) or IAi. If A is aN x N matrix 

then it i~ mstomary to write 

det(A) = 

Although the notation for a determinant may look like a matrix, its properties are com
pletely different. For one, the determinant is a scalar quantity (real number). The 
definition of det(A) found in most linear algebra tex.tbooks is not tractable for eornpu
flltion when N > 3. We will review how to compute determinants using the cofactor 
expansion method. Evaluation of higher-order determinants is done. n.c;ing Gaussian 
elimination and i~ mentioned in the body of Program 3.3. 

If A - [a,j] is a I x 1 matrix, we define det(A) =all· If A = [a;1 ]Nx N· where 
N ~ 2 then let Mij be the determinant of theN 1 x N- I submatrix of A obtained 
by deleting the lth row and jth column of A. The determinant M;1 is said to be tin.: 
minor of aij. The cofactor A;1 of a;1 is d~::fincd as A;1 = (-I/-i M,j. Then th,• 
detcrminam of an N x Nmatrix A i~ given by 

(19) 
N 

det(A) = La;1 A;1 (ith row expansion) 
j=l 



114 CHAP. 3 THE SOLUTION OF LJNEAR SYSTEMS AX= 8 

or 

(20) 
N 

det(A) = L a;J AiJ (jth column expansion). 
i=l 

Applying fonnula ( 19), with i = 1 , to the 2 x 2 matrix 

we see that det A = all a22 - a 12a21. The following example illustrates how to use 
formulas ( 19) and (20) to recursively reduce the calculation of the detenninant of an 
N x N matrix to the calculation of a number of 2 x 2 determinants. 

Example 3.8. Use formula ( 19) with i === l and formula (20) with j = 2 to calculate the 
determinant of the matrix 

[ 
2 3 8] 

A"" -4 5 -1 . 
7 -6 9 

Using formula (I 9) with i = l, we obtain 

detA"" (2) ~-~ -~~- (3) ~-~ -~~ + (8) ~-~ -~~ 
= (2)(45- 6) - (3)( -36 + 7) + (8)(24- 35) 

= 77. 

Using formula (20) with j = 2, we obtain 

det(A) = -(3) ~-~ - ~j + (S) (; ~~- (-6) \-! _ ~\ 
=77. • 

The following theorem gives sufficient conditions for the existence and uniquenes~ 
of solutions of the linear system AX = B for square coefficient matrices. 

Theorem 3.4. Assume that A is an N x N matrix. The following statements are 
~q uivalent. 

(21) Given any N x I matrix B, the linear system AX= B has a unique solution. 

(22) The matrix A is nonsingular (i.e., A -l exists). 

(23) The system of equations AX = 0 has the unique solution X= 0. 

(24) det(A) =ft 0. 
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Theorems 3.3 and 3.4 help relate matrix algebra to ordinary algebra. If state
ment (21) is true, then statement (22) together with properties (12) and (13) give the 
following line of reasoning: 

{25) AX= B implies A- 1 AX= A- 1 B, which implies X = A -I B. 

Example 3.9. Use the inverse matrix 

-1 I [ 4 -
3
1] 

A = 5 -7 

and the reasoning in (25) to solve the linear system AX = B: 

AX = [; !] [;~] = [;] =B. 

Using (25), we get 

X=A-IB=![ 4 -1][2]-~[3]=[0.6] 5 -7 3 5 - 5 I 0.2 . • 
Remark. In practice we never numerically calculate the inverse of a non singular 

matrix or the determinant of a square matrix. These concepts are used as theoretical 
"tools" to establish the existence and uniqueness of solutions or as a means to alge
braically express the solution of a linear system (as in Example 3.9). 

Plane Rotations 

Suppose that A is a 3 x 3 matrix and U = [ x y z ]' is a 3 x 1 matrix; then the product 
V = AU is another 3 x 1 matrix. This is an example of a linear transformation, and 
applications are found in the area of computer graphics. The matrix U is equivalent 
to the positional vector U = (x, y, z), which represents the coordinates of a point in 
three-dimensional space. Consider three special matrices: 

(26) 

(27) 

(28) 

Rx(a)=[~ co~(a) -s~(a)], 
0 sin(a) cos(a) 

[ 

cos(fJ) 0 sin(.B)] 
Ry(/3) = 0 l 0 , 

- sin(fJ) 0 · cos(,8) 

[

cos(y) 

Rz(Y) = sin6y) 
-sin(y) OJ 

c~s(y) ~ . 
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Table 3.1 Coordinates of the Vertices of a Cube under Successive Rotations 

u 
(0, 0, 0)' 
o. o. o)' 
(0, I, O)' 
(0, 0, 1)' 
(I' I, 0)' 
(I' 0, 1)' 
{0, l. 1}' 
{1, 1, 1)' 

(O.()()(X)I)O. O.()()(X)I)O, 0)' 
(0.707107. 0.707107, 0)' 
(-0.707107, 0.707107, O)' 
(0.000000. 0.000000, I)' 
(0.000000. 1.414214, 0)1 

(0.707107, 0.707107, 1)1 

(-0.707107, 0.707107, 1)1 

(0.000000. 1.414214, 1)1 

(0.000000, 0.000000, 0.000000)1 

(0.612372, 0.707107, -0.353553)' 
(-0.612372, 0.707107, 0.353553)' 
(0.50000J, 0.000000, 0.866025}' 
(0.000000, 1.414214, 0.000000)1 

(1.112372, 0.707107, 0.512472)' 
( -0.112372,0.707107, 1.219579)' 
(0.50000J. 1.414214, 0.866025)' 

These matrices Rx(u), Ry(/3), and Rz(Y) are used to rotate points about the x-, y-, 

and z-axes through the angles a, {3, andy, respectively. The inverses are R.d-a), 
Ry( -fJ), and Rz( -y) and they rotate space about the x-, y-, and z-axes through the 
angles -a, -{3, and-y, respectively. The next example illustrates the situation, and 

further investigations are left for the reader. 

Example 3.10. A unit cube is situated in the first octant with one vertex at the orttin. 
First, rotate the cube through an angle :rr /4 about the z-axis; then rotate this image through 
an angle rr /6 about the y-axis. Find the images of all eight vertices of the cube. 

The first rotation is given by the transformation 

v~R,G)u- [=lii -;;v) m~J 
[

0.707107 -0.707107 0.000000] [X] 
= 0.707107 0.707107 0.000000 y ' 

0.000000 0.()(){}0()0 1.000000 z 

Then the se1;ond rotation is given by 

rr [ cos(i') 0 sin(%)] 
W = Ry (-) V = 0 I 0 V 

6 - sin(~) 0 cos(%) 

[ 

0.866025 0.000000 0.500000] 
= 0.000000 1.000000 0.000000 v 

-0.500000 0.000000 0.866025 

The composition of the two rotations is 

W = Ry (~) R" (~) U = 0.707107 0.707!07 o:oooooo y . 
[ 

0.612372 -0.612372 0 500000] [X] 
6 4 -0.353553 0.353553 0.866025 z 
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z 
z 

y 
X y 

(a) (b) {c) 

Figure 3.2 (a) The original starting cube. (b) V = Rz(1r j4)U. Rotation about 
the z-axis. (c) W = Ry (n /6) V. Rotation about the y-axis. 
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Numerical computations for the coordinates of the vertices of the starting cube are given m 
Table 3.1 (as positional vectors), and the images of these cubes are shown in Figure 3.2(a) 
through (c). • 

MATLAB 

The MATLAB functions det (A) and inv(A) calculate the detenninant and inverse 

(if A is invertible), respectively, of a square matrix A. 

Examp1e3.ll. Use MATLAB to solve the linear system in Example 3.6. Use the inverse 
matrix method described in (25). 

First we verify that A is nonsingular by showing that det(A) :p 0 (Theorem 3.4). 

>>A=[0.125 0.200 0.400;0.375 0.500 0.600;0.500 0.300 0.000]; 
»det(A) 
ans= 

-0.0175 

Following the reasoning in (25), the solution of AX= B is X =A -I B. 

>>X=inv(A)*[2.3 4.8 2.9]' 
X= 

4.0000 
3.0000 
3.000() 

We can check our solution by verifying that AX = B. 

>>B=A*X 
B= 

2.3000 
4.8000 
2.9000 • 
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Exercises for Properties of Vectors and Matrices 

The reader is encouraged to carry out the following exercises by hand and with MATLAB. 

1. Find AB and BA for the following matrices: 

[-3 2] 
A= 1 4 ' 

2. Find AB and B A for the following matrices. 

A= G -~ ~]. ~]. 
-2 

3. Let A, B,and C be given by 

A= [~ !]. B = [ -~ -~l C = [~ -~]-
(a) Find (AB)C and A(BC). 
(b) Find A(B +C) and AB + AC. 
(c) Find (A+ B)C and AC + BC. 
(d) Find (AB)' and B' A'. 

4. We use the notation A 2 = AA. Find A 2 and B 2 for the following matrice:-.: 

[
-I 

A= 5 -7] 2 , [ 

2 0 
B = -1 5 

3 -5 

S. Find the determinant of the following matrices, if it exists. 

<·l [-: -;J (b) H -~ -~J 

(<) [H] (d) [~ ~ ~ i] 
6. Show that Rx(a)R_..(-a) = I by direct multiplication of the matrices R..,(a) and 

Rx( -a); (see formula {26)). 

7. (a) ShowthatR.r(a)Ry(,6) = 

[ 

cos(,6) 
sin(,B) sin( a) 

- cos(a) sin(,B) 

(see formulas (26) and (27)}. 

0 
cos( a) 
sin(a) 

sin(.B) ] 
- cos(j:l) sin(a) 
cos(,B) cos(a) 
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(b) Show that Ry(,B)Rx (a) = 

[ 

cos(,6} 

- si~(a) 
sin(f:l) sin(a) 

cos(a) 
cos(f:l) sin(a) 

119 

cos(a) sin(,B)] 
- sm(a) . 

cos(.8) cos(a} 

8. If A and Bare nonsingular N x N matrices and C = AB, show that c-t = B-1 A- 1. 

Hint. Use the associative property of matrix multiplication. 

9. Prove statements (13) and (16) of Theorem 3.3. 

10. Let A be an M x N matrix and X an N x 1 matrix. 
(a) How many multiplications are needed to calculate AX? 
(b) How many additions are needed to calculate AX? 

11. Let A be an M x N matrix, and let B and C be N x P matrices. Prove the left 
distributive law for matrix multiplication: A(B +C)= AB + AC. 

12. Let A and B be M x N matrices, and let C be aN x P matrix. Prove the right 
distributive law for matrix multiplication: (A+ B)C = AC + BC. 

13. Find X X' arid X' X, where X = [1 -1 2]. Note. X' is the transpose of X. 
14. Let A beaM x N matrix and BaN x P matrix. Prove that (AB)' = B' A'. Hint. Let 

C = AB and show, using the definition of matrix multiplication, that the (i, j)th entry 
of C' equals the (i, j )th entry of B' A'. 

15. Use the result of Exercise 14 and the associative property of matrix multiplication to 
show that (ABC)' = C' B' A'. 

Algorithms and Programs 

The first column of Table 3.1 contains the coordinates of the vertices of a unit cube situated 
in the first octant with one vertex at the origin. Note that all eight vertices can be stored in 
a matrix U of dimension 8 x 3, where each row represents the coordinates of one of the 
vertices. It follows from Exercise 14 that the product of U and the transpose of R 2 (rr /4) 
will produce a matrix of dimension 8 x 3 (representing the second column of Table 3 .I, 
where eech row represents the transformation of the corresponding row in U). Combining 
this idea with Exercise 15, it follows that the coordinates of the vertices of a cube under 
any number of sucaessive rotations can be represented by a matrix product. 

1. A unit cube is situated in the first octant with one vertex at the origin. First, rotate 
the cube through an angle of 7r j6 about the y-axis; then rotate this image through an 
angle of 7r /4 about the ;:-axis. Find the images of all eight vertices of the starting 
cube. Compare this result with the result in Example 3.10 
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y 

) 

(a) (b) (c) 

Figure 3.3 (a) The original starting cube. (b) V = Rv(11'/6)U. Rotation about 
they-axis. (c} W = R,(1r/4)V. Rotation about the .t-aXis. 

What is different? Explain your answer using the fact that, in general. matrix mul
tiplication is not commutative. (See Figure 3.3(a) to (c)). Use the plot3 command to 
plot each of the three cubes. 

2. A unit cube is situated in the first octant with one vertex at the origin. First, rotate 
the cube through an angle of 1r 112 about the x -axis; then rotate this image through 
an angle of rr /6 about the :::-axis. Find the images of aU eight vertices of the starting 
cube. Use the plot3 command to plot each of the three cubes. 

3. The tetrahedron with vertices at (0, 0, 0), (1, 0, 0), (0, 1, 0), and (0, 0, 1) is first ro
tated through an angle of 0.15 radian about the y-axis, then through an angle of 
-1.5 radians about the :.:-axis, and finally through an angle of 2.7 radians about the 
x-axis. Find the images of all four vertices. Use the plot3 command to plot each of 
the four images. 

3.3 Upper-triangular Linear Systems 

We will now develop the/Jack-substitution algorithm, which is useful for solving a lin
ear system of equations that has an upper-triangular coefficient matrix. This algorithm 
will be incorporated in the algorithm for solving a general linear system in Section 3.4 

Definition 3.2. An N x N matrix A "" [aij J is called upper triangular provided that 
the elements satisfy aiJ = 0 whenever i > j. The N x N matrix A ~ [au] is called 
lower triangular provided that aiJ = 0 whenever i < j. 

We will develop a method for constructing the solution to upper-triangular linerrr 
systems of equations and leave the investigation of lower-triangular systems to the 
reader. [f A is an upper-triangular matrix, then AX = B is said to be an upper-
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triangular system of linear equations and has the fonn 

(1) 

GjjXj +G!2X2+Gt3X3 + · · '+ 
G22X2+G2JXJ + · · · + 

a33X3 + · · · + 

G!N-iXN-1 + 
a2N-lXN-l + 
a3N-lXN-l + 

a1NXN = b1 

GzNXN = ~ 

a3NXN = b3 

aN-lN-lXN-l + aN-!NXN = bN-l 

GNNXN = bN. 
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Theorem 3.5 (Back Substitution). Suppose that AX = B is an upper-triangular 
system with the fonn given in (1). If 

(2) akk #=- 0 for k = I, 2, ... , N, 

then there exists a unique solution to (1). 

Constructive Proof The solution is easy to find. The last equation involves only XN, 

so we solve it first: 

bN 
(3) XN=-. 

GNN 

Now XN is known and it can be used in the next-to-last equation: 

(4) 
GN-lN-1 

Now XN and XN-l are used to find XN-2: 

(5) bN-2- 0N-2N-IXN-I - ON-ZNXN 
XN-z=--~--~~~~~~~~~~ 

aN-ZN-2 

Once the values XN, XN-I ••.. , Xk+l are known, the general step is 

bk- Ef==k+l akjXj 
(6) Xk = for k = N- 1, N- 2, ... , 1. 

a a 

The uniqueness of the solution is easy to see. The Nth equation implies that 
b N I aNN is the only possible value of x N. Then finite induction is used to establish 
thatxN-r, XN-2· ... , x1 are unique. • 

Examute 3.12. Use back substitution to solve the linear system 

4x1 - x2 + 2x3 + 3x4 = 20 

-2xz + 7:t3 -4x4 = -7 

fu:J + 5:t4 = 4 

Jx4 = 6. 
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Solving for x4 in the last equation yields 

6 
X4 = 3 = 2. 

Using x4 = 2 in the third equation, we obtain 

X3 = 4 - 5(2) = -I 
6 

Now x 3 = -1 and x4 = 2 are used to find x2 in the second equation; 

-7 -7(-1) + 4(2) 
X2 = = -4. -2 

Finally, x1 is obtained using the first equation: 

XI= 20+ 1(-4) -
4
2(-1)- 3(2) = 3_ • 

The condition that akk -:p. 0 is essential because equation (6) involves division 
by akk· If this requirement is not fulfilled, either no solution exists or infinitely many 
solutions exist. 

Example 3.13. Show that there is no solution to the linear system 

4x 1 - x2 + 2x3 + 3x4 = 20 

Ox2 + 7 X3 - 4x4 = -7 
(7) 

6x3 + Sx4 = 4 

3x4 = 6. 

Using the last equation in (7), we must have x4 = 2, which is substituted into the >cc·(lnd 
and third equations to obtain 

(8) 
7X3- 8 = -7 

6x3 + lQ = 4. 

The first equation in (8) implies that X3 = 1/7, and the seco~d equatio~ impk' 1 hat 
x

3 
= -1. This contradiction leads to the conclusion that there IS no solution to !lk 1m-

ear system (7). ~~: 

Example 3.14. Show that there are infinitely many solutions to 

4x l - X2 + 2x] + 3X4 = 20 

Ox2 + 7 X3 + Ox4 = -7 
(9) 6x3 + 5X4 = 4 

3X4 = 6. 

SEC. 3.3 UPPER-TRIANGULAR LINEAR SYSTEMS 123 

Using the last equation in (9), we must have X4 = 2, which is substituted into the second 
and third equations to get x3 = -I, whkh checks out in both equations. But only two 
vaiues x3 and X4 have been obtained from the second through fourth equations, and when 
they are substituted into the first equation of (9), the result is 

(10) 

which has infinitely many solutions; hence (9) has infinitely many solutions. If we choose a 
value of x 1 in ( 1 0), then the value of x2 is uniquely determined. For example, if we include 
the equation Xt = 2 in the system (9), then from (10) we compute x2 = -8. • 

Theorem 3.4 states that the linear system AX = B, where A is an N x N matrix, 
has a unique solution if and only if det(A) i= 0. The following theorem states that 
if any entry on the main diagonal of an upper- or lower-triangular matrix is zero then 
det(A) = 0. Thus, by inspecting the coefficient matrices in the previous three exam
ples, it is clear that the system in Example 3.12 has a unique solution, and the systems 
in Examples 3.13 and 3.14 do not have unique solutions. The proof of Theorem 3.6 
can be found in most introductory linear algebra textbooks. 

Theorem 3.6. If theN x N matrix A = [au J is either upper or lower triangular, then 

(11) 
N 

det(A) = a11a22 ···aNN= n a;;. 

i=l 

The value of the determinant for the coefficient matrix in Example 3.12 is det A = 
4(-2)(6)(3) = -144. The values of the determinants of the coefficient matrices in 
Example 3.13 and 3.14 are both 4(0)(6)(3) = 0. 

The following program will solve the upper-triangular system (I) by the method 
of back substitution, provided au =1- 0 fork= 1, 2, ... , N. 

Program 3.1 (Back Substitution). To solve the upper-triangular system AX = B 
by the method of back substitution. Proceed with the method only if all the diagonal 
elements are nonzero. First compute x N = b N {aNN and then use the rule 

for k = N- 1, N- 2, ... , I. 

functfff X=backsub(A,B) 

Y.Input - A is an n x n upper-triangular nonsingular matrix 
Y. - B is an n x 1 matrix 
%Output - X is the solution to the linear system AX = B 
%Find the dimension of B and initialize X 
n.,length(B); 
x .. zeros(n,l); 
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X(n)=B(n)/A(n,~); 

for k=n-1:-1:1 
X(k)=(B(k)-A(k,k+l:n)*X(k+l:n))/A(k,k); 

end 

Exercises for Upper-triangular Linear Systems 

In Exercises I through 3, solve the upper-rriangular system and find the value of the dete: · 
minant of the coefficient nwrix. 

1. 3.t I - 2x2 + X3 - X4 = 8 

4X2 - X3 + 2x• = -3 
2xJ + 3X4 = lJ 

5x• = 15 

3. '4XJ- X2 -t- lx3 + 2x4·- X'= 4 
-2x2 +6.q + lx4 + 1xs = 0 

X3 - X4 - 2x5 = 3 

- 2x4- xs = 10 

3x~ = 6 

2. Sxt - 3x2- ?x3 + X<~ = -14 

llxz+9xJ + 5x4 = :!2 

3.t3 - l3.q = - 11 

7x4 = 14 

4. c_a) Consider the two upper-rriangutm- matrices 

Show that their product C = AB is also upper triangular. 
(b) Let A and B be two N x N upper-triangular matrices. Show thai their ?rn::lt.:.: 

is also u;Jper triangular. 

5. Solve the lower-triangular system AX= Band find deUA}. 

=6 

=5 
3x, · lx2 - XJ = 4 

X; - lx1 + 6x3 + 3.q = 2 

6. Solve the lower-triangular system AX = B and find dett.4. ). 

)X] = -10 

X]+ 3.t2 4 

3.q + 4X2 + lx3 2 
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7. Show that back substitution requires N divisions, (N2 - N)/2 rnultiplicat.Ions, and 
(N2 -· N)/2 addi1ions or subtractions. Hint. You can use the formula 

M 

2> = M(M + 1)/2. 
~=l 

Algorithms and Programs 

I. Cse Program 3.1 to solve the system V X = B where. 

and u·· _ {cos(ij) i ~ ). 
IJ- 0 I> j. 

and B = {bit.IJOxl and bil ::; ran(i). 

2. Forward-substitution algorithm. A linear system AX = B is called lower triangula: 
provided that a11 = 0 when i < j. Construct a program forsub, analogous to 
Program 3.1, to solve the following lower-triangular system. Remark. This program 
will be used m Section 3.5. 

Q(JXI 

a21x1 + azzx2 

a31X1 + a32X2 + 033X3 

QN-1 tXJ + aN-I2X2 + aN-t3X3 +···+ON-I N-tXN-1 = hN-1 

ON 1-l'J + aN2X2 + aN3X3 + · · · + ON N-IXN-l + aNNXN = bN 

3. Use for sub to solve the system LX= B, where 

{
i + j i ~ j, 

L = [lijhOxlO and l,i ::::= . • 
0 I-<:;], 

and B = [b11 box! anc b,t = i. 

3A Gaussian Elimination and Pivoting 

In this section we develop a scheme for solving a general system AX = B of N 
eqc~ati.ons and N unknowns. The goal is to consuuct an equivalent upper-triangular 
system U X= Y that can be solved hy the method of Section 3 .3. 

Two linear systems of dimension N x N are said to be equivalent provided that 
their solution sets are the same. Theorems from linear algebra show that when certain 
transfonnations are applied to a given system the solution sets do not change. 
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Theorem 3.7 (Elementary Transformations). The following operations applied to 

a linear system yield an equivalent system: 

( 1) Interchanges: The order of two equations can be changed. 

{2) Scaling: Multiplying an equation by a nonzero constant. 

(3) Replacement: An equation can be replaced by the sum of itself and 
a nonzero multiple of any other equation. 

It is common to use {3) by replacing an equation with the difference of that equa

tion and a multiple of another equation. These concepts are illustrated in the next 

example. 

Example 3.15. Find the parabolay =A+ Bx + Cx 2 that passes through the three points 
(1, 1), (2, -1), and (3, 1). 

For each point we obtain an equation relating the value of x to the value of y. The 
result is the linear system 

{4) 

A+ B+ C= 

A+2B+4C=-l 

A+3B+9C = 

at (I, I) 

at (2, -1) 

at (3, 1). 

The variable A is eliminated from the second and third equations by subtracting the 

first equation from them. This is an application of the replacement transformation (3), and 
the resulting equivalent linear system is 

(5) 
A+B+ C= 

B +3C = -2 

2B + 8C = 0. 

The variable B is eliminated from the third equation in (5) by subtracting from itt\\ o times 

the second equation. We arrive at the equivalent upper-triangular system: 

(6) 

A+B+ C= I 

B+3C = -2 

2C= 4. 

The back-substitution algorithm is now used to find the coefficients C = 4/2 = 2, B = 

-2- 3(2) = -8, and A = 1 - (-8) - 2 = 7, and the equation of the parabola , 

y = 7- 8x +2x2. 'I 

It is efficient to store all the coefficients of the linear system AX = B in an arra' 

of dimension N x (N + 1). The coefficients of Bare stored in column N + 1 of tl1c· 

array (i.e., akN+I = b,~:). Each row contains all the coefficients necessary to represem 

an equation in the linear system. The augmented matrix is denoted [AJB] and tk 
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linear system is represented as follows: 

au a12 atN 

b, J {7) 
a21 a22 azN hz [AlB]~ [ : 

aNt aN2 aNN bN 

The system AX = B, with augmented matrix given in {7), can be solved by per

forming row operations on the augmented matrix [AIBJ. The variables Xk are place

holders for the coefficients and can be omitted until the end of the calculation. 

Theorem 3.8 {Elementary Row Operations). The following operations applied to 
the augmented matrix (7) yield an equivalent linear system. 

(8) Interchanges: The order of two rows can be changed. 

(9) Scaling: Multiplying a row by a nonzero constant. 

(10) Replacement; The row can be replaced by the sum of that row and 

a nonzero multiple of any other row; that is: 
row,= row, -m,P x rowp. 

It is common to use {10) by repla~ing a row with the difference of that row and a 
multiple of another row. 

Definition 3.3 {Pivot). The number a,, in the coefficient matrix A that is used to 

eliminate akr, where k = r + 1, r + 2, ... , N, is called the rthpiVf?lal element, and 
the rth row is called the pivot row. ..t. 

The following example illustrate!! how to use the operations in Theorem 3.8 to 

obtain an equivalent upper-triangular system U X = Y from a linear system AX = B 
where A is an N x N matrix. 

Example 3.16. Express the following system in augiJ1ented matrix form and find an 
equivalent upper-triangular system and the solution. 

1'be augmented matrix is 

X[ + 0"2 + X3 + 4X4 = 13 

2xt + Oxz + 4x3 + 3x4 = 28 

4xt + 2x2 + 2x3 + X4 = 20 

-3xt + x2 + 3x3 + lx4 = Q. 

pivot-+ 

[ ! 
2 1. 4 "] mzi =2 2 0 4 3 28 

m31 =4 4 2 2 1 2~ . 
m41 = -3 -3 1 3 2 
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The first row is used to eliminate elements in the first column below the diagonal. 
We refer to the first row as the pivotal row and the element a11 = l is called the pivotal 
element. The values mk 1 are the multiples of row 1 that are to be subtracted from row k for 
k = 2. 3, 4. The result after elimination is 

r , 2 1 4 
pivot~ 0 -4 2 -5 
m32 = 1.5 0 -6 -2 -15 
m42 = -1.75 0 7 6 14 

13 l -3; . 
45 

The second row is used to eliminate elements in the second column that lie below the 
diagonal. The second row is the pivotal row and the values mkz are the multiples of row 2 
that are to be subtracted from row k fork = 3, 4. The result after elimination is 

pivot~ 

m43 = -1.9 
[ 

l 2 l 
0 -4 2 
0 0 -5 
0 0 9.5 

4 
-5 

-7.5 
5.25 

13 l 2 
-35 . 
48.5 

Finally, the multiple m43 = -1.9 of the third row is subtracted from the fourth r0\1. and 
the result is the upper-triangular system 

(11) 

[ 

1 2 1 
0 -4 2 
0 0 -5 
0 0 0 

4 
-5 

-7.5 
-9 

131 -3~ . 
-18 

The back-substitution algorithm can be used to solve (11), and we get 

X4 = 2, X3 =4, X2 = -J, XI =3. • 

The process described above is called Gaussian ellmin.ation and must be modified 
so that it can be used in most circumstances. If akk = 0, row k cannot be used to 
eliminate the elements in column k, and row k must be interchanged with some row 
below the diagonal to obtain a nonzero pivot element. If this cannot be done, then the 
coefficient matrix of the system of linear equations is nonsingular, and the system does 
not have a unique solution. 

Theorem 3.9 (Gaussian Elimination with Back Substitution). If A is an N x N 
nonsingular matrix, then there exists a system U X = Y, equivalent to AX = B, where 
U is an upper-triangular matrix with Ukk f=. 0. After U and Y are constructed, back 
substitution can be used to solve U X = Y for X. 
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Proof We will use the augmented matrix with B stored in column N + 1: 
(I) (I) (I) (I) (I) all 0 12 al3 a IN XI 

alN+I 
(I) a OJ (I) (l) (l) all 22 a23 azN xz 

a2N+1 

AX= 
a (I) a (I) a (I) a<ll X3 (I) 

=B. 31 32 33 3N = a3N+I 

a(l) (I) a<l) (l) (I) 

Nl aN2 NJ aNN XN aNN+! 

Then we will construct an equivalent upper-triangular system U X = Y: 

a(l) (I) a (I) (l) (l) 
II al2 13 a IN XI alN+I 

0 (2) (2) a(2) (2) 
a22 0 23 2N X2 a2N+I 

0 0 a(3) (3) 
X3 

(3) 
UX= 33 a3N = a3N+I =Y. 

0 0 0 a<NJ XN 
(N) 

NN aNN+l 

Step !. Store the coefficients in the augmented matrix. The superscript on a;P means 
that this is the first time that a number is stored in location (r, c): 

(I) 
all 

(I) 
a12 

(I) 
al3 

(l) 
a IN 

(I) 
alN+I 

{1) (l) a(l) (I) (I) 
a21 a22 23 a2N £liN+l 

(1) 
a31 

(l) 
a32 

(1) 
a33 

(l) 
a3N 

(I) 
0JN+I 

(I) a(l) (!) a OJ (I) 
aNI N2 aNJ NN aNN+! 

Step 2. If necessary, switch rows so that a[\) f=. 0; then eliminate x 1 in rows 2 
through N. In this process, m r 1 is the multiple of row 1 that is subtracted from row r. 

forr = 2: N 
(I) (I). 

mrl = a, 1 ja11 , 

a <2J- o· 
rJ - t 

fore= 2: N + 1 
(2)- (!) . (l), 

a,c -arc - mrl *ale ' 
end 

end 
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The new elements are written a~~l to indicate that this is the second time that a 
number has been stored in the matrix at location (r, c). The result after step 2 is 

a (I) a<1l a<n a<I> (I) 
11 12 13 IN 0 1N+I 

0 a(2) (2) a<2l (2) 
22 0 23 2N 0 ZN+1 

0 a(2) (2) a<2l (2) 
32 0 33 3N 0 3N+l 

0 a(2) (2) (2) (2) 
NZ 0 N3 aNN 0NN+I 

Step 3. If necessary, switch the second row with some row below it so that 
ag> :1 0; then eliminate x2 in rows 3 through N. In this process, m,z is the multi
ple of row 2 that is subtracted from row r. 

for r = 3: N 
(2) (2). m,z = a,2 fazz • 

a<3>- o· 
r2 - ' 

fore= 3: N + 1 
(J) (2} (2), 

a,.c = Ore - m,.z * 02c ' 
end 

end 

The new elements are written a}~l to indicate that this is the third time that a nun1· 
ber has been stored in the matrix at location (r, c). The result after step 3 is 

aOl a (I) ao> a<O (1) 
11 12 13 IN 0 IN+I 

0 a<Z> (2) a(2) (2) 
22 azJ 2N 02N+I 

0 0 a(3) a(3) (3) 
33 3N 03N+l 

0 0 
(3} (3) (3) 

aN3 0 NN aNN+l 

Step p + L This is the general step. If necessary, switch row p with some row 
beneath it so that at/ :F 0; then eliminate Xp in rows p + 1 through N. Here mrp IS 

the multiple of row p that is subtracted from row r. 

forr = p+ 1: N 
(p)/ (Pl. m,P = a,p app, 

a<r+n- O· rp - ' 
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for c = p + 1 : N + 1 
a(p+ll- a(p)- m * a<Pl. rc - rc rp pc, 

end 
end 

The final result after x N ~ 1 has been eliminated from row N is 

a(l) (I) (I) a (I) (I) 
11 au 0 I3 IN 0 1N+I 

0 (2) a(2) a(2) (2) 
a22 23 ZN ll2N+l 

0 0 a<3) a(3) (3) 
33 3N 0JN+l 

0 0 0 (N) 
0 NN 

(N) 
aNN+! 

The upper-triangullj.rization process is now complete. 
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Since A is nonsingular, when row operations are performed the successive matrices 
are also nonsingular. This guarantees that ai!l :F 0 for all k in the construction process. 
Hence back substitution can be used to solve U X = Y for X, and the theorem is prove. 

• 

Pivoting to Avoid aW = 0 

If ay;} = 0, row p cannot be used to eliminate the elements in column p below the 
main diagonal. It is necessary to find row k, where ai~) :F 0 and k > p, and then in
terchange row p and row k so that a nonzero pivot element is obtained. This process is 
called pivoting, and the criterion for deciding which row to choose is called a pivoting 
strategy. The trivial pivoting strategy is as follows. If a<:) =I 0, do not switch rows. 
If aW ;;: 0, locate the first row below pin which ag) :F 0 and switch rows k and p. 
This will result in a new element a if) :F 0, which is a nonzero pivot element. 

Pivoting to Reduce Error 

Because the computer uses fixed-precision arithmetic, it is possible that a small error 
will be introduced each time that an arithmetic operation is perfonned. The following 
example illustrates how the use of the trivial pivoting strategy in Gaussian elimination 
can lead to significant error in the solution of a linear system of equations. 
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Example 3.17. The values xt = x2 = 1.000 are the solutions to 

(12) 
1.133xt + 5.28lx2 == 6.414 

24.14XJ - 1.210x2 == 22.93. 

Use four-digit arithmetic (see Exercises 6 and 7 in Section 1.3) and Gaussian elimination 
with trivial pivoting to find a computed approximate solution to the system. 

The multiple mu = 24.14/1.133 = 21.31 of row 1 is to be subtracted from row 2 to 
obtain the upper-lriangular system. Using four digits in the calculations, we obtain the new 
coefficients 

a~~= -1.210- 21.31(5.281) = -1.210-112.5 = -113.7 

ag) = 22.93- 21.31(6.414) = 22.93-136.7 = -113.8. 

The computed upper-triangular system is 

1.133xJ + 5.28lx2 = 6.414 

-113.7X2= -113.8. 

Back substitution is used to compute x2 = -I 13.8/( -l 13.7) = 1.001, and Xi = (6.414-
5.281 ( 1.001))/(1.133) = (6.414- 5.286)/(1.133) = 0.9956. • 

The error in the solution of the linear system ( 12) is due to the magnitude of the 
multiplier m 21 = 21.3 I. In the next example the magnitude of the multiplier m 21 is 
reduced by first interchanging the first and second equations in the linear system (12) 
and then using the trivial pivoting strategy in Gaussian elimination to solve the system. 

Example 3.18. Use four-digit arithmetic and Gaussian elimination with trivial pivoting 
to solve the linear system 

24.14xl - 1.210x2 = 22.93 

1.133xr + 5.281x2 = 6.414. 

This time m21 = 1.133/24.14 = 0.04693 ]s the multiple of row 1 that is to be subtra,·ted 
from row 2. The new coefficients are 

ag) = 5.281 - 0.04693( -1.210) = 5.281 + 0.05679 = 5.338 

ag) = 6.414- 0.04693(22.93) = 6.414- 1.076 = 5.338. 

The computed upper-triangular system is 

24.14xt- 1.210x2 = 22.93 

5.338x2 == 5.338. 

Back substitution is used to compute x2 = 5.338/5.338 = 1.000, and xr = (22.93 + 
1.210(1.000))/(24.14) = 1.000. • 
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The purpose of a pivoting strategy is to move the entry of greatest magnitude t< 
the main diagonal and then use it to eliminate the remaining entries in the column. I: 
there is more than one nonzero element in column p that lies on or below the mair 
diagonal. then there is a choice to detennine which rows to interchange. The partio, 
pivoting strategy, illustrated in Example 3.18, is the most common one and is used ir 
Program 3.2. To reduce the propagation of error, it is suggested that one check thf 
magnitude of all the elements in column p that lie on or below the main diagonal 
Locate row k in which the element that has the largest absolute value lies, that is, 

lakpl = max{lappl. lap+lpl, ... , laN-tpl, laNpl}. 

and then switch row p with row k if k > p. Now, each of the multipliers mrp for 
r = p + 1, ... , N will be less than or equal to 1 in absolute value. This process will 
usually keep the relative magnitudes of the elements of the matrix U in Theorem 3.9 
the same as those in the original coefficient matrix A. Usually, the choice of the larger 
pivot element in partial pivoting will result in a smaller error being propagated. 

In Section 3.5 we will find that it takes a total of (4N3 + 9N2 - 7 N)/6 arithmetic 
operations to solve an N x N system. When N = 20, the total number of arithmetic 
operations that. must be performed is 5910, and the propagation of error in the compu
tations could result in an erroneous answer. The technique of scaled partial pivoting 
or equilibrating can be used to further reduce the effect of error propagation. In scaled 
partial pivoting we search all the elements in column p that lie on or below the main 
diagonal for the one that is largest relative to the entries in its row. First search rows p 
through N for the largest element in magnitude in each row, says,: 

(13) s, = max(ia,pl.larp+ll •... ,JarNil for r = p, p + 1, ... , N. 

The pivotal row k is determined by finding 

lakpl =max { lappl, lap+! pi, ... , laNpl}. 
Sk Sp Sp+! SN 

(14) 

Now interchange row p and k, unless p == k. Again, this pivoting process is designed 
to keep the relative magnitudes of the elements in the matrix U in Theorem 3.9 the 
same as those in the original coefficient matrix A. 

Dl conditioning 
A matrix A is called ill conditioned if there exists a matrix B for which small pertur
bations in the coefficients of A or B will produce large changes in X = A -I B. The 
system AX = B is said to be ill conditioned when A is ill conditioned. In this case, 
numerical methods for computing an approxjmate solution are prone to have more 
error. 

One circumstance involving ill conditioning occurs when A is "nearly singular" 
and the detenninant of A is close to zero. Ill conditioning can also occur in systems 
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y 

1.2 
2x+ 3y=3.4 

1.0 

0.8 

0.6 

0.4 
X+ 2y= 2 

0.2 

0.0 L------'-----'----.1...----'- x Figure 3.4 A region where two 
0.5 1.0 1.5 2.0 equations are "almost satisfied". 

ot two equatwns when two lines are nearly parallel (or in three equations when three 
planes are nearly parallel). A consequence of ill conditioning is that substitution of 
erroneous values may appear to be genuine solutions. For example, consider the two 
equations 

(15) 
X + 2y - 2.00 = 0 

2x + 3 y - 3.40 = 0. 

Substitution of x0 = 1.00 and Yo = 0.48 into these equations "almost produces zeros" 

1 + 2(0.48) - 2.00 = 1.96 - 2.00 = -0.04 ~ 0 
2 + 3(0.48) - 3.40 = 3.44 - 3.40 = 0.04 ~ 0. 

Here the discrepancy from 0 is only ±0.04. However, the true solution to this lin
ear system is x = 0.8 and y = 0.6, so the errors in the approximate solution are 
x - x0 = 0.80- 1.00 = -0.20 andy- yo= 0.60- 0.48 = 0.12. Thus, merely sub
stituting values into a set of equations is not a reliable test for accuracy. The rhombus
shaped region R in Figure 3.4 represents a set where both equations in (15) are "almost 
satisfied": 

R = {(x, y): lx + 2y- 2.001 < 0.1 and 12x + 3y- 3.401 < 0.2}. 

There are points in R that are far away from the solution point (0.8, 0.6) and yet 
produce small values when substituted into the equations in (15). If it is suspected 
that a line'' system is ill conditioned, computations should be carried out in multiple
precision.::; .hmetic. The interested reader should research the topic of condition num
ber of a m:,~dx to get more infonnation on this phenomenon. 

Ill conditioning has more drastic consequences when several equations are in 
volved. Consider the problem of finding the cubic polynomial y = c1x

3 + c2x
2 + 

qx+q that passes through the four points (2, 8), (3, 27), (4, 64), and (5, 125) (clearly. 
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y = x 3 is the desired cubic polynomial). In Chapter 5 we will introduce the method 
of least squares. Applying the method of least squares to find the coefficients requires 
that the following linear system be solved: 

[

20,514 4,424 978 224] [C]] [20,514] 4,424 978 224 54 c2 _ 4,424 
978 224 54 14 C3 - 978 . 
224 54 14 4 /q 224 

A computer that carried nine digits of precision was used to compute the coefficients 
and obtained 

c1 = 1.000004, cz = -0.000038, c3 = 0.000126, and C4 = -0.000131. 

Although this computation is close to the true solution, c1 = 1 and cz = q = q = 0, it 
shows how easy it is for error to creep into the solution. Furthennore, suppose that the 
coefficient all = 20,514 in the upper-left comer of the coefficient matrix is changed 
to the value 20,515 and the perturbed system is solved. Values obtained with the same 
computer were 

Cj = 0.642857, C2 = 3.75000, C3 = -12.3928, and q = 12.7500, 

which is a worthless answer. Ill conditioning is not easy to detect. If the system is 
solved a second time with slightly perturbed coefficients and an answer that differs 
significantly from the first one is discovered, then it is realized that ill conditioning 
is present. Sensitivity analysis is a topic nonnally introduced in advanced numerical 
analysis texts. 

MATLAB 

In Program 3.2 the MATI..AB statement [A BJ is used to construct the augmented 
matrix for the linear system AX = B, and the max command is used to determine 
the pivot element in partial pivoting. Once the equivalent triangulated matrix [UIYJ 
is obtained it is separated into U and Y, and Program 3 .1 is used to carry out back 
substitution (backsub (U, Y) ). The use of these commands and processes is illustrated 
in the following example. 

Example 3.19. (a) Use MATLAB to construct the augmented matrix for the linear system 
in Example 3.16; (b) use the max command to find the element of greatest magnitude in the 
first column of the coefficient matrix A; and (c) break the augmented matrix in (11) into 
the coefficient matrix U and constant matrix Y of the upper-triangular system U X = Y. 
{a) 
>> A=[l 2 1 4;2 0 4 3;4 2 2 1;-3 1 3 2]; 
>> B=[13 28 20 6] '; 
» Aug=[A B] 
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Aug= 
1 2 1 4 13 
2 0 4 3 28 
4 2 2 1 20 

-3 1 3 2 6 

{b) In the following MATIAB display, a is the element of greatest magnitude in the liN 
column of A and j is the row number. 

>>(a,j]-max{abs(A(1:4,1))} 
a= 

4 

J"' 
3 

(c) Let Augup = [UJY] be the upper-triangular matrix in (I 1 ). 

>> Augup=[1 2 1 4 13;0 -4 2 -5 2;0 0 -5 -7.5 -35;0 0 0 -9 -18]; 
>> U=Augup(1:4,1:4) 
U= 

1.0000 2.0000 1.0000 4.0000 
0 -4.0000 2.0000 -5.0000 
0 0 -5.0000 -7.5000 
0 0 0 -9.0000 

>> Y=Augup(1:4,5) 
Y= 

13 
2 

-35 
-18 

Program 3.2 (Upper Triangularization Followed by Back Substitution). To 
construct the solution to AX= B. by first reducing the augmented matrix [AJB] to 
upper-triangular form and then performing back substitution. 

function X = uptrbk(A,B) 

%Input A is an N x N nonsingular matrix 
% - B is an N x 1 matrix 
%Output - X is anN x 1 matrix containing the solution to AX=B. 

%Initialize X and the temporary storage matrix C 
[N N]=size(A); 
X=zeros(N,1); 
C=zeros(l,N+l); 

%Form the augmented matrix:Aug=[AIB] 
Aug=[A B); 

• 

SEC. 3.4 GAUSSIAN ELIMINATION AND PIVOri!\:(i 

for p=l:N-1 
%Partial pivoting for column p 
[Y,j]=maz(abs(Aug(p:N,p))); 
%Interchange row p and j 
C=Aug(p, :) ; 
Aug(p,:)=Aug(j+p-1,:); 
Aug(j+p-1,: )=C; 

if Aug(p,p)==O 
'A was singular. No unique solution' 
break 

end 

Y~limination process for column p 

end 

for k=p+1 :N 
m=Aug(k,p)/Aug(p,p); 
Aug(k,p:N+1)=Aug{k,p:N+1)-m*Aug(p,p:N+l); 

end 

%Back Substitution on [UJY] using Program 3.1 
X=backsub(Aug{l:N,1:N),Aug(l:N,N+l)); 

Exercises for Gaussian Elimination and Pivoting 
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In Exercises 1 through 4 show that AX = B is equivalent to the upper-triangular system 
U X = Y and find the solution . 

1. 2XJ + 4X2 - 6x3 = -4 lx1 +4xz- 6x3 = -4 

XI +5xz +3x3 = lO 3xz+ 6x3 = 12 

X I + 3X2 + lx3 = 5 3x3 = 3 

2. Xt+ x2 +fu) === 7 XJ + X2 + 6x3 = 7 

-x, +2xz +9x3 = 2 3xz + ISx3 = 9 

x, - 2xz + 3.~3 = 10 12XJ = 12 

3. 2xt - 2xz + Sx3 = 6 2x,- 2xz + 5X3 = 6 

2xt + 3x2 + XJ= 13 Sx2- 4X3 = 7 

- XJ +4xz -4XJ = 3 0.9X3 = 1.8 

4 - 5xi +lx2- XJ = -1 -5XJ +lx2- X3 = -I 

X\ +0xz + 3X3 = 5 OAx2 + 2.8x3 = 4.8 

3XJ+ x2+6x3= 17 -!OXJ=-!0 

5. Find the parabola y =A+ Bx + Cx2 th~t passes through (I, 4), (2, 7), and (3, 14). 
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6. Find the parabola y =A+ Bx + Cx2 that passes through (1, 6), (2, 5), and (3, 2). 

7. Find the cubic y =A+ Bx + Cx2 + Dx3 that passes through (0, 0), (1, 1), (2, 2), 
and (3, 2). 

In Exercises 8 through 10, show that AX = B is equivalent to the upper-triangular system 

U X = Y and find the solution. 

8. 4xJ + 8xz + 4x3 + Ox4 = 8 4xl + 8xz + 4x3 + Ox4 = 8 

X! +5xz +4x3- 3x4 = -4 3xz + 3x3 - 3x4 = -6 

Xt + 4xz + ?x3 + 2x4 = 10 4x3 + 4x4 = 12 

XJ + 3xz +Ox3- 2x4 = -4 X4 = 2 

9. 2x1 +4xz -4x3 +Ox4 = 12 2x1 + 4xz - 4x3 + Ox4 = 12 

x1 +5xz- Sx3- 3x4 = 18 3xz - 3x3 - Jx4 = 12 

2xi +Jx2 + XJ+3x4= 8 4x3 + 2x4 = 0 

x1 +4xz -2x3+2x4 ~ 8 3x4 = -6 

10. XI+ 2x2 +Ox3- X4= 9 XI +2xz +Ox3- X4 = 9 

2xt + Jx2- XJ +Ox4 = 9 -X2- XJ +2x4 = -9 
Ox1 + 4xz + 2x3 - Sx4 = 26 -2x3 + 3x4 = -10 

Sx1 + 5xz + 2xJ - 4x4 = 32 

11. Find the solution to the following linear system. 

XI+ 2x2 = 7 

2x1 + 3xz - XJ = 9 

4x2 + 2x3 + 3x4 = 10 

2x3 -4X4 = 12 

12. Find the solution to the following linear system. 

X]+ X2 = 5 

2x1- xz +5x3 = -9 

3xz - 4x3 + 2x4 = 19 

2x3 +6x4 = 2 

I.Sx4 = -3 

13. The Rockmore Corp. is considering the purchase of a new computer and will choose 

either the DoGood 174 or the MightDo 11. They test both computers' ability to solve 

the linear system 

34x + 55y- 21 = 0 

55x + 89y - 34 = 0. 

The DoGood 174 computer gives x = -0.11 andy = 0.45, and its check for accuracy 
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is found by substitution: 

34( -0.11) + 55(0.45) - 21 = 0.01 

55( -0.11) + 89(0.45)- 34 = 0.00. 
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The MightDo II computer givesx = -0.99 andy= l.Ol, and its check for accuracy 

is found by substitution: 

34( -0.99) +55( 1.01)- 21 = 0.89 

55( -0.99) + 89(1.01)- 34 = 1.44. 

Which computer gave the better answer? Why? 

14. Solve the following linear systems using (i) Gaussian elimination with partial pivot

ing, and (ii) Gaussian elimination with scaled partial pivoting. 

(a) 2x1 - 3xz + IOOx3 = 1 (b) X! + 20xz- XJ + OJX>lx4 = 0 

x 1 + lOxz- O.OO!x3 = 0 2x1 - 5xz + 30x3- O.lx4 = 1 

3xl - lOOxz + O.O!x3 = 0 5x1 + X2- lOOx3- l0x4 = 0 

15. The Hilbert matrix is a classical ill-conditioned matrix and small changes in its coef 

ficients will produce a large change in the solution to the perturbed system. 

(a) Find the exact solution of AX = B (leave all numbers as fractions and do exact 

arithmetic) using the Hilbert matrix of dimension 4 x 4: 

1 I I 1 
l 3 4 

B~m I I I 1 

A= 
! 3 4 5 

I I 1 l 
3 4 5 6 

! I I l 
4 5 6 7 

(b) Now solve AX = B using four-digit rounding arithmetic: 

[

1.0000 0.5000 0.3333 0.2500] 
0.5000 0.3333 0.2500 0.2000 

A = 0.3333 0.2500 0.2000 0.1667 ' 
0.2500 0.2000 0.1667 0.1429 

Note. The coefficient matrix in part (b), is an approximation to the coefficient 

matrix in part (a). 
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Algorithms and Programs 

l. Many applications involve matrices with many zeros. Of practical importance are 
tritlillronal gystems (see Exercises 11 and 12) of the fonn 

d1X1 +C!X2 

a1X1 + d2X2 + C2X3 

a2X2 + d3X3 + CJX4 

aN-2XN-2 + dN-lXN-1 + CN-!XN = hN-1 

aN-IXN-1 +dNXN =bN. 

Construct a program that will solve a tridiagonal system. You may assume that row 
interchanges are not needed and that row k can be used to eliminate Xk in row k + 1. 

2. Use Program 3.2 to find the sixth-degree polynomial y = a 1 + a 2x + a 3x 2 + a4x3 + 
asx4 + a6x5 + a7x 6 that passes through (0, 1), (l, 3), (2, 2), (3, 1), (4. 3), (5, 2), 
and (6, 1). Use the plot command to plot the polynomial and the given points on the 
same graph. Explain any discrepancies in your graph. 

3. Use Program 3.2 to solve the linear system AX = B, where A = [a;j]NxN and 
a;j = i J-l, and B = [bij lNx t, where btl = N and bil = iN-2 f(i - 1) fori ~ 2. 
Use N = 3, 7, and 11. The exact solution is X= [t 1 I 1]'. Explain any 
deviations from the exact solution. 

4. Construct a program that changes the pivoting strategy in Program 3.2 to scaled partial 
pivoting. 

5. Use your scaled partial pivoting program from Problem 4 to solve the system given 
in Problem 3 for N = 11. Explain any improvements in the solutions. 

6. Modify Program 3.2 so that it will efficiently solve M linear systems with the same 
coefficient matrix A but different column matrices B. The M linear systems look like 

7. The following discussion is presented for matrices of dimension 3 x 3, but the con
cept~1apply to matrices of dimension N x N. If A is nonsingular, then A -l exists and 
AA = I. Let Ct, C2, and C3 be the columns of A-1 and E 1, E 2 , and E 3 be the 
columns of I. The equation A A -J = I can be represented as 

This matrix product is equivalent to the three linear systems 

ACt =Et. 

3.5 
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Thus finding A -I is equivalent to solving the three linear systems. 
Using Program 3.2 or your program from Problem 6, find the inverse of each of the 

. following matrices. Check your answer by computing the product AA -I and also by 

:::,,m[;1,oo~m0!Jd'••<•l &pw,my,:r~~ -~~~ -~~ -~i~l -1 l-140 1680 -4200 2800 

Triangular Factorization 

In Section 3.3 we saw how easy it is to solve an upper-triangular system. Now we 
introduce the concept of factorization of a given matrix A into the product of a lower
triangular matrix L that has 1 's along the main diagonal and an upper-triangular ma
trix U with nonzero diagonal elements. For ease of notation we illustrate the concepts 
with matrices of dimension 4 x 4, but they apply to an arbitrary system of dimension 

N X N. 

Definition 3.4. The nonsingular matrix A has a triangular factori'lP.tion if it can 
be expressed as the product of a lower-triangular matrix L and an upper-triangular 

matrix U: 

(I) A=LU. 

In matrix fonn, this is written as 

[" GJ2 GJ3 "I'] [ I 0 0 

~]["f 
U)2 UJJ "I'] G2J a22 az3 a24 mz1 0 un uz3 U24 

GJ] a32 GJJ a34 - m31 m32 1 0 un U34 

G4t G42 G43 a44 m41 m42 m43 0 0 U44 

"' 
The condition that A is nonsingular implies that Ukk #- 0 for all k. The notation 

for the entries in L is m 1j, and the reason for the choice of m;j instead of l,j will be 

pointed out soon. 

Solution of a Linear System 
Suppose that the coefficient matrix A for the linear system AX = B has a triangular 
factorization (1); then the solution to 

(2) LUX=B 
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can be obtained by defining Y = U X and then solving two systems: 

(3) first solve LY = B for Y; then solve U X = Y for X. 

In equation form, we must first solve the lower-triangular system 

(4) 

YI 

mziYJ + Y2 

Y3 

m41 YI + m42Y2 + m43y3 + Y4 = b4 

to obtain YI, y2, Y3, and Y4 and use them in solving the upper-triangular system 

UI1XJ + U]2X2 + U13X3 + U]4X4 = Yl 

(5) 

Example 3.20. Solve 

uzzxz + U23X3 + U24X4 = Y2 

UJJXJ + U34X4 = Y3 

U44X4 = Y4· 

X] + 2x2 + 4X3 + X4 = 21 

2x1 + 8x2 + 6x3 + 4x4 = 52 

3XJ + l0x2 + 8x3 + 8x4 = 19 
4x, + 12x2 + l0x3 + 6x4 = 82. 

Use the triangular factorization method and the fact that 

(6) 

[

I 2 
2 8 

A= 3 10 

4 12 
i :]=[~ r ~ g][~ 

106 41210 

2 4 
4 -2 
0 -2 
0 0 

Use the forward·substitution method to solve LY = B: 

= 21 

=52 

3yl + Y2 + Y3 = 79 

4yl + Y2 + 2y3 + Y4 = 82. 

i J = LU. 

-6 

Compute the values Yl = 21, Y2 = 52- 2(21) = 10, Y3 = 79- 3(21) - 10 = 6, and 
Y4 = 82- 4{21) - 10- 2(6) = -24, or Y = [21 10 6 -24]'. Next write the system 
UX=Y: 

(7) 

X] + 2x2 + 4XJ + X4 = 21 

4X2 - 2x3 + 2x4 = J0 

-2x3+3X4= 6 

-6x4 = -24. 
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Now use back substitution and compute the solution X4 = -24/(-6) = 4, X3 = (6-
3(4))/( -2) = 3, x2 = (10- 2(4) + 2(3))/4 = 2, and x1 = 21- 4- 4(3)- 2(2) = 1, or 
X= [1 2 3 4]'. • 

Triangular Factorization 

We now discuss how to obtain the triangular factorization. If row interchanges are not 
necessary when using Gaussian efuninati.on, the multi.pl\ei~> ml] Me the subd\agona\ 
entries in L. 

Example 3.21. Use Gaussian elimination to construct the triangular factorization of the 
matrix 

[ 4 3 -lJ 
A= -; -i ~ . 

The matrix L will be constructed from an identity matrix placed at the left. For each row 
operation used to construct the upper-triangular matrix, the multipliers mu will be put in 
their proper plac"es at the left. Start with 

A = [6 ~ ~J [-~ _; -;J . 
0 0 1 1 2 6 

Row lis used to eliminate the elements of A in column I below au. The multiples m21 = 
-0.5 and m31 = 0.25 of row 1 are subtracted from rows 2 and 3, respectively. These 
multipliers are put in the matrix at the left and the result is 

[ l 0 OJ [4 3 -lJ A = -0.5 1 0 0 -2.5 4.5 . 
0.25 0 l 0 1.25 6.25 

Row 2 is used to eliminate the elements of A in column 2 below a22. The multiple m32 = 
-0.5 of the second row is subtracted from row 3, and the multiplier is entered in tbe matrix 
at the left and we have the desired triangular factorization of A. 

(8) [ I 0 OJ [4 3 -IJ A = -0.5 1 0 · 0 -2.5 4.5 . 
0.25 -0.5 1 0 0 8.5 • 

Theorem 3.10 (Direct Factorization A = LU. No Row Interchanges). Suppose 
that Gaussian elimination, without row interchanges, can be successfully performed to 
,olve the general linear system AX = B. Then the matrix A can be factored as the 
product of a lower·lriangular matrix Land an upper-triangular matrix U: 

A=LU. 
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Furthermore, L can be constructed to have I 's on its diagonal and U will have nonzero 
diagonal elements. After finding L and U, the solution X is computed in two steps: 

1. Solve LU = B for Y using forward substitution. 
2. Solve U X = Y for X using back substitution. 

Proof We will show that, when the Gaussian elimination process is followed and 
B is stored in column N + l of the augmented matrix, the result after the upper
triangularization step is the equivalent upper-triangular system V X = Y. The matrices 
L, U, B, and Y will have the form 

0 0 0 
(I) 

0 1N+l 

m21 0 0 (2) 
0 2N+I 

fflJ] ffl32 0 (3) 
L= B= 0 3N+l 

fflNI fflN2 fflN3 (N) 
aNN+l 

a OJ (l) ao> (l) (1) 
ll 0 12 13 0 lN alN+I 

0 a(2) (2) a<2> (2) 
22 023 2N 0 2N+1 

0 0 
(3) a<3l (3) 

U= 0 33 3N Y= 0 3N+l 

0 0 0 a(N) (N) 
NN 0 NN+1 

Remark. To find just Land U, the (N + l)st column is not needed. 
S th ffi . . th d . Th . (il Step /. tore e coe ctents m e augmente matnx. e superscnpt on a,., 

means that this is the first time that a number is stored in location (r, c). 

(l) a (I) (I) (l) (I) 
all 12 0 !3 a IN 0 1N+l 

(!) a(l) {1) (I) (!) 
0 21 22 a23 02N 0 2N+1 

a<n a (I) (I) a (I} (I} 
31 32 0 33 3N a3N+l 

(I) a(!) (I) a (I) (I) 
0 NI N2 aNJ NN 0 NN+1 

Step 2. Eliminate xt in rows 2 through Nand store the multiplier m,1, used to 
eliminate Xi in row r, in the matrix at location (r, 1). 
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forr = 2: N 

fflrl =a;:) Jai!); 
a, 1 = m,1; 

for c = 2: N + l 
(2) (1) (1). 

Ore =Ore - fflrl *ale , 

end 
end 

The new elements are written a~~) to indicate that this is the second time that a 
number has been stored in the matrix at location (r, c). The result after step 2 is 

a(!) (I) a (I) (I) (I) 

II 0 12 13 alN 0 JN+l 

(2) a(2) (2) (2) 
ffl2] 0 22 23 0 2N 0 2N+l 

(2) (2) (2) (2) 
fflJ] 0 32 0 33 0 3N aJN+l 

(2) a(2) (2) (2) 
mN1 aN2 N3 0 NN 0 NN+1 

Step 3. Eliminate x2 in rows 3 through N and store the multiplier m,2, used to 
eliminate x2 in row r, in the matrix at location (r, 2). 

for r = 3: N 
(2) (2), m,z = a,2 ja22 , 

Or2 = m,z; 
fore= 3: N + l 

(3) (2) (2). 
Ore "" Ore - fflr2 * a2c • 

end 
end 

The new elements are written a~~) to indicate that this is the third time that a num
ber has been stored in the matrix at the location (r, c). 

a (I) (I) (I) (I) (1) 
II al2 0 13 0 IN 0 1N+l 

(2) a(2) (2) (2) 
m21 0 22 23 0 2N a2N+l 

a(3) (3) (3) 
m:.l ffl32 33 0 3N a3N+1 

mNJ mN2 
(3) 

aN3 
(3). 

0 NN 
(3) 

0 NN+l 

Step p + 1 . This is the general step. Eliminate x p in rows p + 1 through N and 
store the multipliers at the location (r, p). 
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forr=p+1 :N 
(p)/ (p), 

mrp = Orp app , 

4rp = mrp; 

fore= p + 1: N + 1 
a (p+l) - a(p)- m * a(Pl. rc - rc rp pc 1 

end 
end 

The final result after XN-l has been eliminated form row N is 

(I) (l) (l) (I) (I) 
all 0 12 al3 0 tN alN+I 

m21 
(2) 

a22 
(2) 

a23 
(2) 

0 2N 
(2) 

a2N+l 

(3) (3) (3) 
m31 m32 a33 a3N a3N+l 

mN3 
(N) (N) 

mNL mN2 aNN aNN+I 

The upper-triangular process is now complete. Notice that one array is used to store 
the elements of both L and U. The 1 's of L are not stored, nor are the O's of L and 
U that lie above and below the diagonal, respectively. Only the essential coefficients 
needed to reconstruct L and U are stored! 

We must now verify that the product LU = A. Suppose that D = LU and 
consider the case when r :::: c. Then drc is 

(9) 

Using the replacement equations in steps 1 through p + 1 = r, we obtain the following 
substitutions: 

(10) 

(I) (1) (2) m,[a[c = a,c - a,c, 

m a
(2) _ a(2) _ a(3) 

r2 2c - rc rc • 

When the substitutions in (10) are used in (9), the result is 

d = a<l)- a<2l + a<2l - a<3l + · · · + a<r-l) - a<r) + a<r) = a(l). rc rc rc rc rc rc rc rc rc 

The other case, r > c, is similar to prove. • 
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Con;tputational Complexity 

The process for triangularizing is the same for both the Gaussian elimination and tri
angular factorization methods. We can count the operations if we look at the first N 
columns of the augmented matrix in Theorem 3 .10. The outer loop of step p + 1 re
quires N- p = N- (p + 1) + 1 divisions to compute the multipliers mrp· Inside the 
loops, but for the first N columns only, a total of (N- p)(N- p) multiplications and 
the same number of subtractions are required to compute the new row elements a;f+ 

1 l . 
This process is carried out for p = 1, 2, ... , N - 1. Thus the triangular factorization 
portion of A "" L U requires 

(11) 

and 

(12) 

N-1 N3- N 
L(N- p)(N- p+ 1) = ----,-
p=l 3 

multiplications and divisions, 

N-l 2N3 3N2 
L (N- p)(N- p) = - 6 + N 
p=l 

subtractions. 

To establish (11), we use the summation formulas 

tk = M(M+ 1) 

k=l 
2 

and tJCl = M(M + 1)(2M + 1). 

k=l 6 

'Using the change of variables k = N - p, we rewrite ( 11) as 

N-1 N-1 N-1 

L:<N-p)(N-p+l)= :L<N-p)+ L(N-p)2 

p=l p=l p=l 

N-1 

=:Lk+:Lkl 
k=l k=l 

(N - l)N (N - l)(N)(2N- 1) 
= 2 + 6 

N3 -N 
= 

3 

Ontl:Jthe triangular factorization A = LU has been obtained, the solution to the 
lower-triangular system LY = B will require 0 + 1 + · ·. + N - 1 = (N2 ~ N)/2 
multiplications and subtractions; no divisions are required because the diagonal ele
ments of L are l's. Then the solution of the upper-triangular system U X = Y requjres 
1 + 2 + · · · + N = (N2 + N)/2 multiplications and divisions and (N2 - N)/2 sub
tractions. Therefore, finding the solution to LUX = B requires 

N2 multiplications and divisions, and N2 - N subtractions. 
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We see that the bulk of the calculations lies in the triangularization portion of the 
solution. If the linear system is to be solved many times, with the same coefficienr 
matrix A but with different column matrices B, it is not necessary to triangularize the 
matrix each time if the factors are saved. This is the reason the triangular factorization 
method is usually chosen over the elimination method. However, if only one linear 
system is solved, the two methods are the same, except that the triangular factorization 
method stores the multipliers. 

Permutation Matrices 

The A = LU factorization in Theorem 3.10 assumes that there are no row inter
changes. It is possible that a nonsingular matrix A cannot be directly factored as 
A=LU. 

Example 3.22. Show that the following matrix cannot be directly factored as A == L U : 

(13) 

[ 

l 2 
A== 4 8 

-2 3 -!] 
Suppose that A has a direct factorization L U; then 

[

' 1 2 
4 8 

-2 3 

0 OJ [Ull 1 0 0 
m32 1 0 

UJ2 UJ3] 
U22 U23 · 
0 UJJ 

The matrices Land U on the right-hand side of(l3) can be multiplied and each element 
of the product compared with the corresponding element of the matrix A. In the first 
column, 1 = lull, then 4 = m21uu = mz1. and finally -2 = m31Ull = fflJJ. In 
the second column, 2 = lu12, then 8 = m21uu = (4)(2) + u·n implies that «22 = 0, 
and finally 3 = m31u12 + m3zu22 = ( -2)(2) + m32(0) = -4, which is a contradiction. 
Therefore, A does not have a LU factorization. • 

A permutation of the first N positive integers 1, 2, ... , N is an arrangement k1, k2, 
. . . , kN of these integers in a definite order. For example 1, 4, 2, 3, 5 is a permutation of 
the five integers 1, 2, 3, 4, 5. The standard base vectors E; = [0 0 · · · 0 1; 0 · · · OJ, 
fori = 1, 2, ... , N, are used in the next definition. 

Definition 3.5. An N x N permuta!Wn matrix P is a matrix with precisely one entry 
whose value is J in each column and row, and all of whose other entries are 0. The 
rows of P are a permutation of the rows of the identity matrix and can be written as 

(14) 
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The elements of P = [Pij] have the form 

Pij = {I 0 
j =k;, 

otherwise. 

For example, the following 4 x 4 matrix is a pennutation matrix, 

(15) [
01001 J 0 0 0 1 

p = 0 0 0 l = (E2 

0 0 1 0 

E' I 

149 

Theorem 3.11. Suppose that P = [ E~ 1 E~2 E_kN ]' is a permutation matrix. 
The product P A is a new matrix whose rows consist of the rows of A rearranged in 
the order rowk 1 A, rowk2 A, ... , rowkN A. 

Example 3.23. Let A be a 4 X 4 matrix and let p be the permutation matri" %lVCI\. in n 5 }', 
then P A is the matrix whose rows consist of the rows of A rearranged in the order row2 A, 
fOW] A, rOW4 A, fOWJ A. 

Computing the product, we have 

[
0 1 0 OJ [au 1 0 0 0 az1 
0 0 0 1 Q][ 

0 0 1 0 a41 

a13 a14] [az1 
a23 a24 = all 
a33 a34 ~~ 

a43 a44 a31 

a22 a23 a24] 
a12 a13 a14 

a42 a43 a44 · 

a32 a33 a34 

Theorem 3.12. If P is a permutation matrix, then it is nonsingular and p-l = P'. 

• 

Theorem 3.13. If A is a nonsingular matrix, then there exists a permutation matrix 
P so that P A has a triangular factorization 

(16) PA =LU. 

The proofs can be found in advanced linear algebra texts . 

Example 3.24. If rows 2 and 3 of the matrix in Example 3.22 are interchanged, then the 
resulting matrix P A has a triangular factorization. 

The permutation matrix that switches rows 2 and 3 is P = [ E'1 E~ ESJ'. Comput
ing the product P A, we obtain 

~ ~] [ ! ~ -~] = [-~ ; ~] . 
1 0 -2 3 5 4 s -1 
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Now Gaussian elimination without row interchanges can be used: 

pivot-+ 
m2t = -2 

m31 = 4 
[_; i ~]. 

4 8 -1 

After x2 has been eliminated from column 2, row 3, we have 

pivot-+ 
m32 =0 

[
l 2 6] 
0 _:;_ 17 = u. 
0 0 -25 

Extending the Gaussian Elimination Process 

• 

The following theorem is an extension of Theorem 3.10, which includes the cases 
when row interchanges are required. Thus triangular factorization can be used to find 
the solution to any linear system AX = B , where A is nonsingular. 

Theorem 3.14 (Indirect Factorization: P A == LU). Let A be a given N x .\· 
matrix. Assume that Gaussian elimination can be performed successfully to solve the 
general linear system AX = B, but that row interchanges are required. Then there 
exists a pennutation matrix P so that the product P A can be factored as the product 
of a lower-triangular matrix L and an upper-triangular matrix U: 

PA =LV. 

Furthennore, L can be constructed to have I 's on its main diagonal and U \\ iII h -1' ,. 

nonzero diagonal elements. The solution X is found in four steps: 

I. Construct the matrices L. U, and P. 
2. Compute the column vector P B. 
3. Solve LY = P B for Y using forward substitution. 
4. Solve U X = Y for X using back substitution. 

Remark. Suppose that AX = B is to be solved for a fixed matrix A and several difft r 
ent column matrices B. Then step 1 is performed only once and steps 2 through 4 a"· 
used to find the solution X that corresponds to B. Steps 2 through 4 are a computatio'' 
ally efficient way to construct the solution X and require O(N2) operations instead ,,J 
the 0(N3 ) operations required by Gaussian elimination. 

SEC. 3.5 TRIANGULAR FACTORIZATION 151 

MATLAB 

The MATLAB command [L,U ,P]=lu(A) creates the lower-triangular matrix L, the 
upper-triangular matrix U (from the triangular factorization of A), and the permutation 
matrix P from Theorem 3.14. 

Example 3.25. Use the MATLAB command [L, U, P] =1 u (A) on the matrix A in Ex
ample 3.22. Verify that A= p-I AU (equivalent to showing that P A= LU). 

>>A=[l 2 6 ;4 8 -1;-2 3 -5]; 
»[L,U,P]=lu(A) 
L= 

U= 

1.0000 0 0 
-0.5000 1.0000 0 
0.2500 0 1.0000 

4.0000 8.0000 -1.0000 
0 7.0000 4.5000 
0 

0 1 0 
0 0 1 
1 0 0 

0 6.2500 

>>inv(P)*L*U 
1 2 6 
4 8 -1 
-2 3 5 • 

As previously indicated the triangular factorization method is often chosen over the 
elimination method. In addition, it is used in the inv (A) and det (A) commands in 
MATLAB. For example, from the study oflinear algebra we know that the determinant 
of a nonsingular matrix A equals ( -l)q det U, where U is the upper-triangular matrix 
from the triangular factorization of A and q is the number of row interchanges required 
to obtain P from the identity matrix I. Since U is an upper-triangular matrix, we 
know that the determinant of U is. just the product of the elements on its main diagonal 
(Theorem 3.6). The reader should verify in Example 3.25 that; det(A) = 175 = 
(-1)2(175) = (-1)2 det(U). 

The following program implements tile proce~s described in the proof of Theo
rem 3.10. It is an extension of Program 3.2 and uses pa.'tial pivoting. The interchang
'"' of rows due to partial pivoting is recorded in the manix R. The matrix R is then 
used in the forward substltution step w line the matrix Y. 
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Program 3.3 (PA = LU: Factorization with Pivoting). ,To construct the solu- I 
tion to the linear system AX = B, where A is a nonsingular matrix.. 

function X "' lufact(A,B) 

%Input - A is an N x N matrix 
Y. - B is an N x 1 matrix 
%Output - X is an N x 1 matrix containing the solution to AX "' B. 
%Initialize X, Y, the temporary storage matrix C, and the row 
Y. permutation information matrix R 

[N,N]=size(A); 
X"'zeros(N,1); 
Y=zeros(N,1); 
C=zeros(l,N); 
R=1:N; 

for p=l:N-1 
/.Find the pivot row for column p 

[maxl,j]9max(abs(A(p:N,p))); 
%Interchange row p and j 

C•A(p,:); 
A(p, :)=A(j+p-1, :) ; 
A (j+p-1,:) "'C; 
d=R(p); 
R(p)=R(j+p-1); 
R{j+p-l)"'d; 

if A(p,p)==O 
'A is singular. No unique solution' 
break 

end 
%Calculate multiplier and place in subdiagonal portion of A 

end 

for k=p+1:N 
mult=A(k,p)/A(p,p); 

end 

A(k,p) = mult; 
A(k,p+1:N)=A(k,p+1:N)-mult•A(p,p+1:N); 

%Solve for Y 
Y(l) = B(R(l)); 
for k=2:N 

Y(k)= B{R(k))-A(k,1:k-l)*Y(l:k-1); 
end 

%Solve for X 
X(N)=Y(N)/A(N,N); 
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for k"'N-1: -1:1 
X(k) .. (Y(k)-A(k,k+1:N)*X(k+1:N))/A(k,k); 

end 

Exercises for Triangular Factorization 
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1. Solve LY = B, U X = Y, and verify that B =AX for (a) B = [ -4 10 5]' and 

(b) B = f20 49 32]', where A= LUis 

[i ~ -~] = [1~2 ~ ~] [~ ~ -~] . I 3 2 1/2 1/3 I 0 0 3 
2. Solve LY = B, UX = Y, and verify that B =AX for (a) B = [7 2 10]' and 

(b) B = [23 35 7]', where A = LUis 

[ 1 1 6] [ 1 0 OJ [1 1 6] -1 2 9 = -] 1 0 0 3 15 . 
1 -2 3 I -1 1 0 0 12 

3. Find the triangular factorization A = LU for the matrices 

(a) [-~ ~ -~] (b) [ ~ ~ ~] 
3 1 6 -5 2 -1 

4. Find the triangular factorization A= LU for the matrices 

(a) [~ -~ -~] (b) [~ -~ _I] 
5. Solve LY = B, U X= Y, and verify that B =AX for (a) B = [8 -4 10 - ~ j 

and (b) B = [28 13 23 4]', where A= LUis 

[~ ~ : -~] = [i ~ ~ ~] [~ ~ ; -~] 
147 2 t1 10 004 4' 
1 3 0 -2 4 3 -~ 1 0 0 0 1 

6. Find the triangular factorization A = LU for the matrix 

[j -j 0 4] 5 0 
1 2 . 

2 6 

7. Establish the formula in (12). 
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8. Show that a triangular factorization is unique in the following sense: If A is nonsin
gularandLJUI =A=LzU2,thenL1 =LzandUt =Uz, 

9. Prove the case r > c at the end of Theorem 3.10. 

10. (a) Verify Theorem 3.12 by showing that P P' = I = P' P for the permutation 
matrix 

[

0100] 1 0 0 0 
P= 0 0 0 1 . 

0 0 1 0 

(b) Prove Theorem 3.12. Hint. Use the definition of matrix multiplication and the 
fact that each row and column of P and P' contains exactly one 1. 

11. Prove that the inverse of a nonsingular N x N upper-triangular matrix is an upper~ 
triangular matrix. 

Algorithms and Programs 

1. Use Program 3.3 to solve the system AX= B, where 

A= [ ~ _; ; ;] 
0 0 2 5 

-2 -6 -3 l 

Use the [L, U ,P] '"lu(A) command in MATLAB to check. your answer. 

2. Use Program 3.3 to solve the linear system AX = B, where A = [a;j}NxN and 
aij = i1 - 1, and B = [b;j}Nx 1, where bn = Nand bn == iN-2/(i - 1) fori :::. 2. 

Use N = 3, 7, and 11. The exact solution is X = [1 I . . . I I]'. Explain any 
deviations from the e>;.act solution. 

3. Modify Program 3.3 so that it will compute A -L by repeatedly solving N linear sys
tems 

AC1=E1 for J=l, 2, ... , N. 

Then 

and 

Make sure that you compute the LU factorization only once! 

3-.5 TRIANGULAR fACTORIZATION 

+ 
Ez 
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Figure 3.5 The electrical network 
for Exercise 4. 

4. Kirchoff's voltage law says that the sum of the voltage drops around any closed path 
in the network in a given direction is zero. When this principle is applied to the circuit 
shown in Figure 3.5, we obtain the following linear system of equations: 

(RI + R3 + R4)l] + R3h + R41) = £1 

(1 '7) R3lt + (Rz + R3 + Rs)h - Rsh = Ez 

R4h - Rsh + (R4 + Rs + R6)h = 0. 

c~c Program 3.3 to solve for the current l1, lz, and l3 if 
(a) R1 = 1, Rz = 1, R3 = 2, R4 = 1, Rs = 2, R6 = 4, and E1 = 23, Ez = 29 

!h) R 1 = 1, Rz = 0.75, R3 = 1, R4 = 2, Rs = 1, R6 = 4, and Et = 12, 

Ez = 21.5 
(c) R 1 = 1, Rz = 2, R3 = 4, R4 = 3, Rs =I, R6 = 5, and £1 = 41, Ez = 38 

5. ln calculus the following integral would be found by the technique of partial fractions: 

f x2 +x +I d 
(x- l)(x - 2)(x - 3)2 (x2 + l) x · 

This would require finding the coefficients A;, for i = 1, 2, ... , 6, in the expression 

(x- l)(x- 2)(x- 3)2(x2 + 1) 
At A2 A3 A4 A5x + A6 

= (x - 1) + (x - 2) -r (x - 3)2 + (x - 3) + (x2 + l) · 

Use Program 3.3 to find the partial fraction coefficients. 

6. Use Program 3.3 to solve the linear system AX = B, where A is generated us
ing the MATLAB command A•rand(10 ,10) and B= [1 2 3 . . . 10] '. Remem
ber to verify that A is nonsingular (det(A) :;t= 0) before using Program 3.3. Check 
the accuracy of your answer by forming the matrix difference AX - B and ex
amining how close the elements are to zero (an accurate answer would produce 
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AX - B = 0). Repeat this process using a coefficient matrix A generated by the 
cormnand A=rand(20,20) and B=[1 2 3 . . . 20] '. Explain any apparent dif
ferences in the accuracy of Program 3.3 on these two systems. 

7. In (8) of Section 3.1 we defined the concept of linear combination in N -dimension a I 
space. For example, the vector (4, -3), which is equivalent to the matrix (4 -3] . 
could be written as a linear combination of[ 1 0 ]' and ( 0 1 ]': 

Use Program 3.3 to show that the matrix [1 3 5 7 9]' can be written as aline<u 
combination of 

Explain why any matrix [x1 x2 x3 x4 xs]' can be written as a linear combina
tion of these matrices. 

3.6 Iterative Methods for Linear Systems 

The goal of this chapter is to extend some of the iterative methods introduced in Chap
ter 2 to higher dimensions. We consider an extension of fixed-point iteration that ap
plies to systems oflinear equations. 

Jacobi Iteration 
Example 3.26. Consider the system of equations 

4x- y + z = 7 

(1) 4x- 8y + z = -21 

-2x + y + 5z = 15. 

These equations can be written in the form 

7+y-z 
X= 4 

21 +4x +z 
Y= 8 (2) 

IS+ 2x- y 
z = 5 
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Table 3.2 Convergent Jacobi Iteration for the Linear 
System (1) 

k Xk Yk Zk 

0 1.0 2.0 2.0 
l 1.75 3.375 3.0 
2 1.84375 3.875 3.025 
3 1.9625 3.925 2.9625 
4 1.99062500 3.97656250 3.00000000 
5 1.99414063 3.99531250 3.00093750 

15 L99999993 3.99999985 2.99999993 

: 
19 2.00000000 4.00000000 3.00000000 

this suggesrs the following Jacobi iterative process: 

7 + Yk- Zk 
Xt+l = 

4 

(3) 21 +4xt + ~t 
Y.t+t = S 

Zk+l = 
15 +2xk- y~ 

5 
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Let us show that if we stan with Po = (X[), YO· zo) = (I, 2, 2), then the iteration in (3) 

appears to converge to tbe solution (2, 4, 3). 
Substitute xo = 1, .YO = 2, and z:o = 2 into the right-har1d side of each equation in (3) 

to obtain the new values 

7+2-2 
XJ = = 1.75 

4 
21 +4+2 

Y! = g = 3.375 

15 + 2-2 3 00 
Zt = S = .. 

The new point Pt = (1.75, 3.375, 3.00) is closer to (2, 4, 3) then Po. Iteration us
ing (3) generates a sequence of points {Pk} that converges to the solution (2. 4, 3) (see 
Table 3.2). • 

This process is called jacobi iteratWn and can be used to solve certain types of 
linear systems. After 19 steps, the iteration has converged to the nine-digit machine 
approximation (2.00000000, 4.00000000, 3.()(\()()(X)OO). 



158 CHAP. 3 THE SOLUTION OF LINEAR SYSTEMS AX= B 

Linear systems with as many as 100,000 variables often arise in the solution ui 
partial differential equations. The coefficient matrices for these systems are sparse:~ 
that is, a large percentage of the entries of the coefficient matrix are zero. If ther·c' 
is a pattern to the nonzero entries (i.e., tridiagonal systems), then an iterative proce,, 
provides an efficient method for solving these large systems. 

Sometimes the Jacobi method does not work. Let us experiment and see that ·' 
rearrangement of the original linear system can result in a system of iteration equation' 
that will produce a divergent sequence of points. 

Example 3.27. Let the linear system (1) be rearranged as follows: 

-2x + y + 5z = 15 

(4) 4x - 8y + z = -21 

4x- y + z = 7. 

These equations can be written in the fonn 

-15+y+5z 
X= 3 

y = 8 
(5) 21 +4x +z 

z = 7-4x+ y. 

This suggests the following Jacobi iterative process: 

-15+ Yk +5zk 
Xk+l = 3 

(6) 21 +4x~r. +z.t 
Yk+l = S 

Zlr.+l = 7 - 4xk + Ylr.· 

See that if we start with Po = (xo, yo, zo) = (1, 2, 2) then the iteration using (6) wil 1 

diverge away from the solution (2, 4, 3). 
Substitute xo = 1, yo = 2, and zo = 2 into the right-hand side of each equation in (6 

to obtain the new values x 1 , Yl, and z 1 : 

Xt= -15+2+10=-1.5 
2 

- 21 + 4 + 2 - 3 375 
YI- S - · 

Zl = 7- 4 + 2 = 5.00. 

The new point P1 = ( -1.5, 3.375, 5.00) is farther away from the solution (2, 4, 3) than Po 
Iteration using the equations in (6) produces a divergent sequence (see Table 3.3). 
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'fllble 3.3 Divergent Jacobi Iteration for the Linear 
System{4) 

k XJ: Ylr. Z/r. 

0 1.0 2.0 2.0 
I -1.5 3.375 5.0 
2 6.6875 2.5 16.375 
3 34.6875 8.015625 -17.25 
4 -46.617188 17.8125 -123.73438 
5 -307.929688 -36.150391 211.28125 
6 502.62793 -124.929688 1202.56836 

Gauss-Seidel Iteration 
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Somettmes the convergence can be speeded up. Observe that the Jacobi iterative pro
cess (3) yields three sequences {x~}, lYki, and [zd that converge to 2, 4, and 3, respec
tively (sec Table 3.2). It seems reasonable lhat XH 1 could be used in place of x~ in 
the compuretion of Yk"-1· Similarly, Xk+l and Yt+l might be used in the computation 
of Zk,.. 1. The next example shows what happens when this is applied to the equations 
in Example 3.26_ 

Example 3 .28. Consider the system of equations given in ( \.) and tile Ga'lls"i>-Seide\ \~era
rive process su~gested by (2): 

7+ Yk -Zic 
XA+I = 

4 

(7) 
21-t- 4Xk+l + Zt 

Ylr.+t = 
8 

15 + 2xt+J - Yk+! 
Zt+l = S 

See rhar if wr:: start with Po = (xo. Yo. zo) = (I, 2. 2), then iteration using (7) will com·erge 
to the solution (2, 4, 3). 

Sllbsriruw y~ = 2 and zo = 2 into t'le first equation of (7) and obtain 

7 +2 .. 2 
Xj = · = 1.75. 

4 

lllen substitute Xt = I. 75 and zo = 2 into the second cq~.:ation and get 

21 + 4(1.751 -r 2 
Y• = H ·-·-- = .3.75. 

fl;nally, substitute x1 = 1.75 and Y1 = 3.75 into the third equation to get 

15- 2(1.75)- 3.75 
Zl = · ---· --~- = 2.95. 

5 
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Table 3.4 Convergent Gauss-Seidel Iteration for the 
System (l) 

k XI; Ylr. Zk 

0 I.O 2.0 2.0 
1 1.75 3.75 2.95 
2 1.95 3.96875 2.98625 
3 1.995625 3.99609375 2.99903125 

8 1.99999983 3.99999988 2.99999996 
9 1.99999998 3.99999999 3.00000000 

10 2.00000000 4.00000000 3.00000000 

The new point P 1 == (1.75, 3.75, 2.95) is closer to (2, 4, 3) than Po and is better than the 
value given in Example 3.26. Iteration using (7) generates a sequence f Pk} that converges 
to (2, 4, 3) (see Table 3.4). • 

In view of Examples 3.26 and 3.27, it is necessary to have some criterion to de· 
termine whether the Jacobi iteration will converge. Hence we make the following 
definition. 

Definition 3.6. A matrix A of dimension N x N is said to be strictly diagonallJ 
domifaant provided that 

N 

(8) laul > ~)akil fork= 1, 2, ... , N. 
j=l 
il-k 

This means that in each row of the matrix the magnitude of the element on the 
main diagonal must exceed the sum of the magnitudes of all other elements in the row 
The coefficient matrix of the linear system (l) in Example 3.26 is strictly diagonally 
dominant because 

In row 1: 

In row 2: 

In row 3: 

l4f > f - II + Ill 
I - 81 > 141 + Ill 
151 > 1-21 + 111. 

All the rows satisfy relation (8) in Definition 3.6; therefore, the coefficient matrix A 
for the linear system ( 1) is strictly diagonally dominant. 

The coefficient matrix A of the linear system (4) in Example 3.27 is not stricti) 
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diagona1ly dominant because 

In row 1: 

In row 2: 

In row 3: 

1-21 < 111+151 
1-81>141+111 
/11<141+1-11. 
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Rows 1 and 3 do not satisfy relation (8) in Definition 3.6; therefore, the coefficient 
matrix A for the linear system ( 4) is not strictly diagonally dominant. 

We now generalize the Jacobi and Gauss-Seidel iteration processes. Suppose that 
the given linear system is 

(9) 

arrxr+a12x2 +···+arjxj+···+ a1NXN =b1 

a21X1 +a22X2 +' · · +a2jXj + · · · + a2NXN = ~ 

Le th kth . b (k) (k) (k) (k)) . . 
t e pomt e Pt = (x1 ,x2 , ... ,xi , ... ,xN ; then the next pmnt 1s 

(k+ I) (k+ I) (k+ If (k+ I) Th · 
Pk+l = (x 1 , x2 , ... , xj , ... , xN ). e superscnpt (k) on the coor-
dinates of P k enables us to identify the coordinates that belong to this point. The 
iteration formulas use row j of (9) to solve for x jk+ 1l in terms of a linear combination 

f . (k) (k) (k) (k). o theprevwusvaluesx1 ,x2 , ... ,x1 , ... ,xN. 

Jacobi iteration: 

(10) 

for j = 1, 2, ... , N. 
Jacobi iteration uses all old coordinates to generate all new coordinates, whereas 

Gauss-Seidel iteration uses the new coordinates as they become available: 

Gauss-Seidel iteration: 

for j = 1, 2, ... , N. 
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The following theorem gi.ve1> a sufficient condition for Jacobi iteratlon to converge. 

Theorem J.I5 (iacobi Iteration). Suppose that A is a strictly diagonally dominant 
matrix. Then AX = B has a unique solution X = P. Iteration using fonnula (10) 
will produce a sequence of vectors { P k J that will converge to P for any choice of the 
starting vector Po. 

Proof The proof can be found in advanced texts on numerical analysis. • 
It can he proved that the Gauss-Seidel method will also converge when the ma

trix A is strictly diagonally dominant. In many cases the Gauss-Seidel method will 
converge faster than the Jacobi method·, hence it is usually preferred (compare Exam
ples 3.26 and 3.28). It is important to understand the slight modification of fonnula 
(10) that has been made to obtain formuta {ll). In some cases the Jacobi method will 
converge even though the Gauss-Seidel method will not. 

Convergence 
A measure of the closeness between vectors is needed so that we can determi11e if 
(Pk! is convetgihg toP. The Euclidean distance (see Section 3.1) between P 
(XJ,X2, ... , XN) and Q = (yJ, yz, ... , YN) is 

(12) 

Its disadvantage is that it requires considerable computing effort. Hence we introduce 
a different norm, II X lit: 

N 

(13) IIXIIJ = Lix1f. 
}=1 

The following result ensures that \\X \h has the mathematical structure of a met1 ic 
and hence is suitable to use as a generalized "distance formula." From the study of 
linear algebra we know that on a finite-dimensional vector space all norms are equiv
alent; that is, if two vectors are close in the II* 11 1 norm, then they are also close in ~e. 
Euclidean norm II* fl. 

Theorem 3.16. Let X andY beN-dimensional vectors and c be a scalar. Then the 
function IIX11 1 has the following properties: 

(l4) 

(15) 

(16) 

(17) 

llXllJ 2::0, 
UX11 1 =0 ifandonlyif X=O, 

llcXIh = fcf IIXIIt , 
\IX+ fill~ 1\XIIJ + \IY\h. 
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~of . We prove (17) and leave the others as exercises. For each j, the triangle 
rne:qualrty for real numbers states that [xi + y j I .::::; lx i j + IY j [. Summing these yields 
inequality (17); 

N N N 

IIX +Yilt= :L ixJ + nl ~ L: J.xJI + LIYJI =!!X lit+ IIY/h. 
j=l J=1 j<=l 

The norm given by ( 13) can be used to define the distance between points. • 
Definition 3.7. Suppose that X and Yare two points inN-dimensional space. We 
defille the distance between X andY in the 11*!1 1 norm as 

N 

ux- Yilt= I>~)- YJI. 
}=1 

&Qmple 3.29. Detennine the Euclidean distance and ll*fh distance between the points 
I'-=.. (2, 4, 3) and Q = (1.75, 3.75, 2.95). 

The Euclidean distance is 

I!P- QU = ((2- 1.75)2 + (4- 3.75)2 + (3- 2.95)2)112 "" 0.3570. 

'The tl*lh distance is 

UP- QIIJ = 12- 1.751 + 14- 3.751 + 13-2.951 = 0.55. 

The ll * ll 1 is easier to compute and use for determining convergence in N -dimensional 
space. • 

TbeMAlLAB command A(j, [1:j-l,j+1:N]) is used in Program 3.4. This 
~frecfively selects all elements in the jth row of A, except the element in the jth 
to\unm (i.e., A(j ,j)). This notation is used to simplify the Jacobi iteration (10) step 
in Program 3.4. 

In both Programs 3.4 and 3.5 we have used the MATLAB command norm, which 
i'J the Euclidean norm. The ll*ll 1 can also be used and the reader is encouraged to 
c.h~c.k the Help menu in MATLAB or one of the reference works for information on 
the norm command. 

Program 3.4 (Jacobi Iteration). To solve the linear system AX = B by starting 
wilt! :.~n initial guess X= Po and generating a sequence {Pk} that converges to the 
~lution. A sufficient condition for the method to be applicable is that A is strictly 
diatonally dominant. 

function Xtjacobi(A,B,P,delta, maxl) 

'(w lAput A is an N x N nonsingular matrix 
"/. . - B is an N x 1 matrix 
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% - P is an N x 1 matrix; the initial guess 
% - delta is the tolerance for P 
% - maxi is the maximum number of iterations 
% Output - X is an N x 1 matrix: the jacobi approximation to 
% the solution of AX = B 

N = length(B); 

for k=1:max1 
for j=l:N 

X(j)=(B(j)-A(j,[l:j-1,j+1:N})*P([1:j-1,j+1:N]))/A(j,j); 
end 
err=abs(norm(X'-P)); 
relerr=err/(norm(X)+eps); 
P=X'; 

if(err<delta)l(relerr<delta) 
break 

end 
end 
X=X'; 

Program 3.5 (Gauss-Seidel Iteration). To solve the linear system AX = B 
by starting with the initial guess X = P 0 and generating a sequence ( P k} that 
converges to the solution. A sufficient condition for the method to be applicable is 
that A is strictly diagonally dominant. 

function X=gseid(A,B,P,delta, maxi) 

% Input - A is an N x N nonsingular matrix 
% - B is an N x 1 matrix 
% - P is an N x 1 matrix; the initial guess 
% - delta is the tolerance for P 
% - maxi is the maximum number of iterations 
% Output - X is an N x 1 matrix: the gauss-seidel 
% approximation to the solution of AX = B 

N = length{B); 

for k=l :maxi 
for j=l :N 

if j==l 
X(1)=(B(1)-A(1,2:N)*P(2:N))/A(1,1); 

elseif j="'N 
X(N)=(B(N)-A(N,l:N-l)*(X(l:N-1))')/A(N,N); 

else 
r.x contains the kth approximations and P the (k-1)st 
X(j)=(B(j)-A(j,l:j-l)*X(l:j-1) 
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-A(j,j+l:N)•P(j+l:N))/A(j,j); 
end 

end 
err=abs(norm{X'-P)); 
relerr=err/(norm(X)+eps); 
P=X'; 

end 
X=X'; 

if(err<delta)l(relerr<delta) 
break 

end 

Exercises for Iterative Methods for Linear Systems 

In Exercises 1 through 8: 
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(a) Start with Po = 0 and use Jacobi iteration to find Pk fork = I, 2, 3. Will Jacobi 
iteration converge to the solution? 

(b) Start with Po = 0 and use Gauss-Seidel iteration to find Pk fork= l, 2, 3. Will 
Gauss-Seidel iteration converge to the solution? 

1. 

3. 

5. 

7. 

4x- y== 15 

X+ 5y := 9 

-x+3y = I 

6x- 2y = 2 

5x- y+ Z== 10 

2x +8y- z== 11 

-x+ y +4z == 3 

X- 5y- Z == -8 

4x + y- z == 13 

2x- y - 6z == -2 

2. 

4. 

6. 

8. 

8x- 3y = 10 

-X +4y = 6 

2x + 3y == 
7x -2y = 

2x +8y- Z= 11 

5x- y+ z= 10 

-.t + y+4z = 3 

4x + y- z = 13 

X- Sy- z = -8 

2x- y -6z = -2 

9. Let X== (x1, x2, ... , XN). Prove that the ll*llt nonn 

N 

II X lit == L ixkl 
k=l 

satisfies the three properties (14 )-( 16). 

10. Let X == (xt, x2, ... , XN ). Prove that the Euclidean norm 

( 

N ) l/2 

IIXII = (;<xd 
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satisfies the four properties given in (14}-(17). 

II. Let X= (x 1, x2, ... , XN ). Prove that the 11*11 00 norm 

satisfies the four properties given in (14}-(17). 

Algorithms and Programs 

1. Use both Programs 3.4 and 3.5 to solve the linear systems in Exercises 1 through X 
Use the format long command and delta = w-9 . 

2. In Theorem 3.14 the condition that A be strictly diagonally dominant is a sufficient but 
not necessary condition. Use both Programs 3.4 and 3.5 and several different initi;,l 
guesses for Po on the following linear system. Note. The Jacobi iteration appears t. · 

converge, while the Gauss-Seidel iteration diverges. 

X + Z =2 
-x+ y =0 

x +2y- 3z = 0 

3. Consider the following tridiagonal linear system, and assume that the coefficient m;,. 
trix is stricti y diagonally dominant. 

d1X1 + CJX2 

GJX! + d2X2 + C2X3 

G2X2 + d3X3 + C3X4 

aN-2XN-2 + dN-IXN-1 + CN-lXN = hN-1 

aN-IXN-1 + dNXN = hN. 

(i) Write an iterative algorithm, following (9)--(11), that will solve this system. Ym 
algorithm should efficiently use the "sparseness" of the coefficient matrix. 
(ii) Construct a MATLAB program based on your algorithm in and solve the followin • 
tridiagonal systems. 
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(a) 4ml + m2 =3 (b) 4ml + ffl2 =1 
ffl] +4m2 + m3 =3 ffll +4m2 + m3 =2 
m2 +4m3 + m4 =3 m2 +4m3 + ffl4 =1 
M) +4m4 + ms =3 ffl3 +4m4 + ms =2 

m48 +4m49 + m~ = 3 m4s +4m49 + mso = 1 

m49 +4mso = 3 m49 +4mso = 2 

4. Use Gauss-Seidel iteration to solve the following band system. 

12.x1 - lx2 + X3 

- 2xt + 12x2 - 2x3 + 
Xj lx2 + llx3 
X2 lx3 + llx4 

=5 
=5 

xs =5 
X6 =5 

X46- lx47 + l2.x48- 2x49 + XSO = 5 
X47 - lx4s + llx49 - 2xso = 5 

X48- lx49 + 12xso = 5 

S. In Programs 3.4 and 3.5 the relative error between consecutive iterates is used as a 
stopping criterion. The problems with using this criterion exclusively were discussed 
in Section 2.3. The linear system AX = B can be rewritten as AX - B = 0. If X k 

is the kth iterate from a Jacobi or Gauss-Seidel iteration procedure, then the norm of 
the residual AX k - B is, in general, a more appropriate stopping criterion. 

Modify Programs 3.4 and 3.5 to use the residual as a stopping criterion. Use the 
modified programs to solve the band system in Problem 4. 

1.7 Iteration for Nonlinear Systems: 
Seidel and Newton's Methods (Optional) 

Ite:ati\ e techniques will now be discussed that extend the methods of Chapter 2 and 
Sec!lon 3.6 to the case of systems of nonlinear functions. Consider the functions 

{I) !I (x, y) = x 2 
- 2x - y + 0.5 

/2(x,y)=x 2 +4y2 -4. 

We seek a me thad of solution for the system of nonlinear equations 

(2) fl(.x, y) = 0 and h(x, y) = 0. 

T1t: equations fl(x, y) = 0 and h(x, y) = 0 implicitly define curves in the xy
plane. Hene<: .a solution of the system (2) is a point (p, q) where the two curves cross ' 
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y y=xl- 2x+ o.~ 

-1.0 

Figure 3.6 Graphs for the nonlinear system y = x2 - 2r + 0.5 
and x2 +4y2 = 4. 

(i.e., both It (p, q) = 0 and fz(p, q) = 0). The curves for the system in (1) are well 
known: 

(3) 
x 2 

- 2x + 0.5 = 0 is the graph of a parbola, 

x2 + 4l- 4 = 0 is the graph of an ellipse. 

The graphs in Figure 3.6 show that there are two solution points and that they are i11 
the vicinity of ( -0.2, 1.0) and (1.9, 0.3). 

The first technique is fixed-point iteration. A method must be devised for generat
ing a sequence {(pt, qk)} that converges to the solution (p, q). The first equation in (3' 
can be used to solve directly for x. However, a multiple of y can be added to each side 
of the second equation to get x 2 + 4y2 - 8y- 4 = -8y. The choice of adding -Sy i:-. 
crucial and will be explained later. We now have an equivalent system of equations: 

(4) 

x 2 - y +0.5 
x=----=:.,..2 __ 

-x2 - 4y2 + 8y+4 
y= 8 

These two equations are used to write the recursive formulas. Start with an initial poin. 
(po, qo). and then compute the sequence HPk+l· qk+tH using 

p~- qk + 0.5 
Pk+l = g1 (p~co qk) = 

2 
-p:-4q[+8qk +4 

qk+l = gz(pk, q~::) = 
8 

{5) 
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Thble 3.5 Fixed-Point Iteration Using the Formulas in (5) 

Case (i): Start with (0, 1) Case (U): Start with (2, 0) 

k Pt qk k Pk qk 

0 0.00 1.00 0 2.00 0.00 
I -0.25 !.00 1 2.25 0.00 
2 -0.21875 0.9921875 2 2.78125 -0.1328125 
3 -0.2221680 0.9939880 3 4.184082 -0.6085510 
4 -0.2223147 0.9938121 4 9.307547 -2.4820360 

5 -0.2221941 0.9938029 5 44.80623 -15.891091 
6 -0.2222163 0.9938095 6 1,011.995 -392.60426 
7 -0.2222147 0.9938083 7 512,263.2 -205,477.82 
8 -0.2222145 0.9938084 This sequence is diverging. 

9 -0.2222146 0.9938084 

Case (i): If we use the starting value (PO, qo) = (0, 1), then 

- 02- 1 + 0.5 - -0 25 and qt = -o2- 4(1): + 8(1) + 4 = 1.0. 
PI- 2 - · 

Iteration will generate the sequence in case (i) of Table 3.5. In this case the sequence 
converges to the solution that lies near the starting value (0, 1). 

Case (ii): If we use the starting value (po, qo) = (2, 0), then 

22 - 0+0.5 
Pl"" = 2.25 

2 
and 

-22 - 4(0)2 + 8(0) + 4 
ql = 8 = 0.0. 

Iteration will generate the sequence in case (ii) of Table 3.5. In this case the sequence 
diverges away from the solution. 

Iteration using formulas (5) cannot be used to find the second solution ( 1.900677, 
0.3112186). To find this point, a different pair of iteration formulas are needed. Start 
with equation (3) and add -2x to the first equation and -lly to the second equation 
and get 

x 2 -4x-y+0.5=-2x and x 2 +4y2 -lly-4=-11y. 

These equations can then be used to obtain the iteration formulas 

-pi +4pk +qt- 0.5 
Pk+l = g1 (Pk· q~c) = 

2 
-Pi - 4qf + llq,~: + 4 

qk+l = g2(Pic. q~c) = ll 

{6) 

Table 3.6 shows how to use (6) to find the second solution. 
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Theory 

Table 3.6 Fixed-point Iteration Using the 
Formulas in (6) 

k Pk qk 

0 2.00 0.00 
I 1.75 0.0 
2 1.71875 0.0852273 
3 1.753063 0.1776676 
4 1.808345 0.2504410 
8 1.903595 0.3160782 

12 1.900924 0.3112267 
16 1.900652 0.3111994 
20 1.900677 0.3112196 
24 1.900677 0.3112186 

We want to determine why equations (6) were suitable for finding the solution near 
(1.9, 0.3) and equations (5) were not. In Section 2.1 the size of the derivative at the 
fixed point was the necessary idea. When functions of several variables are used, the 
partial derivatives must be used. The generalization of "the derivative" for systems 
of functions of several variables is the Jacobian matrix. We will consider only a few 
introductory ideas regarding this topic. More details can be found in any textbook on 
advanced calculus. 

Definition 3.8 (Jacobian Matrix). Assume that /1 (x, y) and h (x, y) are functions 
of the independent variables x and y; then their Jacobian matrix J (x, y) is 

[i;, El-
8x ay 

(7) 

Similarly, if j 1 (x, y, z), fz(x, y, z), and /3 (x, y, z) are functions of the independent 
variables x, y, and z, then their 3 x 3 Jacobian matrix J (x, y, z) is defined as follows: 

8fl 8JJ 8!1 
OX ay az 

(8) ah ah 8/2 
ax ay az 
8/3 8!3 o!J 
ax ay oz 
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Example 3.30. Find the Jacobian matrix J(x, y, z) of order 3 x 3 at the point ( l. 3, 2) 
for the three functions 

3 2 4 + 2 /I(x,y,z)=x -y +y-z z 
fz(x, y,z) =xy + yz; +xz 

y 
{3(x, y, z) = -. 

xz 

The Jacobian ma.t:rix is 

8/J 8ft 8ft 

ax 8y 8z 
[ 3x' 

-2y+ 1 
-4z

3 

+ ''] 8!2 8Jz 8!2 - y+z x+z y+x 
J(x, y, z) = 

ax 8y 8z - -y 1 -y . 

8/3 &!J 8/3 x 2z xz xz2 

ax 8y &z 

Thus the Jacobian evaluated at the point (1, 3, 2) is the 3 x 3 matrix 

J(l,,,l)-u -f -~il 

Generalized Differential 

• 

For a function of several variables, tbe differential is used to show how changes of the 
independent variables affect the change in the dependent variables. Suppose that we 
have 

(9) u=JJ(x,y,z), v = fz(x, y, z), and w = f3(x, y, z). 

Suppose that the values of the functions in (9) ~ known at the point (xo, Yo. zo) 
and we wish to predict their value at a nearby pomt (x, y, z). Let du, dv, and d_w 
denote differential changes in the dependent variables and dx, dy, and dz d_enote_ dif
ferential changes in the independent variables. These changes obey the relationships 

du - ofl (xo y0 zo) dx + o!J (xo, yo. zo) dy + 0
0
/1 (xo, Yo. zo) dz, - ax ' ' By z 

(10) dv = oh (xo y0 zo) dx + Bh (xo, yo, zo) dy + aah {xo, yo, zo) dz, 
ox ' ' By z 

dw = o/3 (xo y0, zo) dx + o/3 (xo, YQ, zo) dy + 0
0
!3 (xo. Yo. zo) dz. ax ' ay z 
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If vector notation is used, (lO) can be compactly written by using the Jacobian 
matrix. The function changes are d F and the changes in the variables are denoted d X. 

(II) dF- [£] -J(xo,yo,zo)[~] -J(xo.YO.zo)dX. 

Example 3.31. Use the Jacobian matrix to find the differential changes (du, dv, dw) 
when the independent variables change from (1, 3, 2) to (1.02, 2.97, 2.01) for the system 
of functions 

u = !1 (x, Y, z) = x 3 
- y 2 + y - z4 + z2 

v = h(x, y, z) = xy + yz + xz 
y 

w= f:l(x,y,;::)= -. 
xz 

Use equation (11) with ](1, 3, 2) of Example 3.30 and the differential changes 
(dx, dy. dz) = (0-02, -0.03, 0.01) to obtain 

[:~] = [ ; -; ~2~] [-6:6~] = [ -~:g;]. 
dw -~ ~ -~ O.ol -0.0525 

Notice that the function values at ( 1.02, 2.97, 2.0 I) are close to the linear approxima
tions obtained by adding the differentials du = -0.07, dv = 0.05, and dw = -0.0525 to 

the corresponding function values ft (1, 3, 2) = -17, /2(1, 3, 2) == 11, and !J(l, 3, 2) '-
1.5; that is, 

ft(l.02, 2.97, 2.01) = -17.072""' -17.01:; /1(1, 3, 2) +du 

/2(1.02, 2.97, 2.01) = 11.0493""' 11.05 = fz(l, 3, 2) + dv 

/3(1.02, 2.97, 2.0 I)= 1.44864""' 1.4475 = /3(1, 3, 2) + dw. 

Convergence Near Fixed Points 
The extensions of the definitions and theorems in Section 2.1 to the case of two and 
three dimensions are now given. The notation for N-dimensional functions has not 
been used. The reader can easily find these extensions in many books on numerica I 
analysis. 

Definition 3.9. A .fixed point for the system of two equations 

(12) x = g1(x, y) and y = gz(x, y) 

is a point (p, q) such that p = g1 (p, q) and q = g2(p, q). Similarly, in three dimen
sions a fixed point for the system 

(13) y = gz(x, y, z) and z:;:::: g3(x, y, z) 

is a point (p, q, r) such that p = g, (p, q, r), q = g2(p, q, r) and r = g3(p, q, r). .A 
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Definition 3.10. For the functions (12), fixed-point iteration is 

( 14) 

fork = 0, 1, .... Similarly, for the functions (13), fixed-point iteration is 

Pk+1 = gr (Pk. Qk. rk) 

(15) Qk+l = g2(Pb Qk, rk) 

rk+1 = g3(Pk• Qk. rk) 

fork= 0, 1, .... 
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Theorem 3.17 (Fixed-Point Iteration). Assume that the functions in (12) and (13) 
and their first partial derivatives are continuous on a region that contains the fixed point 
(p, q) or (p, q, r), respectively. If the starting point is chosen sufficiently close to the 
fixed point, then one of the following cases applies. 

Case (i): Two dimensions. If (po. qo) is sufficiently close to (p, q) and if 

(16) 

then the iteration in (14) converges to the fixed point (p, q). 

(17) 

Case (ii): Three dimensions. If (po, qo, ro) is sufficiently close t<l (p, q, r) and\\ 

I~~~ (p, q, r)l +I~~~ (p, q, r)l +I~~ (p, q, r)/ < I, 

I ~~2 (p, q, r)l +) ~~ (p, q, r)/ +I ~~2 (p, q, r)/ < 1, 

~~~(p,q,r)J+I~~(p,q,r)/+l~g:(p,q,r)l <I, 

then the iteration in (15) converges to the fixed point (p, q, r). 

If conditions (16) or (17) are not met, the iteration might diverge. This will usually 
be the case if the sum of the magnitudes of the partial derivatives is much larget than i . 
Theorem 3.17 can be used to show why the iteration (5) converged to the fixed point 
near ( -0.2, 1.0). The partial derivatives are 

a 
-g,(x, y) := x, 
ax 

a x 
axgz(x, y) := -4, 

a 1 
aygt(x, y):;:::: -2. 
a 
ayg2(x, y) = -y + 1. 
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Indeed, for all (x, y) satisfying -0.5 < x < 0.5 and 0.5 < y < 1.5, the partial 
derivatives satisfy 

I a~g,(x, y)l + I:YKI (x, y)l = lxl + 1-0.51 <I, 

I :xgz(x, y)l + l:ygz(x, y)l = I ~xi+ 1- y + 11 < 0.625 < 1. 

Therefore, the partial derivative conditions in (16) are met and Theorem 3.17 implie~ 
that fixed-point iteration will converge to (p, q) :::::: ( -0.2222146, 0.9938084). Notice 
that near the other fixed point (1.90068, 0.31122) the partial derivatives do not meet 
the conditions in (16); hence convergence is not guaranteed. That is, 

la~KI0.90068, 0.31122)1 + laayg,(1.90068, 0.31122)1 = 2.40068 > 1, 

la~gz(l.90068,0.3I122)1+ /a:gz(1.90068,0.31122)1 = 1.16395 > 1. 

Seidel Iteration 
An improvement, analogous to the Gauss-Seidel method for linear systems, of fixed 
point iteration can be made. Suppose that Pk+ 1 is used in the calculation of qk+ 1 

(in three dimensions both Pk+I and qk+I are used to compute rk+J). When these 
modifications are incorporated in formulas (14) and (15), the method is called Seidel 
iteration: 

(18) 

and 

(19) 

Pk+I = 8I (pt, qb rk) 

qk+I = gz(Pk+l· qk, Tk) 

Tk+l = 83(Pk+l· qk+l· rk). 

Program 3.6 will implement Seidel iteration for nonlinear systems. Imp1e 
tion of fixed-point iteration is left for the reader. 

Newton's Method for Nonlinear Systems 
We now outline the derivation of Newton's method in two dimensions. Ne" t<>n·, 

method can easily be extended to higher dimensions. 
Consider the system 

(20) 
u = !J(x,y) 

v = h(x, y), 
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which can be considered a transformation from the xy-plane to the uv-plane. We are 
interested in the behavior of this transformation near the point (x0 , y0) whose image 
is the point (uo, vo). If the two functions have continuous partial derivatives, then the 
differential can be used to write a system of linear approximations that is valid near the 
point (xo. Yo): 

a a 
u - uo = ax ft (xo, Yo)(x- xo) + ay /I (xo, yo)(y- Yo), 

a a 
v - vo = ax fz(xo, yo)(x- xo) + ay fz(xo, yo)(y - yo). 

(21) 

The system (21) is a local linear transformation that relates small changes in the 
independent variables to small changes in the dependent variable. When the Jacobian 
matrix J(xo. yo) is used, this relationship is easier to visualize: 

[ J [ 
aa !1 (xo. Yo) 8

8 
!I (xo, Yo)] [ J U - UQ _ X y X - XO 

v-vo- a a y-yo' 
axfz(xo, Yo) ayfz(xo, Yo) 

(22) 

If the system in (20) is written as a vector function V = F(X), the Jacobian 
J (x, y) is the two-dimensional analog of the derivative, because (22) can be written as 

(23) !l.F:::::: J(xo. yo) !l.X. 

We now use (23) to derive Newton's method in two dimensions. 
Consider the system (20) with u and v set equal to zero: 

(24) 
0 = ft(X, y) 

0 = fz(x, y). 

Suppose that (p, q) is a solution of (24 ); that is, 

(25) 
0=/J(p,q) 

0 = fz(p, q). 

To develop Newton's method for solving (24), we need to consider small changes 
lin the functions near the point (po, qo): 

{26) 
Au = u - uo, !l.p = x - PO· 

Av = v - vo. Aq = y - qo. 

Set (x, y) = (p, q) in (20) and use (25) to see that (u, v) = (0, 0). Hence the changes 
in the dependent variables are 

(27) u- uo = ft(p, q)- It (PO. qo) = 0- It (PO, qo) 

v- vo = f2(p, q)- h(PO. qo) = 0- h(PO, qo). 
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Use the result of (27) in (22) to get the linear transformation 

(28) [
a: ft (po, qo) :Y ft (po, qo)] [C!.p] % _ [ft (po. qo)J. 
a a CJ.q h<Po. qo) 

axfz(po, qo) oyh(po, qo) 

If the Jacobian J(po, q0) in (28) is nonsingular, we can solve for fl.P = [ C!.p fiq ]' = 
[P q ]' - [Po qo ]' as follows: 

(29) 

Then the next approximation P 1 to the solution P is 

(30) P1 =Po+ t..P =Po- J(po, qo)- 1 F(po, qo). 

Notice that (30) is the generalization of Newton's method for the one-variabk ca>c: 

that is, Pl =Po- f(po)/f'(po). 

Outline of Newton's Method 

Suppose that P" has been obtained. 

Step !. Evaluate the function 

Step 2. Evaluate the Jacobian 

Step 3. Solve the linear system 

Step 4. Compute the next point: 

Now, repeat the process. 
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Example 3.32. Consider the nonlinear system 

0 = x2
- 2x- y +0.5 

0 =x2 +4y2 -4. 
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Use Newton's method with the starting value (po, qo) = (2.00, 0.25) and compute (Pt, ql ). 

(p:. q2), and (p3, q3). 
The function vector and Jacobian matrix are 

[
.r2 

- 2x - y + 0.5] 
F(x, y) = x2 + 4y2 - 4 , [2x-2 -1] 

J(x,y)= 2x 8y . 

At the point (2.00, 0.25) they take on the values 

2 [
0.25] F(2.00, 0. 5) = 
0

_25 , [
2 0 -1.0] 

](2.00, 0.25) = 4:0 2.0 . 

The differentials t!.p and t..q are solutions of the linear system 

[
2.0 -1.0] [llp] = - [0.25] . 
4.0 2.0 CJ.q 0.25 

A straigh.tforward calculation reveals that 

P _ [b..p] _ [-0.09375] 
~ - b.q - 0.0625 . 

The next point in the iteration is 

[2.00] r-0.09375J [1.906251 P1 =Po+ t!..P = 0.25 + 0.0625 = 0.3125 . 

Similarly, th.e next two points are 

[
1.900691] 

Pz= 0.311213 [
1.900677] 

and PJ = 0.311219 · 

The coordinates of P 3 are accurate to six decimal places. Calculations for finding P2 and 
P3 are sum.marized in Table 3.7. • 
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Table 3.7 Function Values, Jacobian Matrices, and Differentials Required for Each 
Iteration in Newton's Solution to Example 3.32 

Solution of lhe linear system 
P~c J(Pt)I!J..P = -F(Pt) P1+1!J..P 

[2.00] 
0.25 

[2.0 
4.0 

-1.0] [ -0.09375] = - [0.25] 
2.0 0.0625 0.25 

[1.90625] 
0.3125 

[1.90625] 
0.3125 

[1.8125 
3.8125 

-1.0] [ -0.005559] = - [0.008789] 
2.5 -0.001287 0.024414 

[1.900691 J 
0.311213 

[1.900691 J 
0.311213 

[1.801381 
3.801381 

-1.000000] [ -0.000014] =- [0.000031] 
2.489700 0.000006 0.000038 

[1.900677] 
0.3JI219 

Implementation of Newton's method can require the determination of several par
tial derivatives. It is permissible to use numerical approximations for the values oJ 
these partial derivatives, but care must be taken to determine the proper step size. Jn 
higher dimensions it is necessary to use the methods for solving linear systems intro
duced earlier in this chapter to solve for .6. P. 

MATLAB 

Programs 3.6 (Nonlinear Seidel Iteration) and 3.7 (Newton-Raphson Method) will re
quire saving the nonlinear system X = G(X), and the nonlinear system F(X) = 0 
and its Jacobian matrix, J F, respectively, as M-files. As an example consider saving 
the nonlinear system in Example 3.32 and the related Jacobian matrix as the M-filec. 
F .m and JF .m, respectively. 

function Z=-F(X) 
x=X(l);y=X(2); 
Z=zeros(1,2); 
Z(l)=x~2-2*x-y+0.5; 

Z(2)=x~2+4y-2-4; 

function W=JF(X) 
x=X(l);y=X(2); 
W=[2*x-2 -1;2*x B*y]; 

The functions may be evaluated using the standard MATLAB comm,111, i, 

>>A=feval('F',[2.00 0.25]) 
A= 

0.2500 0.2500 

>>V=JF([2.00 0.25]) 
B= 

2 -1 
4 2 
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Program 3.6 (Nonlinear Seidel Iteration). To solve the nonlinear fixed-point 
; ~)·stem X = G(X), given one initial approximation Po, and generating a sequence 
i { P k l that converges to the solution P. 

function [P,iter] = seidel(G,P,delta, maxl) 

/,Input 
% 

- G is the nonlinear system saved in the M-file G.m 
- P is the initial guess at the solution 

% - delta is the error bound 
% 
%Output 
% 

- maxl is the number of iterations 
- P is the seidel approximation to the solution 
- iter is the number of iterations required 

N=length(P); 

for k=l:maxl 
X=P; 

% X is the kth approximation to the solution 
for j=l:N 

end 

A=feval( 'G' ,X); 
% Update the terms of X as they are calculated 
X(j)=A(j); 

err=abs(norm(X-P)); 
relerr=err/(norm(X)+eps); 
P=X; 
iter~k; 

if(err<delta)l(relerr<delta) 
break 

end 
end 

In the following program the MATLAB command A \B is used to solve the linear 
system AX = B (see Q=P- ( J\ Y') '). Programs developed earlier in this chapter could 
be used in place of this MATLAB command. The choice of an appropriate program 
to solve the linear system would depend on the size and characteristics of the Jacobian 
matrix. 

Program 3.7 (Newton-Raphson Method). To solve the nonlinear system 
F(X) = 0, given one initial approximation Po and generating a sequence {Pk} 
that converges to the solution P. 

function [P,iter,err]=newdim(F,JF,P,delta,epsilon,max1) 

%Input - F is the system saved as theM-file F.m 
% - JF is the Jacobian of F saved as theM-file JF.M 
% - P is the initial approximation to the solution 
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Y. - delta is the tolerance for P 
Y. - epsilon is the tolerance for F(P) 
% - maxl is the maximum number of iterations 

%Output - P is the approximation to the solution 

% - iter is the number of iterations required 

Y. - err is the error estimate for P 

Y=feval(F,P); 

for k=l :maxi 

end 

J'"'feval(JF,P); 
Q=P-(J\Y'),; 
Z=feval(F,Q); 
err=norm(Q-P); 
relerr=err/(norm(Q)+eps); 
P=Q; 
Y=Z; 
iter"'k; 
if (err<delta)l(relerr<delta)l(abs(Y)<epsilon: 

break 
end 

Exercises for Iteration for Nonlinear Systems 

1. Find (analytically) the fixed point(s) for each of the following systems. 

(a) x = 8J(x,y) =X-i 
y = g2(x, y) = -x + 6y 

(b) x = g,(x,y) = (x2 - y2 -x- 3)/3 

y = g2(x,y) = (-x + y -1)/3 

(c) x = g,(x, y) = sin(y) 

y = C2(X, y) = -6x + y 

(d) x=g1(x,y,z)=9-3y-2z 

y = 82(X, y, Z) = l- X+ Z 

z =g3(x,y.z) = -9+3x +4y-z 

2. Find {analytically) the zero(s) for each of the following systems. Evaluat 

bian of each system at each zero. 

(a) O=ft(x,y)=lx+y-6 

0= h(x,y) =x+ly 

(b) 0 = !1 (x, y) = 3x2 + 2 y - 4 

0 = f2(x, y) = lx + ly- 3 
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(c) 0 = ft(x,y) = lx- 4cos(y) 

0 = h(x, y) = 4x sin(y) 

(d) 0 = ft (x, y, z) = x 2 + y2 - z 

Figure 3.7 The hyperbola and 
circle for Exercise 5. 

0 = h(x, y, z) = x2 + y2 + z2 - 1 

O=!J(x,y,z)=x+y 
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3. F'md a region in the xy-plane such that if (po, qo) is in the region then fixed-point 

iteration is guaranteed to converge (use an argument similar to the one that followed 

Theorem 3.17) for the system: 

x = 81 (x, y) = {x 2 -l-x- 3)/3 

y = 82(x, y) = (x + y + 1)/3. 

... Rewrite the following linear system in fixed-point form. Find bounds on x, y, and z 

such that fixed-point iteration is sure to converge for any initial guess (po, qo. ro) that 

satisfies the boundary conditions. 

6x+ y+ z=l 

X +4y + Z = 2 

x + y +5z = 0 

:0. For the given nonlinear system, use the initial approximation (po, qo) = (1.1, 2.0), 

and compute the next three approximations to the fixed point using (a) fixed-point 

iteration and equations (I 4) and (b) Seidel iteration using equations ( 18). 

8x- 4x 2 + y 2 + 1 
x = g1 (x, y) = 

8 
(hyperbola) 

lx - x 2 + 4y - y 2 + 3 
y = g2(x, y) = 

4 
(circle). 
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y 

Figure 3.8 The cubic and porabola 
for Exercise 6. 

6. For the following nonlinear system, use the initial approximation (p0, q0) = ( -0.3, 
-1.3), and compute the next three approximations to the fixed point using (a) fixed
point iteration and equations (14) and (b) Seidel iteration using equations (18). 

( ) Y -x3 + 3x2 + 3x (cubic) 
X= 81 X, y = 

7 
y2 +2y -X -2 

y = g2(x, y) = 
2 

(parabola). 

7. Consider the nonlinear system 

0 = /J (x, y) = x 2 - y - 0.2 

0 = fz(x, y) = y 2 - x- 0.3. 

These parabolas intersect in two points as shown in Figure 3.9. 
(a) Start with (po, qo) = (1.2, 1.2) and apply Newton'smethod to compute (p 1• qJ) 

and (p2, q2). 

(b) Start with (p0 , qo) = ( -0.2, -0.2) and apply Newton's method to compute 
(PI, qJ) and (p2, q2). 

8. Consider the nonlinear system shown in Figure 3.10. 

0 = /1 (x, y) = x2 + l- 2 

0 = h(x, y) = xy- I. 

(a) Verify that the solutions are (1, 1) and ( -1, -1). 

(b) What difficulties might arise if we try to use Newton's method to find the solu
tions? 

9. Show that Jacobi iteration for a 3 x 3 linear system is a special case of fixed-point 
iteration (15). Furthermore, verify that if the coefficient matrix from a 3 x 3 linear 
system is strictly diagonally dominant then condition ( 17) is satisfied. 
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-2 

-2 

Figure 3.9 The parabolas for 
Exercise 7. 

Figure 3.10 The circle and hyper
bola for Exercise 8. 

10. Show that Newton's method for two equations can be written in fixed-point iteration 
fonn 

x=g1(x,y), y=g2(x,y), 

where KI (x, y) and g2(x, y) are given by 

( 
!J(x,y)fyh(x,y)-h(x,y)fyfl(x,y) 

81 X, y) = X - __ ____;~---:----..::..!.... _ ___:_ 
det(J(x, y)) 

( ) h(x, y)i;/J (x, y)- /1 (x, y)fxh(x, y) 
82 x, Y = y- det(J(x, y)) 

11. Fixed point iteration is used to solve the nonlinear system (12). Use the following 
steps to prove that conditions in (16) are sufficient to guarantee that {(Pk. qk)) con
verges to (p, q). Assume that there is a constant K with 0 < K < 1 so that 

and 

I :xg2(X, y)l +I :YK2(X, y)l < K 

for all (x, y) in the rectangle R = {(x, y) : a < x < b, c < y < d). Also assume 
that a <PO< band c < qo <d. Define 

elr. =p- p/r., 
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Use the following fonn of the Mean Value Theorem applied to functions of two \'an

abies: 

a • a * 
ek+l = ax g1 (ak, qk)ek + ay g1 (p, ck)Ek 

a • a * E 
Ek+l = dX g2(bk, qk)ek + oyg2(p, dk) k, 

where a{ and bi lie in [a, b 1 and c; and dt lie in [c, d}. Prove the following: 

(a) letl ~ Kro and IEtl ~ Kro 

(b) le2l ~ Krt :;::. K2ro and IEzl ~ Krt ~ K 2ro 

(c) lekl-:::. Krk-! ~ Kkro and IEkl ~ Krk-l ~ Kkro 

(d) limn-+oo Pk = p and limn-+oo qk = q 

12. As noted earlier, the Jacobian matrix of system (20) is the two-dimensional amh>g 

of the derivative. Write system (20) as a vector function V = F(X), and let 11 F J 

be the Jacobian matrix of this system. Given two nonlinear systems V = F(X' .tnd 

V = G(X) and the real number c, prove: 

(a) J(cF(X)) = c](F(X)) 

(b) J(F(X) + G(X)) = ](F(X)) + J(G(X)) 

Algorithms and Programs 

1. Use Program 3.6 to approximate the fixed points of the systems in Exercises 5 a 

Answers should be accurate to 10 decimal places. 

2. Use Pro gram 3. 7 to approximate the zeros of the systems in Exercises 7 and 8. 

swers should be accurate to 10 decimal places. 

3. Construct a program to find the fixed points of a system using fixed-point iten 

Use the program to approximate the fixed points of the systems in Exercises 5 a 

Answers should be accurate to 8 decimal places. 

4. Use Program 3.7 to approximate the zeros of the following systems. Answers sl 

be accurate to lO decimal places. 

(a) 0 = x2 - x + y2 + z2 - 5 

0 = x2 + y2 - Y + z2 - 4 

0 = x2 + i + z2 + z - 6 

(b) 0 = x 2 - x + 2y2 + yz- 10 

0= 5x- 6y+z 

0=z-x2
- i 

(c) 0 = (x + lP + (y + 1)2 - z 

0 = (x- 1)2 + l- z 

0 = 4x2 + zyZ + z2 
- 16 
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(d) 0 = 9x2 + 36y2 + 4z 2 - 36 

0 = x 2 
- 2y 2 - 20z 

0 = 16x -x3 - 2y2 - I6z2 

5. We wish to solve the nonlinear system 

0 = 7x3 
- lOx - y- 1 

0 = 8y3
- lJy +X- J. 
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Use MATLAB to sk~tch the graphs of both curves on the same coordinate system. 

Use the graph to venfy ~at ther_e are nine points where the graphs intersect. Using 

the graph, estimate _the pOI~ts of m~ersect10n. Use these estimates and Program 3.7 to 

approximate the pomts of mtersect10n to 9 decimal places. 

6. The system in Problem 5 can be rewritten in fixed-point fonn: 

7x3 - y- I 
X = ---:-::----

10 
8y3 +x- 1 

y = II 

Do some computer ex~rimen~tion. Discover that, no matter what starting value is 

use~, only one of ~e rune solutions can be found using fixed-point iteration (on this 

particular fixed-pomt fonn). Are there other fixed-point forms of the system in 5 that 

could be used to find other solutions of the system? 



4 

Interpolation and 
Polynomial Approximation 

The computational procedures used in computer software fo~ the evalu~tion. of a li
brary function, such as sin (.x), cos(.x), or ex, involv~ polynomial ap~proxtmation. Th_e 
state-of-the-art methods use rational functions (which are the quotients of polynOiru
als). However, the theory of polynomial approximation is suitable for a first courst 
in numerical analysis, and we will mainly consider them in this chapter. Suppose that 
the function j (.x) = ex is to be approximated by a polynomial of degree n = 2 over 
the interval [ -1, 1]. The Taylor polynomial is shown in Figure 4.1 (a) and can be con· 
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-1.0 -0.5 

y 

0.0 

(a) 

-1.0 -0.5 

y 

0.0 0.5 

(b) 

Figure 4.1 (a) The Taylor polynomial p(x) = 1.000000 + I.OOOOOOx + 
0.5()(}()()()x2 which approximates f(x) ex over [-1, 1]. {b) The Chebyshev 
approximation q(x) = 1.000000 + 1.129772x + 0.532042x2 for f(x) =ex over 
[-1,1]. 
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6 

5 

4 

3 

2 

y 

Figure 4.2 The graph of the col
location polynomial that passes 

'-----'--=--L--.l...----'-----'-'-- x through (I, 2), (2, 1), (3, 5), ( 4, 6}, 
3 4 5 and(5,1). 2 

trasted with the Chebyshev approximation in Figure 4.1(b). The maximum error for 
the Taylor approximation is 0. 218282, whereas the maximum error for the Chebyshev 
polynomial is 0.056468. In this chapter we develop the basic theory needed to investi
gate these matters. 

An associated problem involves the construction of the collocation polynomial. 
Given n + 1 points in the plane (no two of which are aligned vertically), the colloca
tion polynomial is the unique polynomial of degree .S: n that passes through the points. 
In cases where data are known to a high degree of precision, the collocation polyno
mial is sometimes used to find a polynomial that passes through the given data points. 
A variety of methods can be used to construct the collocation polynomia1: solving a 
linear system for its coefficients, the use of Lagrange coefficient polynomials, and the 
construction of a divided differences table and the coefficients of the Newton poly
nomial. All three techniques are important for a practitioner of numerical analysis to 
know. For example, the collocation polynomial of degree n = 4 that passes through 
the five points (1, 2), (2, 1), (3, 5), (4, 6), and (5, I) is 

5x4
- 82x3 + 427x2 - 806x + 504 

P(.x) = 24 ' 

and a graph showing both the points and the polynomial is given in Figure 4.2. 

~.1 Taylor Series and Ca1culation of Functions 
Lim.i! processes arc the ba.sis of calculus. For example. dle derivative 

., . f (x - Jr) - f (x J 
J (x) = hm h 

h-+1) 

rs !he limil of the difference quotient where both the numerator and the denominator 
go lo zero. A Taylor series illustrates anolher type of limil process. In this case an 
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Table 4.1 Taylor Series Expansions for Some Common Functions 

x3 x5 x1 
sin(x)=x- 3! + 5!-

7! + ··· 

x2 x4 x6 
cos(x) =I - 2! + 4! - 6! + · · · 

x2 xJ x4 
r = t + x + 2! + 3! + 4! + ... 

x2 xl x4 
In(l + x) =x- 2 + 3 - 4 + ... 

x3 x5 x1 
arctan(x)=x- 3 + S -1 + ... 

p(p-1) 2 p(p-l)(p-2) 3+ 
(l+x)P=J+px+ 2! X+ 

3
! X "' 

for all x 

for all x 

for all x 

-1 :S X 51 

-l::;x::;l 

forlxl < 1 

infinite number of terms is added together by taking the limit of certain partial sums. 
An important application is their use to represent the elementary fun~tions: si~(x), 
cos(x), ex, ln(x), etc. Table 4.1 gives several of the common Taylor sen~s e~panst?ns. 
The partial sums can be accumulated until an approximatio~ to the functwn IS ~bta.I~ed 
that has the accuracy specified. Series solutions are used m the areas of engmeenng 
and physics. . . 

We want to learn how a finite sum can be used to obtain a good approximation 
to an infinite sum. For illustration we shall use the exponential series in Table 4.1 to 
compute the number e = e 1, which is the base of the natural logarithm and exponential 
functions. Here we choose x = 1 and use the series 

1 12 13 14 lk 
e

1 = 1 + - + - + - + - + · · · +- + · · · · 1! 2! 3! 4! k! 

The definition for the sum of an infinite series in Section 1.1 requires that the partial 
sums SN tend to a limit. The values of these sums are given in :able 4.2. . . 

A natural way to think about the power series representation of a function IS to 
view the expansion as the limiting case of polynomials of increasing degree. If enough 
terms are added, then an accurate approximation will be obtained. This needs to be 
made precise. What degree should be chosen for the polynomial, and how do we 
calculate the coefficients for the powers of x in the polynomial? Theorem 4.1 answers 
these questions. 
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'Dlble 4.2 Partial Sums Sn Used to 
Determine e 

n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

Sn=l+~+~+ .. ·+~ 
I! 2! n! 

1.0 
2.0 
2.5 
2.666666666666 .. . 
2. 708333333333 .. . 
2.716666666666 .. . 
2.718055555555 .. . 
2.718253968254 .. . 
2.718278769841 .. . 
2.718281525573 .. . 
2.718281801146 .. . 
2.718281826199 .. . 
2.718281828286 .. . 
2.718281828447 .. . 
2.718281828458 .. . 
2.718281828459 .. . 
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Theorem 4.1 (Taylor Polynomial Approximation), Assume that f E cN+l[a, bJ 
andx0 E [a, b] is a fixed value. If x E [a, b], then 

(t) 

where PN(x) is a polynomial that can be used to approximate f(x): 

(2) N t<kl(xo) k 
f(x) ~ PN(x) = L k' (x- xo) . 

h:O . 

The error term EN(x) has the form 

fi:Jr some value c = c(x) that lies between x and xo. 

Proof The proof is left as an exercise. • 
Relation (2) indicates how the coefficients of the Taylor polynomial are calculated. 

Although the error term (3) involves a similar expression, notice that t<N + 1 J (c) is to be 
evaluated at an undetermined number c that depends on the value of x. For this reason 
we do not try to evaluate EN(x): it is used to determine a bound for the accuracy of 
the approximation. 
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Example 4.1. Show why 15 terms are all that are needed to obtain the 13-digit approx1 
mation e = 2.718281828459 in Table 4.2. 

Expand f(x) = ex in a Taylor polynomial of degree 15 using the fixed value xo = 11 

and involving the powers (x- O)k = xk. The derivatives required are J'(x) = f"(x) =
... = j06l = eX. The first 15 derivatives are used to calculate the coefficients ak = e0 1 k ' 
and are used to write 

(4) 
x2 x3 xiS 

PJs(x) = 1 +x +-+- + · · · + -. 
2! 3! 15!-

Setting x = 1 in (4) gives the partial sum S15 = PJs(l). The remainder term is needed to 
show the accuracy of the approximation: 

(5) 
/(16) (c)x 16 

EJs(x) = 
161 

Since we chose xo = 0 and x = 1, the value c lies between them (i.e., 0 < c < I ), which 
implies that ec < e 1• Notice that the partial sums in Table 4.2 are bounded above by 3. 

Combining these two inequalities yields ec < 3, which is used in the following calculation 

I J06l(c) I ec 3 
IEis(l)l = < - < - < 1.433844 X w- 13

. 
16! - 16! 16! 

Therefore, all the digits in the approximation e "'=' 2.718281828459 are correct, because th,· 
actual error (whatever it is) must be less than 2 in the thirteenth decimal place. 111 

Instead of giving a rigorous proof of Theorem 4.1, we shall discuss some of the 

features of the approximation; the reader can look in any standard reference text on 

calculus for more details. For illustration, we again use the function f (x) = ex and 

the value x0 = 0. From elementary calculus we know that the slope of the curvl' 

y = ex at the point (x, ex) is f' (x) = ex. Hence the slope at the point (0, I) b 

/'(0) = 1. Therefore, the tangent line to the curve at the point (0, 1) is y = 1 + x 
This is the same formula that would be obtained if we used N = 1 in Theorem 4.1. 

that is, P1 (x) = f (0) + f' (O)x /1! = 1 + x. Therefore, Pt (x) is the equation of th,· 

tangent line to the curve. The graphs are shown in Figure 4.3. 

Observe that the approximation ex "'=' 1 + x is good near the center xo = 0 and tha 1 

the distance between the curves grows as x moves away from 0. Notice that the slope, 

of the curves agree at (0, 1). In calculus we learned that the second derivative indicate, 

whether a curve is concave up or down. The study of curvature I shows that if tw' • 

curves y = f(x) andy= g(x) have the property that j(xo) = g(xo). j'(xo) = g' (xu) 

and f" (xo) = g" (xo) then they have the same curvature at xo. This property would b,· 

desirable for a polynomial function that approximates /(x). Corollary 4.1 shows thai 

the Taylor polynomial has this property for N ~ 2. 

1 The curvature K of a graph y = f(x) at (xo, Yo) is defined by K = 1/"(xo)lf(l +If'(xo)J2 ) 3;; 
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y 

F1gu.re 4.3 The graphs of y = ~ 
andy= P1(x) = 1 +x. 

Corollary 4.1. If PN (x) is the Taylor polynomial of degree N given in Theorem 4.1. 

then 

(6) Pjt)(xo) = t<k>(:xo) for k = 0, I, ... , N. 

Proof Set x = xo in equations (2) and (3), and the result is PN(xo) = f(xo). Thus 

statement (6) is true fork = 0. Now differentiate the right-hand side of (2) and get 

(7) 
N f(k)( ) N-l j(k+ll(x) 

P1 
( ) = "' xo (x - x )*'-I = "' 0 (x - x )'I;. 

N X ~ (k- 1)! 0 L, kl 0 
h=l · k=O ' 

Set x = x0 in (7) to obtain P;_,(xo) = j'(xo). Thus statement (6) is true fork = 1. 

Successive differentiations of (7) will establish the other identities in (6). The details 

are left as an exercise. • 
Applying Corollary 4.1, we see that y = Pz(x) has the properties j(xo) = Pz(xo). 

J'(xo) = P~(xo), and j" (xo) = P~'(xo); hence the graphs have the same curvature 

at x0. For example, consider f (x) = ex and P2(x) = 1 + x + x 2 /2. The graphs are 

shown in Figure 4.4 and it is seen that they curve up in the same fashion at (0, 1). 

In the theory of approximation, one seeks to find an accurate polynomial approx

imation to the analytic function2 f(x) over [a, b]. This is one technique used in de

veloping computer software. The accuracy of a Taylor polynomial is increased when 

we choose N large. The accuracy of any given polynomial will generally decrease as 

the value of x moves away from the center xo. Hence we must choose N large enough 

and restrict the maximum value of jx- xol so that the error does not exceed a specified 

bound. If we choose the interval width to be 2R and xo in the center (i.e., lx- xol < R), 

2The function f(x) is analytic at xo if it has continuous derivatives of all orders and can be 

represented as a Taylor series in an interval about xa. 
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-2 -1 2 

Figure 4.4 The graphs of y = eX and y = P2 (x) = 1 + 
X+ x 2j2. 

Table 4.3 Values for the Error Bound lerrorl < eR RN+l j(N + 1)! Using the 
Approximation ex~ PN(x) for lxl S R 

R =2.0, R = 1.5, R = 1.0, 
lxl ::0 2.0 lxl 5 1.5 lxl S 1.0 

e-'" ""P5(X) 0.65680499 0.07090172 0.00377539 
e-'" ~P6(x) 0.18765857 0.01519323 0.00053934 
e-'" ""P..,(x) 0.04691464 0.00284873 0.00006742 
e-'" ""Pg(x) 0.01042548 0.00047479 0.00000749 

the absolute value of the error satisfies the relation 

(8) 
MRN+l 

(errorl = IEN(X)I :s: (N +or' 

R =0.5, 
lxl :;,0.5 

0.00003578 
0.00000256 
0.00000016 
0.00000001 

where M ::: max {I f(N+l)(z) I ; xo- R ::: z ::: xo + R}. If N is fixed and the derivatives 
are uniformly bounded, the error bound in (8) is proportional to RN+l /(N + I)! and 
decreases if R goes to zero as N gets large. Table 4.3 shows how the choices of these 
two parameters affect the accuracy of the approximation ex :::::> PN (x) over the interval 
jxl ::: R. The error is smallest when N is largest and R smallest. Graphs for P2, P3, 
and P4 are given in Figure 4.5. 

Example 4.2. Establish the error bounds for the approximation eX ~ Ps(x) on each of 
the intervals lxl :S: 1.0 and lxl :::0 0.5. 

If lx 1 ::: 1.0, then letting R = 1.0 and IJ<9l(c)l = I eel :S: el.O =Min (8) implies that 

el.o(l.0)9 
lerrorl = IEs(x)l :S: 

9
! ""'0.00000749. 
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-1 2 

y= Pix) 

y=P3(x) 

Figure 4.5 The graphs of y =eX, y = P,.(x), y = l')(x), 
andy = P4(x). 

y 

3 X ]Q-7 

2 X J0-1 

r x to-7 
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~_.~.___:::,,___.. ___ L-__ ....,._=---L- X Figure 4.6 The graph of the error 
-1.0 -0.5 0.0 0.5 1.0 y :;; E9 (x) =ex - p9(x). 

If lxl :s: 0.5, then letting R = 0.5 and I jf9J(c)l = jecl :S: e0·5 = Min (8) implies that 

e05 (0.5)9 

jerrorl = IEB(x)l :S: 
9

! ~ 0.00000001. • 
Example 4.3. If j(x) =ex, show that N = 9 is the smallest integer, so that the lerrorl = 
IEN(x)l :::; 0.0000005 for x in [-I, 1]. Hence P9(x) can be used to compute approximate 
values of ex that will be accurate in the sixth decimal place. 

We need to find the smallest integer N so that 

ec(l)N+I 
jerrorl = IEN(x)l < < 0.0000005. 

- (N + 1)! 

ln Example 4.2 we saw that N = 8 was too small, so we try N = 9 and discover 
that IEN(x)! ::: e1(1)9+1j(9 + 1)! ::: 0.000000749. This value is slightly larger than 
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desired; hence we would be likely to choose N = 10. But we used ec :::; e1 as a crude 
estimate in finding the error bound. Hence 0.000000749 is a little larger than the actual 
error. Figure 4.6 shows a graph of E9(x) = e-"- P9(x). Notice that the maximum vertical 
range is about 3 x w-7 and occurs at the right end point (1. £ 9 (1)). Indeed, the maximum 
error on the interval is E9 ( 1) = 2. 71828 I 828- 2. 71828 I 526 ~ 3.024 X w-7 . Therefore, 
N = 9 is justified. • 

Methods for Evaluating a Polynomial 

There are several mathematically equivalent ways to evaluate a polynomial. Consider, 
for example the function 

(9) f(x) = (x -1)8. 

The evaluation off will require the use of an exponential function. Or the binomial 
formula can be used to expand f(x) in powers of x: 

(10) f(x) = t (!)x8-k(-l)k 
ko:O 

= x 8
- 8x7 + 28x 6

- 56x5 + 70x4
- 56x3 + 28x 2

- 8x + 1. 

Horner's method (see Section 1. i), which is also called nested multiplication, can 
now be used to evaluate the polynomial in (10). When applied to formula (10), nested 
multiplication permits us to write 

(11) f(x) = (((((((x- 8)x + 28)x- 56)x + 70)x- 56)x + 28)x- 8)x + 1. 

To evaluate f(x) now requires seven multiplications and eight additions or sub
tractions. The necessity of using an exponential function to evaluate the polynomial 
has now been eliminated. 

We end this section with the theorem that relates the Taylor series in Table 4.1 and 
the Taylor polynomials of Theorem 4.1. 

Theorem 4.2 (Taylor Series). Assume that f(x) is analytic and has continuous 
derivatives of all order N = 1, 2, ... , on an interval (a, b) containing xo. Suppose that 
the Taylor polynomials {2) tend to a limit 

(12) 
N f(k)(xo) 

S(x) = lim PN(X) = lim L (x -xo)k, 
N-'>oo N-'>oo k=O k! 

then f(x) has the Taylor series expansion 

(13) 
oo /(kl(x ) 

/(x) = t; k! 
0 

(x- xo)k. 
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Proof This follows directly from the definition of convergence of series in Sec
tion 1.1. The limit condition is often stated by saying that the error term must go 
to zero· as N goes to infinity. Therefore, a necessary and sufficient condition for (13) 
to hold is that 

(14) 
. . f(N+Il(c)(x- xo)N+l 

hm EN(x) = hm = 0, 
N ..... oo N-+oo (N + 1}! 

where c depends on N and x. 

Exercises for Taylor Series and Calculation of Functions 

1. Let j(x) = sin(x) and apply Theorem 4.1. 

{a) Use xo = 0 and find Ps(x), f7(x), and Pg(x). 

(b) Show that if lxl ::::: 1 then the approximation 

. x3 x5 x1 x9 
sm(x) ~ x - - + - - - + -

3! 5! 7! 9! 

hastheerrorbound IE9(x)l < 1/lO!:::: 2.75574 X w-7 . 

(c) Use xo = 1f I 4 and find Ps (x ), which involves powers of (x - 1f 14). 

2. Let f (x) = cos(x) and apply Theorem 4.1. 

(a) Use xo = 0 and find P4(x), P6(x), and Ps(x). 

(b) Show that if lxl ;:: 1 then the approximation 

x2 x4 x6 x8 
cos(x) ~ 1--+---+-

2! 4! 6! 8! 

has the error bound iEs(x)l < 1/9! :::: 2.75574 X w-6. 

(c) Use xo = 1f /4 and find P4(x), which involves powers of (x - 1f /4). 

• 

3. Does f(x) = x 112 have a Taylor series expansion aboutxo = 0? Justify your answer. 
Does the function f(x) = x 112 have a Taylor series expansion about xo = I? Justify 
your answer. 

4. (a) Find a Taylor polynomial of degree N = 5 for f(x) = 1/(1 + x) expanded 
aboutxo = 0. 

(b) Find the error term Es(x) for the polynomial in part (a). 

S. Find the Taylor polynomial of degree N = 3 for f(x) = e-x
2
12 expanded about 

xo =0. 

6. Find the Taylor polynomial of degree N = 3, P3(x), for f(x) = x 3 - 2x 2 + 2x 
expanded about xo = 1. Show that f (x) = P3 (x). 
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7. (a) Find the Taylor polynomial of degree N == 5 for j(x) = x 112 expanded about 

xo =4. 
(b) Find the Taylor polynomial of degree N = 5 for j(x) = x 112 expanded about 

xo == 9. 

(c) Determine which of the polynomials in parts (a) and (b) best approximates 

(6.5)1/2. 

8. Use j(x) == (2+x)112 andapplyTheorem4.1. 

(a) Find the Taylor polynomial P3(x) expanded about xo = 2. 

(b) Use P3 (x) to find an approximation to 3112. 

(c) Find the maximum value of IJ<4>(c)l on the interval! ~ c ~ 3 and find a bound 

for IE3(x)l. 

9. Determine the degree of the Taylor polynomial PN(X) expanded about xo = 0 that 

should be used to approximate e0·1 so that the error is less than I o-6. 

10. Determine the degree of the Taylor polynomial PN (x) expanded about xo = :rr that 

should be used to approximate cos(33:rr /32) so that the error is less than w-6 

11. (a) Find the Taylor polynomial of degree N = 4 for F(x) = f~ 1 cos(t2 ) dt ex

panded about xo = 0. 

(b) Use the Taylor polynomial to approximate F(O.I). 

(c) Find a bound on the error to the approximation in part (b). 

12. (a) Use the geometric series 

I 
--=I- x1 +x4 -x6 +xB 
1 +x2 

and integrate both sides term by term to obtain 

for lxl < 1, 

x 3 x 5 x7 

arctan(x) = x - 3 + S - 7 + · · · for lx I < 1. 

(b) Use rr/6 = arctan(r 112) and the series in part (a) to show that 

7! = 31
/
2 

X 2 ] - - + - - - + - - "" 
( 

3-t 3-2 r3 3-4 ) 

3 5 7 9 . 

(c) Use the series in part (b) to compute lf accurate to eight digits. 

Fact. lf ~ 3.141592653589793284 .... 

13. Use j(x) = ln(l +x) andxo = 0, and applyTheorem4.1. 

(a) Show that f(k)(x) = (-I )k-l ((k- 1)!)/(1 + xl. 

(b) Show that the Taylor polynomial of degree N is 

x2 x3 x4 (-l)N-lxN 
PN (x) = x - z + 3 - 4 + ... + N 

15. 

1.6. 
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(c) Show that the error term for PN (x) is 

(-I)NxN+I 

EN(x) = (N + l}(l + c)N+I. 

(d) Evaluate P:3(0.5), P6(0.5), and Pg(0.5). Compare with ln(L5). 
(e) Show that if 0.0 ~ x ~ 0.5 then the approximation 

x2 XJ x1 x8 9 
ln(x) ~ x - - + - - ... + - - - + ~ 

2 3 7 8 9 

has the error bound I £91 ~ 0.00009765 .... 

14. Binomial series. Let f(x) = (1 + x)P and x0 = 0. 

(a) Show that j<t>(x) == p(p- 1).-. (p- k + 1)(1 +x)P-k, 

(b) Show that the Taylor polynomial of degree N is 

PN(X) == 1 + px + p(p- 1)X
2 + ... + p(p- 1). · · {p- N + l)xN 

2! N! 

(c) Show that 

EN(x) = p(p- 1) ... (p- N)xN+I /((1 + c)N+l-p(N + 1)!). 
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(d) Set p = 1/2 and compute P2(0.5), P4(0.5), and P6(0.5). Compare with 
(1.5)1/2' 

(e) Show that if 0.0 := x ~ 0.5 then the approximation 

X 2 3 54 75 
(I+ x)l/2 ~I+--~+::__-~+....:._ 

2 8 16 128 256 

has the error bound !Esl ~ (0.5)6(21/1024) = 0.0003204 .... 

(t) Show that if p = N is a positive integer, then 

N(N- l)x 2 

PN(X)=l+Nx+ l! +···+NxN-l+xN. 

Notice that this is the familiar binomial expansion. 

Find c such that IE41 < w-6 whenever lx- x0 ) <c. 

(a) Let f(x) = cos(x) and x0 = 0. 

(b) Let /(x) = sin(x) andxo = 7t/2. 

(c) Let j(x) = e" and xo = 0. 

(a) Supp~se that y = j(x) is an even function (i.e., f(-x) = f(x) for allx in the 

domam of f). \Vhat can be said about PN(x)? 

(b) Sup~se that Y = f (x) is an odd function (i.e., f (-x) = - j (x) for all x in the 

domam of f). \Vhat can be said about PN (x)? 
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17. Let y = f(x) be a polynomial of degree N. If f(xo) > 0 and f'(xo), ... , t<Nl(xo) ;::: 
0, show that all the real roots of f are less than xo. Hint. Expand f in a Taylor 
polynomial of degree N about xo. 

18. Let f(x) =ex. Use Theorem 4.1 to find PN(X), for N = 1, 2, 3, ... , expanded 
about xo = 0. Show that every real root of PN (x) has multiplicity less than or equal 
to one. Note. If p is a root of multiplicity M of the polynomial P(x), then p is a root 
of multiplicity M - 1 of P' (x ). 

19. Finish the proof of Corollary 4.1 by writing down the expression for PjJ-l (x) and 
showing that 

PjJ-l (xo) = f(k) (xo) for k = 2, 3, ... , N. 

Exercises 20 and 21 form a proof of Taylor's theorem. 

20. Let g(t) and its derivatives g<kl(t), fork = 1, 2 .... , N + 1, be continuous on the 
interval (a, b), which contains xo. Suppose that there exist two distinct points x and 
x0 such that g(x) = 0, and g(xo) = g'(xo) = ... g<Nl(xo) = 0. Prove that there 
exists a value c that lies between xo and x such that g{N+l) (c) = 0. 

Remark. Note that g(t) is a function oft, and the values x and xo are to be treated 
as constants with respect to the variable t. 

Hint. Use Rolle's theorem (Theorem 1.5, Section 1.1) on the interval with end 
points x0 and x to find the number c 1 such that g'(CJ) = 0. Then use Rolle's theorem 
applied to the function g'(t) on the interval with end points xo and CJ to find the 
number c2 such that g"(c2) = 0. Inductively repeat the process until the number 
CN+I is found such that g<N+Il(cN+I) = 0. 

21. Use the result of Exercise 20 and the special function 

(t- xo)N+l 
g(t) = j(t)- PN(t)- EN(X)( jN+I • 

x -xo 

where PN(x) is the Taylor polynomial of degree N, to prove that the error term 
EN(x) = f(x)- PN(x) has the form 

(x xo)N+l 
E (x) = f(N+ll(c) - . 

N (N + 1)! 

Hint. Find g<N+ll(t) and evaluate it att ""c. 

Algorithms and Programs 

The matrix nature of MATLAB allows us to quickly evaluate functions at a large nurn· 
berofvalues. IfX~[-1 0 l],thensin(X) willproduce [sin(-1) sin(O) sin(l}]. 
Similarly. if x~-1:0.1: 1, then Y~sin(X) will produce a matrix Y of the samedimensioo 
as X with the appropriate values of sine. These two row matrices can be displayed in the 
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form of a table by defining the matrix D ~ [X' Y'] (Note. The matrices X and Y must be 
of the same length.) 

I. (a) Use the plot conunand to plot sin(x}, Ps(x), f7(x), and P9(x) from Exercise 
l on the same graph using the interval -I _::::: x _::::: 1. 

(b) Create a table with columns that consist of sin(x), Ps(x), P7 (x), and P9(x) 
evaluated at 10 equally spaced values of x from the interval [-I, I]. 

2. (a) Use the plot conunand to plot cos(x), P4 (x), P6(x), and Ps(x) from Exercise 
2 on the same graph using the interval -1 _::::: x _::::: l. 

(b) Create a table with columns that consist of cos(x), P4(x), P6(X), and Ps(x) 
evaluated at 19 equally spaced values of x from the interval [ -1, 1]. 

4.'!. Introduction to Interpolation 

In Section 4.1 we saw how a Taylor polynomial can be used to approximate the func
tion f(x). The information needed to construct the Taylor polynomial is the value 
off and its derivatives at xo. A shortcoming is that the higher-order derivatives must 
be known, and often they are either not available or they are hard to compute. 

Suppose that the function y = j(x) is known at theN+ 1 points (x0 , y0), ... , 

VcN, y N ), where the values Xk are spread out over the interval [a, b] and satisfy 

a _::::: xo < x1 < · · · < XN -:;:: b and Yk = j(xk). 

A polynomial P(x) of degree N will be constructed that passes through these N + 1 
points. In the construction, only the numerical values Xk and Yk are needed. Hence 
the higher-order derivatives are not necessary. The polynomial P(x) can be used to 
approximate f(x) over the entire interval [a, b]. However, if the error function E(x) = 
/(x.) - P(x) is required, then we will need to know J<N+I)(x) and a bound for its 
111agnitude, that is 

M = max{I/(N+O(x)l :a_::::: x _::::: b}. 

Situations in statistical and scientific analysis arise where the function y = f(x) 

is available only at N + I tabulated points (xk, Yk), and a method is needed to approx
imate f (x) at nontabulated abscissas. If there is a significant amount of error in the 
tabulated values, then the methods of curve fitting in Chapter 5 should be considered. 
On the other hand, if the points (xk, yk) are known to a high degree of accuracy, then 
1he polynomial curve y = P(x) that passes through them can be considered. When 
xo < x < XN, the approximation P(x) is called an interpolated value. If either 
x < xo or x N < x, then P (x) is called an extrapolaJed value. Polynomials are used to 
design software algorithms to approximate functions, for numerical differentiation, for 
numerical :ntegration, and for making computer-drawn curves that must pass througt: 
&pecified points. 



200 CHAP. 4 INTERPOLATION AND POLYNOMIAL APPROXIMATION 

y 

2.0 (5.5, P(5.5)) 

0.5 

y 

0.5 

The tangent line 
has slope P'(4). 

0.0 X 0.0 X 

2 3 4 5 6 2 3 4 5 6 

Figure 4.7 (a) The approximating 
polynomial P(x) can be used for inter
polation at the point (4. P(4)) and ex
trapolation at the point (5.5, ?(5.5)). 

Figure 4.7 (b) The approximating 
polynomial P (x) is differentiated and 
P 1 (x) is used to find the slope at the in
terpolation point (4, P(4)). 

Let us briefly mention how to evaluate the polynomial P(x): 

(1) 

Homer's method of synthetic division is an efficient way to evaluate P(x). The deriva
tive P' (x) is 

(2) P'(x) = NaNxN-i + (N -I)aN-JXN-Z + · · · + 2a2x +at 

and the indefinite integral/(x) = f P(x) dx, which satisfies l'(x) = P(x), is 

(3) 
aNXN+I aN-IXN a2x3 a1x2 

l(x)= N+l + N +···+-3-+-2-+aox+C. 

where C is the constant of integration. Algorithm 4.1 (end of Section 4.2) shows hov. 
to adapt Homer's method to P' (x) and I (x). 

Example 4.4. The polynomial P(x) = -0.02x3 + 0.2x2 - 0.4x + 1.28 passes through 
the four points (I, 1.06), (2, 1.12), (3, 1.34), and (5, 1.78). Find (a) P(4), (b) P'(4). 

(c) J1
4 P(x)dx, and (d) P(5.5). Finally, (e) show how to find the coefficients of P(x). 

(a) 

Use Algorithm 4.1(i)-(iii) (this is equivalent to the process in Table 1.2) with x = 4. 

b3 = a3 = -0.02 

b2 = a2 + b3x = 0.2 + ( -0.02)(4) = 0.12 

bt =at + b2x = -0.4 + (0.12)(4) = 0.08 

bo = ao + btx = 1.28 + (0.08)(4) = 1.60. 
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y 

2.0 

1.5 

1.0 

0.5 
Figure 4.8 The appro,:o;:imating 
polynomial P (x) is integrated and 

x its antiderivative is used to find the 
2 3 4 5 6 area under the curve for l :s x :S 4. 

The interpolated value is P( 4) = 1.60 (see Figure 4. 7(a)). 

(b) d2 = 3a3 = -0.06 
d1 = 2az + dzx = 0.4+ (-0.06)(4) = 0.16 

da = a1 +d1x = -0.4+ (0.16)(4) = 0.24. 

The numerical derivative is P 1(4) = 0.24 (see Figure 4.7(b)). 

(c) 
. a3 
14 = - = -0.005 

4 

13 = ~ + i4X = 0.06666667 + ( -0.005)(4) = 0.04666667 

iz = ~ + i3X = -0.2 + (0.04666667)(4) = -0.01333333 

i 1 = G(} + i2x = 1.28 + (-0.01333333)(4) = 1.22666667 

io = 0 + ip: = 0 + (1.22666667)(4) = 4.90666667. 

Hence 1(4) = 4.90666667. Similarly, l(l) = 1.14166667. Therefore, (,
4 

P(x)dx 
1(4)- 1(1) = 3.765 (see Figure 4.8). 
(d) Use Algorithm 4.l(i) with x = 5.5. 

b3 = a3 = -0.02 

h2 = a2 + b3x == 0.2 + ( -0.02)(5.5) = 0.09 
b1 = a1 + b2x == -0.4 + (QJ)9)(5.5) = 0.095 

bo :::: ao + btx == 1.28 + (0.095)(5.5) = 1.8025. 

The extrapolated value is P(5.5) = 1.8025 (see Figure 4.7(a)). 
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Table 4.4 Values of the Taylor Polynomial T (x) of Degree 5, and the 
Function ln(t + x) and the Error In( I+ x)- T(x) on [0, I] 

Taylor polynomial, Function, Enor, 
X T(x) In(!+ x) ln(l +x)- T(x) 

0.0 0.00000000 0.00000000 0.00000000 
0.2 0.18233067 0.18232156 -0.()()()()()911 
0.4 0.33698133 0.33647224 -0.00050909 
0.6 0.47515200 0.47000363 -0.00514837 
0.8 0.61380267 0.58778666 -0.02601601 
1.0 0.78333333 0.69314718 -0.09018615 

(e) The methods of Chapter 3 can be used to find the coefficients. Assume that P(x) "' 
A + Bx + Cx2 + Dx3

; then at each value x = ], 2, 3, and 5 we get a linear equatior1 
involving A, B, C, and D. 

(4) 

Atx=l:A+iB+ IC+ 1D=1.06 

At X = 2 : A + 28 + 4C + SD = 1.12 

At x = 3: A+ 38 + 9C + 27 D = 1.34 

At x = 5 : A+ 58+ 25C + 125D = 1.78 

The solution to (4) is A= 1.28, B = -0.4, C = 0.2, and D = -0.2. IF 

This method for finding the coefficients is mathematically sound, but sometime' 
the matrix is difficult to solve accurately. In this chapter we design algorithms specifi 
cally for polynomials. 

Let us return to the topic of using a polynomial to calculate approximations to a 
known function. In Section 4.1 we saw that the fifth-degree Taylor polynomial for 
f(x) = ln(l + x) is 

(5) 
xl x3 x4 x5 

T(x) =x--+--- + -. 
2 3 4 5 

If T(x) is used to approximate ln(l + x) on the interval [0, 1], then the error is 0 at 
x = 0 and is largest when x = 1 (see Table 4.4 ). Indeed, the error between T (I) and 
the correct value ln(l) is 13%. We seek a polynomial of degree 5 that will approximate 
ln(l + x) better over the interval [0, 1]. The polynomial P(x) in Example 4.5 is an 
interpolating polynomial and will approximate ln(1 + x) with an error no bigger than 
0.00002385 over the interval [0, 1]. 

Example 4.5. Consider the function f (x) = In( 1 + x) and the polynomial 

P(x) = 0.02957206x 5 - 0.12895295x4 + 0.28249626x 3 

- 0.48907554x 2 + 0.99910735x 
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Table 4.5 Values of the Approximating Polynomial P(x) of Example 4.5 and the Function 
f(x;) = ln{l + x) and the Error E(x) on [ -0.1, l.l] 

Approximating polynomial, 
X P(x) 

-0.1 -0.10509718 
0.0 0.00000000 
0.1 0.09528988 
0.2 0.18232156 
0.3 0.26237015 
0.4 0.33647224 
0.5 0.40546139 
0.6 0.47000363 
0.7 0.53063292 
0.8 0.58778666 
0.9 0.64184118 
1.0 0.69314718 
1.1 0.74206529 

y 

0.6 y=1n(l +x) 

0.4 

0.2 

0.0 0.2 0.4 0.6 0.8 

Function, Enor, 
f(x) =ln(l +x) E(x) = f(x) - P(x) 

-0.10536052 -0.00026334 
0.00000000 0.00000000 
0.09531018 0.00002030 
0.18232156 0.00000000 
0.26236426 -0.00000589 
0.33647224 0.00000000 
0.40546511 0.00000372 
0.47000363 0.00000000 
0.53062825 -0.00000467 
0.58778666 0.00000000 
0.64185389 O.OOXJ1271 
0.69314718 0.00000000 
0.74193734 -0.00012795 

1.0 

F1gure 4.9 The graph of y = 
x P(x), which "lies on top" of the 

graph y = ln(l + x). 

based on the six nodes Xk = k/5 fork = 0, 1, 2, 3, 4, and 5. The following are empirical 
descriptions of the approximation P(x);:;,; In(!+ x). 

1. P(x~c) = j(x~c) at each node (see Table 4.5). 

2. The maximum error on the interval [-0.1, l.l] occurs at x = -0.1 and lerrorl :::::0 

0.00026334 for -0.1 :::::: x :::::0 1.l (see Figure 4.10). Hence the graph of y = P(x) 
would appear identical to that of y = ln (I + x) (see Figure 4.9). 

3. The maximum error on the interval [0, l] occurs at x = 0.06472456 and lerrorl :::::0, 

0.00002385 for 0 :::::: x ::::::. 1 (see Figure 4. 10). 
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y 

-o.00002 

-o.00004 

Fip.re 4.10 The graph of the enor y = E (x) = 
ln(l +x)- P(x). 

Remark. At a node Xt we have f(x~c) = P(xk). Hence E(xk) = 0 at a node. The graph l 
E(x) = f(x)- P(x) looks like a vibrating string, with the nodes being the abscissa wher 
there is no displacement. • 

Algorithm 4.1 (Polynomial Calculus). To evaluate the polynomial P(x), its 
derivative P'(x), and its integral J P(x) dx by performing synthetic division. 

INPUT N 
INPUT A(O), A(l), ... , A(N) 
INPUTC 
INPUT X 

{Degree of P(x)j 
{Coefficients of P(x)} 
{Constant of integration} 
(Independent variable} 

(i) Algoritlun to Evaluate P (x) 
B(N) := A(N) 
FORK= N -1 DOWNTOODO 

B(K) := A(K) + B(K + 1) *X 
PRINT 'the value P(x} is". 8(0) 

{ii) Algorithm to Evaluate P'(x) 
D(N-1) :=N•A(N) 
FOR K = N - 1 DOWNTO I DO 

D(K- I) := K * A(K) + D(K) *X 
PRINT "The value P'(x) is", D(O) 

(iii) Algorithm to Evaluale /(x) 
l(N +I):= A(N)j(N + 1) 
FOR K = N DOWNTO 1 DO 

/(K) := A(K- l)/K + l(K + l) *X 
/(0) :=C+/(I)•X 
PRINT "The value I (x) is",/(0) 

Space-saving version: 
Poly:= A(N) 
FORK= N -1 DOWNTOODO 

Poly:= A(K) +Poly* X 
PRINT ''The value P(x) isH, Poly 

Space-saving version: 
Deriv := N * A(N) 
FORK= N -! DOWNTOI DO 

Deriv := K * A{K) + Deriv *X 
PRINT "The value P 1(x) is", Deriv 

Space-saving version: 
Integ :== A(N)j(N +I) 
FOR K = N DOWNTO I DO 

Integ:= A(K- 1)/K +Integ • X 
Integ := C +Integ • X 
PRINT 'The value /(x) is", Integ 
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Exercises for Introduction to Interpolation 

I. Consider P(x) = -0.02x3 + O.lx 2 - 0.2x + 1.66, which passes through the four 
points (1, 1.54), (2, 1.5), (3, 1.42), and (5, 0.66). 

(a) Find P(4). 
(b) Find P'(4). 
(c) Find the definite integral of P(x) taken over [1, 4}. 
(d) Find the extrapolated value P(S.S). 
(e) Show how to find the coefficients of P(x). 

2. Consider P(x) = -0.04x3 + 0.14x 2 - 0.16x + 2.08, which passes through the four 
points (0, 2.08), (1, 2.02), (2, 2.00), and (4, 1.12). 
(a) Find P(3). 

(b) Find P'(3). 
(c) Find the definite integral of P(x) taken over [0. 3]. 

(d) Find the extrapolated value P(4.5). 
(e) Show how to find the coefficients of P(x). 

3. Consider P(x) = -0.0292166667x3 + 0.275x2 -0.570833333x- 1.375, which 
passes through the four points {1, 1.05), (2, 1.10), (3, 1.35), and (5, 1.75). 
(a) Show that the ordinates L05, 1.10, 1.35, and 1.75 differ from those of Exam

ple 4.4 by less than 1.8%, yet the coefficients of x3 and x differ by more than 
42%. 

(b) Find P{4) and compare with Example4.4. 
(c) Find P'(4) and compare with Example 4.4. 
(d) Find the definite integral of P(x) taken over [1, 4] and compare with Exam-

ple 4.4. 
(e) Find the extrapolated value P (5 .5) and compare with Example 4.4. 
Remark. Part (a) shows that the computation of the coefficients of an interpolating 
polynomial is an ill-conditioned problem. 

Algorithms and Programs 

1. Write a program in MA1LAB that will implement Algorithm 4.1. The program 
should accept the coefficients of the polynomial P(x) = aNxN +aN-IXN-l + ·. · + 
a2x2 + a1x + ao as an 1 x N matrix: P =(aN aN-1 · · · «2 a1 ao). 

2. For each of the given functions, the fifth-degree polynomial P(x) passes through 
the six points (0, /(0)), (0.2, /(0.2)), (0.4, /(0.4)), (0.6, [(0.6)), (0.8, /(0.8)), 
(l, j(l)). The six coefficients of P(x) areao. a1, ... ,as. where 

P(x) = asx5 + U4X4 + a3x3 + a2x
2 + a,x + ao. 



(i) Find the coefficients of P(x) by solving the 6 x 6 system of linear equations 

ao + atx + azx
2 + a3x3 + a4x4 + a5x 5 = f(xj) 

using x j = (j - 1)/5 and j = 1, 2, 3, 4, 5, 6 for the six unknowns {ads_ . 

(ii) Use your MATLAB program from Problem 1 to compute the interpola~;~ va 

ues P(?.3), P(0.4), and P(0.5) and compare with /(0.3), /(0.4), and /(0.5 
respecttvely. 

(iii) Use your MATLAB program to compute the extrapolated values P(-0.1) an' 

P(l.I) and compare with f( -0.1) and j(l.l), respectively. 

(iv) Use your MA~LAB program to find the integral of P(x) taken over [0, 1.1 

and compare Wtth the integral of f(x) taken over [0, 1]. Plot j(x) and P(x, 
over [0, I] on the same graph. 

(v) Make a table of values for P(xk), f(xk), and E(xk) = f(xk)- P(xk), where· 
Xk = kjlOOfork = 0, 1, ... , 100. 

(a) f(x) = e"' 

(b) f(x) = sin(x) 

(c) j(x) = (x + l)(x+IJ 

3. A portion of an amusement park ride is to be modeled using three polynomials. Thi.' 
first section is to be a first-degree polynomial, P1 (x), that covers a horizontal dis 

tance of 100 feet, starts at a height of 110 feet, and ends at a height of 60 feet. The 

third section is to also be a first-degree polynomial, Q1(x), that covers a horizontal 

distance of 50 feet, starts at a height of 65 feet, and ends at a height of 70 feet. Tht 

middle section is to be a polynomial, P(x) (of smallest possible degree), that cover~ 
a horizontal distance of 150 feet. 

(a) Find expressions for P(x), Pt (x), and QJ (x) such that P(IOO) = p
1 
(100). 

P' (I 00) = P{ (1 00), P (250) = Q 1 (250), and P' (250) = Q'
1 
(250) and the 

curvature of P(x) equals the curvature of P1(x) at x = 100 and equals the 
curvature of Q 1 (x) at x = 250. 

(b) Plot the graphs of Pt (x), P(x), and Q1 (x) on the same coordinate system. 

(c) Use Algorithm 4.1 (iii) to find the average height of the ride over the given hori
zontal distance. 

3 Lagrange Approximation 

Interpolation means_ to estimate a missing function value by taking a weighted aver

age of known funcuon values at neighboring points. Linear interpolation uses a line 

segment that passes through two points. The slope between (xo, Yo) and (x 1, y 1) is 

m = CYt - Yo)/(xJ - xo), and the point-slope fonnula for the line y = m(x- xo) +Yo 
can be rearranged as 

( 1) x -xo 
Y = P(x) =Yo+ CY1 -Yo)--. 

x1 -x0 

When formula (1) is expanded, the result is a polynomial of degree.::; I. Evaluation of 

P(x) at xo and XL produces Yo and Yl· respectively: 

(2) 
P(xo) =Yo+ (YI - Yo)(O) = Yo. 

P(xi) =YO+ (YI- Yo)(l) = Yl· 

1be French mathematician Joseph Louis Lagrange used a slightly different method to 

find this polynomial. He noticed that it could be written as 

(3) 
x -x1 x -xo 

y = Pt(x) =yo--+ y~---. 
XO -XI X[ -xo 

Each tenn on the right side of (3) involves a linear factor; hence the sum is a polynomial 

of degree .::; 1. The quotients in (3) are denoted by 

(4) 
X -X[ 

L 1,0 (x) = -
xo -XI 

and 
X -Xo 

Lt,J (x) = --. 
XJ -x0 

Computation reveals that LI.o(xo) = 1, LJ,o(xJ) = 0, Lu (xo) = 0, and L 1.1 (x1) = 1 

so that the polynomial Pt (x) in (3) also passes through the two given points: 

(5) Pt (xo) = Yo+ Yt (0) = Yo and P1 (XJ) = Yo(O) + Yl = YJ· 

The terms Lt,o(x) and LJ,J(x) in (4) are called Lagrange coefficient polynomials 

based on the nodes xo and Xt. Using this notation, (3) can be written in summation 

form 

(6) 
I 

PJ(X) = LYkLJ,k(X). 
k=O 

Suppose that the ordinates Yk are computed with the formula Yk = f(xk). If P1 (x) is 

used to approximate f (x) over the interval [ xo, XJ], we call the process interpolation. 

If x < x0 (or XJ < x), then using P1 (x) is called extrapolation. The next example 

illustrates these concepts. 

Example 4.6. Consider the graph y = f(x) = cos(x) over [0.0, 1.2]. 

(a) Use the nodes xo = 0.0 and x1 = 1.2 to construct a linear interpolation polyno

mial P1(x). 

(b) Use the nodes x0 = 0.2 and XJ = 1.0 to construct a linear approximating polyno

mial Qt(X). 
Using (3) with the abscissas xo = 0.0 and x1 = 1.2 and the ordinates yo = cos(O.O) = 

1.000000 and Yl = cos( 1.2) = 0.362358 produces 

X- 1.2 X- 0.0 
P1 (x) = 1.000000 O.O _ 1.2 + 0.362358 I.2 _ O.O 

= -0.833333(x- 1.2) + 0.301965(x- 0.0). 
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.0 0.2 0.4 0.6 0.8 I.O 1.2 

(a) (b) 

Figure 4.11 (a) The linear approximation of y = P1 (x) where the nodes X() = 0.0 
and XJ = 1.2 are the end points of the interval [a, b]. (b) The linear approximation of 
y = Q1 (x) where the nodes xo = 0.2 and X! = 1.0 lie inside the interval [a, b], 

\Vhen the nodes xo = 0.2 and XJ = 1.0 with yo = cos(0.2) = 0.980067 and v1 
cos( 1.0) = 0.540302 are used, the result is 

X- 1.0 x- 0.2 
Q 1 (.x) = 0.980067 

0 2 
+ 0.540302 

0 . -1.0 1.0- .2 
= -1.225083(x- 1.0) + 0.675378(x- 0.2). 

Figure 4.ll(a) and (b) show the graph of y = cos(x) and compares it withy= P1 (x) ami 
y = Q1 (x), respectively. Numerical computations are given in Table 4.6 and reveal thal 
QJ (x) has less error at the points Xk that satisfy 0.1 ,::: xk :c:: 1.1. The largest tabulated 
error, /(0.6)- P1 (0.6) = 0.144157, is reduced to /(0.6)- Q1 (0.6) = 0.065151 by using 
QJ(X). • 

The generalization of {6) is the construction of a polynomial PN(x) of degree at 
most N that passes through theN+ I points (xo. Yo), (x1, Yt), ... , (xN. YN) and has 
the form 

N 
(7) PN(X) = LYkLN,k(X), 

k=O 

where LN,k is the Lagrange coefficient polynomial based on these nodes: 

(8) 

It is understood that the terms (x- Xk) and (xk- X'k) do not appear on the right side of 
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Table 4.6 Comparison of j(x) = cos(x) and the Linear Approximations P1 (x) and QJ (x) 

x;.. j(Xk) = COS(Xk) Pt (xk) f(xk)- Pt (xk) QJ(Xk} f(xk)- QJ (xk) 

0.0 1.000000 1.000000 0.000000 1.090008 -G .09()()()8 
0.1 0.995004 0.946863 0.048141 1.035037 -0.040033 
0.2 0.980067 0.893726 0.086340 0.980067 0.000000 
0.3 0.955336 0.840589 0.114747 0.925096 0.030240 
0.4 0.921061 0.787453 0.133608 0.870126 0.050935 
0.5 0.877583 0.734316 0.143267 0.815155 0.062428 
0.6 0.825336 0.681179 0.144157 0.760184 0.065151 
0.7 0.764842 0.628042 0.136800 0.705214 0.059628 
0.8 0.696707 0.574905 0.121802 0.650243 0.046463 
0.9 0.621610 0.521768 0.099842 0.595273 0.026337 
1.0 0.540302 ().468631 (l.Ol\611 1.),540302 ().~ 

1.1 0.453596 0.415495 0.038102 0.485332 -0.031736 
1.2 0.362358 0.362358 0.000000 0.430361 -0.068003 

equation (8). It is appropriate to introduce the product notation for (8), and we write 

(9) 
n7=o(X- Xj) 

jj.k 
LN_k(x) = N . 

nj=O(Xk - Xj) 
j# 

Here the notation in (9) indicates that in the numerator the product of the linear 
factors (.x - x j) is to be formed, but the factor (x - xk) is to be left out (or skipped). 
A similar construction occurs in the denominator. 

A straightforward calculation shows that, for each fixed k, the Lagrange coefficient 
polynomial LN,k(x) has the property 

(10) LN,k(Xj) = 1 when j = k and LN,k(Xj) = 0 when j ':f:; k. 

Then direct substitution of these values into (7) is used to show that the polynomial 
curve y == PN (x) goes through (x j, y j): 

(11) PN(Xj) = yoLN,O(Xj) + · · · + YjLN.j(Xj) + · · · + YNLN,N(Xj) 

= yo(O) + · · · + Yj(i) + · · · + YN(O) = Yi-

To show that PN(x) is unique, we invoke the fundamental theorem of algebra, 
which states that a polynomial T(x) of degree ,::: N has at most N roots. In other 
words, if T(x) is zero at N + 1 distinct abscissas, it is identically zero. Suppose that 
PN(x) is not unique and that there exists another polynomial QN(x) of degree.:=: N 
that also passes through the N + 1 points. Form the difference polynomial T(x) = 
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Figure 4.12 (a) The quadratic approximation polynomial y = l',(x) based on the 

nodes xo = 0.0, x1 = 0.6, and xz = 1.2. (b) The cubic approximation polynomial 
y = P3(x) based on the nodes xo = 0.0, X! = 0.4, xz = 0.8, and XJ = 1.2. 

PN (x) - Q N (x). Observe that the polynomial T (x) has degree ~ N and that T (x j) = 

PN(Xj)- QN(Xj) = Yj- Yj = 0, for j = 0,1, ... , N. Therefore, T(x) = Oand Jt 

follows that QN(x) = PN(x). 

When (7) is expanded, the result is similar to (3). The Lagrange quadratic interpo
lating polynomial through the three points (xo. Yo), (XJ, Yl ), and (x2, }'2) is 

The Lagrange cubic interpolating polynomial through the four points (xo, yo), (x1, YLI. 

(x2. y2), and (x3. Y3) is 

(lJ) PJ(X) =YO (x- Xt)(x- xz)(x- x3) + Yl (x- xo)(x- xz)(x- x3) 
(xo- xt)(xo- xz)(xo- XJ) (xt - xo)(xt - xz)(xt - x3) 

(x - xo)(x - xr )(x- XJ) (x - xo)(x- x!)(x - xz) 
+Y2 +YJ . 

(X2 - XQ)(X2 - xJ)(X2 - X3) (XJ - Xo)(X3 -X[ )(X3 - X2) 

Example 4.7. Consider y = f(x) = cos(x) over [0.0, 1.2]. 

(a) Use the three nodes xo = 0.0, Xt = 0.6, and xz = 1.2 to construct a quadrati 
interpolation polynomial Pz (x). 

(b) Use the four nodes xo = 0.0, xr = 0.4, x2 = 0.8, and x3 = 1.2 to construct a cubi 
interpolation polynomial P3 (x). 

Using xo = 0.0, XJ = 0.6, x2 = 1.2 and YO = cos(O.O) = 1, Yl = cos(0.6) = 0.82533t 
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and Y2 = cos(l.2) = 0.362358 in equation (12) produces 

P2(x) = 1.0 (x - 0.6)(x- 1.2) + 0.825336 (x - O.O)(x- 1.2) 
(0.0- 0.6)(0.0- 1.2) (0.6- 0.0)(0.6- 1.2) 

+ 0.362358 (x - O.O)(x - 0·6) 
(1.2- 0.0)(1.2- 0.6) 

= 1.388889(x- 0.6)(x- 1.2)- 2.292599(x- O.O)(x- 1.2) 

+ 0.503275(x- O.O)(x- 0.6). 

211 

Using xo = 0.0, X! = 0.4, x2 = 0.8, XJ = 1.2 and Yo = cos(O.O) = 1.0, Yl = cos(0.4) = 

0.921061, Y2 = cos(0.8) = 0.696707, and Y3 = cos(l.2) = 0.362358 in equation (13) 

produces 

PJ(X) = I.OOOOOO (x- 0.4)(x- 0.8)(x- 1.2) 
(0.0- 0.4)(0.0- 0.8)(0.0- 1.2) 

+ 0.
921061 

(x- O.O)(x- 0.8)(x- 1.2) 
(0.4- 0.0)(0.4- 0.8)(0.4- 1.2) 

+ 0.
696707 

(x - O.O)(x - 0.4)(x- 1.2) 
(0.8- 0.0)(0.8 - 0.4)(0.8- 1.2) 

+ 
0

.
362358 

(x - O.O)(x - 0.4)(x - 0.8) 
(1.2- 0.0)(1.2- 0.4)(1.2- 0.8) 

= -2.604167(x- 0.4)(x- 0.8)(x- 1.2) 

+ 7 .195789(x- O.O)(x - 0.8)(x - 1.2) 

- 5.44302l(x- O.O)(x- 0.4)(x- 1.2) 

+ 0.94364l(x- O.O)(x- 0.4)(x- 0.8). 

The graphs of y = cos(x) and the polynomials y = Pz(x) andy = P3(x) are shown in 
Figure 4.12(a) and (b), respectively. • 

Error Terms and Error Bounds 

It is important to understand the nature of the error term when the Lagrange polynomial 
is used to approximate a continuous function f(x). It is similar to the error tenn for 
the Taylor polynomial, except that the factor (x- xo)N+l is replaced with the product 
(x - x0)(x - x 1) · · · (x - x N). This is expected because interpolation is exact at each 
of theN+ 1 nodes Xk, where we have EN(xk) = f(xk)- PN(Xk) = Yk- Yk = 0 for 
k = 0, l, 2, ... , N. 

Theorem 4.3 (Lagrange Polynomial Approximation). Assume that f E eN+ I [a. b J 
and that xo, x1, ... , XN e [a, b] are N + 1 nodes. If x e [a, b], then 

(14) 



212 CHAP. 4 INTERPOLATION AND POLYNOMIAL APPROXIMATION 

where PN (x) is a polynomial that can be used to approximate f (x): 

(15) 
N 

f(x):::::: PN(x) = L f(xk)LN,k(x). 
k==O 

The error term EN (x) has the form 

(16) 
(x- xo)(x- XJ) ···(X- XN)f(N+O(c) 

EN(x) = (N + 1)! , 

for some value c = c(x) that lies in the interval [a, b]. 

Proof As an example of the general method. we establish (16) when N = I. The 
general case is discussed in the exercises. Start by defining the special function g(t) as 
follows 

(17) 
(t- .to}(t - xt) 

g(t)=f(t)-Pt(t)-Et(x)( )( )" X -Xo X -X[ 

Notice that x, x0 and x 1 are constants with respect to the variable t and that g(t) eval
uates to be zero at these three values; that is, 

(x- xo)(x- XJ) 
g(x) = f(x)- P1(x)- E1(x) = f(x)- P1(x)- E1(x) = 0. 

(x- xo)(x- XJ) 
(xo- xo)(xo- xt) 

g(xo) = f(xo)- Pt (xo)- Et (x) ( )( ) = f (xo) - P1 (xo) = 0, 
X -Xo X -Xl 

(xt - xo)(xt -xi) 
g(xl) = j(xt)- Pt (xt)- Et (x) = f (XJ)- Pt (xJ) = 0. 

(x - xo)(x - xJ) 

Suppose that x lies in the open interval (xo. xi). Applying Rolle's theorem to g(t) 
on the interval [xo, x] produces a value do, with xo <do < x, such that 

(18) g'(do) = 0. 

A second application of Rolle's theorem to g(t) on [x, xt] will produce a value d1, 
with x < d1 < x1, such that 

(19) g'(dJ) = 0. 

Equations (18) and (19) show that the function g'(t) is zero at t =do and t = dt. 
A third use of Rolle's theorem, but this time applied to g'(t) over [do, dJ], produces a 
value c for which 

(20) 
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Now go back to (17) and compute the derivatives g'(t) and g"(t): 

(21) g'(t) = f'(t)- P{(t)- El(x) (t- xo) + (t -XJ), 
(x - xo)(x - xt) 

(22) g"(t)=f"(t)-0-EI(x) 
2 

(x - xo)(x - xt) 

In (22) we have used the fact the Pt (t) is a polynomial of degree N = 1; hence i r-; 
second derivative is P;'(t) = 0. Evaluation of (22) at the point t = c and using (20l 
yields 

(23) II 2 
0=/ (c)-Et(x)----

(x - xo){x - XI) 

Solving (23) for E 1 (x) results in the desired form ( 16) for the remainder: 

(24) 
(x -xo)(x -xj)J<2l(c) 

EJ(X) = 2! ' 

and the proof is complete. • 
The next result addresses the special case when the nodes for the Lagrange poly

nomial are equally spaced Xk = xo + hk, fork = 0, 1, ... , N, and the polynomial 
PN(X) is used only for interpolation inside the interval [x0 , XN }. 

Theorem 4.4 (Error Bounds for Lagrange Interpolation, Equally Spaced Nodes). 
Assume that f(x) is defined on [a, b], which contains equally spaced nodes xk = 
xo + hk. Additionally, assume that f(x) and the derivatives of f(x), up to the order 
N + 1, are continuous and bounded on the special subintervals [x0 , xi], [x0 , x2 ], and 
[xo, x3], respectively; that is, 

(25) 1/(N+l)(x)i ::5 MN+I for XO ::5 X ::5 XN, 

for N = 1, 2, 3. The error terms ( 16) corresponding to the cases N = 1, 2, and 3 have 
the following useful bounds on their magnitude: 

(26) 
h 2Mz 

IEt(x)l ::5-
8

- valid for x e [xo, x!], 

(27) 
h3M3 

valid for x E [xo, xz], IEz(x)l ::5 v'3 
9 3 

(28) 
h4 M4 

IE3(x)l ::5 ~ valid for x E [xo, x3]. 

Proof We establish (26) and leave the others for the reader. Using the change of 
variables x - xo = t and x - x 1 = t - h, the error term E 1 (x) can be written as 

(29) 
(t2 - ht)J(2l(c) 

Et(x) = Et(xo + t) = 
2

! for 0::5 t ::5 h. 
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The bound for the derivative for this case is 

(30) 

Now determine a bound for the expression (t2 - ht) in the numerator of (29); cr:.: 
this term 1l(t) = r2 - ht. Since ¢'(t) = 2t- h, there is one critical point t == h; ~ 
that is the solution to 4>1(t) ""' 0. The extreme values of <Jl(t) over [0, h] occur eitht; 
at an end point 4!(0) = 0, <Jl(h) = 0 or at the critical point Cll(h/2) = -h2 j4. Sine, 

the latter value is the largest, we have established the bound 

(3l) 

Using (30) and (31) to estimate the magnitude of the product in the numerator · 1' ''' 

results in 

(32) 

and fonnula (26) is established. 

Comparison of Accuracy and O(hN+1) 

The significance of Theorem 4.4 is to understand a simple relationship between tht 
size of the error terms for linear, quadratic, and cubic interpolation. In each case th1 
error bound /EN(x)l depends on h in two ways. First, hN+l is explicitly present sc• 
that /EN(x)\ is proportional to hN+l. Second, the values MN+l generally depend or• 
hand tend to 1/(N+ll(xo)l ash goes to zero. Therefore, ash goes to zero, IEN(x) 

converges to zero with the same rapidity that hN+l converges to zero. The notation 
O(hN+l) is used when discussing this behavior. For example, the error bound (26> 
can be expressed as 

/£1 (x)/ = O(h2) valid for x E [xo. xJ]. 

The notation 0(h 2) stands in place of h2 M2 j8 in relation (26) and is meant to convey 
the idea that the bound for the error term is approximately a multiple of h2; that is, 

As a consequence, if the derivatives of f (x) are uniformly bounded on the in
tervallhl < l, then choosing N large will make h"'+1 small, and the higher-degree 
approximating polynomial will have less error. 
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0.0008 
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Figure 4.13 (a) The error function £2(x) = cos(x) - P2(x). (b) The error function 
E3(x} = cos(x)- f'3(x). 

215 

Example 4.8. Consider y = f (x) = cos(x) over [0.0, 1.2]. Use formulas (26) througb 
(28) and determine the error bounds for the Lagrange polynomials P1 (x), ~(x), and p3(x) 
that were constructed in Examples 4.6 and 4. 7. 

First, determine the bounds M2, M3, and M4 for the derivatives \J(2}(x)\, ]JI3)(x)). 
and (f14\x)(, respectively, taken over the interval [0.0, 1.2]: 

lf(2)(.:r)l = \- cos(.:r)l:;: \-cos(O.O)I = 1.000000 = Mz, 

lf(3l(x)/ === I sin(x)J 5 I sin(1.2)/ = 0.932039 = M3, 

1/4l(x)l = 1 cos(x) I :=: I cos(O.O) I = 1.000000 = M4. 

For Pt (x) the spacing of the nodes is h == I. 2, and its error bound is 

(33) \Et(x)\5 h
271 5 (l.2)2 (l~OOOOOO) = 0.180000. 

For 1'2(x) the spacing of the nodes ish == 0.6, and its error bound is 

I
E { )/ < h 3M3 < (0.6)\0.932039) _ 

2 X _ .r;:; _ r:; - 0.012915. 
9v3 9v3 

(34) 

FOr P3 (x) the spacing of the nodes is h = 0.4, and its error bound is 

(35) IE (x)/ < h4M4 < (0.4)4(1.000000) =:: 0 001067 
3 -24- 24 .. • 

From Example 4.6 we saw that IE 1 (0.6)! = I cos(0.6) - P1 (0.6) I = 0.144157, so 
the bound 0.180000 in (33) is reasonable. The graphs of the error functions £ 2 (x) = 
cos(x)- P2(x) and E3(x) = cos(x)- PJ(X) are shown in Figure 4.13(a) and (b), 
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Table 4.7 Comparison of f(:x) = cos(:x) and the Quadratic and Cubic Polynomial 
Approximations P2 (:x) and P3 (x) 

Xk f(xk) = cos(xk) ~(xk) E2(xk) ~(:Xk) E2(Xk) 

0.0 1.000000 1.000000 0.0 1.000000 0.0 

0.1 0.995004 0.990911 0.004093 0.995835 -0.000831 

0.2 0.980067 0.973813 0.006253 0.980921 -0.000855 

0.3 0.955336 0.948707 0.006629 0.955812 -0.00047(1 

0.4 0.921061 0.915592 0.005469 0.921061 0.0 

0.5 0.877583 0.874468 0.003114 0.877221 0.00036' 

0.6 0.825336 0.825336 0.0 0.824847 0.00089 

0.7 0.764842 0.768194 -0.003352 0.764491 0.00035. 

0.8 0.696707 0.703044 -0.006338 0.696707 0.0 

0.9 0.621610 0.629886 -0.008276 0.622048 -000().+3:-. 

1.0 0.540302 0.548719 -0.008416 0.541068 -0.0007E 

1.1 0.453596 0.459542 -0.005946 0.454320 -000072 

1.2 0.362358 0.362358 0.0 0.362358 0.0 
··-·· 

respectively, and numerical computations are given in Table 4.7. Using values in 1hc 

table, we find that IEz(l.O)I = I cos(LO)- P2(l.O)I = 0.008416 and l£3(0.2)1 --

1 cos(0.2)- ? 3(0.2)1 = 0.000855, which is in reasonable agreement with the bour 

0.012915 and 0.001607 given in (34) and (35), respectively. 

MATLAB 
The following program finds the collocation polynomial through a given set of poi1· 

by constructing a vector whose entries are the coefficients of the Lagrange interpo. 

tory polynomial. The program uses the commands poly and conv. The poly co

mand creates a vector whose entries are the coefficients of a polynomial with specifi~ 

roots. The conv commands produces a vector whose entries are the coefficients o: 

polynomial that is the product of two other polynomials. 

Example 4.9. Find the product of two first-degree polynomials, P(x) and Q(x), w 

roots 2 and 3, respectively. 

»P=poly(2) 
P= 

1 -2 
»Q=poly(3) 
Q= 

1 -3 
»conv(P,Q) 
ans= 

1 -5 6 

Thus the product of P(x) and Q(x) is x 2 - Sx + 6 
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I Program 4~ (Lagrange Approximation). To evaluate the Lagrange polynontial 

P (x) = Lk=O Y.tLN,k(x) based on N + 1 points (xk, Yk) fork= 0, I, ... , N. 

function [C,L]•lagran(X,Y) 

;,Input - X is a vector that contains a list of abscissas 
- Y is a vector that contains a list of ordinates 

~Output - C is a matrix that contains the coefficients of 
the Lagrange interpolatory polynomial 

% - L is ~ matrix that contains the Lagrange 
% coeff~c~ent polynomials 

l-.'=2ength(X); 
JJ== ... -:.; 

L~zeros(w,w); 

%Fer~ the Lagrange coefficient polynomials 
fer k=!:n+! 

end 

~nd 

V=!; 
:for J••!:n+l 
lf k"'-'=j 
V=conv(V,poly(X(j)))/(X(k)-X(j)); 
end 

L(k, :)=V; 

'l~etermine the coefficients of the Lagrange interpolating 
'ljPolynomial 

d-Y*L; 

Exercises for Lagrange Approximation 

l. Find Lagrange polynomials that approximate f(:.) = x l_ 

{a) Find the linear imc:rpolat.ion polynomial P1 (x) using the nodes :x0 = -1 and 

Xi =0. 
(b) Find tte c;uadratic interpolation po;ynomial P2Cx) using tbe nodes x0 =-I, 

Xl = 0. and:x2 ~I. 

(c) Find the cubic interpolation polynomial fl>(x) :.~sing the nodes xo = -1, x 1 = 0, 
x2 = l, andx3 = 2. 

(d) Find the lir.ear interpolation polynomial P1(x) using the nodes xo = J and 

:X[= 2. 

(e} Find the quadra\ic interpolation polynomlal P2(:t:) u-sing the nodes :x0 = (), 
Xi = :, and X2 = 2. 
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2. Let l(x) = x + 2fx. 
(a) Use quadratic Lagrange interpolation based on the nodes xo = 1, x1 = 2, a·~c: 

x 2 = 2.5 to approximate 1(1.5) and 1(1.2). 
(b) Use cubic Lagrange interpolation based on the nodes xo = 0.5, Xl = 1, x2 = = 

and x3 = 2.5 to approximate 1(1.5) and 1(1.2). · 

3. Let ICx) = 2sin(rrx/6), wherex is in radians. 
(a) Use quadratic Lagrange interpolation based on the nodes xo = 0, x1 = 1, a · .I 

x2 = 3 to approximate 1(2) and 1(2.4). 
(b) Use cubic Lagrange interpolation based on the nodes xo = 0, X! = l, xz = 

and X3 = 5 to approximate 1(2) and 1(2.4). 

4. Let 1 (x) = 2 sin(n x (6), where x is in radians. 
(a) Use quadratic Lagrange interpolation based on the nodes xo = 0, XJ = 1, ~~~.! 

· x2 = 3 to approximate 1(4) and 1(3.5). 
(b) Use cubic Lagrange interpolation based on the nodes xo = 0, x1 = 1. xz = '. 

andx3 = 5 to approximate 1(4) and 1(3.5). 

5. Write down the error term E3(x) for cubic Lagrange interpolation to l(x), wh,·r~ 
interpolation is to be exact at the four nodes xo "" -1, Xt = 0, xz "" 3, and X4 = -+ 
and I (x) is given by 
(a) l(x) = 4x3 - 3x +2 

(b) l(x) ""x4
- 2x 3 

(c) l(x) ""x5
- 5x 4 

6. Let l(x) = x". 
(a) Find the quadratic Lagrange polynomial Pz(x) using the nodes xo = l, Xt "" 

1.25, and xz = 1.5. 
(b) Use the polynomial from part (a) to estimate the average value of l(x) over the 

interval [ 1 , 1.5]. 
(c) Use expression (27) of Theorem 4.4 to obtain a bound on the error in appW\; · 

mating l(x) with Pz(x). 

7. Consider the Lagrange coefficient polynomials L2,k(x) that are used for quadratic 
interpolation at the nodes xo. Xt. and xz. Define g(x) = Lz.o(x) + Lz.l(x.: 

L2.2(X)- 1. 
(a) Show that g is a polynomial of degree .:5 2. 
(b) Show that g(xk) = 0 fork= 0, l, 2. 
(c) Show that g (x) = 0 for all x. Hint. Use the fundamental theorem of algebra 

8. Let LN.o(x), LN.t(x), . .. , and LN.N(x) be the Lagrange coefficient polynom !, 

based on the N + 1 nodes x0 , XI, ... , and XN. Show that L~=O LN.dx) = 1 for . n. 
real number x. 

9. Let 1 (x) be a polynomial of degree :5 N. Let PN (x) be the Lagrange polynomia. '·I 
degree :5 N based on theN+ 1 nodesxo, Xt, •. • ,XN- Show that l(x) = PN(x) I 

all x. Hint. Show that the error term EN (x) is identically zero. 
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10. Consider the function ICx) "" sin(x) on the interval [0, 1]. Use Theorem 4.4 to 
determine the step size h so that 
(a) linear Lagrange interpolation has an accuracy of I o-6 (i.e., find h such that 

IE1(x)l < 5 x w-7). 

{b) quadratic Lagrange interpolation has an accuracy of w-6 (i.e., find h such that 
IEz(x)l < 5 X w-7). 

(c) cubic Lagrange interpolation has an accuracy of w-6 (i.e., find h such that 
IE3(x)l < 5 X w-7

). 

11. Start with equation (16) and N = 2, and prove inequality (27). Let x 1 "" xo + h, 
xz ""xo + 2h. Prove that if xo :5 x :5 xz then 

2h3 

lx -xollx- x1llx- xzl :5
3 

x 3112 . 

Hint. Use the substitutions t = x - XJ, t + h = x - x0, and t - h ""x - x2 and the 
function v(t) = t 3 - rh 2 on the interval-h :5 t :5 h. Set v'(t) = 0 and solve fort in 
terms of h. 

12. Linear interpolation in two dimensions. Consider the polynomial z "" P (x, y) = A+ 
Bx+Cy that passes through the three points (xo. Yo. zo). (x1, YJ, ZJ ), and (x2, Y2· 22)" 
Then A, B, and C are the solution values for the linear system of equations 

A + Bxo + Cyo "" zo 
A+Bx1 +Cy1 =:z1 
A+ Bxz + Cy2 = zz. 

{a) Find A, B, and C so that z = P(x,y) passes through the points (1, 1,5). 
(2, l, 3), and (l, 2, 9). 

(b) Find A, B, and C so that z = P(x,y) passes through the points (1, 1,2.5), 
(2, I, 0), and (I, 2, 4). 

(c) Find A, B, and C so that z "" P(x, y) passes through the points (2, 1, 5), 
( 1, 3, 7), and (3, 2, 4). 

(d) Can values A, B, and C be found so thatz = P(x, y) passes through the points 
( 1, 2, 5), (3, 2, 7), and (1, 2, 0)? Why? 

13. Use Theorem 1.7, the Generalized Rolle's Theorem, and the special function 

g(t) = l(t) _ PN(t) _ En(X) (t- Xo)(t- X!) .. · (t- XN) , 
(x- xo)(x -x,) .. · (x -xN) 

where PN (x) is the Lagrange polynomial of degree N, to prove that the error term 
EN(X) = l(x)- PN(X) has the form 

f(N+I)(c) 
EN(X) = (x- xa)(x- xJ) · .. (x- XN) . 

(N + 1)! 

Hint. Find g<N+I)(t) and then evaluate it at t =c. 
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Algorithms and Programs 

1. Use Program 4.1 to find the coefficients of the interpolatory polynomials in Pwh

lem 2(i) a, b, and c in the Algorithms and Programs in Section 4.2. Plot the graph, 

of each function and the associated interpolatory polynomial on the same coordinate 

system. 

2. The measured temperatures during a 5-hour period in a suburb of Los Angeles on 

November 8 are given in the following table. 

(a) Use Program 4.1 to construct a Lagrange interpolatory polynomial for the data 

in the table. 

(b) Use Algorithm 4.1(iii) to estimate the average temperature during the ghen 

5-hour period. 

(c) Graph the data in the table and the polynomial from part (a) on the same coordi

nate system. Discuss the possible error that can result from using the polynomial 

in part (a) to estimate the average temperature. 

Time, P.M. Degrees Fahrenheit 

66 

2 66 

3 65 

4 64 

5 63 

6 63 

Newton Polynomials 

It is sometimes useful to find several approximating polynomials P1 (x), P2(x), •.• , 

PN (x) and then choose the one that suits our needs. If the Lagrange polynomials 

are used, there is no constructive relationship between PN-l (x) and PN(x). Each 

polynomial has to be constructed individually, and the work required to compute the 

higher-degree polynomials involves many computations. We take a new approach and 

construct Newton polynomials that have the recursive pattern 

(l) 

(2) 

P1 (x) = ao + a1 (x - xo), 

f1(x) = ao + a1 (x - xo) + az(x- xo)(x- xJ), 
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(3) 

(4) 

P3(x) = ao +a, (x- xo) + az(x- xo)(x- xJ) 

+ a3(x - xo)(x - xJ)(x- xz), 

PN(x) = ao +a, (x- xa) + az(x- xo)(x - x 1) 

+ a3(x- xo)(x- xJ)(x- x2) 

+ a4(x - xo)(x - XJ )(x - x2) (x - x 3) + ... 

+ aN(X- xo) · · · (x- xN- 1). 
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Here the polynomial PN (x) is obtained from PN -1 (x) using the recursive relationship 

(5) PN(x) = PN-1 (x) + aN(X- xa)(x- x 1)(x- x 2) ..• (x- XN-J). 

The poly~omial (4) is said to be a Newton polynomial with N centers 

••.. XN-1· It mvolves sums of products of linear factors up to xo, XJ, 

aN(X- xo)(x- xJ)(x- x2) · .. (x- XN-d, 

60 PN(x) will simply to be an ordinary polynomial of degree~ N. 

Example 4.10, Given the centers xo = 1 x 1 = 3 x - 4 d 
4 5 ffi · ' • 2 - ' an X3 = . and the 

coe Clents ao = 5, a1 = -2, az = 0.5, a3 = -0.1, and ll4 = 0 003 find p (x) p 

A,(x). and P4(x) and evaluate /'k(2.5) fork= I 2 3 4 . ' I , 2(X), 

Using formulas (l) through (4), we have ' ' ' . 

P1 (x) = 5 - 2(x - I), 

Pz(x) = 5 - 2(x - 1) + 0.5(x - I )(x - 3), 

P3(x) = /1(x)- O.l(x- l)(x- 3)(x- 4), 

P4(x) = P3(x) + 0.003(x- l)(x- 3)(x- 4)(x- 4.5). 

Evatuating the polynomials at x = 2.5 results in 

P, (2.5) = 5 - 2(1.5) = 2, 

P2(2.5) = P1 (2.5) + 0.5(1.5)( -0.5) = 1.625, 

P3(2.5) = P2(2.5) - 0.1 (1.5)(-0.5)( -1.5) = 1.5125, 

P4(2.5) = /l (2.5) + 0.003(1.5)( -0.5)(- 1.5)( -2.0) = 1.50575. 

Nl!!.ted Multiplication 

• 

lf_N ~s fixed and the polynomial PN(x) is evaluated many times, then nested multi

phc.atron.should be used. The process is similar to nested multiplication for ordinary 

polynollllals, except that the centers Xk must be subtracted from the independent ·

able x The nested multiplication form for p3 (x) is van 

(E.) P3(x) = ((aJ(X- xz) + a2)(x- xi)+ a1)(x- xo) + ao. 
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To evaluate P
3
(x) for a given value of x, start with the innermost grouping and form 

successively the quantities 

(7) 

s3 = a3, 
Sz = S3(x- xz) + a2, 

St = Sz(x- Xt) +at. 

So= St (x- xo) + tl{). 

The quantity So is now P3(x). 

Example 4.11. Compute p3 (2.5) in Example 4.10 using nested multiplication. 
Using (6), we write 

PJ(x) = ((-O.l(x -4) +0.5)(x- 3)- 2)(x- 1) +5. 

The values in (7) are 

S3 = -0.1, 
s2 = -0.1(2.5- 4) + o.5 = 0.65, 
s, = 0.65(2.5- 3)- 2 = -2.325, 
So= -2.325(2.5- 1) + 5 = 1.5125. 

Therefore, PJ(2.5) = 1.5125. 

Polynomial Approximation, Nodes, and Centers 

• 

Suppose that we want to find the coefficients ak for all the polynomials P1 (x), .... 
PN (x) that approximate a given function f (x). Then Pk (x) will be based on the centers 
xo, x 

1
, .•• , Xk and have the nodes xo. x 1, ...• Xk+ 1· For the polynomial P1 (.r) the 

coefficients a0 and a 1 have a familiar meaning. In this case 

(8) 

Using (1) and (8) to solve for ao, we find that 

(9) f(xo) = P1 (xo) = ao +a, (xo- xo) = ao. 

Hence a
0 = f(x0 ). Next, using (1 ), (8), and (9), we have 

j(x
1

) = P1 (x 1) = ao +at (x, - xo) = f(xo) +a, (XJ - xo), 

which can be solved for a1, and we get 

(10) 
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Hence a1 is the slope of the secant line passing through the two points (xo, f(xo)) 
and (XJ, j(xJ)). 

The coefficients tl{) and a, are the same for both Pt (x) and P2 (x). Evaluating (2) 
at the node x2, we find that 

(11) f(xz) = P2(x2) = tl{) +at (x2 - xo) + a2(x2 - xo)(X2 - x 1 ). 

The values for ao and 01 in (9) and (10) can be used in (11) to obtain 

.:...f...:..(X_;2::....) _-_tl{)-=._-_o...:l:...:(x..:..:2:....-__:_:.xo~) 
02 = 

(x2 - xo)(x2 - xJ) 

_ (f(xz)- /(xo) j(xt)- f(xo)) / - - (x2 -xJ). 
x2 -xo x1 -xo 

For computational purposes we prefer to write this last quantity as 

(12) _ ( /(X2) - f(xl) f(xt) - f (xo)) j a2 - - (xz - xo). xz- XJ XJ -x0 

The two formulas for a2 can be shown to be equivalent by writing the quotients 
over the common denominator (x2 - XJ )(x2 - x 0)(x 1 - x0). The details are left for 
the reader. The numerator in (12) is the difference between the first-order divided 
differences. In order to proceed, we need to introduce the idea of divided differences . 

Definition 4.1 (Divided Differences). The divided differences for a function f (x) 
are defined as follows: 

(13) 

f[xk] = f(xk), 

/[ ] 
f[xk] - /[Xk-Il 

X,t-J, Xk = , 
Xk- Xk-1 

/[ ] 
/(Xk-1• Xk]- /[Xk-2• Xk-Jl Xk-2,Xk-l,Xk = .::...L....::......:..:......::..:._.:....::..~..::..:....~~ 

Xk- Xk-2 ' 

![X X ] .::.f....;.(X....:k:....-..=2:....' X....:k:....-...:.1:....' X...::k:.::.]_-....::...f~[X:.::k:.::-:.::_3 :._:• X.:_:k:.=.=.2 :._:• X.:_:k~Jl k-3• k-2, X.t-1, Xk = -
Xk- Xk-3 

The recursive rule for constructing higher-order divided differences is 

( 14) j(x . X . ) - ;:_j;:_[X.:;.k-_,J~· +_;_I ,_._. ·:....• _Xk:.:.:]_-_;f::...:...[X.::.k-...J.J:...:...·, .:....· ·..:_· .:...:' X:.;.k.:::.-~J] k-J• k-J+I• • .. , Xk -
Xk- Xk-j 

and is. used to construct the divided differences in Table 4.8. -" 

The coefficients at of PN(x) depend on the values f(xj). for j = 0, I, ... , k. The 
next theorem shows that at can be computed using divided differences: 

(15) Ok = f(xa,XJ, .• ·, Xk]. 
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Thble 4.8 Divided-difference Table for y = f(x) 

Xk /[Xk] /[ ' ] /[ ' ' 
] J[ , ' ] /[ ' ' ' J 

xo J[xo] 
xr f[xJ] f[xo,xr] 
X2 f[x2] j[X],X2] /[I(), Xt, X2] 

/IX!, X2, XJ) j[XQ, X], Xl, XJ] XJ /[.~31 /(X2,XJ] 

X4 J[x4] j(XJ, X4) flx2, XJ, X4] !fxl, X2, XJ, X4 /(X(J, XJ,X2,XJ, X4] 

Theorem 4.5 (Newton Polynomial). Suppose that xo, xr, ... , XN are N + l distinct 
numbers in [a, b]. There exists a unique polynomial PN(X) of degree at most N with 
the property that 

The Newton form of this polynomial is 

{16) PN(x) = ao + a1 (x- xo) + · · · + aN(x - xo)(x - x!) · · · (x - XN-r). 

where ak = l[xo. x1, ... , xk], fork= 0, l, ... , N. 

Remark. If {(xj. YiH]=o is a set of points whose abscissas are distinct, the values 1 (x j) = y i can be used to construct the unique polynomial of degree s N that passes 
through the N + 1 points. 

Corollary 4.2 (Newton Approximation). Assume that PN(x) is the Newton poly
nomial given in Theorem 4.5 and is used to approximate the function l(x), that is, 

(17) 

If 1 E cN+l [a, b], then for each x E [a. b] there corresponds a number c = c(x) in 
(a, b), so that the error term has the form 

(18) 
(x - xo)(x- xi)··· (x- XN )j<N+D(c) E N(X) = __ ...:__ ___ (N-+-l)-! ---'---'---'-'-. 

Remark. The error term EN (x) is the same as the one for Lagrange interpolation, which 
was introduced in equation (16) of Section 4.3. 

It is of interest to start with a known function f (x) that is a polynomial of degree N 
and compute its divided-difference table. In this case we know that I(N+lJ (x) = 0 
for all x, and calculation will reveal that the (N + l)st divided difference is zero. 
This will happen because the divided difference (14) is proportional to a numerical 
approximation for the jth derivative. 
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Table4.9 

First Second Third Fourth Fifth 
divided divided divided divided divided 

Xk f[xk] difference difference difference difference difference 
xo-1 -3 
X] =2 0 3 
X2 =3 IS Is 6 --X] =4 48 33 9 I --X4 =5 lOS 57 12 1 0 
xs =6 192 87 15 1 0 0 

Table 4.10 Divided-Difference Table Used for Constructing the Newton Polynomials 
Pk(x) in Example 4.13 

Xk f[xk] f(, l f[ • ' ] /[ ' ' , ] /[ ' ' 
xo = 0.0 1.0000000 

X[= 1.0 0.5403023 -0.45%917 

X2 = 2.0 -0.4161468 -0.9564491 -0.2483757 

XJ = 3.0 -0.9899925 -0.5738457 0.1913017 0.1465592 

x4 = 4.0 -0.6536436 0.3363499 0.4550973 0.0879318 -0.0146568 

l 

Example 4.12. Let f(x) = x 3 - 4x. Construct the divided--difference table based on the 
nodes xo = 1, XJ = 2, ... , x5 = 6, and find the Newton polynomial ?3 (x) based on xo, x 1, xz, andx3. 

See Table 4.9. • 
The coefficients ao = -3, a1 = 3, a2 = 6, and a3 = I of P3 (x) appear on the 

diagonal of the divided-difference table. The centers x0 = 1, x 1 = 2, and x 2 = 3 are 
the values in the first column. Using formula (3), we write 

P3(x) = -3 + 3(x- 1) + 6(x- l)(x- 2) + (x- l)(x- 2)(x- 3). 

Example 4.13. Construct a divided-difference table for f(x) = cos(x) based on the fivet 
points (k, cos(k)), fork = 0, I, 2, 3, 4. Use it to find the coefficients at and the four 
Newton interpolating polynomials Pk(X), fork = 1, 2, 3, 4. 
. For simplicity we round off the values to seven decimal places, which are displayed 
10 Table 4.10. The nodes xo, xr, x2. XJ and the diagonal elements a0, a 1, a 2, a3, a4 in 
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y 

1.0 

0.5 

-o.5 

-1.0 

Figure 4.14 (a) Graphs of y = cos(x) 
and the linear Newton polynomial y = 
p1 (x) based on the nodes xo = 0.0 and 
X[ = 1.0. 

Figure 4.14 (b) Graphs of y = cos(x) 
and the quadratic Newton polynomial 
y = P2 (x) based on the nodes xo = 
0.0, X[ = 1.0, and X2 = 2.0. 

Table 4.10 are used in formula ( 16), and we write down the first four Newton polynomials: 

p1(x) = 1.0000000- 0.4596977(x- 0.0), 
Pz(x) = 1.0000000- 0.4596977(x- 0.0) - 0.2483757(x- O.O)(x - 1.0), 
P:J(x) = 1.0000000- 0.4596977(x- O.Q)- 0.2483757(x- O.O)(x- 1.0) 

+ 0.1465592(x- O.O)(x- 1.0)(x- 2.0), 
p

4
(x) = 1.0000000- 0.4596977(x- 0.0)- 0.2483757(x- O.O)(x- 1.0) 

+ 0.1465)92(x- O.O)(x- l.O)(x - 2.0) 
- O.Ol46568(x- O.O)(x- l.O)(x- 2.0)(x- 3.0). 

The following sample calculation shows how to find the coefficient a2. 

f[xJ]- f[xo] - 0.5403023- 10000000 = -0.4596977, 
j[XQ,XJ)= XJ-XQ- 1.0-0.0 

. f[x2]- f[xtl _ -0.41614li8- 0.5403023 = _0.9564491 , 
f[xt,x21= - 20-10 x2 -xt · · 

j(XJ, x 2]- f[xo, xt] _ -0.9564491 +0.4596977 = _0_2483757. a2 = f[xo, XJ, x2) = - 2.0 - 0.0 X2- XQ 

The graphs of Y = cos(x) andY = Pt(x), y = P2(x), andy = PJ(x) are shown in 
Figure 4.14(a), (b), and (c), respectively. . . . . For computational purposes the divided differ~nces m Table 4.8 need to be stored l n an 
array which is chosen to be D(k, j). Thus (15) becomes 

(19) 
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y 

0.5 

-0.5 

-1.0 

Figure 4.14 (c) Graphs of 
y = cos(x) and the cubic New
ton polynomial y = P2(x) based 
on the nodes xo = 0.0, x1 = 1.0, 
X2 = 2.0, and X3 = 3.0. 
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Relation (14) is used to obtain the formula to recursively compute the entries in the array: 

(20) . D(k,j-1)-D(k-l,j-l) D(k,;)= . 
Xk- Xk-j 

Notice that the value at in (15) is the diagonal element ak = D(k, k). The algorithm for 
computing the divided differences and evaluating PN (x) is now given. We remark that 
Problem 2 in Algorithms and Programs investigates how to modify the algorithm so that 
the values {ad are computed using a one-dimensional array. • 

' Program 4.2 (Newton Interpolation Polynomial). To construct and evaluate the 
Newton polynomial of degree~ N that passes through (xb Yk) = (xb f(xk)) for 
k = 0, I, ... , N: 

(21) P(x) = do,o + d1, 1 (x- xo) + d2.2(x- xo)(x -xi) 

where 

+ · · · + dN,N(X- xo)(X- XI)··· (X- XN-(), 

dk,O = Yk and 
dk,j-l - dk-l,j-1 dk. j = ___.;.:.:....._ __ __.;.:.::...._. 

Xk- Xk-j 

function [C,D]=newpoly(X,Y) 
1~nput - X is a vector that contains a list of abscissas 
• - Y is a vector that contains a list of ordinates 
%Output - C is a vector that contains the coefficients t of the Newton intepolatory polynomial 
1. - D is the divided-difference table 
rt~length(X); 

D'"'zeros(n,n); 
.D{: ,1)=Y'; 
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% Use formula (20) to form the divided-difference table 
for j=2:n 

for k=j:n 
D(k,j)=(D(k,j-1)-D(k-1,j-1))/(X(k)-X(k-j+1)); 

end 
end 

%Determine the coefficients of the Newton interpolating 
%polynomial 
C=D(n,n); 
for k=(n-1):-1:1 

C=conv(C,poly(X(k))); 
m=length(C); 
C(m)=C(m)+D(k,k); 

end 

Exercises for Newton Polynomials 

In Exercises 1 through 4, use the centers xo, XJ, x2, andx3 and the coefficients ao. a1, a2, a3, 

and a4 to find the Newton polynomials P1 (x), P2(x), P3{x), and P4(x), and evaluate them 
at the value x =c. Hint. Use equations (1) through (4) and the techniques of Example 4.9. 

l. ao =4 Cl] = -1 a2 = 0.4 a3 = O.Ol G4 = -0.002 

xo = 1 X)= 3 X2 =4 X3 = 4.5 c =2.5 

2. ao = 5 a1 = -2 az = 0.5 G] = -0.1 a4 = 0.003 

xo =0 X[= 1 xz=2 X3 = 3 c = 2.5 

3. ao = 7 Q] = 3 Cl2 = 0.1 Cl] = 0.05 Cl4 = -0.04 

xo = -l X] =0 Xl =I X3 =4 c=3 

4. ao= -2 Q( =4 G2 = -0.04 Cl] = 0.06 Cl4 = 0.005 

xo = -3 X!= -J xz"" I X] =4 c=2 

ln Exercises 5 thorugh 8: 

(a) Compute the divided-difference table for the tabulated function. 

(b) Write down the Newton polynomials Pt (x), fl2(x), P3(x), and P4(x). 

(c) Evaluate the Newton polynomials in part (b) at the given values of x. 

(d) Compare the values in part (c) with the actual function value j(x). 
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s. 

7. 

f(x) =xl/2 

X =4.5, 7.5 

k Xk /(Xk) 

0 4.0 2.00000 
1 5.0 2.23607 
2 6.0 2.44949 
3 7.0 2.64575 
4 8.0 2.82843 

f(x) .= 3 sin2(:u/6) 

X= 1.5, 3.5 

k Xk f(xk) 

0 0.0 0.00 
1 1.0 0.75 
2 2.0 2.25 
3 3.0 3.00 
4 4.0 2.25 

6. 

8. 

f(x) = 3.6fx 

X= 2.5, 3.5 

k Xk f(xk) 

0 1.0 3.60 
1 2.0 1.80 
2 3.0 1.20 
3 4.0 0.90 
4 5.0 0.72 

f(x) =e-x 

X = 0.5, 1.5 

k Xk f(xk) 

0 0.0 1.00000 
1 1.0 0.36788 
2 2.0 0.13534 
3 3.0 0.04979 
4 4.0 0.01832 

9. Consider theM+ 1 points (xo, Yo), ... , (XM, YM). 

(a) If the (N + l)st divided differences are zero, then show that the (N + 2)nd up 
to the Mth divided differences are zero. 

(b) If the ( N + 1 )st divided differences are zero, then show that there exists a poly
nomial PN(x) of degree N such that 

PN(xk) = Yk for k = 0, 1, ... , M. 

In Exercises 10 through 12, use the result of Exercise 9 to find the polynomial PN (x) that 
goes through the M + 1 points (N < M). 

10. 11. 12. 
Xk Yk Xk Yk Xt Yk 

0 -2 1 8 0 5 
1 2 2 17 1 5 
2 4 3 24 2 3 
3 4 4 29 3 5 
4 2 5 32 4 17 
5 -2 6 33 5 45 

6 95 
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13. Use Corollary 4.2 to find a bound on the maximum error CIE2(x)l) on the inter
val [0, rr}, when the Newton interpolatory polynomial P2(x) is used to approximate 
j(x) = cos(rrx) at the centers xo = 0, X! = rr/2, and xz = rr. 

Algorithms and Programs 

1. Use Program 4.2 and repeat Problem 2 in Programs and Algorithms from Section 1 ;_ 

2. In Program 4.2 the matrix D is used to store the divided-difference table. 
(a) Verify that the following modification of Program 4.2 is an equivalent wa' 1o 

compute the Newton interpolatory polynomial. 

for k=O:N 
A{k)=Y(k); 

end 
for j""l:N 

for k-N:-l:j 
A(k) .. (A{k)-A(k-1))/(X(k)-X(k-j)); 

end 
end 

(b) Repeat Problem 1 using this modification of Program 4.2 

4.5 Chebyshev Polynomials (Optional) 

We now tum our attention to polynomial interpolation for f (x) over [ -1, 1] based 
on the nodes -1 ::::; xo < x, < · · · < XN :::; 1. Both the Lagrange and Newton 
polynomials satisfy 

where 

(1) 
f(N+I)(c) 

EN(x) = Q(x) (N +I)! 

and Q (x) is the polynomial of degree N + 1: 

(2) 

Using the relationship 
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Table 4.11 Chebyshev Polynomials 
To(x) through T7(x) 

T0(.r) = I 
T1 (.r) = x 
T2(.r) =W-I 
T3(x) = 4x3 - 3x 
T4(x) = 8x4 - 8x2 +I 
Ts(x) = 16x5 - 20.r3 + 5x 
T6(X) = 32x6 - 48x" + J8x2- I 
T7(x) = 64x7 - 112x5 + 56x3 -7x 
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our task is to follow Chebyshev's derivation on how to select the set of nodes {xk lf=o 
that minimizes max-1 9 :::1 {I Q (x) 11. This leads us to a discussion of Chebyshev poly
nomials and some of their properties. To begin, the first eight Chebyshev polynomials 
are I is ted in Table 4.11. 

Properties of Chebyshev Polynomials 

Property 1. Recurrence relation 

Chehyshev polynomials can be generated in the following way. Set To(x) = I and 
T1 ': .\ 1 = x and use the recurrence relation 

(3) n(x) = 2xTk-[(X)- Tk-2(X) fork= 2, 3, .... 

Property 2. Leading Coefficient 

The coefficient of xN in TN(x) is zN-1 when N ~ 1. 

P~perty 3. Symmetry 

When N =2M, T2M(x) is an even function, that is, 

(4) 

When N = 2M + 1 , TzM + 1 (x) is an odd function, that is, 

(5) 

Property 4. Trigonometric Representation on [ -1, 1] 

(6) TN(x) = cos(N arccos(x)) for -I:::;x::::;l. 
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Property S. Distinct Zeros in [-1, 1] 

Figure 4.15 Graphs of the Cht 
shev polynomials To(x), T1 (x), 
... , T4(x) over [-I, IJ. 

T N(x) has N distinct zeros Xk that lie in the interval [ -1, 1] (see Figure 4.1 5): 

(7) (
(2k + l)n-) 

Xk =cos 2N for k = 0, I, ... , N - I. 

These values are called the Chebyshev ahscisstiS (notks). 

Property 6. Extreme Values 

(8) 

Property I is often used as the definition for higher-order Chebyshev polynomials. 
Let us show that T3 (x) = 2x T2 {x) - Tt (x). Using the expressions for Tt (x) and T2 (x) 
in Table 4.11, we obtain 

Property 2 is proved by observing that the recurrence relation doubles the leailipg 
coefficient of TN _1 (x) to get the leading coefficient of TN (x). 

Property 3 is established by showing that T2M(X) involves only even powers oh 
and TzM + 1 (x) involves only odd powers of x. The details are left for the reader. 

The proof of property 4 uses the trigonometric identity 

cos(k&) = cos(2B) cos((k- 2)8)- sin(2B) sin((k- 2)8) 

Substitute cos(2B) = 2cos2(8)- 1 and sin(2&) = 2 sin(&) cos(&) and get 

cos(k8) = 2 cos(O)(cos(&) cos((k- 2}8)- sin(&) sin((k- 2)&))- cos((k- 2)8) 
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which is simplified as 

cos(kO) = 2cos(O)cos((k -1)8)- cos((k- 2)9). 

finally, substitute 8 = arccos(x) an<! obtain 

(9) 2xcos((k- I) arccos{x))- cos((k- 2) arccos(x)) 

= cos(karccos(x)) for -I_:;;: x.:;;: l. 

The first two Chebyshev polynomials are To(x) = cos(Oarccos(x)) = l and 
r,(x) = cos(l arccos(x)) = x. ~ow assume that Tk(x) = cos(k arccos(x)} fork= 2. 

3, .... N - I. Formula (3) is used with (9) to establish the general case: 

TN(X) = 2.tTN-t(.~)- T.v-2(x) 

= 2x cos{(N- I)arccos(x))- cos((N- l_)arccos(x_)) 

= cos(N arccos(x)} for -1 ~ x ::::; l. 

Propenies 5 and 6 are consequences of Property 4. 

Minimax 

The Russian mathematician Chebyshev studied how to minimize the upper bound for 
IE N (x) 1. One upper bound can be formed by taking the product of the maximum value 
of IQ(x)l over all x in [-1, 1] and the maximum value lf(N+l)(x)j(N + 1)!1 over 
all x in [-1, 1]. To minimize the factor max(IQ(x)l}, Chebyshev discovered that xo, 
Xi> ... , XN should be chosen so that Q(x) = (1/2N) TN+I {x). 

Theorem 4.6. Assume that N is fixed. Among all possible choices for Q(x) in equa
tion (2), and thus among all possible choices for the distinct nodes (xk lf=0in [ -1, l]. 
tbe polynomial T(x) = TN+I {x)j2N is the unique choice that has the property 

Moreover, 

(10) 

max {IT(.x)l}::::; max (IQ(x)l}-
-t:::x:::t -l:O:x:O:l 

1 
max {IT(x)l} = 

2
N. 

-l:::;x:::l 

Proof The proof can be found in Reference [29]. • 
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Table 4.12 Lagrange Coefficient Polynomials Used to Fonn P)(x) 
Based on Equally Spaced Nodes Xk = -1 + 2k/3 

LJ,o(x) = -0.06250000 + 0.06250000x + 0.56250000x2 - 0.56250000x3 
LJ.l (x) = 0.56250000- 1.68750000x - 0.56250000x2 + 1.68750000x3 
LJ.2(X) = 0.56250000 + 1.68750000x - 0.56250000x2 - 1.68750000x3 
LJ,J(X) = -0.06250000 - 0.06250000x + 0.56250000x2 + 0.56250000x3 

. The consequence of this result can be stated by saying that, for Lagrange interpo
lation f(x) = PN(X) + EN(x) on [ -1, 1], the minimum value of the error bound 

(max{IQ(x)l})(max{I/N+l)(x)/(N + 1)!1}) 

is achieved when the nodes {xk} are the Chebyshev abscissas of TN+I (x). As an il
lustration, we look at the Lagrange coefficient polynomials that are used in forming 
P3(x). Frrst we use equally spaced nodes and then the Chebyshev nodes. Recall that 
the Lagrange polynomial of degree N = 3 has the form 

(11) 

Equally Spaced Nodes 
If f (x) is approximated by a polynomial of degree at most N = 3 on [-I, 1 ], the 
equally spaced nodes xo = -I, XJ = -1/3, x2 = 1/3, and x 3 = 1 are easy to 
use for calculations. Substitution of these values into formula (8) of Section 4.3 and 
simplifying will produce the coefficient polynomials L3.k(x) in Table 4.12. 

Chebyshev Nodes 
When f(x) is to be approximated by a polynomial of degree at most N = 3, using 
the Chebyshev nodes xo = cos(7rrj8), Xt = cos(5rr/8), x2 = cos(3rr/8), and x3 = 
cos(rr /8), the coefficient polynomials are tedious to find (but this can be done by a 
computer). The results after simplification are shown in Table 4.l3. 

Example 4.14. Compare the Lagrange polynomials of degree N = 3 for f (x) = ex that 
are ob~ned by using the coefficient polynomials in Tables 4.12 and 4.l3, respectively. 

Usmg equally spaced nodes, we get the polynomial 

P(x) = 0.99519577 + 0.99904923x + 0.54788486x2 + O.l7615196x 3. 

This is obtained by finding the function values 

f(xo) = e<-I> = 0.36787944, f(xi) = e<-l/J) = 0.71653131, 
{(X2) = e(ljJ) = 1.39561243, j(x3) = e(l) = 2.71828183, 
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Table 4.13 Coefficient Polynomials Used to Fonn PJ(x) Based on the 
Chebyshev Nodes Xi = cos((7 - 2k)Jr /8) 

Co(x) = -0.10355339 + O.J1208538x + 0.70710678x
2

- 0.76536686x
3 

c1 (x) = 0.60355339- L577l6102x - 0.70710678x2 + L84775906x
3 

c
2

(x) = 0.60355339 + 1.57716102x - 0.70710678x
2 

- 1.84775906x
3 

c
3

(x) = -0.10355339- 0.11208538x + 0.70710678x2 + 0.76536686x
3 
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and using the coefficient polynomials LJ.dx) in Table 4.12, and forming the linear combi
nation 

P(x) = 0.36787944L3,o(x) + 0.71653 i31LJ, 1 (x) + L39561243LJ,2(x) 
+ 2.71828183LJ,J(X). 

Similarly, when the Chebyshev nodes are used, we obtain 

V(x) = 0.99461532+ 0.99893323x + 0.54290072x
2 

+ 0.17517569x
3

. 

Notice that the coefficients are different from those of P (x). This is a consequence of using 
different nodes and function values: 

j(xo) = e-0.92387953 = 0.39697597, 

/(xi)= e-0.38268343 = 0.68202877, 

j(x2) = e0.38268343 = 1.46621380, 

j(xJ) = e0.92387953 = 2.51904417. 

Then the alternative set of coefficient polynomials Ck(x) in Table 4.13 is used to fonn the 
linear combination 

V(x)::: 0.3%97597Co(x) + 0.68202877CI(X) + 1.46621380C2(x) + 2.51904417CJ(x). 

for a comparison of the accuracy of P(x) and V (x), the error functions are graphed 
in Figure 4.16(a) and (b), respectively. The maximum error ie'" - P(x)i occurs at x = 
0.75490129, and 

je"'- P(x)i ::s0.00998481 for -1 ::sx ~ 1. 

The maximum error je-"- V(x)l occurs a1 x = 1, and we get 

ie"' - V (x) I ~ 0.00665687 for -1 ~ x :S l. 

Notice that the maximum error in V (x) is about two-thirds the maximum error in P (x). 
Also, the error is spread out more evenly over the interval. • 



236 CHAP. 4 INTERPOLATION AND POLYNOMIAL APPROXIMATION 

y 

(a) 

y 

-0.010 

(b) 

Figure 4.16 (a) The error function y = ex- P (x) for Lagrange approximation over [-I, I] 
(b) The error function y = ex - V (x) for Lagrange approximation over [ -1. 1]. 

Runge Phenomenon 

We now look deeper to see the advantage of using the Chebyshev interpolation nodes. 
Consider Lagrange interpolating to f (x) over the interval [ -1, l] based on equally 
spaced nodes. Does the error EN (x) = f (x) - PN (x) tend to zero as N increases? For 
functions like sin(.x) or ex, where all the derivatives are bounded by the same constant 
M, the answer is yes. In general, the answer to this question is no, and it is easy to find 
functions for which the sequence {PN(x)} does not converge. If f(x) = 1/(1 + 12x2), 

the maximum of the error term EN(x) grows when N --l-- oo. This nonconvergence 
is called the Runge phenomenon (see Reference [90], pp. 275-278). The Lagrange 
polynomial of degree 10 based on 11 equally spaced nodes for this function is shown 
in Figure 4.17(a). Wild oscillations occur near the end of the interval. If the number of 
nodes is increased, then the oscillations become larger. This problem occurs because 
the nodes are equally spaced! 

If the Chebyshev nodes are used to construct an interpolating polynomial of de
gree l 0 to f (x) = 1/ ( 1 + 12x2 ), the error is much smaller, as seen in Figure 14.1 7 (b). 
Under the condition that Chebyshev nodes be used, the error EN (x) will go to zero 
as N --l-- oo. In general, if j(x) and j'(x) are continuous on [-1, 1], then it can be 
proved that Chebyshev interpolation will produce a sequence of polynomials { PN (x)} 
that converges uniformly to f(x) over [ -1, 1]. 

Transforming the Interval 

Sometimes it is necessary to take a problem stated on an interval [a, b] and reformu
late the problem on the interval [c, d] where the solution is known. If the approxima
tion PN(x) to f(x) is to be obtained on the interval [a, b], then we change the variable 
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Y = ~o(x) 

-1.0 -0.5 

y 

1.0 

0.0 

y 

1.0 

0.5 1.0 
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Figure 4.17 (a) The polynomial 
approximation to y = 1/(1 + 12x2 ) 

based on 11 equally spaced nodes 
over [-I, 1]. 

Figure 4.17 (b) The polynomial 
approximation toy= 1/(1 + 12x2) 

~--~----'--------'------'-- x based on 11 Chebyshev nodes over 
-\.0 -0.5 0.0 0.5 1.0 [-1, 1]. 

so that the problem is reformulated on [ -1, 1]: 

(12) x= -- t+--(
b-a) a+b 

2 2 
or 

where a ::::: x ::::: b and -1 ::::: t ::::: 1. 

x-a 
1=2---1. 

b-a 

The required Chebyshev nodes of TN+ 1 (t) on [ -1 , 1] are 

(13) tk =cos (c2N + 1- 2k)-7f--) 2N+2 
for k = 0, 1, ... , N 

and the interpolating nodes on [a, b] are obtained by using (12): 

b-a a+b 
x~: = t~:-2 - + -

2
- fork= 0, 1, ... , N. 
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Theorem 4.7 (Lagrange-Chebyshev Approximation Polynomial). Assume that 
PN (x) is the Lagrange polynomial that is based on the Chebyshev nodes given in ( 14). 
Iff E cN+I[a, b], then 

(15) lf(x)- PN(x)i::: 42:~~~;):~:! a~~b{I/(N+ll(x)l}. 
Example 4.15. For f(x) = sin(x) on [0, n"j4J, find the Chebyshev nodes and the cnor 
bound (15) for the Lagrange polynomial P5(x). 

Formulas (12) and (13) are used to find the nodes; 

Xk = cos - + - for k = 0, 1, ... , 5. ( 
(11 - 2k)rr) rr rr 

12 8 8 

Using the bound 1/(6\x)l ::; 1- sin(rr/4)1 = 2-112 =Min (15), we get 

lf(x)- PN(x)l :S (i)\~)r 1/2 :S 0.00000720. • 
Orthogonal Property 
In Example 4.14, the Chebyshev nodes were used to find the Lagrange interpolating 
polynomial. In general, this implies that the Chebyshev polynomial of degree N can be 
obtained by Lagrange interpolation based on the N + 1 nodes that are the N + 1 zeros 
of T.<~-1 (x). However, a direct approach to finding the approximation polynomial is 
to express PN(x) as a linear combination of the polynomials Tk(x), which were given 
in Table 4.11 Therefore, the Chebyshev interpolating polynomial can be written in the 
form 

N 

06) PN(x) = LctTk(x) = coTo(x) + ct Tt (x) + · · · + CNTN(x). 
k=O 

The coefficients {cd in (16) are easy to find. The technical proof requires the use 
of the following orthogonality properties. Let 

(17) 

(18) 

(19) 

( 
2k+ 1) Xk =COS 7r---
2N+2 

for k = 0, 1, ... , N; 

N 

LT;(xk)Tj(Xk) = 0 when i f= j, 
k=D 

N N+ 1 
LT;(xk)Tj(Xk) = -

2
- when i = j f= 0, 

k=O 

N 

(20) L To(xk)To(xk) = N + 1. 
k=O 

Property 4 and the identities (18) and (20) can be used to prove the foiiowing 
theorem. 
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Theorem 4.8 (Chebyshev Approximation). The Chebyshev approximation polyno
mial PN(x) of degree::: N for f(x) over [ -1, 1] can be written as a sum of {Tj(x) }: 

N 

(21) f(x) ~ PN(x) = LciTj(x). 
j=l 

The coefficients ( c i} are computed with the formulas 

1 N 1 N 
co = -N 

1 
L f(xk)To(xk) = N + 

1 
L f(xk) 

+ k<=O k=O 

(22) 

and 

2 N 
Cj = -N 

1 
Lf(xk)Tj(Xt) 

+ k=O 

2 N (j1r(2k + 1)) 
(23) = N + 1 {; f(Xk)COS 2N +2 for j = 1, 2, ... , N. 

Example 4.16. Find the Chebyshev polynomial P3 (x) that approximates the function 
f(x) = c over [ -1, 1]. 

The coefficients are calculated us.ing fonnulas (22) and (23), and the nodes X.!: 

cos(1!'(2k + 1)/8) fork= 0, 1, 2, 3. 

(24) 

1 3 1 . 3 
co = - L::>xk To(x~c) = - ~:::ex1 = 1.26606568, 

4 k=O 4 i:=O 

1 3 1 3 
c1 =- L::>xkTJ(xt) ==- Ertx~c = 1.13031500, 

2.!:=0 2~ 

1 
3 

1 
3 

( 2k+l) cz =- Ee .. kTz(x~c) ==- Etrtcos 21!'-- = 0.27145036, 
2k=0 2k=O 8 

1 3 1 3 
( 2k + 1) c3 = - L exk T3 (xk) = - L ext cos 31!' -- = 0.04379392. 

2 k=O 2 k=O 8 

Therefore, the Chebyshev polynomial P3(x) for c is 

P3(x) = 1.26606568To(x) + l.l3031500Tt(x) 

+ 0.27145036T2(X) + 0.04379392TJ(x). 

If the Chebyshev polynomial (24) is expanded in powers of x, the result is 

P:3(x) = 0.99461532 + 0.99893324x + 0.54290072x2 + 0.17517568x3
, 

which is the same as the polynomial V (x) in Example 4.14. lf the goal is to find the 
Chebyshev polynomial, formulas (22) and (23) are preferred. • 
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MATLAB 

The following program uses the eval command instead of the feval command use 
in earlier programs. The eval command interprets a MATLAB text string as an ex 

pression or statement. For example, the following commands will quickly evaluaL 
cosine at the values x = k/10 fork = 0, I, ... , 5: 

» x=O : . 1 : . 5 ; 
>> eval('cos(x)') 
ans= 

1.0000 0.9950 0.9801 0.9553 0.9211 0.8776 

Program 4.3 (Chebyshev Approximation). To construct and evaluate the Cheby
shev interpolating polynomial of degree N over the interval [ -1, lJ, where 

N 

P(x) = :L>jTj(X) 
j=O 

is based on the nodes 

(
(2k + l):rr) 

Xk = cos 2N + 2 . 

functiop [C,X,Y]=cheby(fun,n,a,b) 

Y.Input - fun is the string function to be approximated 
Y. - N is the degree of the Chebyshev interpolating 
Y. polynomial 
Y. - a is the left end point 
Y. - b is the right end point 
%Output - C is the coefficient list for the polynomial 
% - X contains the abscissas 
% - Y contains the ordinates 
if nargin==2, a=-1;b=1;end 
d=pi/(2•n+2); 
C=zeros{1,n+1); 

for k=1 :n+l 
X(k)=cos((2•k-1)•d); 

end 

X=(b-a)•X/2+(a+b)/2; 
x=X; 
Y•eval (fun) ; 

for k •1:n+1 
z=(2•k-1)•d; 
for j"'1:n+1 
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C(j)=C(j)+Y(k)•cos((j-l)•z); 
end 

end 
~2•C/(n+1); 
C(l)=C(l)/2; 

Exercises for Chebyshev Polynomials (Optional) 

1. Use property I and 

(a) consm.Jct T4(x) from 13(x) and T2(x). 

(b) construct Ts(x) from T4(x) and T3{x). 

2. Use property I and 

(al construct T6(.{) from f~(x) and T4(x). 

(b) conslruct T7{x) frum T6(Xl and Ts(x). 

3. u~c mathematical induction tO prove property 2. 

4. Cse mathematical induction to prove property 3. 

5. F:nd the r::1aximum and mirJmum values of T2 (.{). 

6. Find the maximum and minimum values of T3(x). 

Him. r;(l/2) ~ 0 and 7;(-!/2) = 0. 

7, Fine the maximum and mi:1imum values of 74rx l. 
Him. T;ro) = o. TJ(r 112J = o. and 1:;1-2 -1:2f __ o. 

8. Lei f(x) = sin(x) on (-1, 1:. 
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(a) Usc the coefficient polynomials ir. Table 4.13 to obtain the Lagrange-Chebyshe>v 
polynomial approximation P3{x). 

(b) Find the error bound for I sin(x) -P:>r.x)j. 

~- Let .f(x) = Jn(.x + 2) on [-1. 1;. 

(a) t:se the coefficient polynomials in Table 4.13 to obtain the Lagrar.ge-Chebysl":.~v 
polynomial approximation 1':3 (x). 

(b) Find the error bound for lln(x + 2) - P3 (x J .• 

rilO. The Lagrange polynomial of degree N = 2 has the form 

lftbe Chebyshev nodesxo = cos(Sn}ti), x, = \), andxz = coslnjb) are used, show 
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that the coefficient polynomials are 

X 2x2 
L2,o(x) =-../3 + 3' 

4x2 
L2,I(X) = 1- 3' 

X 2x2 
L2,2(x) = Jj + 3 · 

II. Let j(x) = cos(x) on [-l, 1]. 
(a) Use the coefficient polynomials in Exercise 10 to get the Lagrange-Chebyshn 

polynomial approximation ~ (x). 

(b) Find theerrorboundfor lcos(x)- ~(x)l. 

12. Let j(x) =ex on [-1, 1]. 

(a) Use the coefficient polynomials in Exercise 10 to get the Lagrange-Chebyshe\ 
polynomial approximation P:l(x). 

(b) Find the error bound for [eX- ~(x)[. 

In Exercises 13 through 15, compare the Taylor polynomial and the Lagrange-ChebyshcY 
approximates to j(x) on [ -1, 1]. Find their error bounds. 

13. f (x) = sin(x) and N = 7; the Lagrange-Chebyshev polynomial is 

sin(x) ""=' 0.99999998x- 0.16666599x 2 + 0.00832995x 5 - 0.00019297x 7. 

14. f (x) = cos(x) and N = 6; the Lagrange-Chebyshev polynomial is 

cos(x) :>::: 1 - 0.49999734x 2 + 0.04164535x4 - O.OOI34608x 6• 

15. j(x) = e~ and N = 7; the Lagrange-Chebyshev polynomial is 

ex ;:;:;: 0.99999980 + 0.99999998x + 0.50000634x 2 

16. Prove equation (18). 

17. Prove equation (19). 

+ 0.16666737x3 + 0.04163504x4 + 0.00832984x5 

+ 0.00143925x 6 + 0.00020399x 7• 

Algorithms and Programs 

In Problems 1 through 6, use Program 4.3 to compute the coefficients {q l for the Cheb)
shev polynomial approximation PN (x) to j(x) over [ -1, 1), when (a) N = 4, {b) N .= 5. 
(c) N = 6, and (d) N = 7. In each case, plot f(x) and PN(x) on the same coordmatc' 
system. 

1. j(x) =ex 2. j(x) = sin{x) 
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3. j(x) = cos(x) 4. f(x) = ln(x + 2) 

5. f(x) = (x + 2) 112 6. j(x) = (.x + 2)(x+2l 

7. Use Program 4.3 (N = 5) to obtain an approximation for J
0
1 cos(x2) dx. 

4.6 Pade Approximations 

In this section we introduce the notion of rational approximations for functions. The 
function f (x) will be approximated over a small portion of its domain. For example, 
if f(x) = cos(x), it is sufficient to have a formula to generate approximations on the 
interval [0, 1!/2]. Then trigonometric identities can be used to compute cos(x) for any 
value x that lies outside [0, 1!/2]. 

A rational approximation to f(x) on [a, b] is the quotient of two polynomials 
PN(x) and QM(x) of degrees Nand M, respectively. We use the notation RN,M (x) to 
denote this quotient: 

(l) R (x) _ PN(X) 
N,M - QM(X) for a :;: x:;: b. 

Our goal is to make the maximum error as small as possible. For a given amount 
of computational effort, one can usually construct a rational approximation that has a 
smaller overall error on [a, b] than a polynomial approximation. Our development is 
an introduction and will be limited to Pade approximations. 

The method of Patte requires that f (x) and its derivative be continuous at x = 0. 
There are two reasons for the arbitrary choice of x = 0. First, it makes the manipula
tions simpler. Second, a change of variable can be used to shift the calculations over to 
an interval that contains zero. The polynomials used in (1) are 

(2) PN{.X) =PO+ PIX+ P2X
1 + · · · + PNXN 

and 

(3) 

The polynomials in (2) and (3) are constructed so that f(x) and RN.M (x) agree at 
x = 0 and their derivatives uptoN+ M agree at x = 0. In the case Qo(x) = 1, the 
approximation is just the Maclaurin expansion for f(x). For a fixed value of N + M 
the error is smallest when PN(X) and QM(X) have the same degree or when PN(x) has 
degree one higher than QM(X). 

Notice that the constant coefficient of QM is qo = I. This is pennissible, because 
it cannot be 0 and RN,M(x) is not changed when ooth PN(x) and QM(x) are divided 
by the same constant. Hence the rational function RN ,M (x) has N + M + I unknown 
coefficients. Assume that f (x) is analytic and has the Maclaurin expansion 

(4) 
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and fonn the difference f(x)QM(x) - PN(x) = Z(x): 

(tOjXj) (tqjxj)- t PjXj;;: . f: CjXi. 
J..,() J=O J=O J=N+M+I 

(5) 

The lower index j = M + N + 1 in the sununation on the right side of (5) is cho.<c'll 

because the first N + M derivatives of f(x) and RN,M(X) are to agreeatx = 0. 
When the left side of (5) is multiplied out and the coefficients of the powers of • 

are set equal to zero for k = 0, 1, ... , N + M, the result is a system of N + M -1 1 

linear equations: 

(6) 

and 

(7) 

ao-PO=O 

QlllO + Ot - PI = 0 

q2ao + qtat + a2 - pz = o 
Q300 +q2a1 +q1a2 +a3- P3 = 0 

qMON-M + qM-IGN-M+l +···+ON- PN = 0 

qMON-M+l + QM-I0N-M+2 + · · · + QION 

qMON-M+2 + qM-10N-M+3 + · · · + qJON+l 

+aN+l =0 

+aN+2 = 0 

Notice that in each equation the sum of the subscripts on the factors of each product 

is the same, and this sum increases consecutively from 0 to N + M. The M equations 

in (7) involve only the unknowns q1, qz, ... , qM and must be solved first. Then the 

equations in (6) are used successively to find Po. Pt •... , PN· 

Example 4.17. Establish the Pade approximation 

15,120- 6900x2 + 313x4 

(8) cos(x)"'='R4,4(x)= 15,120+660x2+J3x4. 

See Figure 4.18 for the graphs of cos(x) and R4.4(x) over [ -5, 5]. 

If the Maclaurin expansion for cos(x) is used, we will obtain nine equations in nine 

unknowns. Instead, notice that both cos(x) and R4_4(x) are even functions and involve 

powers of x 2. We can simplify the computations if we start with f (x) = cos (x 112): 

1 1213 14 
(9) j(x) = 1 - lX + 24 X - 720X + 40,320X - .. , . 

In dlis case, equation {5) becomes 

( 
1 1 2 1 3 I 4 ) ( 2) 2 

1 - -x + -x - -x + --x - · · · 1 + q1x + q2x -Po- PIX- P2X 
2 24 720 40,320 

= 0 +Ox + Ox 2 + Ox 3 + Ox4 + csx5 + c6x6 + · · · . 
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y 

1.0 

-0.5 

-1.0 

Figure 4.18 The graph of y = cos(x) and its Pade 
approximation R4.4(x). 
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When the coefficients of the first five powers of x are compared, we get the following 
syStem of linear equations: 

(I()) 

1-po=O 
I 

-- +q1- PI =0 
2 

I 1 
24 - 2q' + q2 - P2 = 0 

l l I 
-no+ 24 ql - zq2 = o 

1 1 1 
40,320- 720q1 + 24q2 = o. 

"The last two equations in (10) must be solved first. They can be rewritten in a fonn that is 
Q".Jj to solve: 

Ftrst find Q2 by adding the equations; then find q1 

(H) 

Now the first three equations of (10) are used. It is obvious that Po = I, and we can 
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use q1 and q2 in (11) to solve for Pi and pz: 

I 11 115 
(12) PI =-z+252 =-252' 

I ll !3 313 
pz = 24-504 + 15,120 = 15,120. 

Now use the coefficients in (11) and (12) to form the rational approximation to j (x) : 

(13) 
I - ll5x/252 + 313x2 /15,120 

f(x)~ 1+11x/252+13x2/15,120 · 

Since cos(x) = j(x2), we can substitute x 2 for x in equation (13) and the result is the 

formula for R4,4(x) in (8). • 

Continued Fraction Fonn 

The Pade approximation R4,4 (x) in Example 4.17 requires a minimum of 12 arithmetic 

operations to perform an evaluation. It is possible to reduce this number to seven h\ 

the use of continued fractions. This is accomplished by starting with (8) and tindin.2 
the quotient and its polynomial remainder. 

15,120/313- (6900j313)x2 + x 4 

R4
•
4 (x) = 15,120/13 + (660j13)x2 + x 4 

313 (296,280) ( 12,600/823 + x
2 

) 

=13- 169 15,120/I3+(600/13)x2+x4 · 

The process is carried out once more using the term in the previous remainder. The' 

result is 

313 296,280(169 
R4,4(X) = -13 - ~--~-:-::--:----:;------;-

15, 120/13 + (660jl3)x2 + x4 

12,600/823 + x2 

296,280/169 =-- _______ ....,:_ ____ _ 313 

13 379,380 2 420,078,960/677,329 

10,699 + x + 12,600/823 + x 2 

The fracnons are converted to decimal form for computational purposes and we obtair 

(14) R4,4(X) = 24.07692308 

1753.13609467 

- 35.45938873 + x2 + 620.19928277 /(15.30984204+ x 2) · 
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-1.0 -0.5 0.0 0.5 1.0 0.000025 

0.000020 

-I x w-7 
0.000015 

-2 x w-7 0.000010 
y= Ep(x) 

0.000005 

-3 X J0-7 

-1.0 -0.5 0.0 0.5 1.0 

(a) (b) 

Figure 4.19 (a) Graph of the error ER(x) = cos(x)- R4,4(x) for the Pade approxima
tion R4,4(x). (b) Graph of the error Ep(x) = cos(x)-P6(X) for the Taylor approximation 
P6(X). 
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.r 

To evaluate (14), first compute and store x 2 , then proceed from the bottom right term 

in the denominator and tally the operations: addition, division, addition, addition, divi

sion, and subtraction. Hence it takes a total of seven arithmetic operations to evaluate 
R4,4(x) in continued fraction form in (14). 

We can compare R4,4(x) with the Taylor polynomial P6(x) of degree N = 6, 

which requires seven arithmetic operations to evaluate when it is written in the nested 
form 

(15) P6(x)=I+x --+x ---x 2 ( 1 2 ( 1 l 2)) 
2 24 720 

= I + x 2( -0.5 + x 2 (0.0416666667- 0.0013888889x 2)). 

The graphs of ER(x) = cos(x)- R4,4(x) and Ep(x) = cos(x)- P6(x) over [ -1, I] 
are shown in Figure 4.19(a) and (b), respectively. The largest errors occur at the 

end points and are ER(l) = -0.0000003599 and Ep(l) := 0.0000245281, respec

tively. The magnitude of the largest error for R4,4 (x) is about 1.467% of the error 

for P6(X). The Pade approximation outperforms the Taylor approximation better on 

smaller intervals, and over [-0.1, 0.1] we find that ER(O.l) = -0.0000000004 and 

Ep(O.l) = 0.0000000%6, so the magnitude of ilie error for R4.4(x) is about 0.1'iW¥c 
of the magnitude of the error for P6 (x). 
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Exercises for Pade Approximations 

1. Establish the Pade approximation: 

x 2+x 
e ""'RJJ(x)=--. 

2-x 

2. (a) Find the Pade approximation R1,1 (x) for f(x) =In(] + x)fx. Hint. Stan" tth 
the Maclaurin expansion: 

x x 2 
f(x) = 1 - - +- - · · · . 

2 3 

(b) Use the result in part (a) to establish the approximation 

6x+x2 
ln(l +x) ~ R21(x) = --

4
-. 

• 6+ X 

3. (a) Find R1,I (x) for f(x) == tan(x 112)/x112. Hint. Start with the Maclauri 
sion: 

x 2x2 
f(x) = 1 +-+- + · ... 

3 15 

(b) Use the result in part (a) to estabhsh the approximation 

I5x- x 3 

tan(x) ""=' R3 2(x) = 2 . 
· 15- 6x 

4. (a) Find Ru(x) for f(x) = arctan(x 112)/x 112. Hint. Start with the Maclaur , 
expansion: 

x x 2 
j(x) = l--+-- .. · . 

3 5 

(b) Use the result in part (a) to establish the approximation 

l5x +4x3 

arctan(x) ""'R3 2(x) = 
9 2 • 

' 15+ X 

(c) Express the rational function R3,2(x) in part (b) in continued fraction form. 

5. (a) Establish the Pacte approximation: 

x 12+6x +x2 

e ""' R2,2(X) = 12- 6x + x2. 

(b) Express the rational function R2.2(x) in part (a) in continued fraction form. 
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6. (a) Find the Pade approximation Rz,z(x) for f(x) = ln(l + x)fx. Hint. Start with 
the Maclaurin expansion: 

x x 2 x 3 x 4 

f(x) = 1 - 2 + 3 - 4 + 5 - · · · · 

(b) Use the result in part (a) to establish 

ln(l +x) ""'R (x) = 30x +2tx2 +x3. 3
'
2 

30 + 36x + 9x2 

(c) Express the rational function R3,2(x) in part {b) in continued fraction form. 

(a) Find Rz.z(x) for f(x) = tan(x 112)jx112• Hint. Start with the Maclaurin expan-
-,ion·. · 

(b) Use the result in part (a) to establish 

R 945x - 105x3 + x 5 

tan(x)""' s,4(X) = -94-5---4-10-x""2,..-+-l-5x--,.4 · 

(c) Express the rational function Rs,4(x) in part (b) in continued fraction form. 

'8. (a) Find Rz.2(x) for f(x) = arctan(x 112)jx112. Hint. Start with the Maclaurin 
expansion: 

x x 2 x3 x 4 
f(x) = 1 - 3 + 5-7+ 9 - ... · 

(b) Use the result in part (a) to establish 

R 
945x + 735x3 + 64x5 

arctan(x) ~ s 4(x) = ::-:c:---:-::--::--..,.--__,:--..,-
. 945 + 1050x2 + 225x4 · 

(c) Express the rational functionRs,4(x) in part (b) in continued fraction form. 

f. Establish the Pade approximation: 

x 120 + 60x + 12x2 + xl 
e ""'R3'3 (x) = 120- 60x + I2x2 + x3 • 

1 0. Bstablish the Parle approximation: 

t? ""' x = 1680 + 840x + 180x2 + 20x3 + x4 
/4.4

( ) 1680- 840x + 180x2 - 20x3 + x4 · 



250 CHAP. 4 INTERPOLATION AND POLYNOMIAL APPROXIMATION 

Algorithms and Programs 

1. Compare !he following approximations to f (x) = ex. 

Taylor: 

Pade: 

x2 x3 x4 
T6(x)= 1+x+-+-+-

2 6 24 
R x _ 12 + 6x + x 2 

2,2( ) - 12 6 2 - x+x 

(a) Plot j(x), T6(x), and Rz.2(x) on the same coordinate system. 
(b) Determine the maximum error that occurs when j(x) is approximatt : ·.· 1:1 

T6(x) and Rz.z(x), respectively, over the interval ( -1, 1]. 

2. Compare !he following approximations to f(x) = ln(1 + x). 

Taylor: 

Pade: 

x2 x3 x4 x5 
Ts(x) = x - - +---+-

2 3 4 5 
R (x) = 30x + 2Ix

2 
+x

3 
3

'
2 

30 + 36x + 9x 2 

(a) Plot j(x), Ts(x), and RJ,z(x) on the same coordinate system. 
(b) Determine !he maximum error that occurs when f(x) is approximate.: 1!, 

Ts(x) and RJ.z(x), respectively, over the interval [ -1, 1]. 

3. Compare !he following approximations to j(x) = tan(x). 

Taylor: 
x 3 2x5 17x7 62x9 

Tg(x) = x + J + lS + 315 + 2835 

Pade: 
945x - l05x3 + x 5 

Rs.4(x) = 945- 420x2 + 15x4 

{a) Plot j(x), T9(x), and Rs.4(x) on the same coordinate system. 
(b) Determine the maximum error that occurs when j(x) is approximated with 

Tg(x) and Rs.4(x), respectively, over the interval [-I, 1]. 

4. Compare the following Pade approximations to f(x) = sin(x) over the interval 
[ -1.2, 1.2]. 

R (x _ l66,320x- 22,260x3 + 55tx5 

S.4 ) - 15(ll,088 + 364x2 + 5x4) 

R (x) = ll,511,339,840x- J,640,635,920x2 + 52,785,432x5- 479,249x 7 
7

•
6 7(1,644,477,120 + 39,702,96()x2 +453,960x4 + 2,623x6) 

(a) Plot j(x), Rs,4(x), and R1,6(x) on the same coordinate system. 
(b) Determine the maximum error that occurs when j(x) is approximated with 

Rs,4(x) and R7,6(x), respectively, over the interval ( -1.2, 1.2]. 
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5. (a) Use equations (6) and (7) to derive R6,6(X) and Rg,g(x) for j(x) = cos(x) over 
the interval [ -1.2, 1.2]. 

(b) Plot j(x), R6,6(X), and Rg,s(x) on the same coordinate system. 
(c) Detennine the maximum error that occurs when j(x) is approximated with 

R6,6(x) and Rs,s (x), respectively, over !he interval [-I .2, 1.2]. 
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Curve Fitting 

Applications of numerical techniques in science and engineering often involve curve 
fitting of experimental data. For example, in 1601 the German astronomer Johannes 
Kepler formulated the third law of planetary motion, T = Cx 312, where xis the dis
tance to the sun measured in millions of kilometers, T is the orbital period measured 
in days, and C is a constant. The observed data pairs (x, T) for the first four planets, 
Mercury, Venus, Earth, and Mars, are (58, 88), ( 108, 225), ( 150, 365), and (228, 687), 
and the coefficient C obtained from the method of least squares is C = 0.199769. The 
curve T = 0.199769x 3fl and the data points are shown in Figure 5.1. 

T 

750 

500 

250 

Figure 5.1 The least-squares fit 
T = 0.199769x312 for the first four 

L--~=--_,_ __ __, ___ ...J...._ __ __.__~ x planets using Kepler's third law of 
50 1()() 150 100 planetary motion. 
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5.1 Least-squares Line 

In science and engineering it is often the case that an experiment produces a set of 
data points (x 1, Yl), ... , (x N, y N), where the abscissas {xd are distinct. One goal of 
numerical methods is to determine a formula y = f(x) that relates these variables. 
Usually, a class of allowable formulas is chosen and then coefficients must be deter
mined. There are many different possibilities for the type of function that can be used. 
Often there is an underlying mathematical model, based on the physical situation, that 
will determine the form of the function. In this section we emphasize the class of linear 
functions of the form 

(1) Y = f (x) = Ax + B. 

In Chapter 4 we saw how to construct a polynomial that passes through a set of 
points. If all the numerical values {xk}, {yk} are known to several significant digits 
of accuracy, then polynomial interpolation can be used successfully; otherwise it can
not. Some experiments are devised using specialized equipment so that the data points 
will have at least five digits of accuracy. However, many experiments are done with 
equipment that is reliable only to three or fewer digits of accuracy. Often there is an 
experimental error in the measurements, and although three digits are recorded for the 
values {xk} and {yk}, it is realized that the true value j(xk) satisfies 

where ek is the measurement error. 
How do we find the best linear approximation of the form (1) that goes near (not 

always through) the points? To answer this question, we need to discuss the errors 
(a[100 called deviatWns or residuals): 

(3) 

There are several norms that can be used with the residuals in (3) to measure how 
farthe curve y = f(x) lies from the data. 

(5) 

Maximum error: 

Average error: 

Root-mean-square 
error: 

The next example shows how to apply these norms when a function and a set of 
.points are given. 



254 CHAP. 5 CURVE FITTING 

Table 5.1 Calculations for Finding E 1 (/) and E 2 (/) for 
Example 5.1 

Xk Yk f(xk) = 8.6- 1.6xk lekl e2 
k 

-I 10.0 10.2 0.2 0.04 

0 9.0 8.6 0.4 0.16 

1 7.0 7.0 0.0 0.00 

2 5.0 5.4 0.4 0.16 

3 4.0 3.8 0.2 0.04 

4 3.0 2.2 0.8 0.64 

5 0.0 0.6 0.6 0.36 

6 -1.0 ~1.0 0.0 0.00 
- -
2.6 1.40 

Example 5.1. Compare the maximum error, average error, and nns error for the lincc.r 

approximation y = f(x) = 8.6- 1.6x to the data points (-1, IO), (0, 9), (1, 7), (2, ~' 

(3, 4), (4, 3), (5, 0), and (6, -I). 

(7) 

(8) 

(9) 

The errors are found using the values for f(xk) and ek given in Table 5.1. 

£ 00 (/) = max{0.2, 0.4, 0.0, 0.4, 0.2, 0.8, 0.6, 0.0} = 0.8, 

1 
Er{/) = 8(2.6) = 0.325, 

(
14)1/2 

£2(/) = i- ""'0.41833 

We can see that the maximum error is largest, and if one point is badly in error. 1t> 

value determines £ 00 (/). The average error Er (/) simply averages the absolute value r>t 

the error at the various points. It is often used because it is easy to compute. The errll 

£2(/) is often used when the statistical nature of the errors is considered. 
A best-fitting line is found by minimizing one of the quantities in equations ( 4) through 

(6). Hence there are three best-fitting lines that we could find. The third norm £ 2(/) is the 

traditional choice because it is much easier to minimize computationally. • 

Finding the Least-squares Line 

Let ((xt. Yk)}f=t be a set of N points, where the abscissas (Xk} are distinct. The least

squares line y = f (x) = Ax+ B is the line that minimizes the root-mean-square error 

Ez(f). 
The quantity E2(f) will be a minimum if and only if the quantity N(Ez(/))2 = 

'L~=l (Axk + B- Yk)2 is a minimum. The latter is visualized geometrically by mini· 

mizing the sum of the squares of the vertical distances from the points to the line. The 

next result explains this process. 
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Figure 5.2 The vertical distances 
x between the points { (xk, yk)] and 

the least·squares line y =Ax+ B. 

Theorem 5.1 (Least-squares Line). Suppose that { (xk, YkHf=I are N points, where 

the abscissas (xk If= 1 are distinct. The coefficients of the leasr.squares line 

y=Ax+B 

are the solution to the following linear system, known as the normal equations: 

(10) 

Proof Geometrically, we start with the line y = Ax + B. The vertical distance dk 

!rum the point (xk, yk) to the point (xk> Axk +B) on the line is dk = IAxk + B- Ykl 

(see Figure 5.2). We must minimize the sum of the squares of the vertical distances dk: 

N N 

(II) E(A, B)= L(Axk + B- yk) 2 = Ldf. 
k=l k=I 

The minimum value of E (A, B) is determined by sett~ng the partial derivatives 

aE faA and aE(aB equal to zero and solving these equations for A and B. Notice that 

{Xtc} and {Yk} are constants in equation (11) and that A and Bare the variables! Hole! 

E Rxed, differentiate E(A, B) with respect to A, and get 

(12) 
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Table 5.2 Obtaining the Coefficients for 
Normal Equations 

Xk Yk xf XkJk 

-1 10 1 -10 
0 9 0 0 
1 7 1 7 
2 5 4 10 
3 4 9 12 
4 3 16 12 
5 0 25 0 
6 -I 36 -6 

- - - -
20 37 92 25 

Now hold A fixed and differentiate E (A , B) with respect to B and get 

aE(A B) N N 
--·- = L 2(Ax~;: + B- Yk) = 2 L(Axk + B- yk). 

aB k=t k=l 
(13) 

Setting the partial derivatives equal to zero in (12) and (13), use the distribmi'e 
properties of summation to obtain 

N IY IY N 

(14) 0 = I:<Ax} + Bx~;:- Xk}'k) =A I: xi+ B L:>k- LXkYk· 
k=l k=l k=l k=l 

N N N 

(15) 0 = L(Axk + B- yk) =A LXk + NB- LYk· • 
k=l k=l k=l 

Equations (14) and (15) can be rearranged in the standard form for a system and 
result in the normal equations (10). The solution to this system can be obtained by one 
of the techniques for solving a linear system from Chapter 3. However, the method 
employed in Program 5.1 translates the data points so that a well-conditioned matrix is 
employed (see exercises). 

Example 5.2. Find the least-squares line for the data points given in Example 5.1. 
The sums required for the normal equations (10) are easily obtained using the values 

in Table 5.2. The linear system involving A and B is 

92A + 208 = 25 

20A+ 88=37. 
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-'------j!---'---'-----'--..J...._-_..::~---'-x Figure 5.3 The least-squares line 
y = -1.6071429x + 8.6428571. 

The solution of the linear system is A::::::: -1.6071429 and B ::::::: 8.6428571. Therefore, the 
least-squares line is (see Figure 5.3) 

y = -l.607I429x + 8.6428571 • 

The Power Fit y = AxM 

Some situations involve f(x) = AxM, where M is a known constant. The example of 
planetary motion given in Figure 5. I is an example. In these cases there is only one 
parameter A to be determined. 

Theorem 5.2 (Power Fit). Suppose that {(xk. yk)},t'= 1 are N points, where the ab
scissas are distinct. The coefficient A of the least-squares power curve y = AxM is 
given by 

{16) 

Using the least-squares technique, we seek a minimum of the function E(A): 

N 
{] 7) E(A) = _L(Axf- Yk) 2. 

k=l 

Jn this case it will suffice to solve E'(A) = 0. The derivative is 

N N 
(18) E' (A) = 2 l)Axf' - Ylc)(xf') = 2 L(AxfM - xf/ yk). 

k=l k=l 
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Table 5.3 Obtaining the Coefficient for a Power Fit 

Time, tk Distance, dk dktl 14 
k 

0.200 0.1960 0.00784 0.0016 
0.400 0.7850 0.12560 0.0256 
0.600 1.7665 0.63594 0.1296 
0.800 3.1405 2.00992 0.4096 
1.000 4.9075 4.90750 1.0000 

~~ --
7.68680 1.5664 

Hence the coefficient A is the solution of the equation 

( 19) 

which reduces to the formula in equation (16). 

Example 5.3. Students collected the experimental data in Table 5.3. The relation is 
d = i gt 2 , where d is distance in meters and t is time in seconds. Find the gravitational 
constant g. 

The values in Table 5.3 are used to find the summations required in formula ( 16), where 
the power used is M = 2. 

The coefficient is A = 7.68680/1.5664 = 4.9073, and we get d = 4.9073t3 and 
g = 2A = 9.7146 m/sec2

• • 

The following program for constructing a least-squares line is computationally sta
ble: it gives reliable results in cases when the normal equations ( 1 0) are ill conditioned. 
The reader is asked to develop the algorithm for this program in Exercises 4 through 7. 

Program 5.1 (Least-squares Line). To construct the least-squares line y = Ax + 
B that fits theN data points (XJ, YJ), ... , (XN, YN). 

function [A,B]=lsline(X,Y) 

Y.Input - X is the 1xn abscissa vector 
r. y is the 1xn ordinate vector 
Y.Output A is the coefficient of x in Ax + B 
r. B is the constant coefficient in Ax 

xmean=m.ean(X); 
j:mean=m.ean (Y) ; 
sumx2=(X-xmean)•(X-xmean)'; 
sumxy=(Y-ymean)*(X-xmean)'; 

+ B 
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A=sumxy/sumx2; 
B=ymean-A*xmean; 

Exercises for Least-squares Line 

259 

In Exercises 1 and 2, find the least-squares line y = f (x) = Ax + B for the data and 
calculate Ez(j) 

1. (a) 
Xk Yk f(xk) 

(b) 
Xk Yk f(xk) 

-2 1 1.2 -6 7 7.0 
-1 2 1.9 -2 5 4.6 

0 3 2.6 0 3 3.4 
1 3 3.3 2 2 2.2 
2 4 4.0 6 0 -0.2 

(c) 
Xk Yk f(xk) 

-4 -3 -3.0 
-1 -1 -0.9 

0 0 -0.2 
2 I 1.2 
3 2 1.9 

2. (a) 
Xt Yk f(xk) 

(b) 
Xk Yk f(x~:) 

-4 1.2 0.44 -6 -5.3 -6.00 
-2 2.8 3.34 -2 -3.5 -2.84 

0 6.2 6.24 0 -1.7 -1.26 
2 7.8 9.14 2 0.2 0.32 
4 13.2 12.04 6 4.0 3.48 

(c) 
Xk Yk f(xk) 

-8 6.8 7.32 
-2 5.0 3.81 

0 2.2 2.64 
4 0.5 0.30 
6 -1.3 -0.87 

3. Find the power fit y = Ax, where M = l, which is a line through the origin, for the 
data and calculate E2(/). 
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(a) 
Xt Yk f(x~c) 

(b) 
Xk Yic 

-4 -3 -2.8 3 1.6 
-1 -1 -0.7 4 2.4 

0 0 0.0 5 2.9 
2 1 1.4 6 3.4 
3 2 2.1 8 4.6 

Xk Yk f(xk) 
(c) 

1 1.6 1.58 
2 2.8 3.16 
3 4.7 4.74 
4 6.4 6.32 
5 8.0 7.90 

4. Define the means x and y for the points { (xk, Yk) }f= 1 by 

l N 
X=- LXk 
. N k=l 

and 
1 N 

y=- LYk· 
N k=l 

f(x,,.) 

1.722 
2.296 
2.870 
3.444 
4.592 

Show that the point (x, y) lies on the least-squares line determined by the given set of 
points. 

5. Show that the solution of the system in ( lO) is given by 

1( N N N) 
A= D N t;xkYk- [;xk t;Yk , 

](N N N N ) 
B = D t;xf {; Yk- t;xk t;xkYk , 

where 

D = N~x}- (~xkr 
Hint. Use Gaussian elimination on the system in (lO). 

6. Show that the value of D in Exercise 5 is nonzero. 
Hint. Show that D = N Lf=l (xk - x)

2. 

7. Show that the coefficients A and B for the least-squares line can be computed ~~' 
follows. First compute the means x andy in Exercise 4, and then perform the caku
lations: 

N 

C = L)xk -xi. 
k=l 

1 N 

A = - ~)xk - X)(yk - YJ, 
c k=l 

B =v- Ax. 
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Hint. Use Xk = Xk- x, Yk = Yk- y and first find the line Y =AX. 

8. Find the power fits y = Ax2 andy = Bx 3 for the following data and use £ 2(/) to 
detennine which curve fits best. 

(a) (b) 
X/c Yk Xk Yk 

2.0 5.1 2.0 5.9 
2.3 7.5 2.3 8.3 
2.6 10.6 2.6 10.7 
2.9 14.4 2.9 13.7 
3.2 19.0 3.2 17.0 

9. Find the power fits y = A/x andy = Bjx2 for the following data and use £ 2(/) to 
determine which curve fits best. 

(a) (b) 
Xk Yk Xk Yk 

0.5 7.1 0.7 8.1 
0.8 4.4 0.9 4.9 
1.1 3.2 l.l 3.3 
1.8 1.9 1.6 1.6 
4.0 0.9 3.0 0.5 

10. (a) Derive the normal equation for finding the least-squares linear fit through the 
origin y = Ax. 

(b) Derive the normal equation for finding the least -squares power fit y = Ax2. 

(c) Derive the normal equations for finding the least-squares parabolay = Ax 2+B. 

11. Consider the construction of a least-squares line for each of the sets of data points 

detennined by SN = {(~, {~ )2)}f=i' where N = 2, 3, 4, .... Note that, for each 
value of N the points in SN all lie on the graph off (x) = x 2 over the closed interval 
[0, 1]. Let XN andy N be the means for the given data points (see Exercise 4). Let x 
be the mean of the values of x in the interval [0, 1], and Jet y be the mean (average) 
value of f(x) = x 2 over the interval [0, 1]. 

(a) Show limN->oo XN = x. 
(b) Show limN .... oo YN = y. 

12. Consider the construction of a least-squares line for each of the sets of data points: 

for N = 2, 3, 4, .... Assume that y = j(x) is an integrable function over the closed 
interval [a, b ]. Repeat parts (a) and (b) from Exercise 11. 
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Algorithms and Programs 

1. Hooke's law states that F = kx, where F is the force (in ounces) used to stretch 
a spring and x is. the increase in its. length (in inches). Use Program 5.1 to find an 

approximation to the spring constant k for the following data. 
(a) (b) --.....-----

Xk Ft X it. F~t. 

0.2 3.6 0.2 5.3 
0.4 7.3 0.4 10.6 
0.6 10.9 0.6 15.9 
0.8 14.5 0.8 21.2 
1.0 18.2 1.0 26.4 

2. Write a program to find the gravitational constant g for the following sets of data. u,, 
the power fit that was shown in Example 5.3. 

(a) (b) 
Ttme, lk 

0.200 
0.400 
0.600 
0.800 
1.000 

Distance, dt 

0.1960 
0.7835 
1.7630 
3.1345 
4.8975 

Time, fk Distance, dk 

0.200 0.1965 
0.400 0.7855 
0.600 1.7675 
0.800 3.1420 
1.000 4.9095 

3. The following data give the distances of the nine planets from the sun and their side 
real period in days. 

Distance from Sidereal period 
Planet sun (km x lW) (days) 

Me~ 5'1.59 87.99 
Venus 108.11 224.70 
Earth 149.57 365.26 
Mars 227.84 686.98 
Jupiter 778.14 4,332.4 
Saturn 1427.0 10,759 
Uranus 2870.3 30,684 
NeptUne 4499.9 60,188 
Pluto 5909.0 90,710 

Modify your program from Problem 2 to also calculate £ 2(/). Use it to find the 
power fit of the fonn y == Cx312 for (a) the first four planets and (b) all nine planets. 

4. (a) Find the least-squares line for the data points ((xk, YkHk~I, where Xk = (O.l)k 

and Yk = Xk: + cos(k 112). 

(b) Calculate £2(/). 

(c) Plot the set of data points and the least-squares line on the same coordinate 
system. 
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J.2 Curve Fitting 

Data Linearization Method for y = CeAx 

Suppose that we are given the points (XJ, yJ), (x2, )'2), ... , (xN, YN) and want to fit an 

exponential curve of the fonn 

y=CeAx. 

The first step is to take the logarithm of both sides: 

ln(y) = Ax+ In( C). 

Then introduce the change of variables: 

(3) Y = ln(y), X=x, and B =In( C). 

This results in a linear relation between the new variables X and Y: 

(4) Y =AX+ B. 

The original points (xk, Yk) in the x y-plane are transformed into the points (X k, Yk) = 
(Xb ln(yk)) in the XY -plane. This process is called data linearization. Then the least~ 
squares line (4) is fit to the points {(Xt. Yk)}. The normal equations for finding A and 
Bare 

(5) 
(~xl)A+ 

(~xk) A+ 

(f:x*) B = 'txkrk, 
k=l k=cl 

N 

NB = Lyk· 
k=l 

After A and B have been found, the parameter C in equation (I) is computed: 

(6) 

Example 5.4. Use the data linearization method and find the exponential fit y == C eAx 

for the five data points (0, 1.5), (1, 2.5), (2, 3.5), (3, 5.0), and (4, 7 .5). 
Apply the transfonnation (3) to the original points and obtain 

{(Xt. Yk)l = {(0, ln(l.S), (l, ln(2.5)), (2, ln(3.5)), (3,ln(5.0)), (4, ln(7.5)) 
(7) 

= {(0, 0.40547), (l, 0.91629), (2, 1.25276), (3, 1.60944), (4, 2.01490)!. 

These transformed points are shown in Figure 5.4 and exhibit a linearized fonn. The equa
tion of the least-squares line Y =AX+ B for the points (7) in Figure 5.4 is 

(8) . Y:::;; 0.391202X + 0.457367. 
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y 

.__ __ _._ ___ .J.._ __ ___. ___ ........._X Figure 5.4 The transformed .lc~: 

0 2 3 4 points {(Xko Yk)}. 

Thble SA Obtaining Coefficients of the Normal Equations for the Transformed Data Points 
({Xk, Yk)} 

Xk Yk X~:: Yk = ln(y~::) x2 
k X~cYk 

0.0 1.5 0.0 0.405465 0.0 0.000000 
1.0 2.5 1.0 0.916291 l.O 0.916291 
2.0 3.5 2.0 1.252763 4.0 2.505526 
3.0 5.0 3.0 1.609438 9.0 4.828314 
4.0 7.5 4.0 2.014903 16.0 8.059612 

10.0 6.198860 30.0 16.309743 
=l:Xt =LYk =LX~ = I:X~cY~c 

Calculation of the coefficients for the normal equations in (5) is shown in Table 5.4. 

(9) 

The resulting linear system (5) for determining A and B is 

30A + lOB = 16.309742 

lOA+ 58= 6.198860. 

The solution is A = 0.3912023 and B = 0.457367. Then Cis obtained with the calculation 
C = e0.457367 = 1.579910, and these values for A and C are substituted into equation ( 1) 
to obtain the exponential fit (see Figure 5.5): 

(10) y = 1.57991 Oe0·3912023x (fit by data linearization). • 
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y 

8 

Figure 5.5 The exponential fit 
L __ _,_ ___ _.._ ___ J._ __ ---':- x y = 1.579910e0·3912D23-< obtained by 

3 4 using the data linearization method. 0 2 

Nonlinear Least-squares Method for Y = C eA x 
. . ( ) ( ) (x YN) and want to fit an Suppose that we are gtven the pmnts X!, Yl , x2. Y2 • · · · • N, 

exponential curve: 

(11) y = CeAx_ 

The nonlinear least-squares procedure requires that we find a minimum of 

N 

(12) E(A, C)= L:<ceAxk- Yd
2

· 

k=l 

The partial derivatives of E(A, C) with respect to A and Care 

N 
aE = 2 z:=cceAxk- y~::)(Cx~::eAxk) (13) 
aA k=l 

and 

(14) 

When the partial derivatives in (13) and (14) are set equal to zero and then simplified, 
the resulting normal equations are 

N N 
C L x~::e2Axk - L XkYkek"k = 0, 

bol k=l 
(15) N N 

C L eAxk - LYkeAxk = 0. 
k=l k=l 
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The equations in (l5) are nonlinear in the unknowns A and C and can be solved using 

Newton's method. This is a time-consuming computation and the iteration involved 

requires good starting values for A and C. Many software packages have a built-in 

minimization subroutine for functions of several variables that can be used to minimize 

E(A, C) directly, For example, the Nedler-Mead simplex algorithm can be used to 

minimize {12) directly and bypass the need for equations (13) through (15). 

Example 5.5. Use the least-squares method and determine the exponential fit y = C eAx 

for the five data points (0, 1.5), (1, 2.5), (2, 3.5), (3, 5.0), and (4, 7.5). 
For this solution we must minimize the quantity E(A, C), which is 

(16) 
E(A, C)= (C - 1.5)2 + (CeA - 2.5)2 + (Ce1;. - 3.5)2 

We use the :fmina command in MATLAB to approximate the values of A and C that DJJr! 

mi.ze E(A, C). First we define E(A, C) as an M-tile in MATI..AB. 

function :z:•E(u) 
A=u(l); 
C=u(2); 
z=(C-1.5).-2+{C.*exp{A)-2.5).-2+(C.*exp(2*A)-3.5).-2+ ... 

(C.*exp(3*A)-5.0)."2+(C.•exp(4*A)-7.5)."2; 

Using the fmins command in the MATLAB Command Window and the initial value' 
A == 1.0 and C = 1.0, we find 

>>fmins('E',[1 1)) 
ans= 

0.38357046980073 1.61089952247928 

Thus the exponential fit to the five data points is 

(17) y = L6108995e0·3835705 (fit by nonlinear least squares). 

A comparison of the solutions using data linearization and nonlinear least square~ 1' 

given in Table 5.5. There is a slight difference in the coefficients. For the purpose "I 
interpolation it can be seen that the approximations differ by no more than 2% over Tile· 

interva1 [0, 4] (see Table 5.5 and Figure 5.6). If there is a normal distribution of the error> 

in the data, (17) is usuaUy the preferred choice. When extrapolation beyond the range ,,r 
the data is made, the two solutions will diverge and the discrepancy increases to about 6', 

whenx = 10. 

Transformations for Data Linearization 

The technique of data linearization has been used by scientists to fit curves ~uch ,1, 

y = Ce(Ax), y =A ln(x) + B, andy= Ajx +B. Once the curve has been chosen. 

1 suitable transformation of the variables must be found so that a linear relation i~ 

SEC. 5.2 CURVE FITTING 267 

Table 5.5 Comparison of the Two Exponential Fits 

Xk Yk 1.5799e0.39120x l.6 l09e0.38357.r 

0.0 1.5 1.5799 1.6109 
1.0 2.5 2.3363 2.3640 
2.0 3.5 3.4548 3.4692 
3.0 5.0 5.1088 5.0911 
4.0 7.5 7.5548 7.4713 

5.0 ll.l716 10.9644 
6.0 16.5202 16.0904 
7.0 24.4293 23.6130 
8.0 36.1250 34.6527 
9.0 53.4202 50.8535 

10.0 78.9955 74.6287 

y 

80 

60 

40 

2(} 

.....,,_~;=:::=---r---.---...---...-- x Figure 5.6 A graphical compari-
0 2 4 6 8 1 0 son of the two exponential curves. 

ohtained. For example, the reader can verify that y = Dj(x + C) is transformed 

imo a linear problemY = AX+ B by using the change of variables (and constants) 

X = xy, Y = y, C = -1/A, and D = -B/A. Graphs of several cases of the 

po~sibilities for the curves are shown in Figure 5.7, and other useful transformations 

~tr-: given in Table 5.6. 

Linear Least Squares 

Th<.! linear least-squares problem is stated as follows. Suppose that N data points 

[\.ik, Yk)} and a set of M linear independent functions {/j(x)} are given. We want 
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A 
y=- +B; A=-3,8=4 

X 

_JL 
....._ I 

----D -1 
Y= x+ C; D=-1. C= 4 

X ~ 3 
Y=A+n_; A=-

2 
.B=l Aln() B . ..,.. Y = x + ; A = 2, B = l y =A ln(x) + B; A = -2, B = 2 

A=-1, C=3 Y= Ct-'; 

Y= (Ax+Bi A=4,B=-3 Y=Cxe-D-";C=l2,D=l L 
Y=l+Ce""; L=5,C=20,A=-2 

Figure 5,7 Possibilities for the cwves used in "data linearization". 
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fible 5.6 Change of Variable(s) for Data Linearization 

Function, y = f(x) 

A 
y=-+B 

X 

D 
y=x+C 

1 
y= Ax+B 

X 

y =Ax+ B 

y = Aln(x) +B 

y =(Ax+ B)-2 

y = Cxe-Dx 

L 
y = I+ CeAx 

Linearized fonn, Y = Ax + B 

1 
y=A-+B 

X 
-1 D 

y+ c(xy) + c 

I 
-=Ax+ IJ 
y 
t I 
-=A~+ B 
y X 

y = Aln(x) + B 

ln(y) =Ax+ In( C) 

ln(y) =A ln(x) +In{ C) 

y-112 =Ax+ B 

In(~) = -Dx +In( C) 

In ( ~ - I) = Ax+ In( C) 
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Change of variable(s) and constants 

1 
X=-,Y=y 

X 

X =xy, Y = y 

-1 -B 
C=A,D=A 

1 
X=x,Y=-

y 
1 I 

X=-, y =-
X y 

X = ln{x), Y = y 

X =X, Y = ln(y) 

X = ln(x). Y = ln(y) 

X= X, y = y-l/2 

X= x, Y =In(~) 

C=e8 ,D =-A 

X = x, Y =In (; - I) 
C = eB and L is a constant 
that must be given 

to find M coefficients { c j) so that the function f (x) given by the linear combination 

(18) 
M 

j(x) = L cj/j(X) 
j=l 

will minimize the sum of the squares of the errors 
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For E to be minimized it is necessary that each partial derivative be zero (i.e., 
fJEjfJc; = 0 fori= I, 2, ... , M), and this results in the system of equations 

(20) t((tcJh(xk))-Yk)(f;(xk))=O for i=l, 2, ... , M. 
k=l p=l 

Interchanging the order of the summations in (20) will produce an M x M system 
of linear equations where the unknowns are the coefficients fc i}. They are called the 
normal equations: 

(21) for i = 1, 2, .. . • M. 

The Matrix Formulation 

Although (21) is easily recognized as a system of M linear equations in M unknowns, 
one must be clever so that wasted computations are not petformed when writing the 
system in matrix. notation. The key is to write down the matrices F and F' as follows: 

fJ(XJ) f2(XJ) /M(XJ) 
!I (xz) f2(x2) fM(Xz) 

F= f1 (x3) fz(XJ) fM(X3) 

fl (XN) /2(XN) /M(XN) 

[ /J(XJ) 
!I (xz) fJ{.tJ) /J(XN)] 

pt""' /z(~r) fz(x2) /2(X3) /z(XN) 
. . 

/M(Xr) /M(Xz) fM(XJ) fM(XN) 

Consider the product ofF' and the column matrix Y: 

(22) 
[ 

ft (XJ) !1 (xz) 
, /2(x1) fz(xz) 

FY= . . . . . . 
[M(Xt) fM(Xz) 

The element in the ith row of the product F'Y in (22) is the same as the ith element 111 

:he column matrix in equation (21); that is, 

N 

L fi(xk)Yk =row; F' · [Yi Y2 . . . YN ]'. 
k==l 
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Now consider the product F' F, which is an M x M matrix: 

F'F= 

!1 (X2) /1 (x3) 
f2(X2) f2(x3) 

[

[J(xt) 
h(x[) 

fM(Xt) 

/2(xt) 
{2(x2) 
/2(X3) 
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/f.t(X!) l {M(X2) 
fM(XJ) . 

/M(XN) 

The element in the i th row and j th column of F' F is the coefficient of c j in the 
ith row in equation (21 ); that is, 

N 

(24) L f;(xk)fJ(Xk) == fi(xdh(x!) + /;(xz)/j(xz) + · · · + fi(xN)/j(xN). 
k==l 

When M is small, a computationally efficient way to calculate the linear least-squares 
coefficients for (18) is to store the matrix F, compute F' F, and F'Y and then solve 
the linear system 

(25) F' F C = F' Y for the coefficient matrix C. 

Polynomial Fitting 
When the foregoing method is adapted to using the functions (Ji(x) = xi- 1

} and the 
index of summation ranges from j = 1 to j = M + I, the function j(x) will be a 
polynomial of degree M: 

(:~6) j(x) ;=: CJ + C2X + C3X 2 + · · · + CM+IXM. 

We now show how to find the least-squares parabola, and the extension to a poly
nomial of higher degree is easily made and is left for the reader. 

Theorem 5.3 (Least-squares Parabola). Suppose that {(xk, YkH%==1 are N points, 
where the abscissas are distinct. The coefficients of the least-squares parabola 

L27) Y = f(x) = Ax 2 + Bx + C 

are the solution values A, B, and C of the linear system 

(~xt) A+ (~xl) B + (~xt) C = ~YkXt, 

12S) (~xi) A+ (~xf) B + (~xk) C = ~YkXk. 

(~x~) A+ (~xk) B+ NC = ~Yk· 
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TableS. 7 Obtaining the Coefficients for the Least-Squares Parabola of Example 5.6 

Xk Yk x2 
k x'f x4 

k XtYk XfYk 

-3 3 9 -27 81 -9 27 
0 1 0 ·o 0 0 0 
2 1 4 8 16 2 4 
4 3 16 64 256 12 48 -- -- -- -- -- -- --
3 8 29 45 353 5 79 

Proof The coefficients A, B, and C will minimize the quantity: 

N 

(29) E(A, B, C)= l)Axf + Bxk + C- yk)2 

k""l 

The partial derivatives iJEfiJA, iJEfoB, and iJEfoC must all be zero. This results in 

(}E(A, B, C) ~ 2 1 2 
0 = !I = 2 L,..(Axk + Bxk + C- Yk) (xk), 

uA k=l 

oE(A, B, C) ~ 2 1 
(30) 0 = oB = 2 L,,..(Axk + Bxk + C- Yk) (xk). 

k=l 

(}E(A, B, C) -f. 2 1 
0 = !I = 2 L..)Axk + Bxk + C- Yk) (1). 

uC k=l 

Using the distributive property of addition, we can move the values A, B, and C 
outside the sununations in (30) to obtain the normal equations that are given in (28). • 

Example 5.6. Find the least-squares parabola for the four points ( -3, 3), (0, 1), (2. 1), 
and (4, 3). 

The entries in Table 5.7 are used to compute the summations required in the Iiflear 
system (28). 

The linear system (28) for finding A, B, and C becomes 

353A + 458 + 29C = 79 

45A + 298 + 3C = 5 

29A + 38 + 4C = 8. 

The solution to the linear system is A = 585/3278, 8 = -631/3278, and C = 1394/1639, 
and the desired parabola is (see Figure 5.8) 

585 2 631 1394 2 
Y = 

3278
x -

3278
x + 

1639 
= O.I78462x - O.I92495x + 0.850519. • 
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y 

--t.----L.---L----L--~---'---.....__...J...__ x Figure 5.8 The least-squares 
-3 -2 -1 0 2 3 4 parabola for Example 5.6. 

Polynomial Wiggle 

It is tempting to use a least-squares polynomial to fit data that is nonlinear. But if the 
data do not exhibit a polynomial nature, the resulting curve may exhibit large oscilla
tions. This phenomenon, called polynomial wiggle, becomes more pronounced with 
higher-degree polynomials. For this reason we seldom use a polynomial of degree 6 or 
above unless it is known that the true function we are working with is a polynomial. 

For example, let f(x) = 1.44fx2 + 0.24x be used to generate the six data points 
(0.25, 23.1), (1.0, 1.68), (1.5, 1.0), (2.0, 0.84), (2.4, 0.826), and (5.0, 1.2576). The 
result of curve fitting with the least-squares polynomials 

~(x) = 22.93- 16.96x + 2.553x2
, 

P)(x) = 33.04- 46.5lx + 19.5lx2
- 2.296x3

, 

P4(x) = 39.92- 80.93x + 58.39x2 - 17.15x3 + 1.680x4
, 

and 

P5(x) = 46.02- ll8.1x + 119.4x2
- 57.5lx 3 + 13.03x4

- l.085x5 

is shown in Figure 5.9(a) through (d). Notice that P3(x), P4(x), and Ps(x) exhibit a 
large wiggle in the interval [2, 5]. Even though Ps(x) goes through the six points, it 
produces the worst fit. If we must fit a polynomial to these data, P2 (x) should be the 
choice. 

The following program uses the matrix F with entries /j(x) = xj-l from equa-
tion (18). 



274 CHAP. 5 CURVE FITTING 

I 
I • 

.X X 

-10 3 4 5 

-20 

(a) (b) 

y y 
30 I 30 ' 
20 20 
10 10 ' 
0 X 0 X 

-10 -10 2 3 4 5 

-20 -20 

(c) (d) 

Figure5.9 (a) Using Pl(x) to fit data. (b) Using P3(.x) to fit data. (c) Using P4(x) to 
fit data. (d) Using Ps(.x) to fit data. 

Program 5.2 (Least-squares Polynomial). To construct the least-squares polyno
mial of degree M of the form 

2 M-1 M 
PM(X) = CJ + CzX + C3X + · · · + CMX + CM+IX 

that fits theN data points {(xk, Yk)}t,., 1• 

function C lspoly(X,Y,M) 

%Input - X is the !xn abscissa vector 
% - Y is the !xn ordinate vector 
% - M is the degree of the least-squares polynomial 
% Output - C is the coefficient list for the polynomial 

n=length(X); 
B=zeros(l:M+l); 
F=zeros{n,M+l); 

%Fill the columns of F with the powers of X 
for k=!:M+l 

F(:,k)=X'.-(k-1); 
end 

%Solve the linear system from {25) 
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A=F'•F; 
B=F'*Y'; 
C=A\B; 
C=flipud(C); 

Exercises for Curve Fitting 

1. Find the least-squares parabola f(x) = Ax2 + Bx + C for each set of data. 

(a) (b) 
Xk Yk Xk Yk 

-3 15 -3 -1 
-1 5 -1 25 

1 1 1 25 
3 5 3 1 

2. Find the least-squares parabola f(x) = Ax2 + Bx + C for each set of data. 
(a) (b) (c) 

Xk Yk Xk Yk Xk Yk 

-2 -5.8 -2 2.8 -2 10 
-1 1.1 -1 2.1 -1 1 

0 3.8 0 3.25 0 0 
1 3.3 I 6.0 I 2 
2 ~1.5 2 11.5 2 9 

3. For the given set of data, find the least-squares curve: 

275 

(a) f(x) = CeAx, by using the change of variables X = x, Y = ln(y), and C = e8 , 

from Table 5.6, to linearize the data points. 

(b) f(x) = CxA, by using the change of variables X = ln(x), Y = ln(y), and 
C = e8 , from Table 5.6, to linearize the data points. 

(c) Use £2(/) to determine which curve gives the best fit. 

Xk Yk 

1 0.6 
2 1.9 
3 4.3 
4 7.6 
5 12.6 
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4. For the given set of data, find the least-squares curve: 

(a) j(x) = CeAx, by using the change of variables X = x, Y = ln(y), and C = eB 
from Table 5.6, to linearize the data points. 

(b) j(x) = lf(Ax +B), by using the change of variables X = x and Y = 1/) _ 
from Table 5.6, to linearize the data points. 

(c) Use Ez(f) to determine which curve gives the best fit. 

Xk Yk 

-1 6.62 
0 3.94 
1 2.17 
2 1.35 
3 0.89 

5. For each set of data, find the least-squares curve: 

(a) f(x) = CeAx, by using the change of variables X= x, Y = ln(y), and C = e' 
from Table 5.6, to linearize the data points. 

(b) f(x) =(Ax+ B)-2 , by using the change of variables X= x andY= y-1 /~ 
from Table 5.6, to linearize the data points. 

(c) Use Ez(f) to determine which curve gives the best fit. 

(i) (ii) 
Xk Yk Xk Yl:: 

-1 13.45 -1 13.65 
0 3.01 0 1.38 
1 0.67 1 0.49 

2 0.15 3 0.15 

(). Logistic population growth. When the population P(t) is bounded by the limitin~ 
value L, it follows a logistic curve and has the form P(t) = Lf(l + CeA1

). Find.\ 
and C for the following data, where L is a known value. 

(a) (0, 200), (1, 400), (2, 650), (3, 850), (4, 950), and L = 1000. 

(b) (0, 500), (1, 1000), (2, 1800), (3, 2800), (4, 3700), and L = 5000. 

7. Use the data for the U.S. population and find the logistic curve P(t). Estimate the 
population in the year 2000. 
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(a) Assume that L = 8 x 10s (b) Assume that L = 8 x 108 

Year lk Pk Year tk pk 

1800 -10 5.3 1900 0 76.1 
1850 -5 23.2 1920 2 106.5 
1900 0 76.1 1940 4 132.6 
1950 5 152.3 1960 6 180.7 

1980 8 226.5 

.n Exercises 8 through 15, carry out the indicated change of variables in Table 5.6, and 
ierive the linearized form for each of the following functions. 

A 
8. y= -+B 

X 

1 
11!. y = --

Ax+B 

l2. y=Aln(x)+B 

l-1. y = (Ax+ B)-2 

D 
9. y=-

x+C 

X 
tl.y=A 

+Bx 

13. y = CxA 

15. y = Cxe-Dx 

!6. (a) Follow the procedure outlined in the proof ofTheorem5.3 and derive the normal 
equations for the least-squares curve /(x) =A cos(x) + B sin(x). 

(b) Use the results from part (a) to find the least-squares curve f(x) =A cos(x) + 
B sin(x) for the following data: 

Xk_ Yk 

-3.0 -0.1385 
-1.5 -2.1587 

0.0 0.8330 
1.5 2.2774 
3.0 -0.5110 

17. The least-squares plane z == Ax + By+ C for the N points (x1, y 1, z!), ... , 
(XN, YN, ZN) is obtained by minimizing 

N 

E(A, B, C)= L(Axk + Byk + C- Zk)2• 

k=l 
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Derive the normal equations: 

(~xi) A+ (~XkYk) B + (txk) C = ~ZkXk, 

(Exuk) A+ (Eyf) B + (tYk) C = Ezuk, 
k""l k=l ~~ k=l 

(txt) A+ (tYt) B + NC = tz/c. 
~1 k=l k=1 

18. Find the least-squares planes for the following data. 
(a) (1, 1, 7), (1, 2, 9), (2, 1, 10), (2, 2, 11), (2, 3, 12) 

(b) (1, 2, 6), (2, 3, 7), (1, 1, 8), (2, 2, 8), (2, 1, 9) 
(c) (3, 1, -3), (2, l, -1), (2, 2, 0), (1, 1, 1), (1, 2, 3) 

19. Consider the following table of data 

Xk Yk 
1.0 2.0 
2.0 5.0 
3.0 10.0 
4.0 17.0 
5.0 26.0 

When the change of variables X = xy and Y = ljy are used with the fun' 
y = Dj(x +C), the transfonned least-squares fit is 

-17.719403 
y =X- 5.476617' 

When the change of variables X = x and Y = ljy are used with the function 
lj(Ax +B), the transformed least-squares fit is 

1 

Y = -0.1064253x + 0.4987330 · 

Determine which fit is best and why one of the solutions is completely absurd. 

Algorithms and Programs 

1. The temperature cycle in a suburb of Los Angeles on November 8 is given in 
accompanying table below. There are 24 data points. 
(a) Follow the procedure outlined in Example 5.5 (use the fmins command) to 

the least-squares curve of the form J(x) =A cos(Bx)+C sin(Dx) fortheg 
set of data. 

5.3 
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(b) Determine £2(/). 

(c) Plot the data and the least-squares curve from part (a) on the same coordinate 
system. 

Time, p.m. Degrees Time, a.m. Degrees 

1 66 1 58 
2 66 2 58 
3 65 3 58 
4 64 4 58 
5 63 5 57 
6 63 6 57 
7 62 7 57 
8 61 8 58 
9 60 9 60 
10 60 10 64 
11 59 11 67 
Midnight 58 Noon 68 

Interpolation by Spline Functions 

P11hnomial i~terpola~on for_ a set of N + 1 points {(xk, Yk)Jk"=o is frequently unsatis· 
ldchlry. As discussed m Sect10n 5.2, a polynomial of degree N can haveN -1 relative 
11la\ima and mi~ma, ~d the graph can wiggle in order to pass through the points. 
:\rH1ther method IS to ptece together the graphs of lower-degree polynomials Sk(x) and 
rmcrpolate between the successive nodes (Xk. yk) and (xk+ 1, Yk+J) (see Figure 5.10). 

X 

Figure 5.18 Piecewise polynomial interpolation. 
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X 

F1gure 5.11 Piecewise linear intetpolation (a linear spline). 

The two adjacent portions of the curve y = S~c(x) andy = St+l (x), which lie abov<: 
[xk, Xk+d and [xk+J. xk+z], respectively, pass through the common knot (XHt. Yk+J). 
The two portions of the graph are tied together at the knot (xk+l• Yt+J), and the set or 
functions {Sk{x)} forms a piecewise polynomial curve, which is denoted by S(x). 

Piecewise Linear Interpolation 
The simplest polynomial to use, a polynomial of degree 1, produces a polygonal paili 
that consists of line segments that pass through the points. The Lagrange polynomial 
from Section 4.3 is used to represent this piecewise linear curve: 

(I) for Xic S X ::: Xk+l· S~c(x)=Yk x-xk+1 +Yk+l x-x~c 
Xt- Xt+\ Xl+l- Xk 

The resulting curve looks like a broken line (see Figure 5.11). 
An equivalent expression can be obtained if we use the point-slope formula for a 

line segment: 

Sk(X) = Yk + d~c(x - xk), 

where dk = (Yk+! - Yk)f(xk+l - Xk)- The resulting linear spline function can be 
written in the form 

(2) S(x) = 

Yo+ do(x- xo) 

Yl +dr(x -xJ) 

Yk + dk(x- xk) 

for x in [xo, xt], 

for x in [XJ, x2], 
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The form of equation (2) is better than equation ( 1) for the explicit calculation of 
5(.11. It is assumed that the abscissas are ordered xo < XJ < · · · < XN-1 < XN. For 
a lixed value of x, the interval [xk, Xk+d containing x can be found by successively 
computing the differences x - x1 , ... , .t - Xk, x - Xk+1 until k + 1 is the smallest 
integer such that x- Xk+l < 0. Hence we have found k so that Xk s x ::::: Xk+l· and 
the Yalue of the spline function S (x) is 

Thc,e techniques can be extended to higher-order polynomials. For example, if an 
odd number of nodes xo, XJ, ... , X2M is given, then a piecewise quadratic polyno
mul can be constructed on each subinterval (X2k, X2k+2], fork = 0, 1, ... , M ~ 1. 
.\ ,hDrtcoming of the resulting quadratic spline is that the curvature at the even nodes 
x~:. changes abruptly, and this can cause an undesired bend or distortion in the graph. 
The ,econd derivative of a quadratic spline is discontinuous at the even nodes. If we 
u~e piecewise cubic polynomials, then both the first and second derivatives can be 
made continuous. 

Piecewise Cubic Splines 

The fitting of a polynomial curve to a set of data points has applications in CAD 
(computer-assisted design), CAM (computer-assisted manufacturing), and computer 
graphics systems. An operator wants to draw a smooth curve through data points that 
are not subject to error. Traditionally, it was common to use a french curve or an ar
chitect's spline and subjectively draw a curve that looks smooth when viewed by the 
eye. Mathematically, it is possible to construct cubic functions Sk(x) on each inter
val [ x k, xk+ J] so that the resulting piecewise curve y = S (x) and its first and second 
derivatives are all continuous on the larger interval [xo, xN]. The continuity of S'(x) 
means that the graph y = S(x) will not have sharp corners. The continuity of S"(x) 
means that the radius of cun~ature is defined at each point 

Definition 5.1 (Cubic Spline Interpolant). Suppose that {(xt. Yk)}t=O are N + I 
points, where a = x 0 < x1 < · · · < xN = b. Tbe function S(x) is called a cubic 
spline if there exist N cubic polynomials Sk(x) with coefficients sk.O, Sk,l· Sk,2· and 
su that satisfy the properties: 

I. S(x) = Sk(x) =Sk,O +sk,t(X -xk) +su(x- Xk)2 + s1c,3(x -xk)3 

II. S(xk) = Yk 
III. Sk(Xk+J) = Sk+r(xHr) 
IV. s;(XHJ) = Sk+l(Xk+l) 
V. S[(xk+J) = Sf+1(Xk+J) 

for x E [xA:, Xk+d and k = 0, 1, ... , N- 1. 
for k == 0, 1, ... , N. 
fork == 0, 1, ... , N - 2. 
for k == 0, 1, ... , N - 2. 
fork == 0, 1, ... , N - 2. 
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Property I states that S(x) consists of piecewise cubics. Property II states that the 
piecewise cubics interpolate the given set of data points. Properties III and IV require· 
that the piecewise cubics represent a smooth continuous function. Property V state, 
that the second derivative of the resulting function is also continuous. 

Existence of Cubic Splines 
Let us try to detennine if it is possible to construct a cubic spline that satisfies proper
ties I through V. Each cubic polynomial Sk(X) has four unknown constants (sk.O· su. 
Sk.2· and sk.3); hence there are 4N coefficients to be determined. Loosely speaking. 
we have 4N degrees of freedom or conditions that must be specified. The data poinb 
supply N + 1 conditions, and properties III. IV, and V each supply N - 1 conditions 
Hence, N +I+ 3(N- 1) = 4N- 2 conditions are specified. This leaves us two addi
tional degrees of freedom. We will call them end-point constraints: they will involve 
either S'(x) or S"(x) at xo and XN and will be discussed later. We now proceed with 
the construction. 

Since S(x) is piecewise cubic, its second derivative S 11 (x) is piecewise linear on 
[x0 , XN ]. The linear Lagrange interpolation formula gives the following representation 
for S''(x) = S~(x): 

(4) 
X -Xk+l X -Xk 

S~(x) = S"(xk) + S"(xk+J)-----"--
Xk- Xk+l Xk+l - Xk 

Use mk = S"(xk). mk+l = S11 (xk+J), and hk = Xk+l - Xk in (4) to get 

(5) 

for Xk ::_: x ::::: Xk+l and k = 0, 1, ... , N- 1. Integrating (5) twice will introduce tv 
constants of integration, and the result can be manipulated so that it has the form 

(6) Sk(x) = ~(Xk+l - x)3 + m
6

kh+l (x- Xk) 3 + Pk(Xk+J - x) + qk(X- xk). 
6hk k 

Substituting xk and Xk.+l into equation (6) and using the values Yk = Sk<xd and 
Yk+ l := sk (Xk+ I) yields the following equations that involve Pk and qk. respectively; 

mk 2 mk+l 2 
(7} Yk = (;hk + Pkhk and Yk+l = -

6
-hk. + qkhk. 

These two equations are easily solved for Pk and qk. and when these values are sllb· 
stituted into equation (6), the result is the following expression for the cubic functio!l 

Sk(x): 

(8) 
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Notice that the representation (8) has been reduced to a form that involves only 
the unknown coefficients { mk J. To find these values, we must use the derivative of (8 ), 
which is 

(9) 

Evaluating (9) at Xk and simplifying the result yield 

(10) 

Similarly, we can replace k by k - 1 in (9) to get the expression for S~_ 1 (x) and 
evaluate it at Xk to obtain 

(11) 

Now use property IV and equations (lO) and (ll) to obtain an important re1ation 
involving fflk-J, mk, and mk+I: 

112) 

where Uk = 6 (dk- dk.-I) fork= l, 2, ... , N- l. 

Construction of Cubic Splines 

Observe that the unknowns in (12) are the desired values !mk}. and the other terms 
are constan~s ob~ned by performing simple arithmetic with the data points { (xk, Yk)}. 

~herefore, 1? reality system ( 12) is an underdetermined system of N - 1 linear equa
tions mvolvmg N +. 1 .unknowns. Hence two additional equations must be supplied. 
They are_ used to elurunate mo from the first equation and mN from the (N - l)st 
!?/.:lUat1on m system (12). The standard strategies for the end-point constraints are sum
marized in Table 5.8. 

Consider ~trategy (v) in Table 5.8. If mo is given, then homo can be computed, and 
the firs! equatiOn (when k = 1) of (12) is 

( 1'3) 

S,'milar!y, if mN is given, then hN-IfflN Can be computed, and the last equation (when 
k ==- N- 1) of (12) is 
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Table 5.8 End-point Constraints for a Cubic Spline 

Description of the strategy 

(i) Clamped cubic spline: spec
ify S1(xo). S'(x,.) 
(the "best choice" if the 
derivatives are known) 

(ii) Natural cubic spline 
(a "relaxed curve") 

(iii) Extrapolate S11 (x) to the 
endpoints 

(iv) S" (X) is constant near the 
endpoints 

(v) Specify S11(X) at each 
endpoint 

Equations involving mo and m N 

3 , m1 
mo,; -<do- S (xo))--

ho 2 
3 1 mN-1 

mN = --(S (XN) -dN-J)- --
hN-l 2 

ho(m2 -mt) 
mo =mt- hi ' 

hN-l (mN-1 - lnN-2) 
mN =mN-1 + h 

N-2 

Equations (13) and (14) with (12) used fork = 2, 3, ... , N - 2 form N - I lu1CS 

equations involving the coefficients m1, m2, ... , mN-1· 

Regardless of the particular strategy chosen in Table 5.8, we can rewrite equq
tions 1 and N - 1 in ( 12) and obtain a tridiagonal linear system of the form H M = V. 
which involves mt. mz, ... , mN-1: 

bt C] m1 VJ 

Q] b1, C2 mz V2 

(15) = 

0N~3 hN-2 CN-2 mN~z VN-2 

aN-2 hN-1 fflN-l VN-1 

The linear system in (15) is strictly diagonally dominant and has a unique >olu· 
tion (see Chapter 3 for details). After the coefficients {mk l are determined, the spline 
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coefficients {sk,j} for Sk(x) are computed using the formulas 

(l6) 
Sk,O = Yk. 

mk 
Sk2 =-. 2 , 

d 
hd2mk + mk+l) 

Sk,J =' k-
6 

, 
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Each cubic polynomial Sk(x) can be written in nested multiplication form foreffi
ti<'nt computation: 

(17) Sk(x) = ((suw + Sk,2)W + Sk, t)W + Yk. where w = x - Xk 

afld Sk (X) is USed On the interval Xk ::":: X .::: Xk + [. 
Equations (12) together with a strategy from Table 5.8 can be used to construct a 

tubicspline with distinctive properties at the end points. Specifically, the values for mo 
a11<1 rnN in Table 5.8 are used to customize the first and last equations in (12) and form 
'he system of N - 1 equations given in 0 5). Then the tridiagonal system is solved for 
the remaining coefficients m 1, m2, ... , mN-l. Finally, the formulas in (16) are used to 
d~ne the spline coefficients. For reference, we now state how the equations must 
P.eprepared for each different type of spline. 

£tid-point Constraints 

~following five lemmas show the form of the tridiagonal linear system that must be 
solved for each of the different endpoint constraints in Table 5.8. 

t.ettlma 5.1 (Clamped Spline). There exists a unique cubic spline with the first 
derivative boundary conditions S'(a) =do and S'(b) = dN. 

Proof. Solve the linear system 

(~ho + 2ht) m1 + h1m2 = u1 - 3(do- S'(xo)) 

hk-tmk-1 + 2(hk-l + hk)mk + hkmk+l = Uk for k = 2, 3, ... , N - 2 

h 3 I 

hN-2fflN-2 + (2 N-2 + 2,hN-J)mN-1 =UN-I- 3(S (XN)- dN_!), • 

Remark. The clamped spline involves slope at the ends. This spline can be visualized 
~ tlle curve obtained when a flexible elastic rod is forced to pass through the data 
points, and the rod is clamped at each end with a fixed slope. This spline would be 
u~ful to a draftsman for drawing a smooth curve through several points. 

Lemma 5.2 (Natural Spline). There exists a unique cubic spline with the free 
boundary conditions S11 (a) = 0 and S11 (b) = 0. 
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Proof Solve the linear system 

2(ho + hJ)mi + htm2 = UI 

hk-!fflk-1 + 2(hk-I + hk)mk + hkmk+l = Uk for k = 2, 3, ... , N- 2. 

hN-2fflN-2 + 2(hN-2 + hN_I)fflN-1 =UN-!· • 

Remark. The natural spline is the curve obtained by forcing a flexible elastic rod 

through the data points, but letting the slope at the ends be free to equilibrate to th< 

position that minimizes the oscillatory behavior of the curve. It is useful for fitting 1 

curve to experimental data that are significant to several significant digits. 

Lemma 5.3 (Extrapolated Spline). There exists a unique cubic spline that use1 

extrapolation from the interior nodes at x t and xz to detennine S" (a) and extrapo latior 

from the nodes at XN-1 and XN-2 to detennine S"(b). 

Proof Solve the linear system 

(3ho + 2hl + ~~) ffli +(hi- :n mz = U1 

hk-1fflk-I + 2(hk-1 + hdmk + hkmk+t = Uk for k = 2, 3, ... , N- 2 

Remark. The extrapolated spline is equivalent to assuming that the end cubic is an 
extension of the adjacent cubic; that is, the spline forms a single cubic curve over the 

interval [xo, xz] and another single cubic over the interval [XN-2· XN]. 

Lemma 5.4 (Parabolically Terminated Spline). There exists a unique cubic spline 

that uses S"(x) = 0 on the interval [xo, xd and S"(x) = 0 on [XN-1. XN]. 

Proof Solve the linear system 

(3ho + 2ht)mt + htmz = u1 

hk-!fflk-1 + 2(hk-I + hk)mk + h.tm.t+l = Uk for k = 2, 3, ... , N- 2 

hN-ZfflN-2 + (2hN-2 + 3hN-t)mN-! =UN-!· 

Remark. The assumption that S"(x) = 0 on the interval [xo, xi} forces the cubic11:, 

degenerate to a quadratic over [xo, xi], and a similar situation occurs over [XN-1, 'Xtifl 
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~a.5.5 (End-point ~u~ature-adjusted Spline). There exists a unique cubic 

spline With the second denvauve boundary conditions S"(a) and S"(b) specified. 

Proof Solve the linear system 

2(ho + hdm1 + htmz = u1 - hoS"(xo) 

h.t-1mk-1 + 2(h.t-I + h.t)m.t + h.tmk+l = Uk for k = 2, 3, ... , N- 2 

hN-2mN-2 + 2(hN-2 + hN-t)mN-1 = UN-1 - hN-1S 11(XN). • 

Remark. Imposing values for S"(a) and S"(b) permits the practitioner to adjust the 

curvature at each endpoint. 

~e next five ex.~ples illustrate the behavior of the various splines. It is possible 

to rmx th~ ~nd conditions to obtain an even wider variety of possibilities, but we leave 

these vanauons to the reader to investigate. 

Elcample 5.7 •. Find the c~~ cubic spline that passes through (0, 0), (1, 0.5), (2, 2.0), 

and (~, 1.5) with the first denvauve boundary conditions S' (0) = 0.2 and S' (3) = -1 

Frrst, compute the quantities · · 

ho = h1 = hz = 1 

do= (Yl -Yo)/ ho = (0.5- 0.0)/l = 0.5 

d1 = <n- yt)f h1 = (2.0- 0.5)/1 = 1.5 

d2 = (n- n)/hz = (1.5- 2.0)/1 = -0.5 

UJ = 6(d1 -do) = 6(1.5- 0.5) = 6.0 

U2 = 6(d2- dt) = 6(-0.5- 1.5) = -12.0. 

Then 1111e Lemma 5.1 and obtain the equations 

G +2)ml +m2 =6.0-3(0.5-0.2) =5.1, 

m1 + ( 2 + ~) m2 = -12.0- 3(-1.0- (-0.5)) = -10.5. 

When these equations are simplified and put in matrix notation, we have 

[i:~ ~:~] [ =~J = [ -1~:; J. 
1tb-a straightforward !ask to compute the solution m 1 = 2.25 and m2 = -3.72 No\\ 

JPJirlhe equations in (i) of Table 5.8 to determine the coefficients mo and m3: 

3 0 
2.52 

mo = ( .5- 0.2) - ~2~ = -0.36, 

-3.72 
m3 = 3(-1.0+0.5)- -

2
- = 0.36. 
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y y 

2.0 

1.5 

l.O 

0.5 

0.5 1.0 1.5 2.0 2.5 3.0 

Figure 5.12 The clamped cubic 
spline with derivative boundary condi· 
tions: S' (0) = 0.2 and S' (3) = -1 

0.5 1.0 1.5 2.0 2.5 3.0 

Figure 5.13 'The natural cubic spline 
with S" (0) = 0 and S" (3) = 0. 

Next, the values mo = -0.36, mt = 2.25, m2 = -3.72, and m3 = 0.36 are subHIItllc·cl 
into the equations (16) to find the spline coefficients. The solution is 

(18) 

So(x) = 0.48x3
- 0.18x2 + 0.2x 

s, (x) = -1.04(x- 1)3 + 1.26(x- 1)2 

+ l.28(x - 1) + 0.5 

Sz(x) = 0.68(x- 2) 3 - 1.86(x- 2)2 

+ 0.68(x - 2) + 2.0 

This clamped cubic spline is shown in Figure 5.12. 

for 0.:5: x .:5: 1, 

for l .:5: x .:5: 2, 

for 2.:5: x .:5: 3. 

• 

Example 5.8. Find the natural cubic spline that passes through (0, 0.0), (I, 0.5), (2, 2.0), 
and (3, 1.5) with the free boundary conditions S''(x) = 0 and S"(3) = 0. 

Use the same values (hk}, {dk}, and {ukl that were computed in Example 5.7. Then 
use Lemma 5.2 and obtain the equations 

2(1 + l)m1 + m2 = 6.0, 

m1 + 2(1 + 1)m2 = -12.0. 

The matrix fonn of this linear system is 

[
4.0 l.OJ [m 1] [ 6.0] 
1.0 4.0 m2 = -12.0 · 

It is easy to find the solution m1 = 2.4 and m2 = -3.6. Since mo::: S"(O) = 0 and 
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m3 = S"(3) = 0, when equations (16) are used to find the spline coefficients, the result i~=, 

(19) 

So(x) = 0.4x3 + O.lx 

S,(x) = -(x -1)3 + 1.2(x- 1)2 

+ 1.3(x - 1) + 0.5 

$2(x) = 0.6(x - 2)3 - l.&(x - 2)2 

+ 0.7(x- 2) + 2.0 

This natural cubic spline is shown in Figure 5.13. 

for 0.:5: x .:5: 1, 

for 1 .:5: x .:5: 2, 

for 2.:5: x .:5: 3. 

• 
Example 5.9. Find the extrapolated cubic spline through (0, 0.0), (1, 0.5), (2, 2.0), and 
(3, 1.5). 

Use the values {hk}, {dk), and {uk} from Example 5.7 with Lemma 5.3 and obtain the 
linear system 

The matrix form is 

(3 + 2 + l)mt + (l- l)m2 = 6.0, 

(1- l)mt + (2 + 3 + l)m2 = -12.(1. 

[
6.0 0.0] [m1] [ 6.0] 
0.0 6.0 mz = -12.0 ' 

and it is trivial to obtain mt = 1.0 and m2 = -2.0. Now apply the equations in (iii! ul 
Table 5.8 to compute mo and m3: 

mo = 1.0- ( -2.0- 1.0) = 4.0, 

m3 = -2.0 + ( -2.0- LO) = -5.0. 

Finally, the values for {mk} are substituted in equations (16) to find the spline coefficienh. 
The solution is 

So(x) = -0.5x3 + 2.0x 2 - x 

St (x) = -0.5(x- 1)3 + 0.5(x- 1)2 

+ 1.5(x - 1) + 0.5 

S2(x) = -0.5(x- 2)3 - (x- 2) 2 

+ (x- 2) + 2.0 

The extrapolated cubic spline is shown in Figure 5.14. 

for 0:::;: x :::;: 1, 

for 1 :S x::;: 2, 

for 2 ~ x:::;: 3. 

• 

EJample 5.10. Find the parabolically terminated cubic spline through (0, 0.0), (1, 0.5), 
a. 2.0), and (3, 1.5). 
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y 

2.0 

1.5 

0.5 

~--7"'---.J...-.-__..J~_.l.~--'---L- x Figure 5.14 The extrapolated cu
bic spline. 

Use {hd, {dk}, and {uk} from Example 5.7 and then apply Lenuna 5.4 to obtain 

(3 + 2)m1 + m2 = 6.0, 

m1 + (2 +3)m2 = -12.0. 

The matrix form is 

[
5.0 1.0] [m1] [ 6.0] 
l.O 5.0 mz = -12.0 ' 

and the solution is m1 = 1.75 and mz = -2.75. Since S"(x) = 0 on the subintenal ,Jt 
each end, formulas (iv) in Table 5.8 imply that we have mo = m 1 = l. 75, and m 3 = m ~ "" 
-2.75. Then the values for {mk} are substituted in equations (16) to get the solution 

(21) 

So(x) = 0.875x2 - 0.375x 

St (x) = -0.75(x- 1)3 + o.g75(x- 1)2 

+ 1.375(x- 1) + 0.5 

St (x) = -I .375(x - 2)2 + d.875(x - 2) + 2.0 

for 0::;: x ::;: 1, 

for l !: x :::; 2, 

for 2:::; x S 3. 

This parabolically terminated cubic spline is shown in Figure 5.15. • 
Example 5.11. Find the curvature-adju~ted cubic spline through (0, 0.0), (I, 0.' 1. 

(2, 2.0), and (3, 1.5) with the second derivative boundary conditions S"(O) = -0.3 .111J 
S"(3) = 3.3. 

Use {hd. {dk}, and (u~c} from Example 5.7 and then apply Lemma 5.5 to obtain 

2(1 + l)m, + m2 = 6.0- (-0.3) = 6.3, 
m1 + 2(1 + l)m2 = -12.0- (3.3) = -15.3. 

The matrix fonn is 

[
4.0 1.0] [m 1] [ 6.3] 
1.0 4.0 m2 - -15.3 ' 
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-+-=--..1--~t....---L---'---'-- x justed cubic spline with S" (0) 

0.5 1.0 1.5 2.0 2.5 3.0 -0.3 and S''(3) = 3.3. 
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and the solution ts mt = 2.7 and mz = -4.5. The given boundary conditions are used 
to determine mo = S"(O) = -0.3 and m3 :::: S"(3) = 3.3. Substitution of (mk) in 
equations (16) produces the solution 

!.22) 

So(x) = 0.5x 3 
- 0.15x2 + 0.15x 

S1(x) = -1.2(x -1)3 + l.35(x -1)2 

+ l.35(x - 1) + 0.5 

S2(x) = 1.3(x- 2)3 - 2.25(x- 2)2 

+ 0.45(x - 2) + 2.0 

for 0:::; x:::;:: 1, 

for l :::; x S 2, 

for 2:::; x:::; 3. 

This curvature-adjusted cubic spline is shown in Figure 5.16. 

Suitability of Cubic Splines 

• 

A practical feature of splines is the minimum of the oscillatory behavior that they 
possess. Consequently, among all functions f (x) that are twice continuous\)' differen
tiable on [a, b] and interpolate a given set of data points { (xk. Yk) Jf=o· the cubic spline 
has less wiggle. The next result explains this phenomenon. 
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Theorem 5.4 (Minimum Property of Cubic Splines). Assume that f e C2(a, b] 
and S(x) is the unique cubic spline interpolant for f(x) that passes through the points 
[(xb /(xk))}f=o and satisfies the clamped end conditions S'(a) = f'(a) and S'(b) = 
f'(b). Then 

(23) 1b(S"(x))2 dx S lb(/"(x))2 dx. 

Proof Use integration by parts and the end conditions to obtain 

[b S"(x)(f"(x)- S 11 (x))dx 

l

x-b {b 
= S"(x)(j

1
{x)- S'(x)) x:a- fa Sw(x)(f'(x)- S'(x)) dx 

=0-0-lb Sm(x)(f'(x)-S'(x))dx. 

Since S'" (x) = 6su on the subinterval [Xt. Xk+ J], it follows that 

[ Xk+l S'"(x)(/1(x)- S'(x)) dx = 6sk,3(/(x)- S(x))/x=xk+l = 0 
~ ~ 

fork = 0, I, ... , N- I. Hence J: S"(x)(/11 (x) - S"(x)) dx = 0, and it follows th:11 

(24) ib S"(x)j"(x)dx = ib(S"(x))2 dx. 

Since 0 s (j"(x)- S"(x))2 , we get the integral relationship 

0.:::: £\f"(x)- S"(x)) 2 dx 

= 1b (j"(x)) 2dx- 21b j"(x)S"(x)dx + i\s''(x))2 dx. 

(25) 

Now the result in (24) is substituted into (25) and the result is 

0 :S i\f"(x))2 dx- i\s"(x))2 dx. 

This is easily rewritten to obtain the relation (23) and the result is proved. ., 

The following program constructs a clamped cubic spline interpolant for the dat1 

points {(xk, Yk>Jf=o· The coefficients, in descending order, of Sk(x), fork = 0, I. 
... , N - 1, are found in the (k - 1 )st row of the output matrix S. In the exercises the 
reader will be asked to modify the program for the other end-point constraints listed in 
Table 5.8 and described in Lemmas 5.2 through 5.5. 
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hogram 5.3 (Clamped Cubic Spline). To construct and evaluate a clamped cubic 
spline interpolant S(x) for theN+ 1 data points ((xk. Yk))f=O· 

runction S=csfit(X,Y,dxO,dxn) 

1Input 
Y. 

- X is the lxn abscissa vector 
- Y is the txn ordinate vector 

r. - dxO = S'(xO) first derivative boundary condition 
r. 
KOutput 
r. 

- dxn = S'(xn) first derivative boundary condition 
- S: rovs of S are the coefficients, in descending 

order, for the cubic interpolants 

N=length(X)-1; 
R=diff(X); 
D=diff(Y)./H; 
A=H(2:N-1); 
Bz2*(H(1:N-1)+H(2:N)); 
C=H(2:N); 
U=6*diff (D); 

%Clamped spline endpoint constraints 
B(l)=B(1)-H(1)/2; 
U(l)=U(1)-3*(D(1)-dx0); 
B(N-1)=B(N-1)-H(N)/2; 
U(N-1)=U(N-1)-3*(dxn-D(N)); 

for k=2:N-1 

end 

temp=A(k-1)/B(k-1); 
B(k)=B(k)-temp*C(k-1); 
U(k)=U(k)-temp*U(k-1); 

M(N)=U(N-1)/B(N-1); 

for k=N-2:-1:1 
M(k+1)=(U(k)-C(k)*M(k+2))/B(k); 

end 

M(1)=3*(D(1)-dx0)/H(1)-M(2)/2; 
M(N+1)=3*(dxn-D(N))/H(N)-M(N)/2; 

for k=O:N-1 
S(k+1,1)=(M(k+2)-M(k+1))/(6*H(k+1)); 
S(k+1,2)=M(k+1)/2; 
S(k+1,3)=D(k+1)-H(k+1)*(2*M(k+1)+M(k+2))/6; 
S(k+1,4)=Y(k+l); 

end 
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Example 5.12. Find the clamped cubic spline that passes through (0, 0.0), (I. 0 ~I. 

(2, 2.0), and (3, 1.5) with the first derivative boundary conditions S' (0) = 0.2 and S' (3 1 = 

-l. 
InMATLAB: 

>>X~[o 1 2 3]; Y=[O 0.5 2.0 1.5] ;dx0=0.2; dxn=-1; 
>>S=csfit(X,Y,dxO,dxn) 
s = 

0.4800 -0.1800 0.2000 0 
-1.0400 1.2600 1.2800 0.5000 

0.6800 -1.8600 0.6800 2.0000 

Notice that the rows of S are precisely the coefficients of the cubic spline interpolanh in 

equation (18) in Example 5.7. The fo;•owing commands show how to plot the cubic spline 

interpolant using the polyval command. The resulting graph is the same as Figure 5. l2 

>>xl=O: .01:1; y1=polyval(S(1,:),x1-X{1)); 
>>x2=1:.01:2; y2=polyval(S(2,:),x2-X(2)); 
>>x3=2:.01:3; y3=polyval(S(3,:),x3-X(3)); 
>>plot(x1,y1,x2,y2,x3,y3,X,Y,'.') 

Exercises for Interpolation by Spline Functions 

1. Consider the polynomial S(x) = ao + a1x + a2x2 + a3x 3
. 

(a) Show that the conditions S(l) = 1, S'(l) = 0, S(2) = 2, and S'(2) = 0 produce 

the system of equations 

ao + ai + az + 
a1 + 2az + 

ao + 2ll1 + 4az + 

a3 = 1 

3aJ =0 

8a3 = 2 

(b) Solve the system in part (a) and graph the resulting cubic polynomial. 

2. Consider the polynomial S(x) = ao + a1x + a2x2 + a3x 3• 

(a) Show that the conditions S(l) = 3, S'(l) = -4, S(2) = 1, and 5'(2) 
produce the system of eq'uations 

ao + a1 + il2 + 
ai +2az+ 

ao + 2a1 + 4az + 

a3 = 3 

3a3 = -4 

8a3 = I 

(b) Solve the system in part (a) and graph the resulting cubic polynomial. 
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3. Determine which of the following functions are cubic splines. Hint. Which, if any, of 

the five parts of Definition 5.1 does a given function f(x) not satisfy? 

(a) f(x)= 2 4 4 
{ 

.!2: - g x + 15x2 - 11 x 3 for I .:S x .:S 2 

-r + 2~7 x- 21x 2 + ¥x3 for 2 .:s x .:s 3 

(b) f(x) = { 
11- 24x + 18x2 - 4x3 for 1 S x s 2 

-54+ 12x - 30x2 + 4x3 for 2 S x S 3 

(c) f(x) = T T 
{ 

18- 75 X+ 26x2 - II x3 

-70+ .!px -40x2 + ¥x3 

{ 

13- 31x +23x2 - 5x3 

(d) f(x) = 
-35 + Slx- 22x2 + 3x3 

for 1 S x S 2 

for2s.xs.3 

forlsxs2 

for2 ~ x ~ 3 

4. Find the clamped cubic spline that passes through the points (-3, 2), (-2, 0), (1, 3), 

and (4, 1) with the first derivative boundary conditions S'( -3) =-I and S'(4) = l. 

5. Find the natural cubic spline that passes through the points ( -3, 2), (-2, 0), (1, 3 ), 
and (4, 1) with the free boundary conditions S"(-3) = 0 and S"(4) = 0. 

6. Find the extrapolated cubic spline that passes through the points (-3, 2), ( -2, 0), 
(I, 3), and (4, 1 ). 

7. Find the parabolically terminated cubic spline that passes through the points ( -3, 2), 

(-2, 0), (1, 3), and (4, 1). 

8. Find the curvature-adjusted cubic spline that passes through the points ( -3, 2), 
( -2. 0), (1, 3), and (4, I) with the second derivative boundary conditions S"( -3) = 
-1 and S"(4) = 2. 

9. (a) Find the clamped cubic spline that passes through the points {(xk, f(xk))}f=O• 

on the graph of f(x) = x +~.using the nodes xo = 1/2, xt = 1, xz = 3/2, 
and XJ = 2. Use the first derivative boundary conditions S'(xo) = f'(xo) and 
S' (XJ) = f' (x3). Graph f and the clamped cubic spline interpolant on the same 
coordinate system. 

(b) Find the natural cubic spline that passes through the points ((xk. f(xk))}f=O• on 

the graph of f(x) = x + f· using the nodes xo = 1/2, XJ = I, xz = 3/2, and 
x3 = 2. Use the free boundary conditions S"(xo) = 0 and S"(xJ) = 0. Graph 
f and the natural cubic spline interpolant on the same coordinate system. 

UL (a) Find the clamped cubic spline that passes through the points {(Xk. j(xk))}i=o· 

on the graph of f(x) = cos(x 2), using the nodes xo = 0, x1 = ../1r7"1, xz = 
J3rr /2, and x3 = JSrr/2. Use the first derivative boundary conditions S'(xo) = 
f'(xo) and S'(x3) = j'(x3 ). Graph f and the clamped cubic spline interpolant 

on the same coordinate system. 

(b) Find the natural cubic spline that passes through the points ((xk. f(xk)}}i=o· 

on the graph of /(x) = cos(x 2), using the nodes xo = 0, Xt = ..[iil'l, x~ = 
J3rrj2, and X3 = J5n/2. Use the free boundary conditions S"(xo) = 0 and 
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S11 (x3) = 0. Graph f and the natural cubic spline interpolant on the sam< 
coordinate system. 

ll. Use the substitutions 

and 

to show that when equation (8) is expanded into powers of (Xk- x), the coefficients 
are those given in equations (16). 

12. Consider each cubic function Sk (x) over the interval [xk, Xk+J ]. 

(a) Give a formula for J~k+l Sk(x) dx. 

Then evaluate J:; S(x)dx in part (a) of 
(b) Exercise 10 (c) Exercise 11 

13. Show how strategy (i) in Table 5.8 and system (12) are combined to obtain the equa
tions in Lemma 5 .1. 

14. Show how strategy (iii) in Table 5.8 and system (12) are combined to obtain the 
equation in Lemma 5.3. 

15. (a) Using the nodes x0 = -2 and xt = 0, show that ftx) = x 3 - x is its own 
clamped cubic spline on the interval [ -2, 0]. 

(b) Using the nodes xo = -2, XJ = 0, and x2 = 2, show that f(x) = x 3 - ' is 
its own clamped cubic spline on the interval [ -2, 2]. Note. f has an inflectron 
point atx 1. 

(c) Use the results from parts (a) and (b) to show that any third-degree polynomial, 
f(x) = ao + a1x + azx2 + a3x 3, is its own clamped cubic spline on any closed 
interval [a, b]. 

(d) What, if anything, can be said about the other four types of cubic splines lle· 
scribed in Lemmas 5.2 through 5.5? 

Algorithms and Programs 

1. The distance dk that a car traveled at time tk is given in the follwoing table. Use 
Program 5.3 with the first derivative boundary conditions S1(0) ~ 0 and S' Osl = 9S 
and find the clamped cubic spline for the points. 

Time, lk 8 
Distance, dk 480 
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2. Modify Program 5.3 to find the (a) natural, (b) extravo\ated, (c) p.arabohcal1y termi
nated, or (d) end-point curvature-adjusted cubic splines for a given set of points. 

3. Use your programs from Problem 2 to find the five different cubic splines for the 
points (0, 1), (I, 0), (2, 0), (3, 1), (4, 2), (5, 2), and (6, 1 ), where S' (0) = -0.6, 
S' (6) = -1.8, 511 (0) = I, and S" (6) = -I. Plot the five cubic splines and the points 
on the same coordinate system. 

4. Use your programs from Problem 2 to find the five different cubic splines for the 
points (0, 0), (1, 4), (2, 8), (3, 9), (4, 9), (5, 8) and (6, 6), where S' (0) = l, 
5'(6) = -2, S"(O) = l, and S"(6) = -I. Plot the five cubic splines and the points 
on the same coordinate system. 

S. The accompanying table gives the hourly temperature readings (Fahrenheit) during 
a 12-hour period in a suburb of Los Angeles. Find the natural cubic spline for the 
data. Graph the natural cubic spline and the data on the same coordinate system. Use 
the natural cubic spline and the results of part (a) of Exercise 12 to approximate the 
average temperature during the 12-hour period. 

Time, a.m. Degrees Time, a.m. Degrees 

l 58 7 57 
2 58 8 58 
3 58 9 60 
4 58 lO 64 
5 57 II 67 
6 57 Noon 68 

6. Approximate the graph of f(x) = x - cos(x3) over the interval [-3, 31 using a 
clamped cubic spline. 

114 Fourier Series and Trigonometric Polynomials 

Scientists and engineers often study physical phenomena, such as light and sound, that 
:have a periodic character. They are described by functions f (x) that are periodic, 

. ) g(x + P) = g(x) for all x. 

The number P is called a period of the function. 
It will suffice to consider functions that have period 2JT. If g (x) has period P, then 

j(x) = g(Px f2n:) will be periodic with period 2:rr. This is verified by the observation 

1::') j(x + 2:rr) = g ( ~; + P) = g ( ~:) = f(x). 
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y 

Figure 5.17 A continuous function f(x) with period 2:rr. 

y 

\_V··· 
~-+------+-----~------~~--+----+----~-- X 
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a= t0 

Figure 5.18 A piecewise continuous function over [a, b]. 

Henceforth in this section we shall assume that f(x) is a function that is periodiL' 
11 1

th 
period 2rr, that is, 

(3) f(x + 2rr) = f(x) for all x. 

The graph y = f(x) is obtained by repeating the portion of the graph in any interval, 

of length 2rr, as shown in Figure 5.17. 

. Exampl~s o~ functions with period 2rr are sin(jx) and cos(jx), where j is ~u1 
mteger. This ra~ses the following question: Can a periodic function be represenkd 

by the sum of terms involving a1 cos(jx) and b 1 sin(jx)? We will soon see that the· 
answer is yes. 

Definition 5.2 (Piecewise Continuous). The function f(x) is said to be piecewi1c 

continuous on [a, b] if there exist values to, r1, .•• , t K with a = to < t
1 

< ... 

IK = b such that f(x) is continuous on each open interval ti-l < x < t; fori =I, . 

. . ·• K, and f (x) has left- and right-hand limits at each of the points ti. The situation 

is illustrated in Figure 5.18. ..i 
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Definition 5.3 (Fourier Series). Assume that f(x) is periodic with period 2;rr and 

that f(x) is piecewise continuous on [-;rr, n ]. The Fourier series S(x) for f(x) is 

i-ll 

00 

S(x) = ao + L:)a 1 cos(jx) + b 1 sin(jx)), 
2 J=l 

11 here the coefficients a 1 and b 1 are computed with Euler's formulas: 

1 frr a1 = - j(x) cos(jx) dx 
Jr -rr 

for j = 0, 1, ... 

ami 

(6\ l f" bj =- f(x)sin(jx)dx 
Jr -rr 

for j = 1, 2, .... 

The factor.!. in the constant term ao/2 in the Fourier series (4) has been introduced 
2 . 

fur convenience so that a0 could be obtained from the general formula (5) by setting 

J = 0. Convergence of the Fourier series is discussed in the next result. 

Theorem 5.5 (Fourier Expansion). Assume that S (x) is the Fourier series for f (x) 

over [-;rr, ;rr]. If J'(x) is piecewise continuous on [-n, rr] and has both a left- and 

right-hand derivative at each point in this interval, then S(x) is convergent for all x E 

r -1f, ;rr]. The relation 

S(x) = f(x) 

holds at all points x E [-rr, rr], where f(x) is continuous. If x = a is a point of 

d ~>.continuity of f, then 

11 ltere f(a-) and f(a+) denote the left- and right-hand limits, respectively. With thi;. 

understanding, we obtain the Fourier expansion: 

oc 

f(x) = ao + L(ajcos(jx)+bjsin(jx)). 
2 j=l 

A brief outline of the derivation of formulas (5) and (6) is given at the end df the 

section. 
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Example 5.13. Show that the function f(x) = x/2 for -Jr < x < Jr, extended periodi
cally by the equation f(x + 2Jr) = f(x), has the Fourier series representation 

!( ) ~ ( -l)i+l . (. ) . ( ) sin(2x) sin(3x) x = i:...J sm JX = sm x - --- + --- - .... 
j=l 2 2 3 

Using Euler's formulas and integration by parts, we get 

l~rr x ( )d xsin(jx) cos{Jx),,. Gj =- -COS jX X= + --
2
- = 0 Jr _,. 2 2Jrj 2rrj -rr 

for j = 1, 2, 3, ... , and 

b 
I 1" x . . -x cos(jx) sin(jx) j" ( -l)i+l 

j = - - sm(J x) dx = . + --.2- = . 
1r _,. 2 2rrJ 2rrJ -:n: 1 

for j = I, 2, 3, .... The coefficient ao is obtained by a separate calculation: 

ao = .!..j" :_ dx = ~~" = 0. 
rr _,. 2 4rr -:n: 

These calculations show that all the coefficients of the cosine functions are zero The 
graph off (x) and the partial sums 

and 

. sin(2x) 
S2(x) = sm(x)- -

2
-, 

S ( ) 
. ( ) sin(2x) sin(3x) 3x =smx ----+---, 

2 3 

S ( ) 
. ( ) sin(2x) sin(3x) sin(4x) 

4 x = sm x - --- + --- - ---
2 3 4 

are shown in Figure 5.19. • 
We now state some general properties of Fourier series. The proofs are left J' 

exercises. 

Theorem 5.6 (Cosine Series). Suppose that f(x) is an even function; that is, sup
pose f (-x) = f (x) holds for all x. If f (x) has period 2Jr and if f (x) and f' (x) are 
piecewise continuous, then the Fourier series for f(x) involves only cosine terms: 

(8) 

where 

(9) 

a oo 
f(x) = 

2
° + L>J cos(Jx), 

j=l 

2111: ai =- f(x)cos(jx)dx 
Jr 0 

for j = 0, 1, .... 
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Figure 5.19 The function f(x) = x/2 over [-Jr, 11') and its trigono
metric approximation S2(x), S3(x) and S4(x). 
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Theorem 5.7 (Sine Series). Suppose that f(x) is an odd function; that is, f(-x) = 
- j(x) holds for all x. If j(x) has period 2Jr and if f(x) and f'(x) are piecewise 
continuous, then the Fourier series for j(x) involves only the sine terms: 

(10) 

where 

(11) 

00 

j(x) = L>i sin(jx), 
}=I 

2 ilr b1 =- f(x)sin(jx)dx 
1f 0 

for j = 1, 2, .... 

J<.:xample 5.14. Show that the function f(x) = /xl for -rr < x < rr, extended periodi
cally by the equation f (x + 2rr) = f (x ), has the Fourier cosine representation 

x _ ~ _ ~ ~ cos((2j - l)x) 
/()-2 1f~ (2j-1)2 

(12) 
rr 4 ( cos(3x) cos(5x) ) =--- cos(x)+ --~ + ---+· ... 
2 1f ~ 9 

The function f(x) is an even function, so we can use Theorem 5.6 and need only to 
compute the coefficients {a J}: 

2111: . 2x sin(j x) 2 cos() x) In Gj =- XCOS(jX)dx = . + .2 1f 0 7tj 7t] 0 

2cos(jJr)-2 2((~1)1-1) 
= for j = I, 2, 3, 1rj2 nj2 
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Since (( -l)i - I) , 0 when j is even, the cosine series will involve only the odd terms. 
The odd coefficients have the pattern 

-4 
G)=-, 

Jf 

-4 
a3 "" rr32' 

-4 
as "" rr52, 

The coefficient a0 is obtained by the separate calculation 

2 [" x21rr 
ao = ; Jo x dx "" -;;- o = rr. 

Therefore, we nave found the desired coefficients in (I 2). • 

Proof of Euler's Formulas for Theorem 5.5. The following heuristic argument as
sumes the existence and convergence of the Fourier series representation. To deter
mine a0, we can integrate both sides of (7) and get 

~~ f(x)dx = i: (a;+ ~(aJcos(jx)+bJsin(jx))) dx 

(13) 
= i: ~dx+ ~a1 I: cos(jx)dx+ ~bJ i: sin(jx)dx 

= rrao +0+0. 

Justification for switching the order of integration and summation requires a detailed 
treatment of uniform convergence and can be found in advanced texts. Hence we have 
shown that 

(14) 11" ao=- f(x)dx. 
1r: -rr 

To detemrine am, we let m > 0 be a fixed integer, multiply both sides of (7 J by 
cos(mx), and integrate both sides to obtain 

(15) i: f(x)cos(mx)dx =a; i: cos(mx)dx + ~aj i: cos(jx)cos(mx)d. 

+ ~bj i: sin(jx)cos(mx)dx. 

Equation ( 15) can be simplified by using the orthogonal properties of the_ trigonome~c 
functions, which are now stated. The value of the first term on the nght· hand stde 
of(l5)is 

(16) ao 1" ao sin(mx) 11!' - cos(mx) dx = = 0. 
2 2m -:rr -rr 
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The value of the term involving cos(j x) cos(mx) is found by using the trigonometric 
identity 

(17) cos(jx) cos(mx) =~cos((} +m)x) + ~ cos({j- m)x). 

When j #= m, then ( 17) is used to get 

l rr 1 in a1 cos(jx) cos(mx) dx = -a1 cos((}+ m)x) dx 
-n 2 -rr (18) 

+ ~ai I: cos((}- m)x) dx = 0 + 0 = 0. 

When j = m, the value of the integral is 

(19) ami: cos(jx) cos(mx) dx = am1L 

The value of the term on the right side of (15) involving sin(jx) cos(mx) is found 
by using the trigonometric identity 

(20) sin(jx) cos(mx) = ~ sin((j + m)x) + ~sin((}- m)x). 

for all values of j and m in (20), we obtain 

(ll) 
bj frr sin(jx)cos(mx)dx=~bJ11r sin((j+m)x)dx 

}_1!' 2 -rr 

+~hi£: sin((}- m)x)dx = 0+ 0 = 0. 

Therefore, using the results of (16), (18), (19), and (21) in equation (15), we conclude 
that 

(22) rram = l: f(x) cos(mx) dx, form= 1, 2, .... 

Therefore, Euler's formula (5) is established. Euler's formula (6) ts proved 
similarly. • 

Trigonometric Polynomial Approximation 

Definition 5.4 (Trigonometric Polynomial). A series of the form 

(23) 
M 

TM(x) = ~0 + ~)ai cos(jx) + bj sin(jx)) 
}=1 

it called a trigonometric polynomial of order M. 
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Theorem 5.8 (Discrete Fourier Series). Suppose that { (x 1, YJ)}J""o are N+ I J'illllt' 

where Yi = j(xJ). and the abscissas are equally spaced: 

(24) 
2jJr 

XJ = -n: + N for j = 0, 1, ... , N. 

If f(x) is penodic with period 2rr and 2M < N, then there exists a trigonometric 
polynomial TM(x) of the form (23) that minimizes the quantity 

(25) 
N 

L(f(xk)- TM(Xk)) 2. 

k=l 

The coefficients a1 and hJ of this polynomial are computed with the formulas 

2 N 
a1 =-L f(xk) cos(jxk) for j = 0, 1, ... , M, 

N hod 

(26) 

and 

2 N 
bJ = - L j(xk) sin(jxk) for j = 1, 2, ... , M. 

N k=l 

(27) 

Although formulas (26) and (27) are defined with the least·squares procedure, they 
can also be viewed as numerical approximations to the integrals in Euler's formulas (5) 
and (6). Euler's formulas give the coefficients for the Fourier series of a continuous 
function, whereas formulas (26) and (27) give the trigonometric polynomial coeffi· 
cients for curve fitting to data points. The next example uses data points generated by 
the function f (x) = x j2 at discrete points. When more points are used, the trigono
metric polynomial coefficients get closer to the Fourier series coefficients. 

Example 5.15. Use the 12 equally spaced points Xk = -n- + kn: j6, fork = 1, 2, ... , 12, 
and find the trigonometric polynomial approximation for M = 5 to the 12 data points 
{(xko f(xk))}k~l• where f(x) = x/2. Also compare the results when 60 and 360 points 
are used and with the first five terms of the Fourier series expansion for f(x) that is given 
in Example5.13. 

Since the periodic extension is assumed, at a point of discontinuity, the function value 
f (n) must be computed using the formula 

(28) f(rr)= f(n--)+f(n+) = rr/2-rr/2 =O 
2 2 . 

The function f(x) is an odd function; hence the coefficients for the cosine terms are all 
zero (i.e., a j = 0 for all}). The trigonometric polynomial of degree M = 5 involves only 
the sine terms, and when formula (27) is used with (28), we get 

Ts (x) = 0.9770486sin(x) - 0.4534498 sin(2x) + 0.26179938 sin(3x) 
(29) 

- 0.1511499 sin(4x) + 0.0701489 sin(5x). 
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y 

1.5 0 

0 -1.5 

Figure 5.20 The nigonometric polynomial T5(x) of degree 
M = 5, based on 12 data points that lie on the line y = x /2. 

Table 5.9 Comparison of Trigonometric Polynomial Coefficients for 
Approximations to f(x) = xj2 over [-N, n-] 

Trigonometric polynomial coefficients 
Fourier series 

12 points 60 points 360 points coefficients 

b] 0.97704862 0.99908598 0.99997462 1.0 
b2 -0.45344984 -0.49817096 -0.49994923 -0.5 

bJ 0.26179939 0.33058726 0.33325718 0.33333333 
b4 -0.15114995 -0.24633386 -0.24989845. -0.25 
bs 0.07014893 0.19540972 0.19987306 0.2 

The graph of Ts(x) is shown in Figure 5.20. 
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The coefficients of the fifth-degree trigonometric polynomial change slightly when the 
number of interpolation points increases to 60 and 360. As the number of points increases, 
they get closer to the coefficients of the Fourier series expansion of f (x). The results are 
compared in Table 5.9. • 

The following program constructs matrices A and B that contain the coefficients a i 
and b j, respectively, of the trigonometric polynomial (23) of order M. 
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Program 5.4 (Trigonometric Polynomials). To construct the trigonometric poly

nomial of order M of the form 

M 

P(x) = ao + L:<ai cos(jx) + bj sin(jx)) 
2 j=l 

based on the N equally spaced values Xk = -1r + 21r k/ N, fork = 1, 2, ... , N. The 
construction is possible provided that 2M + 1 ::: N. 

function [A,B]=tpcoeff(X,Y,M) 

%Input - X is a vector of equally spaced abscissas in [-pi,pi] 
% - Y is a vector of ordinates 
% - M is the degree of the trigonometric polynomial 
XOutput - A is a vector containing the coefficients of cos(jx) 
% - B is a vector containing the coefficients of sin(jx) 

N=length(X)-1; 
maxl=fix((N-1)/2); 

if M>maxl 
M=max1; 

end 

A=zeros (1 ,M+1); 
B=zeros(l,M+l); 
Yends=(Y(l)+Y(N+l))/2; 
Y(l)=Yends; 
Y(N+t):oYends; 
A(l)=sum(Y); 

for j=l:M 
A(j+1)=cos(j*X)*Y'; 
B(j+1)=sin(j*X)*Y'; 

end 

A=2*A/N; 
B=2*B/N; 
A (l)=A(l) /2; 

The following short program wiJJ evaluate the trigonometric polynomial P(x) of 
order M from Program 5.4 at a particular value of x. 

function z=tp(A,B,x,M) 

z=A(1); 
for j= l:M 

z=z+A(j+l)*cos(j*x)+B(j+l)*sin(j*x); 
end 
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For example, the following sequence of commands in the MATLAB command 
window will produce a graph analogous to Figure 5.20. 

»x=-pi:. 01 :pi; 
»y=tp(A,B,x,M); 
>>plot(x,y,X,Y,'o') 

Exercises for Fourier Series and Trigonometric Polynomials 

In Exercises 1 through 5, find the Fourier series representation of the given function. 
Hint. Follow the procedures outlined in Examples 5.13 and 5.14. Graph each function 
and the partial sums Sz(x), S3(x), and S4(x) of its Fourier series representation on th~ 
same coordinate system (see Figure 5.19). 

{
-1 for -n <X <0 

1. f(x) = 
1 for 0 < x < n 

l. j(x) = {~ + x for -1r::; x < 0 
~ - x for 0 S x < 1r 

{
0 for -rr ::; x < 0 

3. f(x) = 
x for 0::; x < 1r 

4. f(x) = ~-~ 
-1 

l-n - x for -rr ::; x < -r 
s. J (x) = x for -r ::; x < ~ 

n - x for 1- ::; x < rr 

6. In Exercise l, set x = 1r j2 and show that 

1r I 1 1 
4=]-3+5-7+···. 

7. In Exercise 2, set x = 0 and show that 

rr2 1 1 1 
8 = 1 + J2 + 52 + 72 + .... 

for j- < x < 1r 

for -:n: < x < :n: T .2 
for -n < x < -r 

8. Find the Fourier cosine series representation for the periodic function whose defini
tion on one period is j(x) = x 2 /4 where -rr ::; .t < n. 

9. Suppose that f(x) is a periodic function with period 2P; that is, f(x + 2P) = j(x) 
for all x. By making an appropriate substitution, show that Euler's formulas (5) and 
(6) for fare 

1 fp 
ao =- f(x)dx 

p -P 

1 JP (jrrx) aj =- f(x)cos - dx 
p -P p 

1 1P (jrrx) bj=- f(x)sin- dx 
p -P p 

for j = 1, 2, 

for j = I, 2, .... 
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In Exercises 1 0 through 12, use the results of Exercise 9 to find the Fourier series re~ 
resentation of the given function. Graph f(x), S4(x), and S6(X) on the same coordinat 
system. 

{
0 for -2 :::; x < 0 

10. f(x) = 
1 for 0:::; x < 2 

12. f(x) = -x2 + 9 for - 3:::; x < 3. 

13. Prove Theorem 5.6. 

14. Prove Theorem 5.7. 

Algorithms and Programs 

1
-1 

11. /(x) = lx~ 

for -3:::; x < -l 
for -1:::; x < 1 

for 1:::; x < 3 

I. Use Program 5.4 with N = 12 points and follow Example 5.15 to find the trigone 
metric polynomial of degree M = 5 for the equally spaced points {(xk, f(xk))}f: 1. 

where f(x) is the function in (a) Exercise I, (b) Exercise 2, (c) Exercise 3, and 
(d) Exercise 4. In each case, produce a graph of j(x), T5(x), and {(xk. /(Xk)))f!t 
on the same coordinate system. 

2. Use Program 5.4 to find the coefficients of Ts(x) in Example 5.15 when first 60 and 
then 360 equally spaced points are used. 

3. Modify Program 5.4 so that it will find the trigonometric polynomial of period 2P = 
b- a when the data points are equally spaced over the interval [a, b]. 

4. Use Program 5.4 to find Ts(x) for (a) f(x) in Exercise IO, using 12 equally space!l 
data points, and (b) f (x) in Exercise 12, using 60 equally spaced data points. In eacl 
case, graph T5 (x) and the data points on the same coordinate system. 

5. The temperature cycle (Fahrenheit) in a suburb of Los Angeles on November 8 i: 
given in Table 5 .I 0. There are 24 data points. 

(a) Find the trigonometric polynomial T7(x). 

(b) Graph T7(x) and the 24 data points on the same coordinate system. 

(c) Repeat parts (a) and (b) using temperatures from your locale. 

6. The yearly temperature cycle (Fahrenheit) for Fairbanks, Alaska, is given in Ta
ble 5 .11. There are 13 equally spaced data points, which correspond to a measuremen 
every 28 days. 

(a) Find the trigonometric polynomial T6(x). 

(b) Graph T6 (x) and the 13 data points on the same coordinate system. 
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Table5.10 Data for Problem 5 

Time, p.m. Degrees Time, a.m. Degrees 

l 66 1 58 
2 66 2 58 
3 65 3 58 
4 64 4 58 
5 63 5 57 
6 63 6 57 
7 62 7 57 
8 61 8 58 
9 60 9 60 
to 60 10 64 
11 59 11 67 
Midnight 58 Noon 68 

Thble5.11 Data for Problem 6 

Calendar date Average degrees 

Jan. 1 -14 
Jan. 29 -9 
Peb.26 2 
Mar.26 15 
Apr. 23 35 
May21 52 
June 18 62 
July 16 63 
Aug. 13 58 
Sept. 10 50 
Oct. 8 34 
Nov.5 12 
Dec. 3 -5 
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Numerical Differentiation 

Formulas for numerical derivatives are important in developing algorithms for solv
ing boundary value problems for ordinary differential equations and p:mial ~iffere~
tial equations (see Chapters 9 and 10). Standard examples of numencal differentl
ation often use known functions so that the numerical approximation can be com· 
pared with the exact answer. For illustration, we use the Bessel fu?ction 11 (x), whose 
tabulated values can be found in standard reference books. E1ght equally spaced 
points over [0, 7] are (0, 0.0000), (l, 0.4400), (2, 0.5767), (3, 0.3391), (4, -0.0660) 

y 

0.6 ~ 

0.4 / \ 
' ' . ' 0.2 ,' '. . ' . ' 

2 3 
-o.2 

-().4 

(a) 

\ I X 
\ 5 6,'7 

\ I ' , ' , " , ........ "" 

y 

0.6 

0.4 

0.2 

-().2 

-().4 

(b) 

\ 5 6 /7 
\ ' 
' . , . , ........... 

Figure 6.1 (a) The tangent to p2(x) at (2, 0.5767) with slope P2(2) == -0.0505. 
(b) The tangent to p4(x) at (2, 0.5767) with slope p~{2) = -0.0618. 
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(5, -0.3276), (6, -0.2767), and (7, -0.004). The underlying principle is differentia
tion of an interpolation polynomial. Let us focus our attention on finding 1[ (2). The 
interpolation polynomial pz (x) = -0.0710 + 0.6982x - 0.1872x2 passes through the 
three points (1, 0.4400), (2, 0.5767), and (3, 0.3391) and is used to obtain 1)(2) :::::; 
p~(2) = -0.0505. This quadratic polynomial pz(x) and its tangent line at (2, 11(2)) 
are shown in Figure 6.1 (a). If five interpolation points are used, a better approximation 
can be determined. The polynomial p4(x) = 0.4986x+0.011x2-0.0813x3+0.0116x4 

passes through (0, 0.0000), (1, 0.4400), (2, 0.5767), (3, 0.3391), and (4, -0.0660) 
and is used to obtain 1 { (2) ::::::: p~ (2) = -0.0618. The quartic polynomial p4 (x) and its 
tangent line at (2, 11(2)) are shown in Figure 6.1(b). The true value for the derivative 
is 1{ (2) = -0.0645, and the errors in pz(x) and p4(x) are -0.0140 and -0.0026, 
respectively. In this chapter we develop the introductory theory needed to investigate 
the accuracy of numerical differentiation. 

6.1 Approximating The Derivative 

The Limit of the Difference Quotient 

We now turn our attention to the numerical process for approximating the derivative 
of f(x): 

(1) !'(x) = lim f(x +h)- f(x). 
h-+0 h 

Ttle method seems straightforward; choose a sequence {hk} so that hk - 0 and com
pute the limit of the sequence: 

(1) 
f(x + hk)- f(x) 

Dk = '---------'--
hk 

for k = 1, 2, ... , n, .... 

The reader may notice that we will only compute a finite number of terms D1, D2 , ... , 

D/'1 in the sequence (2), and it appears that we should use DN for our answer. The 
following question is often posed: Why compute D1, D2, ... , DN_ 1? Equivalently, 
w~ could ask: What value h N should be chosen so that D N is a good approximation to 

.Ule derivative f'(x)? To answer this question, we must look at an example to see why 
there is no simple solution. 

For example, consider the function f(x) = ex and use the step sizes h = 1, 
1/1, and l/4 to construct the secant lines between the points (0, 1) and (h, f(h)), 
respectively. As h gets small, the secant line approaches the tangent line as shown in 
1-lgure 6.2. Although Figure 6.2 gives a good visualization of the process described 
in (: ), we must make numerical computations with h = 0.00001 to get an acceptable 
numerical answer, and for this value of h the graphs of the tangent line and secant line 
v.k>uld be indistinguishable. 
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y y =f(x) 

0.5 

__.Jt_.. __ ...J..... __ ......J.. ___ J........ __ ......I-_ X 

0.00 0.25 0.50 0.75 1.00 
Figure 6.2 Several secant line for 
y=ex. 

Table 6.1 Finding the Difference Quotients Dt = (el+ht -e)/ hk 

h~c !k = [(! +hk) fk- e Dk = Uk -<'))h, 

hi =0.1 3.004166024 0.285884196 2.858841960 

h2 =0.01 2.745601015 0.027319187 2.731918700 

h3 =0.001 2.721001470 0.002719642 2.719642000 

h4 =0.0001 2. 718553670 0.000271842 2.718420000 

h 5 = o. oo:xn 2.718309011 0. 000027183 2. 718300000 

h6 = w-6 2.718284547 0.000002719 2. 719000000 
h7=w-7 2.718282100 0.000000272 2. 720000000 

hs=lO-s 2.718281856 0.000000028 2.800000000 

h9= w-9 2.718281831 0.000000003 3. 000000000 
hto= w-w 2.718281828 0.000000000 0.000000000 

Example 6.1. Let f (x) = e-' and x = I. Compute the difference quotients Dk using the 
step sizes hk = w-k fork = I, 2, ... , 10. Carry out nine decimal places in all calculations. 

A table of the values f(l + hk) and (j(l + hk)- f(l))/hk that are used in the 
computation of Dk is shown in Table 6.1. • 

The largest value h 1 = 0.1 does not produce a good approximation D1 ~ f' (I), 
because the step size h 1 is too large and the difference quotient is the slope of the secant 
line through two points that are not close enough to each other. When formula (2) is 

used with a fixed precision of nine decimal places, h9 produced the approximation 
Dg = 3 and h 10 produced Dw = 0. If hk is too small, then the computed function 
values f(x + hk) and f(x) are very close together. The difference f(x + hk)- f(x) 

can exhibit the problem of loss of significance due to the subtraction of quantities 
that are nearly equal. The value h 10 = w~IO is so small that the stored values of 

j(x + h w) and j(x) are the same, and hence the computed difference quotient is zero. 
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fnExample 6.1 the mathematical value for the limit is J'(l) ~ 2.718281828. Observe 

that the value hs = w-5 gives the best approximation, Ds = 2.7183. 
Example 6.1 shows that it is not easy to find numerically the limit in equation (2). 

The sequence starts to converge to e, and Ds is the closest; then the terms move away 
from e. In Program 6.1 it is suggested that terms in the sequence {Dd should be 

computed until I D N + 1 - D N I =.:: I D N - D N -II· This is an attempt to determine the best 
approximation before the terms start to move away from the limit. When this criterion 

is applied to Example 6.1, we have 0.0007 = ID6- Dsl > IDs- D4l = 0.00012; 
hence Ds is the answer we choose. We now proceed to develop formulas that give a 

reasonable amount of accuracy for larger values of h. 

The Central-difference Formulas 

If the function f (x) can be evaluated at values that lie to the left and right of x, then 
the best two-point formula will involve abscissas that are chosen symmetrically on both 

sides of x. 

Theorem 6.1 (Centered Formula of Order O(h2)). Assume that f E C3 [a, b] and 

thatx- h, x, x +hE [a, b]. Then 

(3) 
1 

f(x +h)- f(x- h) 
f (x):::::: 2h . 

Furthermore, there exists a number c = c(x) E [a, b] such that 

(4) ! '( )~f(x+h)-f(x-h)+E (fh) 
X,..... lh trunc,, 

where 

Etrunc (/, h) = 

The term E(f, h) is called the truncation error. 

Proof Start with the second-degree Taylor expansions j(x) = 1'2(x) + E2(x), ahout 

x, for f(x +h) and f(x -h): 

(5) 

and 

(6) 

/ (2)(x)h2 f(3)(c )h3 
f(x +h)= f(x) + j'(x)h + + 1 

2! 3! 

/(2)(x)h2 
f(x- h)= j(x)- J'(x)h + 

2
! 
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After (6) is subtracted from (5), the result is 

Since t<3l(x) is continuous, the intermediate value theorem can be used to find a 
value c so that 

(8) 

This can be substituted into (7) and the terms rearranged to yield 

(9) 1 f(x +h)- f(x- h) t<3l(c)h2 

I (x) = 2h - 3! 

The first term on the right side of (9) is the central-difference formula (3), the second 
term is the truncation error, and the proof is complete. • 

Suppose that the value of the third derivative t<3l (c) does not change too rapidly; 
then the truncation error in (4) goes to zero in the same manner as h 2, which is ex
pressed by using the notation O(h2). When computer calculations are used, it is not 
desirable to choose h too small. For this reason it is useful to have a formula for 
approximating f'(x) that has a truncation error term of the order 0(h4 ). 

Theorem 6.2 (Centered Formula of Order 0(h4)). Assume that f e C5 [a, b] and 
that x - 2h, X - h, X, X + h, X + 2h E [a, b]. Then 

(10) 
- f(x + 2h) + 8f(x +h) - 8f(x- h)+ f(x- 2h) 

f'(x):::::: 12h 

Furthermore, there exists a number c = c(x) E [a, b] such that 

(II) 

1 - f(x + 2h) + 8/(x +h)- 8f(x- h)+ f(x - 2h) + E (f h 
1 f (x) = llh trunc • · 

where 

h4/(5l(c) 4 
EtruncC/, h)= 

30 
= O(h ). 

Proof One way to derive formula (10) is as follows. Start with the difference bet11 c:c:n 
the fourth-degree Taylor expansions f(x) = P4(x) + E4(x), aboutx, of f(x +h) and 
j(x- h): 

(12) 
2f(3l(x)h3 2/(5l(q)hs 

J(x +h)- f(x- h)= 2/1(x)h + 
31 

+ 
5

! 
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Then use the step size 2h, instead of h, and write down the following approximation: 

(13) f(x + 2h)- f(x- 2h) = 4f'(x)h + 16f(3)(x)h3 + 64f(5)(c2)h5. 
3! 5! 

Next multiply the terms in equation (12) by 8 and subtract (13) from it. The terms 
involving t<JJ (x) will be eliminated and we get 

- f(x + 2h) + 8f(x +h) - 8f(x- h)+ f(x- 2h) 
(14) 

1 (16J<5l(cJ)- 64J<5>(c2))h5 
= 12 f (X )h + _.:.______:.__:c_l2_0......:.____;_-=-:..._ 

If t<5
l(x) has one sign and if its magnitude does not change rapidly, we can find a 

value c that lies in [x - 2h, x + 2h] so that 

(15) 16/(5\cJ) - 64J<5l(c2) = -48f(5l(c). 

After (15) is substituted into (14) and the result is solved for f'(x), we obtain 

16) f'(x) = - f(x + 2h) + 8f(x +h)- 8f(x- h)+ f(x- 2h) t<5l(c)h4 

l2h + 30 

The first term on the right side of (16) is the central-difference formula (10), and 
the second term is the truncation error, the theorem is proved. • 

Suppose that I t<5>(c) I is bounded for c e [a, b ]; then the truncation error in (11) 
goes to zero in the same manner as h4 , which is expressed with the notation O(h4 ). 

Now we can make a comparison of the two formulas (3) and (10). Suppose that f(x) 
has five continuous derivatives and that lf(3l(c)l and l/(5l(c)l are about the same. 
Then the truncation error for the fourth-order formula (10) is 0(h4 ) and will go to 
zero faster than the truncation error 0(h 2) for the second-order formula (3). This 
pennits the use of a larger step size. 

Example 6.2. Let f (x) = cos(x) 

(a) Use formulas (3) and (10) with step sizes h = 0.1, 0.01, 0.001, and 0.000 I, and cal~ 
culate approximations for /'(0.8). Carry nine decimal places in all the calculations. 

(b) Compare with the true value j'(0.8) = - sin(0.8). 
ta) Using formula (3) with h = O.oi, we get 

f '(O S) ~ /(0.81)- /(0.79) :::::: 0.689498433-0.703845316:::::: -O 
3 . 0.02 0.02 .717 44150. 

Using formula (10) with h = O.Ql, we get 

/'(0.8);:::::: - /(0.82) + 8/(0.8~-~ 8/(0.79) + /(0.78) 

-0.682221207 + 8(0.689498433)- 8(0.703845316) + 0.710913538 
;:::::: 0.12 
~ -0.717356108. 
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Table 6.2 Numerical Differentiation Using Formulas (3) and (10) 

Step Approximation by Error using Approximation by 
size fonnula (3) formula (3) formula ( IO) 

0.1 -0.716161095 -0.001194996 -0.717353703 
0.01 -0.717344150 -0.000011941 -0.717356108 
0.001 -0.717356000 -0.000000091 -0.717356167 
0.0001 -0.717360000 -0.000003909 -0.717360833 

Error using 
formula (10 

-0.00000238 
0.00000001 
0.00000007 
0.00000474 

9 
7 
6 
2 

(b) The error in approximation forformulas (3) and (10) turns out to be -0.000011941 ami 

0.000000017, respectively. In this example, formula (1 0) gives a better approximation to 
/'(0.8) than formula (3) when h = 0.01. The error analysis will illuminate this examplt: 
and show why this happened . The other calculations are summarized in Table 6.2. • 

Error Analysis and Optimum Step Size 
An important topic in the study of numerical differentiation is the effect of the com
puter's round-off error. Let us examine the formulas more closely. Assume that a 
computer is used to make numerical computations and that 

f(xo- h)= Y-1 + e-1 and f(xo +h)= Yl + e1, 

where f (xo - h) and f (xo +h) are approximated by the numerical values y -I and Yl 
and e _ 1 and e1 are the associated round-off errors, respectively. The following result 
indicates the complex nature of error analysis for numerical differentiation. 

Corollary 6.l(a). Assume that f satisfies the hypotheses of Theorem 6.1 and use 111,_, 
computatiotull formula 

(17) !' ( ) ~ Y1 - Y-1 
xo ~ 2h . 

The error analysis is explained by the following equations: 

(18) f'(xo) = Yl ;:-I + E(f, h) 

where 

E(f, h) = EroundCf, h)+ Etrund/, h) 
(19) e1- e-1 h 2 t(3>(c) 

2h 6 

where the total error term E(f, h) has a part due to round-off error plus a part due '·' 
truncation error. 
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Corollary 6.1(b). Assume that f satisfies the hypotheses of Theorem 6.1 and that nu
mcricalcomputationsaremade.lf le-11 _::::: E, le1l _::::: E, and M = maxa_.,:x::;b{l/(3l(x)ll. 
then 

( 20) 
E Mh 2 

IE(f,h)l.::::: h + --
6
--, 

and the value of h that minimizes the right -hand side of ( 19) is 

(21) h = (~Y/3 
When h is small, the portion of (19) involving (e1 - e_J)j2h can be relatively 

large. In Example 6.2, when h = 0.0001, this difficulty was encountered. The rounrl
off errors are 

[(0.8001) = 0.696634970 + e1 

/(0.7999) = 0.696778442 + e-1 

The truncation error term is 

where e1 ~ -0.0000000003 

where e-1 ~ 0.0000000005. 

-h2 
JO>(c) (sin(O 8)) 
6 :::::: -(0.0001) 2 6. ~ 0.000000001. 

The error term E (f, h) in (19) can now be estimated: 

h -0.0000000003 - 0.0000000005 
E(f, ) ~ 0.0002 - 0.000000001 

= -0.000004001. 

Indeed, the computed numerical approximation for the derivative using h = 0.000 I 
is found by the calculation 

1 
0 8 

,..,_. /(0.8001)- /(0.7999) - 0.696634970- 0.696778442 
f ( . ) ~ 0.0002 - 0.0002 

= -0.717360000, 

and a loss of about four significant digits is evident. The error is -0.000003909 and 
this is close to the predicted error, -0.000004001. 

When formula (21) is applied to Example 6.2, we can use the bound Jt<3l(x)l :::::_ 
I sin(x) I _::::: 1 = M and the value E = 0.5 x w-9 for the magnitude of the round
off error. The optimal value for h is easily calculated: h = ( 1.5 x w-9 j 1) 1/3 = 
0.001144714. The step size h = 0.001 was closest to the optimal value 0.001144714 
and it gave the best approximation to /'(0.8) among the four choices involvin~ for
mula (3) (see Table 6.2 and Figure 6.3). 

An error analysis of formula (10) is similar. Assume that a computer is used t<' 
make numerical computations and that f(xo + kh) = Yk + ek. 
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Error bound 

4 x w-6 

2 X 10~ 

Figure 6.3 Finding the optimum 
step size h ,:: 0.001144714 when 

L-----....L...-----.1...--- h formula (21) is applied to f(x) = 
0.002 0.004 cos(x) in Example 6.2. 

Corollary 6.2(a). Assume that f satisfies the hypotheses of Theorem 6.2 and ust the 
computational formula 

(22) 
I -)12 + 8y] - 8Y-l -t- Y-2 f (xo) ~ 12h . 

The error analysis is explained by the following equations: 

(23) !
'( ) _ -)12 + 8y1 -BY-I+ Y-2 + E(f h) 

xo - l2h ' 

where 

E(j, h) = Eround(/, h)+ Etrunc(/, h) 
(24) -ez +8e1 -8e-1 +e-2 h 4 j(5)(c) 

= l2h + 30 ' 

where the total error term E (/, h) has a part due to round-off error plus a part due to 
truncation error. 

Corollary 6.2(b). Assume that f satisfies the hypotheses of Theorem 6.2 and that 
numerical computations are made. If lekl :S E and M = lllilXa::;x::::;b{l/(5)(x)l}, thet 

(25) 
3E Mh4 

!E(j,h)l :S 2h +~, 

and the value of h that minimizes the right-hand side of (25) i~ 

(26) 
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Error bound 

0.02 0.04 

Figure 6.4 Finding the optimum step size 
h ,:: 0.022388475 when formula (26) is applied to 
f(x) ,:: cos(x) in Example 6.2. 
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0.06 

When formula (25) is applied to Example 6.2, we can use the bound 1!(5) (x) I S 
1 sin(x) 1 s 1 = M and the value E = 0.5 x I o-9 for the magnitude of the round
off error. The optim~ value for h is easily calculated: h = (22.5 x w-9 /4)1/5 = 
0.022388475. The step size h = 0.01 was clpsest to the optimal value 0.022388475, 
,ulu it gave the best approximation to !'(0.8) among the four choices involving for
mula (!0) (see Table 6.2 and Figure 6.4). 

We should not end the discussion of Example 6.2 without mentioning that numer
ical differentiation formulas can be obtained by an alternative derivation. They can 
he derived by differentiation of an interpolation polynomial. For example, the La
:;range form of the quadratic polynomial P2(x) that passes through the three points 
10. ~. cos(0.7)), (0.8, cos(0.8)), and (0.9, cos(0.9)) is 

p2(x) = 38.2421094(x- 0.8)(x- 0.9)- 69.6706709(x- 0.7)(x- 0.9) 
+ 3l.0804984(x- 0.7)(x- 0.8). 

I I, polynomial !,:an be expanded to pbtain the usual fonn: 

P2(x) = 1.046875165- 0.l59260044x- 0.348063157,r 2
• 

.\ , , nilar computation can be used to obtain the quartic polynomial p4(x) that passes 
tr::, ':tgh the points (0.6, cos(0.6)), {0.7, cos(0.7) ), (0.8, cos(0.8)), (0.9, cos(0.9)), and 
! 1 '' cos(l.O)): 

p4(x) = 0.998452927 + 0.00963839lx- 0.52329134lx 2 

+- 0.026521229x 3 + 0.02898IIOOx4. 
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y 

I 
X I 

-2/ -1 3 4 I 4 , 
I I 

I \ J I , 
-0.5 ' J J 

' I I 
\ I I 

' , 
' I 

' '._/'Y = cos(x) -1.0 -LO 
(a) (b) 

Figure 6.5 (a) The graph of y = cos(x) and the interpolating polynomial [12(.>:) used 
to estimate J'(0.8) :::::: p;(0.8) = -0.716161095. (b) The graph of Y = cos(x) and the 
interpolating polynomial p4(x) used to estimate /'(0.8):::::: p~(0.8) = -0.717353703. 

When these polynomials are differentiated, they produce p~(0.8) = -0.7161611JY:'i 
and p~ (0.8) = -0.717353703, which agree with the values listed under h = 0.1 in 
Table 6.2. The graphs of p2 (x) and p4(x) and their tangent lines at (0.8, cos(0.8) are 
shown in Figure 6.5(a) and (b), respectively. 

Richardson's Extrapolation 
In this section we emphasize the relationship between formulas (3) and (10). I ,'1 

fk = f(xk) """ j(xo + kh), and use the notation Do(h) and Do(2h) to denor. lire~ 
approximations to f 1 (xo) that are obtained from (3) with step sizes h and 2h, re spec 
tiveJy: 

(27) j'(xo) ~ Do(h) + Ch2 

and 

(28) f'(xo)::::: Do(2h) + 4Ch 2
• 

If we multiply relation (27) by 4 and subtract relation (28) from this product. thl' 1 tile 
terms involving C cancel and the result is 

(29) 
1 4(/t- f-J) h- f-2 

3f (xo)::::: 4Do(h)- Do(2h) = 
2
h - 4h · 

Next solve for f' (xo) in (29) and get 

I 4Do(h)- IJo(2h) - h + 8/1 -8/-1 + /-2 
(30) f (xo) ::::: 3 = 12h · 

The last expression in (30) is the central-difference formula (10). 
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Example 6.3. Let j(x) = cos(x). Use (27) and (28) with h = O.Dl, and show how the 
lirwar combination (4Do(h) - Do{2h ))/3 in (30) can be used to obtain the approximation 
to I '(0.8) given in (10). Carry nine decimal places in all the calculations. 

Use (27) and (28) with h = 0.01 to get 

Do(h) ~ /(0.81)- /(0.79) ~ 0.689498433-0.703845316 
0.02 0.02 

~ -0.717344150 
and 

2h /(0.82)- /(0.78) 0.682221207- 0.710913538 
Do( ) ""' 0.04 ~ 0.04 

~ -0.717308275. 

Now the linear combination in (30) is computed: 

/I(O.S) ~ 4Do(h)- Do(2h):;;;;; 4(-0.717344150)- (-0.717308275) 
3 3 

:;;;;; -0.717356108. 

This is exactly the same as the solution in Example 6.2 that used (10) directly to approxl
:>'"~e / 1 (0.8). • 

The method of obtaining a formula for !' (xo) of higher order from a formula of 
lower order is called extrapolation. The proof requires that the error term for (3) can 
be expanded in a series containing only even powers of h. We have already seen how 
to use step sizes h and 2h to remove the term involving h 2. To see how h4 is removed, 
let D1 (h) and D1 (2h) denote the approximations to f' (xo) of order 0(h4 ) obtained 
wi.th formula (16) using step sizes h and 2h, respectively. Then 

ttl} ! 1( ) = -/2 + 8/J- 8f-t+ f-2 + h
4J<5

>(ct) :::::; D (h)+ Ch4 
XO 24h 30 I 

aDd 

h_ :2' /1( ) = -/4 + 8/z- 8/-2 + f-4 + I6h4 t<5l(cz) :::::; D (2h) + 16Ch4. 
'\.,0: '1 xo 12h 30 I 

Sltppose that j<5l (x) has one sign and does not change too rapidly; then the assump
tion that j<5l(c1)""" j<5l(cz) can be used to eliminate the terms involving h4 in (31) 
and 02), and the result is 

(!)) 
I 16Dt (h)- Dt (2h) 

f (xo)""" 
15 

. 

1he general pattern for improving calculations is stated in the next result. 



322 CHAP. 6 NUMERICAL DIFFERENTIATION 

Theorem 6.3 (Richardson's Extrapolation). Suppose that two approximations of 

order 0 (h2k) for!' (xo) are Dk-l (h) and Dk-I (2h) and that they satisfy 

(34) 

and 

(35) 

Then an improved approximation has the form 

The following program implements the centered formula of order 0(h 2), equ:J

tion {3), to approximate the derivative of a function at a given point. A sequence (•! 

approximations { Dk) is generated, where the centered interval for Dk+ 1 is one-tenth a, 

long as the centered interval for Dk. The output is a matrix L= [H' D' E'], where H 

is a vector containing the step sizes, D is a vector containing the approximations to the: 

derivative, and E is a vector containing the error bounds, Note. The function f need, 

to be input as a string; that is, ' f ' . 

Program 6.1 (Differentiation Using Limits). To approximate f'(x) numerically 

by generating the sequence 

f'(x) ~ D = f(x + IO-"h)- j(x- to-"h) 
k 2(10-kh) for k=O, ... , n 

until!Dn+l- D,J 2:: JD,- Dn-tl or ID"- Dn-d <tolerance, which is an attempt ; 

to find the best approximation f' (x) ~ D,. 

function [L,n]=difflim(f,x,toler) 

%Input - f is the function input as a string 'f' 
% - x is the differentiation point 
% - toler is the tolerance for the error 
Y.Output-L•[H' D' E']: 
Y. H is the vector of step sizes 
% D is the vector of approximate derivatives 
% E is the vector of error bounds 
X - n is the coordinate of the ''best approximation'' 

max1=15; 
b=l; 
H(1)=h; 
D(1)=(feval(f,x+h)-feval(f,x-h))/(2*h); 
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E(1)=0; 
R(1)=0; 

for n=1:2 
h=h/10; 
H(n+O=h; 
D(n+1)=(feval(f,x+h)-feval(f,x-h))/(2•h); 
E(n+1)=abs(D(n+1)-D(n)); 
R(n+1)=2•E(n+1)*(abs(D(n+1))+abs(D(n))+eps); 

end 

n=2; 

while((E(n)>E(n+l))&(R(n)>toler))&n<max1 
b=h/10; 
H(n+2)=h; 
D(n+2)=(feval{f,x+h)-feval(f,x-h))/{2*h); 
E{n+2)=abs(D(n+2)-D(n+1)); 
R{n+2)=2*E(n+2)*(abs(D(n+2))+abs(D(n+1))+eps); 
n=n+1; 

end 

n=length(D)-1; 
V"[H' D' E']; 
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Program 6.2 implements Theorem 6.3 (Richardson's extrapolation). Note that, the 

expression for the elements in row j is algebraically equivalent to formula (36). 

Program 6.2 (Differentiation Using Extrapolation). To approximate /' (x) nu

merically by generating a table of approximations DU, k) fork .::::; j, and using 

f'(x) ::::: D(n, n) as the final answer. The approximations D(j, k) are stored in a 

lower-triangular matrix.. The first column is 

and the elements in row j are 

D(j,k) = D(j,k-1) + D(J,k -l); ~({ -l,k -I) for 1!:. k.::::; j. 

function [D,err,relerr,n]~diffext{f,x,delta,toler) 

%Input -f is the function input as a string 'f' 
% - delta is the tolerance for the error 
% - toler is the tolerance for the relative error 
%Output - D is the matrix of approximate derivatives 
% - err is the error bound 
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Y. - relerr is the relative error bound 
Y. - n is the coordinate of the ''best approximation'' 

err=l; 
relerr=l; 
h=l; 
j=l; 
D(1,1)=(feval{f,x+h)-feval(f,x-h))/(2*h); 

while relerr>toler & err>delta &j<12 
h=h/2; 
D(j+1,1)=(feval(f,x+h)-feval(f,x-h))/(2*h); 
for k=l:j 

D(j+1,k+1)=D(j+1,k)+(D(j+1,k)-D(j,k))/((4-k)-1); 
end 
err=abs(D(j+l,j+l)-D(j,j)); 
relerr=2*err/(abs(D(j+1,j+1))+abs(D(j,j))+eps); 
j=j+1; 

end 
[n ,n] =size (D); 

Exercises for Approximating The Derivative 

1. Let f (x) = sin(x ), where x is measured in radians. 

(a) Calculate approximations to /'(0.8) using formula (3) with h = 0.1, h = 0.01, 
and h = 0.001. Carry eight or nine decimal places. 

(b) Compare with the value f'(0.8) = cos(0.8). 

(c) Compute bounds for the truncation error (4). Use 

1Ji3>(c)l:: cos(0.7) f:::: 0.764842187 

for all cases. 

2. Letf(x)=ex. 

(a) Calculate approximations to j'(2.3) using fonnula (3) with h ""'0.1, h = ( 
and h = 0.001. Carry eight or nine decimal places. 

(b) Compare with the value j'(2.3) = e2·3 . 

(c) Compute bounds for the truncation error (4). Use 

for all cases. 
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3. Let j(x);;:: sin(x}, wherex is measured in radians. 

(a) Calculate approximations to j'(0.8) using formula (10) with h = 0.1 and h = 
0.01, and compare with j'(0.8) = cos(0.8). 

(b) Use the extrapolation formula in (29) to compute the approximations to j'(0.8) 
in part (a). 

(c) Compute bounds for the truncation error (11). Use 

lf(S)(c)l;:: cos(0.6) f:::: 0.825335615 

for both cases. 

4. Let f(x) = tr. 
(a) Calculate approximations to /'(2.3) using formula (10) with h = 0.1 and h = 

0.01, and compare with f'(2.3) = e2.3. 

(b) Use the extrapolation formula in (29) to compute the approximations to !'(2.3) 
in part (a). 

(c) Compute bounds for the truncation error (11). Use 

IJ<S>(c)l ::5 e2·5 ::::: 12.18249396 

for both cases. 

5. Compare the numerical differentiation fonnulas (3) and (10). Let f(x) = x 3 and find 
approximations for j'(2). 
(a) Use fonnula (3) with h = 0.05. 
(b) Use fonnula (lO) with h = 0.05. 
(c) Compute bounds for the truncation errors (4) and ( 11 ). 

6. (a) Use Taylor's theorem to show that 

h2 f(Z)(c) 
f(x+h)=f(x)+hj'(x)+ 

2 
, wherelc-xl<h. 

(b) Use part (a) to show that the difference quotient in equation (2) has error of 
order O(h) = -hj<2l(c)/2. 

(c) Why is formula (3) better to use than fonnula (2)? 

7. Partial differentiation fonnulas. The partial derivative fx(x, y) of f(x, y) with re
spect to x is obtained by holding y fixed and differentiating with respect to x. Simi
larly, jy(x, y) is found by holding x fixed and differentiating with respect toy. For
mula (3) can be adapted to partial derivatives 

(i) 

fx(X, y) = f(x + h, y);, f(x- h, y) + O(h2), 

f ( ) - j(x,y+h)-f(x,y-h) +O(h2) 
yX,y- 2h . 

(a) Let f(x, y) = xyj(x + y). Calculate approximations to fx(2, 3) and jy(2, 3) 

using the fonnulas in (i) with h = 0.1, 0.01, and 0.001. Compare with the 
values obtained by differentiating f(x, y) partially. 
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(b) Let z = f(x, y) = arctan(y jx) where z is in radians. Calculate approximut!Uns 
to fx (3, 4) and /y (3, 4) using the formulas in (i) with h = 0.1, 0.01, and 0.001. 
Compare with the values obtained by differentiating j(x, y) partially. 

8. Complete the details that show how (33) is obtained from equations (31) and (3.2 1 

9. (a) Show that (21) is the value of h that minimizes the right-hand side of (20). 
(b) Show that (26) is the value of h that minimizes the right-hand side of (25) 

10. The voltage E = E(t) in an electrical circuit obeys the equation E(t) = L(d I jdr 1 -r
RI(t), where R is resistance and Lis inductance. Use L = 0.05 and R = : .md 
values for /(t) in the table following. 

I (t) 

1.0 8.2277 
1.1 7.2428 
1.2 5.9908 
1.3 4.5260 
1.4 2.9122 

(a) Find /'(1.2) by numerical differentiation, and use it to compute £(1.2). 
(b) Compareyouranswerwith /(t) = lOe-t/lOsin(2t). 

11. The distanceD= D(t) traveled by an object is given in the table following. 

D(t) 

8.0 17.453 
9.0 21.460 

10.0 25.752 
11.0 30.301 
12.0 35.084 

(a) Find the velocity V (10) by numerical differentiation. 
(b) Compare your answer with D(t) = -70 + 7t + 70e-rll 0. 

12. Let f (x) be given by the table following. The inherent round-off error has the bound 
lek I ::S 5 x w-6. Use the rounded values in your calculations. 

X f(x) = cos(x) 

1.100 0.45360 
1.190 0.37166 
1.199 0.36329 
1.200 0.36236 
1.201 0.36143 
1.210 0.35302 
1.300 0.26750 
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(a) Find approximations for /'(1.2) using formula (17) with h = 0.1. h = 0.01, 
and h = 0.001. 

(b) Compare with /'(1.2) =- sin(l.2);::,;:: -0.93204. 
(c) Find the total error bound (19) for the three cases in part (a). 

13. Let f ( x) be given by the table following. The inherent round-off error has the bound 
iek I ::::; 5 X w-6. Use the rounded values in your calculations. 

X f(x) = 1n(x) 

2.900 1.06471 
2.990 1.09527 
2.999 1.09828 
3.000 1.09861 
3.001 1.09895 
3.010 1.10194 
3.100 1.13140 

(a) Find approximations for /'(3.0) using formula (17) with h = 0.1, h = 0.01. 
and h = 0.001. 

(b) Compare with /'(3.0) = ! ;::,;:: 0.33333. 
(c) Find the total error bound (19) for the three cases in part (a). 

14. Suppose that a table of the function f (xk) is computed where the values are rounded 
off to three decimal places and the inherent round -off error is 5 x 1 o-4

. Also, assume 
that lf(3}(c)l ::::; 1.5 and IJ<5>(c)l ::S 1.5. 
(a) Find the best step size h for formula ( 17). 
(b) Find the best step size h for formula (22). 

15. Let j(x) be given by the table following. The inherent round-off error has the bound 
lql ::::; 5 X w-6 • Use the rounded values in your calculations. 

X j(x) = cos(x) 

1.000 0.54030 
1.100 0.45360 
1.198 0.36422 
1.199 0.36329 
1.200 0.36236 
1.201 0.36143 
1.202 0.36049 
1.300 0.26750 
1.400 0.16997 

(a) Approximate /'(1.2) using (22) with h = 0.1 and h = 0.001. 
(b) Find the total error bound (24) for the two cases in part (a). 
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16. Let f(x) bf: given by the table following. The inherent round-off error has the bound 
lekl :;:::: 5 X w-6. Use the rounded values in your calculations. 

X f(x) = ln(x) 

2.800 1.02962 
2.900 1.06471 
2.998 1.09795 
2.999 1.09828 
3.000 1.09861 
3.001 1.09895 
3.002 1.09928 
3.100 1.13140 
3.200 1.16315 

(a) Approximate j'(3.0) using (22) with h = 0.1 and h = 0.001. 

(b) Find the total error bound (24) for the two cases in part (a). 

Algorithms and Programs -
1. Use Program 6.1 to approximate the derivatives of each of the following functions 

at the given value of x. Approximations should be acj~urate to 13 dedmal places. 
Note. It may be necessary to change the values of maxl and the initial value of h in 
the program. 
(a) j(x) = 60x45 - 32x 33 + 233x5 - 47x2 -77; x == 1/./3 

( (
v's+sin(x))) t+JS 

(b) f (x) = tan cas 
1 
+ x 2 ; x = - 3-

(c) j(x) = sin(cos(l/x)); x = t;Jz ~ 
3 

,, l-v5 
(d) f(x) := sin(x -7x'· + 6x + 8); x = --

• 2 
(e) j(x) := Xx ; X = 0.0()()) 

2. Modify Program 6.1 to implement the ce111tered formula ( 1 0) of order 0 (h
4

). Use thi5 
program to approximate the derivatives of the functions given in Problem 1. Again. 
approximations should be accurate to 13 decimal places. 

3. Use Program 6.2 to approximate the deriYatives of the functions given in Problem t. 
Again, approximations should be accullllte to 13 decimal places. Note. It may be 
necessary to change the iniitial values of e,rr, relerr, and h. 
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E Numerical Differentiation Formulas 

More Central-differem:e Formulas 

The formula~; for !' (xo) in the preceding section reqUiired that the function can be 
computed at abscissas that :lie on both sid,~s of x, and they were refem~d to as central
difference fmmulas. Taylor series can be used to obtain central-difference formulas for 
the higher de1ivatives. The popular choices are those of order 0 (h2) and 0 (h4

) and are 
given in Tabks 6.3 and 6.4. In these tables we use the co111vention that fk. = f(xo+kh) 
fork=-3,--2,-1,0, 1,2,3. 

For illustration, we will derive the formula for f" (x) of order 0 (h 2) in Table 6.3 
Start with the Taylor expam;ions 

(1) 
h2f"( ) h3f(3}( ) h4f(4) 

j(x +h)= f(x) + hj'(x) + _ _.::_ + __ _:__ + __ <_:! + ... 
2 6 24 

Table6.3 Central-difference Formulas of Onder O(hz) 

f'(xo)""' II - /-• 
2h 

/"(xo)""' fl- 2{~ + /-1 

/
(3)( )~h-!J+2f-J-f-2 

xo ~ 2J~3 

/
(4)( ) ~ h- 4fi + 6/o- 4f-l + .f-2 

XI) ~ h4 

'fable 6.4 Central-difference !Formulas ofOt·der O(h4 ) 

/
'( ) -12+8/J-81-J+f-2 

xo ""' 12h 

f "(x ) ""' - h + 16/J - 30/o + 16f-l - f-2 
0 12h2 

((3)(x ) ""'-f3 + 8f2- 13fl + 13/-1 - 8/-2 + f-3 
" 0 8h3 

r<4l(x())""'-f3 + 12h- 39/J + 56/o- 39f-l + 12f_2 - J_3 
J ~4 
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and 

(2) j(x- h):= f(x)- hf'(x) + h2 f"(x) - h3 t<3l(x) + h4 t<4l(x) -· ... 
2 6 24 

Adding equations (1) and (2) will eliminate d1e terms involving the odd derivath-es 
f'(x), f(3l(x), j<5l(x), ... : 

(3) 
2h2 f"(x) 2h4 t<4l(x) 

f(x +h)+ f(.x- h):= 2f(x) + --
2
- + -~ + · · · . 

Solving equation (3) for J"(x) yields 

(4) 

f"{x) = f(x +h)- 2f(x) + f(x- h)_ 21.12 t<4l(x) 
h2 4! 

- 2h4 /(6l(x) - ... - 2hVc-2 t<2kl(x) 

6! (2k)! 

If the series in (4) is truncat~ed at the fourth derivative, there exists a vall1c , that 
lies in fx - h, X+ hJ SO that 

(5) J"(xo) = ft - 2/o + f--l _ h
2 t<4>(c~ 

h2 12 

This gives us the desired formula for approximating f"(x): 

(6) f"(xo):::::;, !1 - 2fo + /-1 
h2 

Example 6.4. Let f(x) = cos(x). 

(a) Use formula (6) with h = 0.1, 0.01, and O.OOI and find approximations to f" to.H) 
Carry nine d€~cimal places in all calculation:>. 

(b) Compare with the true value f"(0.8) =- cos(0.8). 
(a) The calculation for h = 0.01 is 

/"(0.8) ~ f(0.81)- 2/(0.80) + f(0.19) 
0.0001 

:::::;, 0.689498433- 2(0.696706709) + 0.703845316 
0.0001 

:::::;, -0.696690000. 

(b) The error in thi:~ approximation is -0.000016709. The other calculations are sumnrc~
rized in Table 6.5. The error analysis will illuminate this example and show why h = 0.01 
was best. • 
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Table 6.5 Numerical Approximations to J"(x) for 
Example6.4 

Step 
size 

h=0.1 
h=O.Ol 
h =0.001 

-

Error Analysis 

Approximation by 
formula (6) 

-0.696126300 
-0.696690000 
-0.696000000 

Errorl 
formul 

-o.ooos: 
-0.0000 
-0.00071 

Jsing 
Ia (6) 

W409 
16709 
[)6709 
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Let fk = Yk + eb where e1c is the error in computing f(x~c) .. including noise in mea

surement and rou:nd-off error. Then formula (6) can be written 

(7) f"(xo) := YI-
2~~ + Y-I + E(f, h). 

The error term E(h, f) for the numerical deriYative (7) will have a part dm~ to ~ound
off error and a part d~ to truncation error: 

et -leo+ t'-I h2 t<4l(c) 
E(f, h) == h2 - _1_2 __ (81 

If it is assume~ that each enor ek is of the magnitude €, with signs that <Lccurnulate 
en ors, and that 1 j(<4l (x) 1 ::: M, then we get th1~ following error bound: 

4E Mh 2 

[91 IE(j,h)l::: h2 + ~-

If h is small, then the contribution 4E I h 2 due to round-off error is large. When h 
i, 1 arge, the contribution M h 2 jl2 is large. The optimum st-ep size will minimize the 

(JII.tntity 

4€ Mh2 

I 1: 1) g(h)= -+-. 
h2 12 

Setting g'(h) = 0 results in -8€1 h3 + Mhl6 = 0. which yields the equation 

11 : = 48E 1M, from which we obtain the optimal value: 

i I I) h = C!EY/4 
\\ 11en formula ( 11) is applied 1to Example 6.4, use the bound I t<4

l (x) I ::::: I cos(x) I ::5 
I "" M and the value € = 0.5 X w-9 . The optimal step size is h = (24 X w-9 I 1) 114 

= 
O.ill244666. andl we see that h = 0.01 was closest to the optimal value. 
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Sin~e the portion of the error due to round off is inversely proportional to the square 
of h, th1s term grows when h gets small. This ils sometimes r,eferred to as the step-size 
dilemmq. One partial solution to this problem is to use a formula of higher order so 
that a larger value of h will produce the desired accuracy. The formula for j"(xo) of 
order 0 (h4 ) in Table 6.4 is 

(12) f
"(.x) _ ~ h + 16/I- 30fo + 16j_ 1 - f-z 

o - 12h2 + E(f, h). 

The error term for ( 12) has the form 

(13) E(f h)=~ h4 /(6l(c) 
3h2 + 90 

where c lies in the mterval [x- 2h, x + 2h). A bound for IE(f, h)l is 

(14) IE(f h l6E h
4
M 

I • )I:::::: 3h2 + 90' 

where I /r6l(x)l :::::: M. The optimal value for h is given by tht: formula 

(15) h = _I (
240E \ l/6 

M} 

Example 6.5. Let j(x) = cos(x). 

(a) Use formula (12) with h = LO, 0.1, and 0.01 and find approximations to ["(0.8). 
Carry nine decimal places in all the calculations. 

(b) Compare with the true value f"(0.8) = - cos(0.8). 

(c) Determine the optimal step size. 
(a) The calculation for h = 0.1 is 

!" (0.8) 

~ - f(l.O) + 16/(0.9)- 30j(0.8) + 16/(0.7)- f(0.6) 
0.12 

"" ~0.540302306+ 9.945759488- 20.90120127 + 12.23747499- 0.825335615 
0.12 

"" -0.696705958. 

(b) The error in this approximation is -0.00000075 l. The other caJculations are summa
rized in Table 6.6. 
(c) When formula ( 15) is applied, we can use the bound I j(6l (x) 1 ~ 1 cos(x) 1 :5 1 = M and 
the value E = 0.5 X w-9 These values give the optimal step size h = (120 X w--9 I 1) l/6 = 
0.070231219 • 
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Table 6.6 Numerical Approximations to j"(x) for 
Example 6.5 

Step Approxima1tion by Error using 

size formula (12) formula (12) 

h=I.O -0.689625413 -0.()(}7081296 

h=O.I -0.696705958 -0.()00()()(}751 

h=0.01 -0.696690000 -0.()()(}1)16709 

TaiiJie 6.7 ForwEil"d· and Backw21fd-difference Formulas of 
Order 0(h2) 

, ~-3fo+4fi-h 
f (xo) ~ Zh 

!
' 3fo- 41-1 + f-2 
(xo)""' 2h 

f"(x )~ 2fo -5/i +4h -13 
. 0 h2 

!
"< ) 2fo-5f-t+4f_z-f-3 

xo ~ h2 

f
r3l( ) -5/o + l8f1 -24/2 + 14!3- 3/4 

xo ~ 2h3 

f(3l(xo) ~ Sfo- ISf-1 + 24[_2 - 14j_3 + 3f __ 4 

2h3 

(
forward ) 
difference 

(
backward) 
difference 

(
forward ) 
difference 

(
backward) 
difference 

f
r4l 3/o- 14fl + 26h- 24fJ + 11/4-2/5 

(zo)~ h4 

f(4l(zo)R> 3fo -14f-t +26/-2 -24/-3 + llf-4 -2/-s 
h4 
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Generally, if numerical differentiation is performed, only about half the accuracy 
of which the computer is capable is obtaine:d. This severe loss of significant digits will 
almost always occur unless we are fortunate to find a step size that is optimal. Hence 
we must always proceed with caution when numerical differentiation is performed. 
The difficulties are more pronounced wht:n working with experimental data, where 
the function values have bee:n rounded to only a few digits. If a numerical derivative 
tll.ust be obtained from data, we should consider curve fitting, by using least~square:> 
techniques, and differentiate the formula for the curve . 
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Diff•~rentiation of the Lagrange Polynomial 
If the function must be evaluated at abscissas that lie on one side of xo, the centra -
difference formulas cannot be used. Formulas for equally spaced abscissas that lie t • 
the right (or left) of xo are called forward (or backward) difference formulas. These 
formulas can be derived by diffen:ntiation of the Lagrange interpolation polynomia1. 
Some of the common forward- allld backward-difference fommlas are given in T;;
ble 6.7. 

Example 6.6. Derive the formula 

! "( )~ 2fo-5fr+4/2-!J xo ~:; h2 

Start with the Lagrange interpohition polynomial for /(t) based on the four points xo 
_t,, xz .. and XJ. 

f( ) fi 
(I - x!)(t - xz)(l - X3) f (t - xo)(t - x2)(t - x3) t ~ 0 + ~~--~~--~~~~ (xo- Xt)(xo- xz)(xo- x3) (XI - xo)(xi -· x2)(x1 - X3) 

f. 
(t -xo)(t- Xi)(t -x3) f (t -xo)(t -xJ)(t -x•:) + ! + 3 ___:__--=..:._...;_--':c....;..--= 

(Xz - xo)(X2 --Xi )(X2- X3) (x3- XQ)(X3- XJ)(X3- Xz} 

Differentiate the products in the numerators twice and get 

" 2((t-Xi)+(t-xz)+(t-XJ)) 1 2((t-xo)+(t-xz)+(t-x;~)) f (t) ~ Jo + t_ . ..:..;,-_..::.:....___:_ __ -=:.____;___;__:: 
(XO- Xi )(Xo- X2)(xo- X3) (XI - XQ)(Xt - X2)(XJ - X3) 

2((t -- xo) + (r- x1Ji + (t- x3)) 2((t- xo) + (t- XJ) + (t ·- x2)) +h ' +h . (xz - xo)(x2 -Xi )(xz - x3) (x3 - xo){x3 - XJ )(x3 - x" l 

Then substitution oft = xo and the f~rct thai x; - Xj = (i - j)h produces 

!
"( ) fi 2((xo- xt) + (xo - xz) + (x0 - x3)) xo ~ 0 

(xo- XJ)(xo- x2)(xo- x3) 

f 
2((xo- xo) + (xo- xz) + (xo- x3)) 

+.!--=..:.~--~--~------~--=~ 
(xi - xo)(x1 - xz)(xi ·- x3) 

f: 
2((xo- xo) + (xo- xr) + (xo- x3)) + 2--=..:.~--~----'-~---'~~-~--=~ 

· (xz - xo)(xz - XJ )(xz -- XJ) 

f 
2((xo- xo) + (xo- xi)+ (xo- xz)) + 3~~-------~-------~--=~ 

(x3 - xo)(x3 - xt)(x3 -- xz) 

., 2( (-h) + ( -2h) + (-3h)) f 2--'(c.:...(O..:...) _+~( -_2_hc.:...>. --'+~(--3_h..:...:...)) =;o + r-( -h)( -2h)( --3h) (h)( -h)(--2h) 
r 2((0) + c -h) + ( -3h}) . 2((0) + (-h) + ( -2h)) 

+ J 2 (2h)(h)( -h) + /3 (3h)(2h)(h) 
-12h -lOh -Sh -6h 2/o ·- Sf1 +4h-= fo -fih3 + fl 2h3 + /2 -2h3 + h 6h3 = h 2 -

and the formula is estalblished. • 
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Example 6.7. Deriv~: the formula 

,, -5/o +18ft - 24h + 14/3-3/4 f (xo) ~ 2h3 

Start with the Lagrange interpolation polynomial for f(t) based on the five points xo. 
Xt,xz,x3, andx4. 

(t- xr)(t- xz)(t- x3)(t- x4) 
f(t) ~ fo (xo- x 1)(xo- x2)(xo- X3)(xo- x4) 

(t - xo)(t - xz)(t - x3)(t - x4) 
+/i . 

(Xt -- XQ){XJ - X2)(Xi - X3}(X1 - X4) 
(t- xo)(t- xJ)(t- x3)(t- x4) 

+/2 
(X2 -- Xo)(Xz- XJ)(X2- XJ){Xz- X4) 

(t- xo)(t- Xt)(t- xz)(t- X4) 
+/3 

(X3 -- XO)(X3 - Xt)(X3 - X2)(X3- X4) 
(t - xo)(t - xt)(t - x2)(t - X3) 

+!4 
(X4 -- XO)(X4- X!)(X4- X2)(X4 - X3) 

Differentiate the numerators three tirru::s, then use the substitution Xi -- x j = (i - j)h in the 
denomi111ators and get 

1111 6((t- XI)+ (1- Xz) + (t -- X3) + (t- X4)) 
(t) ~ fo (-·h)(-2h)(-3h)(-4h) 

6((t- xo) + (t - xz) + (t - x3) + (t - x4)) 
+ fi (h)(-h)(-2h)(-3h) 

6((1- Xo) +(t-Xt)+ (t- X3) + (t- X4)) 
+ h (2h)(h)(--h)(2h) 

6((t - xo) + (t-xt) -1- (t - xz) + (t - x4)) 
+ !3 (3h)(2h)(h)( -h) 

6((t - XO) + (t- X]) -1- (t- X2) + (t- X3)) 
+ 14 (4h)(3h)(2h)(h) ' 

Then substitution of t =: xo in the fonn t - xi = xo - xi = - j h produces 

f
/11 6((-h) + (-2h) + ( -3111) + ( -4h)) f 6((0) + (-2h) + ( -3h) + ( -4h)) 
~o) ~ fo 24h4 + · 1 -6h4 

6((0) +(-h)+ (-3h) + (-4h)) j" 6((0) +(-h)+ (-2h) + (-4h)) + Jz 4h4 + 3 -6h4 
6((0) +(-h)+ (-2h) + (-3h)) 

+ 14 24h4 ' 
-60h 54h -4Sh 42h -36h = fo 24h4 + f1 6h4 + h 4JlA + h 6h4 + /4 24h4 

-Sfo + 18/J- 24/2 + 14/3- 3!4 = 2h3 
and the formula is ~:stablished. • 
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Ditl'€~rentiation of the Newton Polynomi:al 
In thi:> section we show the relatio111ship between the three formulas of order 0 (h 2 ) for 
approximating J'(x0), and a genecral algorithm is given for computing the numeri. c~i 
derivative. In Section 4.3 we saw that the Newton polynomial P(t) of degree N =- 2 
that approximates f (t) using the nodes to, tr, and t2 is 

(16) 

where ao = f(to), ar = (f(tr)- f(to))/(tr- to), and 

!U2)- /(tr) f(t!)- f(to) 

t2- tr tr -to 
(t2- to) 

The derivative of P(t) is 

( 17) P'(t) = ar + a2((t- to)+ (t- t!)), 

and when it is evaluated at t = to, the result is 

(18) 

Observe that the: nodes {tk) do not need to be equally spaced for formulas (16) 
through (18) to hold. Choosing the abscissas in different orders will produce difference 
formullas for approximating / 1 (x ). 

Case (i): If to= x, It = x + h, and tz = x + 2h, then 

f(x +h)- f(x) 
G] = h ' 

f(x) ·- 2f(x +h)+ f(x + 2h) 
a2 = 2h2 

When these values are substituted into (18), we g1et 

1 f(x +h)- f(x) - f(x) + 2f(x +h)- f(x + 217) 
p (x) = h + 2h · 

This is simplified to obtain 

(19) 1 -3f(x) + 4/(x +h)- f(x + 2h) J'( ) 
p (x) = 2h ~ x, 

which is the second-order forward-difference formula for f'(x). 

Case (ii): If to= x, t1 = x + h, and t2 = x - h, then 

f(x +h) - f(x) 
a,= h 

a2 = f(x +h)- 2/(x) + f(x- h) 
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\\hen these values are substituted into (18), we get 

·
1 f(x +h)·- f(x) - f(x +h)+ 2f(x)- f(x- h) 

p (x) = h + 2h 

Tb is is simplified to obtain 

; ~II) P'(x) = f(x +h)- f(x- h) ~ j"(x), 
2h 

":1ich is the second-order central-difference :formula for f'(x). 

Case (iii): If to= x, t1 = x - h, and t2 == x - 2h, then 

f(x)- f(x- h) 
G] = h 

f(x)- 2f(x -h)+ f(x - 2h) 
az = 2~2 

rh~se values are substituted into (18) and simplified to get 

r~l) 
1 3j(x)- 4j(x- h)+ f(x- 2h) ,.., f'( ) 

p (x) = 2h """ x ' 

\'. h ich is the second-order backward-differenc::e formula for /' (x). 
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The Newton polynomial P(r) of degree N that approximates f(t) usi111g the nodes 
T11 . .'[, ••• , fN is 

I::'-~) 
P(t) == ao + ar (t- to)+ a2(t- to)(t- tr) 

+ a3(t- to)(t- tr)(t- 12) + · · · + aN(t- to)··· (t- IN-J). 

Tr.e derivative of P(t) is 

P1(t) =e a1 + a2((t- to)+ (t- !J)) 

+ a3((t- t0)(t- t1) + (t -- to)(t- 12) + (t- tr)(t- I:!)) 

N-!N-1 

+"·+aN 'II> n(t- tJ·). '-- . 
k=O j=O 

j# 

When P 1(t) is evaluated at t =to, several of the terms ;in the summation are zero. 
and P 1 (to) has the simpler fom• 

( ::'-+) 
P'(to) =at + a2Cto- t1) + a3(to- t1 )(to- t2) + .. · 

. +aN (to- t1)(to- t2Hto- t3) ···(to- tN-d-
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The kth partial sum on the right side of equation (24) is the derivative of theN ewto1. 
polynomial of degree k based on the first k nodes. If 

and if {(tj, O)Jf,.0 

forms a set of N + I equally spaced points on the real axis, the kth partial sum is an 
approximation to f' (to) of order 0 (hk-l). 

Suppose that N = 5. If the five nodes are tk := x + hk fork = 0, 1, 2, 3, and 4. 
then (24) is an equivalent way to compute the forward-difference formula for f'(x) o· 

order O(h4). If the five nodes {td are chosen to be to = x, t 1 = x + h, t2 = x -h. 
t3 = x + 2h, and t4 = x - 2h, then (24) is the central-difference formula for f' (x) oJ 
order O(h4 ). When the five nodes are tk = x-kh, then (24) is the backward-differenct: 
formula for j'(x) of order 0(h4 ). 

The following program is an extension of Program 4.2 and can be used to imple
ment formula (24). Note that the nodes do not need to be equally spaced. Also, it 
computes the derivative at only one point f'(xo). 

Program 6.3 (Differentiation Based on N + 1 Nodes). To approximate J'(x) 

numerically by constructing the Nth-degree Newton polynomial 

P(x) = ao +at (x- xo) + a2(x- xo)(x- xr) 

+ a3(x- xo)(x- XJ)(x- x2) + · · · + aN(x- xo) · · · (x- XN-l) 

and using f'(x0) ~ P'(xo) as the final answer. The method must be used at xo. 
The points can be rearranged {xk, xo, ... , Xk-1, Xk+l• ... , xN} to compute f'(xk) :::.; 

P'(Xk). 

function [A,df] .. diffnew(X,Y) 

%Input - X is the lxn abscissa vector 
% - Y is the lxn ordinate vector 
%Output - A is the lxn vector containing the coefficients of 
% the Nth-degree Newton polynomial 
% - df is the approximate derivative 

A=Y; 
N=length(X); 

for j"'2 :N 
for k=N:-l:j 

A(k) .. (A(k)-A(k-1))/(X(k)-X(k-j+i)); 
end 

end 
x0 .. X(1); 
df=A(2); 
prod=!; 
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nl .. length(A)-1; 

for k"'2:n1 
prOd"'prod*(xO-X{k)); 
df~df+prod*A(k+l); 

end 

Exercises for Numerical Differentiation Formulas 

1. Letf(x) = ln(x) and carry eight or nine decimal places. 

(a) Use formula (6) with h = 0.05 to approximate /"(5). 

(b) Use formula (6) with h = 0.01 to approximate /"(5). 

(c) Use formula (12) with h = 0.1 to approximate f" (5). 

(d) Which answer, (a), (b), or (c), is most accurate? 

2. Letf (x) = cos(x) and carry eight or nine decimal places. 

(a) Use formula(6) with h = 0.05 to approximate j"(l). 

(b) Use formula ( 6) with h = 0.01 to approximate [ 11 (1). 

(c) Use formula (12) with h = 0.1 to approximate j"(l). 

(d) Which answer, (a), (b), or (c), is most accurate? 

3. Consider the table for f(x) = ln(x) rounded to four decimal place'>. 

X f(x) = ln(x) 

4.90 1.5892 
4.95 1.5994 
5.00 1.6094 
5.05 1.6194 
5.10 1.6292 

(a) Use formula (6) with h = 0.05 to approximate /"(5). 

(b) Use formula (6) with h = 0.01 to approximate j"(5). 

(c) Use formula (12) with h = 0.05 to approximate f" (5) 

(d) Which answer, (a), (b), or (c), is most accurate? 

4. Consider the table for f(x) = cos(x) rounded to four decimal plac:"'· 

X f(x) = cos(x) 

0.90 0.6216 
0.95 0.5817 
1.00 0.5403 
1.05 0.4976 
1.10 0.4536 

339 
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(a) Use formula (6) with h == 0.05 to approximate f" (I). 

{b) Use formula(6) with h == 0.01 to approximate j"(l). 
(c) Use formula (12) with h = 0.05 to approximate j"(l). 
(d) Which answer, (a), (b), or (c), is most accurate? 

5. Use the numerical differentiation formula (6) and h = 0.01 to approximate j"(l) for 
the functions 
(a) /(x) = x:! (b) j(x) = x 4 

6. Use the numerical differentiation formula (12) and h = 0.1 to approximate f" (I) for 
tihe functions 
(a) f(x) = x"' (b) .f(x) = x 6 

7. Use the Taylor c~xpansions for f(x +h), f(x -h), f(x + 2h), and j(x -- 2h) ar"' 
derive the central-difference formula: 

(3) f(x + 2h)- 2f(x +h)+ 2/(x- h)·- j(x - 2h) f (x) ""' "--------=-------'-:-:-;;-'-----.::....--
2h3 

8. Use the Taylor expansions for f(x +h), f(x- h), f(x + 2h), and f(x -· 2h) and 
derive the central-difference formula: 

(4J f(x + 2h)- 4f(x +h)+ 6f(x)- 4f(x --h)+ f(x- 2h) 
f (x)""' h4 . 

9. Find the approximations to /'{xt) of. order 0(h2 ) at each of the four points in the 
tables. 
(ll) (bJ 

X f(x) X f(x) 

0.0 0.989992 0.0 0.141120 
0.1 0.999135 0.1 0.041581 
0.2 0.998295 0.2 -0.058374 
0.3 0.987480 0.3 -0.157746 

10. Use the approximations 

, ( h) ~ ft -- Jo f x+l ~-,-~-

and derive the approximation 

! "'< )~/J-2/o+f-t 
X~------f.!2 . 

11. Use formulas ( 16) through (18) and derive a formula for f' (x) based on the absciss:. 
to= X, t1 =X+ h, and !2 =X+ 3h. 

12. Use formulas ( 16) through (!8) and derive a formula for !' (x) based on the abscissa, 
to = X, It = X - h, and t2 = X + 2h. 

6.2 NUMERI.CAL DIFFERENTIATION FORMULAS 341 

13. The numerical solution of a certain differential equation requires an appro:Kimation to 
j"(x) + f'(x) of order O(h 2). 

(a) Find the central-difference formula for f"(x) + f'(x) by adding the formulas 
for f'(x) and J"(x) of order O(h2). 

(b) Find the forward-difference formula for !" (x) + f' (x) by adding the formulas 
for j'(x) and f"(x) of order 0(h2). 

(c) What would happen if a formula for f'(x) of order O(h4
) were added to a 

formula for f"(x) of order 0(h2 )? 

14. Critique the following argument. Taylor's formula can be used to get the representa
tions 

and 

h2 J"(x) h3 /(3)(c) 
j(x+h)=f(x)+hf'(x)+ 

2 
+ 

6 

h2 J"(x) 
f(x- h)= f(x)- hf'(x) + 

2 

Adding these quantities results in 

f(x +h)+ f(x- h)== 2/(x) + h2 f"(x), 

which can be solved to obtain an exact fonnula for!" (x): 

f"(x) == f(x +h)- 2~;x) + f(x --h). 

Algorithms and Programs -
1. Modify Program 6.3 so that it will calculate P'(XM) forM= I, 2, ... , N +I. 
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Nunrierical InteJ~ratioJn 

Numerical! integration is a primary tool used by engineers and scien~ists to obtain llP· 

proximate answers for ddinite integral!~ that cannot be solve~ analytically. In ~e ace 

of statistical thermodynamics, the Debye model for calculatmg the ltleat capac1ty cf 

solid involves the following function; 

la
x 13 

Cll(x) = -- dt. 
o et- I 

Since there is no analytic expression for cl>(x), numedcal integration must be useel to 

obtain approximate values. For example, the value «1?(5) is the area under the cutrve 

y 

1.5 

1.0 

05 

0 2 

342 

y=f(t) 

3 4 6 7 
t li'igure 7.1 Are:a under th~ Cltrlft 

y = j(t) for 0 ::: t ::::: 5. 

SEC. 7.1 INTRODUCTION TO QUADRATURE 343 

Thble 7.1 Values of <J>(x) 

X 4>(x) 

1.0 0.2248052 
2.0 1.1763426 
3.0 2.5522185 
<tO 3.8770542 
5.0 4.8998922 
6.0 5.5858554 
7.0 6.(1031690 
8.0 6.2396238 
9.0 6.3665739 

10.0 6.4319219 

1 = j(t) = t 3 
j(e

1
- 1) for 0::::: t ::::: 5 (see Figure 7.1). The numerical approximation 

lbr <1>(5) is 

1
5 t3 

<1>(5) = -- dt ~ 4.8998922. 
o et- 1 

Each additional vi!lue of cl> (x) must be de:tennined by another numerkal integration 

Table 7.1lists several of these approximations over the irtterval [1, 10]. 

The purpose of this chapter is to devdop the basic principles of numerical inte

iration. In Chapter 9, numerical integration formulas are: used to derive~ the predictor
corrector methods for solving differential equations. 

111 1ntroduc1tion to Quadrature 

We now approach the subject of numerical integration. The goal is to approximate the 

definite integral of j(x) ov~~r the interval [a, b] by evaluating f(x) at a finite number 
of sample points. 

D'eflnition 7.Il. Suppose that a= xo < x, < · · · < XM ==b. A formula of the form 

M 
(1) 

Q[f] = L wkffxk) = wof(xo) + wlf(x,) + · · · + WMf(xM) 
t=O 

Ylith l:be property that 

(£} .lb f(x) dx = Q[J] + E[J] 
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is called a num~:rical integration or quadrature formula. The term E[f] is called tht 
truncation error for integration. The values {xkl_tL0 are called the quadmture nodes 
and (wk }~=O are called the weights. ~ 

Depending on the application, the nodes {Xk} are chosen in various ways. For the 
trapezoidal rule, Simpson's rule, and Boole's rule, the nodes are chosen to be equall) 
spaced. For Gauss-Legendre quadrature, th1~ nodes are chosen to be zeros of certai1 
Legendre polynomials. When the integration formula is used to develop a predictOJ 
formula for differential equations, all the nodes are chosen less than b. For all applica 
ticms. it is neces~>ary to know something about the accuracy of the numerical solution. 

Dt~finition 7.2. The degree of precision of a quadrature formula is the positive inte
ger n such that E [ P1] = 0 for all polynomials P1 (x) of d~:gree i ~ n, but for which 
E[Pn+il =!= 0 for some polynomial Pn+i (x) of degree n +I. a 

fhe form of E[P;] can be anticipated by studying what happens when f(x) is a 
polynomial. Consider the arbitrary polynomial 

P,(x) = a;x1 + a;-JXi-·i + · · · + a1x + ao 

of degree i. If i ::": n, then P/"+ll (x) ;;;;;; 0 for all x, and P:~tl) (x) = (n + l)!a,_l for 
all x. Thus it is not surprising that the genera] form for the truncation error tennis 

(3) 

where K is a suitably chosen constant and n is the degree of precision. The proof of 
this general result can be found in advanced books on numerical integration. 

The derivation of quadrature formulas is sometimes based on polynomial interpo
lation. Recall that there exists a unique polynomial PM(x) of degree ~ M passing 
through the M + I equally spaced points { (xk, yk)} t;,.0 . When this polynomial is used 
to approximate f (x) over [a, bl, and then the integral off (x) is approximated by the 
integral of PM(x), the resulting formula is callled a Newton-Cotes quadrature formula 
(see Figure 7.2). When the sample points xo = a and XM == bare used, it is called a 
closed Newton-Cotes formula. The next result gives the fomlUlas when approximating 
polynomials of dc~gree M = 1, 2, 3, and 4 are used. 

Theorem 7.1 (Closed Newtolll-Cotes Quad1rature Formula). Assume that Xk = 
xo + kh are equally spaced nodes and fk = f<xk). The first four closed Newton-Cotes 
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1.5 

1.0 

0.5 

y 

X 
0.0 0.5 1.0 1.5 2.0 

(a) 

y 

1.0 ~:· · · .. y=f(x)_..--l.Sr~ 
0.5 

0.0 0.5 1.0 

(b) 

---,----r- X 

1.5 2.0 

y y 

~:~c~c- ::~c~::J Q5 . ~5 ·. 
. - -

·r---~~~ X X 
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0 

(c) (ci) 

Figu~ 7.2 ' (a) ~e ttapeZ1lidal rule integrates y = Pt (x) over [xo, xd '= ro:o. 0.5]. 
~b) Simpson s rule mtegrates y = Pz(x) ove'r [xo, x!] = [0.0, LO]. (c) Simpson's J rule 
mtegrates Y = P3(x) over [xo, x3] = [0.0, 1.5]. (d) Boole's rule integrater. y = ~4 (x) over [xo. x4] = [0.0, 2.0]. 

quadrature formulas are 

(4) 1
XJ h 

f(x) dx ~ -Uo + ft) 
xo 2 (tht: trapezoidal rule). 

(5) l X2 h 
f(x) dx""" -Uo + 4fl + /2) 

XQ 3 (Simpson's rule), 

1X] 3h 
f(x) dx ~ -

8 
Uo + 3[1 + 3fz + /3) (Simpson's ~rule), 

~ 8 
(6) 

(7) 1X4 2h 
xo f(x) dx ~ 45 (7 fo + 32/J + 12/2 + 32[3 + 7 j 4 ) 

(Hoole's rule). 

~'orollary 7.1 (Newton-Cotes Precision). Assume that f (x) is sufficiently differen
~able; then E[f]_ for Newton-Cotes quadrature involves an appropriate higher deriva
tive. The trapezotdal rule has degree of precision n = 1. Iff E c2[a, b], then 

(8) ! XJ h h3 ,, 
f(x) dx = -(fo + /J)-- f("l(c). 

xo 2 12 
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Simpson's rule has degree of precision n = 3. Iff E C4[a, b], then 

(9) 1~ h h5 ~ 
f(x) dx = -(fo + 4[1 + [2)-

90
J (c). 

xo 3 

Simpson's ~rule has degree of precision n :::::: 3. Iff E C4 1[a, b], then 

(10) 
rX) 3h 3hs (4) 

J f(x)dx = -(fo + 3/1 + 3h + [3)- 80 f (c). 
xo 8 

Boole's rule has degree of precision n = 5. 1f f E C6[a, b]l, then 

(11) 1X4 2h 8h? (6) 
f(x) dx = -(7 fo + 32/J + 1212 + 32/3-1-7 /4)-

945 
f (c). 

xo 45 

Proof of Theorem 7.1. Start with the Lagrange polynomial PM(X) bas~~d on xo, X·h 

... , XM that can be used to approximate f(x): 

M 

(12) f(x) :::::; PM(X) = .L ftLM,k(x), 

k=O 

where fk = f(xk) fork = 0, 1, ... , M. An approximation for the. i~tegral is~ 
tained by replacing the integrand f(x) with the polynomial PM(x). Tlus IS the gena 

method for obtaining a Newton-Cotes integration formula: 

rM f(x)dx"""' rM PM(x)dx 
lxo lxo 

(13) = 1:M (to fkLM,klX)) dx = ~ (l:M fkLM,k(X) ax) 

= ~ (1:M LM,k(X)dx) fk = ~Wkfk. 

The details for the general proof of (13) are tedious. We shall give a sample preo.f; 
of Simpson's rule, which is ~ile case M = 2. This case involves the approximat1dn 

polynomial 

(14) 

\X- xu(x- xz) (x- xo)(x- x2) +!: (x- xo)(x- X1) 
p,(x)=fo · +/1 ) 2( )( ") 

- (xo- x1)(xo- x2) (x1 - xo)(xl- x2 xz- xo x2- .. , 
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Since fo, !1. and hare constants with respect to integration, the relations in (13) lead 
to 

We introduce the change of variable x = xo + ht with dx = h dt to assrst with 
the evaluation of the integrals in (15). The new limits of integration are from t = o to 

t. = 2. The equal spacing of the nodes Xk = xo + kh leads to Xk - x j = (k -- j )h and 
X- Xk = h(t- k), which are used to simplify (15) and get 

(16) 

LIC:I. f(x) dx:::::: /o ( h(t- l)h(t- 2) h dt +!I {2 h(t- O)h(t- 2) h dt 

)Q) lo (-h)(--2h) } 0 (h)(-h) 

{
2 h(t -· O)h(t- I) 

+ h Jo (2h)(h) h dt 

h 12 2 12 h 12 . = Jo2 (t - 3t + 2)dt- f1h (! 2 - 2t)dt + h- (rt- r)dr 
0 0 2 0 

'z(3 32 )/l=Z (3 )JI=2 = fo ~- !_ - -
1
- + 2t - fl h :_ - r2 

2 3 2 . 3 
1=0 t==O 

h ( 13 r2) 1
1

=
2 

+ h 2 3 - ~2 t==O 

h (2) ( -4) h (2) = fo;.- - - flh l - + h- -
i 3 ,3 2 3 

h 
= 3Cfo +4ft+ /2), 

a.!ld tile proof is complete. We postpone a sample proof of Corollary 7.1 until Sec
fmt.. 7.2. 

• 

inn.1ple 7.1. Consider the function f(x) =I+ e·-x sin(4x), the equally spaced quadra

b.l-re nodes xo = 0.0, XJ = 0.5, xz :::= 1.0, X3 = 1.5, and x4 = 2.0, and the correspond
Ing function values Jo = LOOOOO, ft = 1.55152, h = 0.72159, [ 3 = 0.93765, and 
]"1 = 1.1 3390. Apply the various quadrature formulas ( 4) through (7), 
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The step size ish = 0.5, and the computations are 

f(x)dx ~ _.:_(1,00000+ 1.55152) = 0.63788 L
0.5 0 5 

0 2 

f(x)dx :o::: _.:_(1.00000+4(1.55152)+0.72159) = 1.32128 la
i.O 0 5 

0 3 

loi.S f(x}dx :o::: 3(~·51 (1.00000 + 3(1.55152) + 3(0.72159) + 0.93765) 

= 1.64193 

[
2

·
0 

f(x) dx ""' l(0.5) (7(1.00000) + 32(1.55152)+ 12{0.721 59) 
Jo 45 

+ 32(0.93765) + 7ll.l3390)) = 2.29444. 11 

It is important to realize that the quadrature formulas (4) through (7) applied in the 
above illustration give approximations for definite integrals over different intervals. 
The graph of the curve y ::= f (x) and the areas under the Lagrange polynomials y = 
p

1 
(x), y = P2(x), y = P3(x), andy= P4(x) are shown in Figure 7.2(a) through (d), 

respectively. . 
In Example 7.1 we applied the quadrature rules with h == 0.5. If the end pomts 

of the interval [a, b 1 are held fixed, the step size must be adjusted for each rule. The 
step sizes are h = b ~a, h = (b- a)j2, h = (b- a)j3. and h = (b- a)/4 for the 
trapezoidal rule, Simpson's rule, Simpson's ~rule, and Boole's rule, respectively. The 
next example illustrates this point. 

Example 7.2. Consider the integration of the function f(x) = 1 +e-x sin(4x) over the 
fixed interval [a, b] = [0, 1]. Apply the various f01mulas (4) through (7). 

For the trapezoidal rule, h = I and 

[ j(x)dx "<' ~(f(O) + f(l)) 

= ~(1.00000 + 0.72159) = 0.86079. 
2 

For Simpson's rule, h = 1/2, and we get 

{I 1/2 Jo f(x)dx ~ -
3
-(f(O) +4f(~) + f(l)) 

= ~(1.00000+ 4(1.55152) + 0.72159) = 1.32128. 

For Simpson's ~ rule, h = 1/3, and we obtain 

[ f(x)dx ~ 3(~3) (/(0) + 3/(j:) + 3/(j) + f(l)) 

= ~ (1.00000+ 3(1.69642) + 3(1.23447) + 0.72159) = !.31440. 
8 
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Figure 7.3 (a) The trapezoidal rule used over [0, 1] yields the apprOltimation 0.86079. 
(b) Simpson's rule used over [0, l) yields the approximation 1.32128. (c) Simpson's i 
rule used over [0, l) yields the approximation 1.31440. (d) Boole's rule used over [0. I I 
yields the approximation I .30859. 

For Boole's rule, h = 1/4, and the result is 

t j(x)dx ~ 2014
\7 /(0) + 32J(}) + 12/(}) + 32J(1) + ?j(l)) lo 45 

1 
= 90 (7(1.00000) + 32(1.65534) + 12(1.55152) 

+ 32(1.06666)+ 7(0.72159)) = 1.30859. 

The true value of the definite integral is 

1
1 21e ~ 4cos(4)- sin(4) 

f(x) dx = = 1.3082506046426 ... , 
o 17e 

and the approximation 1.30859 from Boole's rule is best. The area under each of the La~ 
grange polynomials P1 (x), Pz(x), P3(x), and P4(x) is shown in Figure 7 .3(a) through (d), 
'espectively. • 

To make a fair comparison of quadrature methods, we must use the same number of 
function evaluations in each method. Our final example is concerned with comparing 
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integration over a fixed interval [a, b] using e:xactly five funct~on eval~ations _ik ,-
j(xk), fork = 0. 1, ... , 4 for each method. When the trapezOidal rule ts apphed ,,n 
the four subintenals [x0, x 1 ], [x 1, x2], [x2, XJ], and [x3, x4], it is called a 1;omposite 
trapezoidal rule: 

r4 
j(X) d.x = t'l j(X) dX + t'l /(X) dx + t'' /(X) dX + 1X4 

f(X) d \ 
lxo lxo Jxl Jx2 XJ 

h h h h 
(17) ~ 2cto + f 1) + 2c/l + fz) + 2<h + /3) + 2(/3 + /4) 

= ~(fo + 2/I + 2/2 + 2!3 + j4). 
2 

Simpson's rule can also be used :in this manner. When Simpson's rule is applied on 1hc 

two subintervals [.x0, xz] and [x2, x4], it is called a composite Simpson's ruk 

r4 
/(X) dx = Jrxz f(X) dX + 1X4 

/(X) d.X 
lxo xo x2 

h h 
(18) ~ 1:cto + 4/J +h)+ 3ch +4/3 + !4) 

= ~~Uo + 4/I + 2h + 4!3 + J;J). 
3 

The next example compares the values obtained with ( 17), ( 18), and (7). 

Example 7.3. Consider the integration of the function f(x) == 1 +e-x sin(4x) over 
[a, b) = [0, 1). Use exactly five function evaluations and compare the results from the 

composite trapezoidal rule, composite Simpson rule, and Boote's rule. 
The uniform step size ish = ] (4. The composite trapezoidal rule (17) produces 

11 1/4 

0 

f(x) dx ~ 2(/(0) + 2/(~) + 2/(~:) + 2/Ci) + f(l)) 

= ~(1.00000 + 2(1.65534) + 2(1.55152) + 2(1.06666) + 0. 7215S' 
8 

= 1.28358. 

Using the composite Simpson's rule ( 18), we get 

!
1 

f(x) dx ::::,; 
114 

(f(O) + 4j(*) + 2/(~) + 4f(l) + f(l)) 
u 3 

= _1:__(1.00000 + 4(1.65534) -1- 2(1.55152) + 4(1.06666) + ( 
12 

= 1.30938. 

We have already se:en the result of Boote's rule in Example 7.2: 

1
1 

f(x) dx ~ 20
/
4

) (7 f(O) + 32/(~) + 12/(~) + 32/(i) + 7 /(1)) 
0 45 

= 1.30859. 
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10 

(1_5 0.5 

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 LOO 
(a) (b) 

Figure 7.4 (a) The cornposi1e trapezoidal rule yields the approximation 1.28358. 
1 b) The composite Simpson rule yields the approximation 1.309:38. 

Th1: true value of the integral is 

t 2le- 4cos(4)- sin(4) 
Jo f(x) dx = 17e = 1.3082506046426 ... , 
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and the approximation 1.30938 from Simpson's rule is much better than the value 1.28358 

obtained from the lrapezoidal rule. Again, the approximation 1.30859 from Boole's rule is 
clo~;est. Graphs for the areas under the trapezoids and parabolas are shown in Figure 7 .4( a) 
and (b). respectively. · • 

EXIIliDple 7.4. De:termine the degree of precision of Simpson's i rule. 

It will suffice to apply Simpson's i rule over the interval [0, 3J with the five test func-

tions f(x) = I, x, x
2

, x
3

, and x 4
. For the first four functions. Simpson's ~ rule i1s exact, 

{

3 

I dx = 3 = ~(I + 3(11) + 3(1) + I) lo 8 
[

3 9 3 
lo xdx=z=g(0+3(1)+3(2)+3) 

[

3 

x 2
dx = 9 = ~(0+3(1) +3(4) +9) lo 8 

[
3 81 3 

Jo x
3 

dx = 4 = 8(0 + 3{1) + 3(8} + 27). 

the function f (x) == x 4 is the lowe:st power of x tilr which the rulle is qot exact. 

[
3 243 99 3 

lo x4 
dx = 5 ~ 2 = 8co + 3(1) + 3(16) + 81). 

"Therc~fore, the degre~ of precision of Simpson's ~ rule is n = 3. • 
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Exercises for Introduction to Quadrature --
I. Consider integration of f(x) over the fixed interval [a, b] = [0, 1]. Apply the v~ uc; 

quadrature formulas (4) through (7). The step sizes are h = 1, h = ~. h = ~ 1cl 

h = j for the trapezoidal rule, Simpson's rule, Simpson's ~ rule, and Boole'! e 

respectively. 

(a) f(x) =• sin(nx) 

(b) f(x) =• I+ e-x cos(4x) 

(c) f(x) =• sin(.JX) 

Remark. The true values of the definite inll~grals are (a) 2/n = 0.636619772367 ... , 

(b) (18e- cos(4) + 4sin(4))f(17e) = 1.007459631397 ... , and (c) 2(sin(l)

cos (I)) = 0.602337357879 .... Graphs of the functions are shown in Figures 7 5(a) 
through (c), respectively. 

2. Consider intt:grationof f(x) over the tilted interval [a, b] = [0, 1]. Apply the varioU!:. 

quadrature formulas: the composite trapEzoidal rule ( 17 ), the composite Simpson •.,, 

rule (18), and Boole's rule (7). Use five function evaluations at equally spaced nod&s. 

The uniform step size ish== l· 
(a) f(x) == sin(nx) 

(b) f(x) = I + e~x cos(4x) 

(c) j(x) = sin(.Ji) 

3. Consider a general interval {a, b]. Show that Simpson's rule produces ~~xact res~lk:. 
for the functions f(x) = x 2 and f(x) = x 3; that is, 

b b3 a3 b b4 a4 
(a) r x 2 dx = - - - (b) r x 3 dx = - ~ -

Ju 3 3 Ja 4 4 

4. Integrate the Lagrange interpolation polynomial 

X -X] X- XI) 
P1 (x) = /o--- + /1--~ 

XQ- Xj X]- XO 

over the interval rxo, X t] and establish the lrapezoidal rule. 

y y y LOU 2.0 ::l::J 0.5 1.0 

X 
0.0 0.5 1.0 0.0 0.5 0.0 0.5 

(a) (b) (c) 

Figure 7.5 (a) y = sin(nx), (b) y = 1 +e-x cos(4x), (c) y •= sin(.Ji'). 
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5 Determine the degree of precision of the trapezoidal rule. It will suffice to apply the 
trapewidal rule over [0, 1] with the three test functions f (x) = 1, x, and x2. 

t>. Detennine the degree of pn::cision of Simpson's rule. It will suffice to ~~pply Simp

son's rule ove:r [0, 2] with the~ five test functions f (x) = 1, x, x 2, x 3 , and x4 . Contrast 

your result with the degree of precision of Simpson's i rulle. 

7. Detennine the degree of precision of Boole's rule. It will s1~ffice to apply Boole's rule 

over [0, 4] with the seven te!;t functions f (x) = 1, x, x 2, x 3, x4 , x5 , and x 6. 

8. The intervals in Exercises 5,. 6, and 7 and Example 7.4 wt~re selected to !dmplify the 

calculation of the quadrature nodes. But, on any closed interval [a, b] over which 

the function f is integrable, each of the four quadrature rules (4) through (7) has the 

degree of predsion determined in Exercises 5, 6, and 7 and Example 7 .4, respectively. 

A quadrature formula on the interval [a, b] can be obtained from a quadrature formula 

on the interval [c, d] by making a change of variables with the linear function 

b-a 
where dx = ·-- dt. 

d-e 

b- a ad- be 
X=g(t)= d--;;t+~, 

(a) Verify ~hat x = g (I) is the line passing through the points (c, a) and (d, b). 

(b) Verify that the trapezoidal rule has the same degree of precision on the interval 
[a, b] a!; on the interval [0, 1]. 

(c) Verify that Simpson's rule has the same degree of precision on the interval [a, b] 

as on the interval [0, 2]. 

(d) Verify that Boole 's rule has the same degree of precision on the in1terval [a, b] 

as on the interval [0, 4]1. 

9. Derive Simpson's i rule using Lagrange polynomial inte~polation. Hint. After chang

ing the variable, integrals similar to those i11 (16) are obtained: 

1XJ h 13 h L3 
f(x) dx ~-fo~ (t- l)(t- 2)(t -- 3)dt + ft- (t- O)(t- 2)(t- 3) dt 

x0 6o 2.o 

h 13 h l3 -/2- (t-0){t-I)(t--3)dt+/3- (t-O)(t-l)(r-2)dr 
2 o 6,o 

h -t4 
3 llt2 - h t4 5t3 

2 -

( ) l r~3 ( ) ~r-3 
= fo6 4 + 2t - 2 + 6t r=fJ + !12 4- 3 + 3t r=O 

( )11=3 ( )11=3 h -t4 4t3 3t2 h t 4 3 2 
+/2- -+---- +/3-- --t +I' 

2 4 3 2 64 . 1=0 1=0 
; 0. Derive the closed Newton-Cotes quadrature formula, basc:d on a Lagrange approxi

mating pol ynmnial of degree: 5, using the 61:qually spaced nodes Xk = xo + kh, where 

k = 0, 1, .... 5. 
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11. In the proof of Theorem 7 .1, Simpson's rule was derived by integrating the second

degree Lagrange polynomial based on the three equally spaced nodes xu, x 1 , and x2 

Derive Simpson's rule by integrating the second-degree Newton polynomial based or. 

the three equally spaced nodes xo. x 1, and x2. 

1.2 Composite Trapezoidal and Simpson's Rule 

An intuitive method of finding the area under the curve y = j(x) over [a, b] is 

by approximating that area with a series of trapezoids that lie above the intervals 

[[xk> Xk+ J)}. 

Theorem 7.2 (Composite Trapezoidal Rule). Suppose that the interval [a, b] is 

subdivided into M subintervals [xk, Xk+Jl of width h = (b-a)/ M by using the equally 

spaced nodes Xk = a + kh, for k = 0, 1, ... , M. The composite trapezoidal rule for 

M subintervals can be expressed in any of three equivalent ways: 

( Ia) 

or 

(!b) 
h 

T(/, h)= 2(/o + 2fl + 2/2 + 2/3 + · · · + 2/M-2 + 2/M-1 + .f.w) 

or 

(I c) 
h M-1 

T(j, h)= 2(/(a) +/(b))+ h L f(xk). 
k=l 

This is an approximation to the integral of j(x) over [a, b], and we write 

(2) lb f(x) dx :::::< T(f, h). 

Proof Apply the trapezoidal rule over each subinterval [Xk_1, xk] (see Figure 7 .6). 

Use the additive property of the integral for subintervals; 

(3) l b M 1Xk M h 
a j(x) dx = {; x,_l j(x) dx::::::: t; 2(/(Xk-d + f(xk)). 

Since h/2 is a constant, the distributive law of addition can be applied to obtain (la). 

Formula (I b) is the expanded version of (I a). Formula (1 c) shows how to group all r.he 

intermediate terms in (I b) that are multiplied by 2. • 
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y=f(x) 

0 2 3 4 5 

Figure 7.6 Approximating the area 
x under the curve y = 2 + sin(2,Ji") 

6 with the composite trapezoidal rule. 

Approximating f (x) = 2 + sin(2.jx) with piecewise linear polynomials results in 

places where the approximation is close and places where it is not. To achieve accuracy 

the composite trapezoidal rule must be applied with many subintervals. In the next 

example we have chosen to numerically integrate this function over the interval [1, 6]. 

Investigation of the integral over [0, 1] is left as an exercise. 

Example 7.5. Consider f (x) = 2 + sin(2.v'i). Use the composite trapezoidal rule with 

II sample points to compute an approximation to the integral of f (x) taken over [ 1, 6]. 

To generate 11 sample points, we use M = 10 and h = (6- 1)(10 = I/2. Using 

formula (lc), the computation is 

1 1/2 
T(f, 2) = 2(/(1) + /(6)) 

+ ~(j(~) + f(2) + t<iJ + /(3) + f(~) + /(4) + /(~) + /(5) + /( ¥ )) 
1 

= 4(2.90929743 + 1.01735756} 

+ ~(2.63815764+2.30807174-+ 1.9793164-7+ 1.68305284+ 1.43530410 
2 

+ 1.24319750+ !.10831775+ 1.02872220+ 1.00024140) 

I I 
= 4(3.92665499) + 2(14.42438165) 

= 0.98166375+ 7.212I9083 = 8.19385457. • 
Theorem 7.3 (Composite Simpson Rule). Suppose that [a, b) is subdivided into, 

2M subintervals [xt. xk+J] of equal width h = (b -a)/(2M) by using Xk =a +kh for 

k = 0, 1, ... , 2M. The composite Simpson rule for 2M subintervals can be expressed 



356 CHAP. 7 NUMERICAL INTEGRATtON 

in any of three equivalent ways: 

(4a) 
h M 

S(f, h)= 3 L(j(X2k-2) + 4/(X2k-J) + f(.x2k)) 
k=l 

or 

(4b) 

h 
S(f, h)= 3<!o + 4/t + 2!2 + 4/3 

+ · · · +2f2M-2 +4!zM-I + lz,w) 

vr 

(4c) 
h 2h M-l 4h M 

S(j, h)= 3(J(a) + f(b)) + 3 L f(xzk) + 3 L j(X2k-J). 
k=l k=l 

This is an approximation to the integral of f(x) over [a, b], and we write 

(5) 1b J(x) dx F::i S(f, h). 

Proof Apply Simpson's rule over each subinterval [X2k-2· xu] (see Figure 7.7). Use 
the additive property of the integral for subintervals: 

{6) 
1/J M 1.x2k 

a f(x)dx = [; "2!.:-
2 

f(x)dx 

M h ""'L J(/(X2k-2) + 4j(Xzk-t) + j(X2k)). 
k=d 

Since h/3 is a constant, the distributive law of addition can be applied to oh

tain (4a). Formula (4b) is the expanded version of (4a). Formula (4c) groups all 

the intermediate terms in (4b) that are multiplied by 2 and those that are multiplied 

~~ e 

Approximating j(x) = 2 + sin(2.jx) with piecewise quadratic polynomials pro
duces places where the approximation is close and places where it is not. To achieve 

accuracy the composite Simpson rule must be applied with several subintervals. In 

the next example we have chosen to numerically integrate this function over [1, 6] and 

leave investigation of the integral over [0, 1] as an exercise. 
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2 Y =f(x) 

Figure 7.7 Approximating the area 
~""""--+--1---r--..........,---+---+ x under the curve y =- 2 + sin(2.jX) 
0 2 3 4 5 6 with the composite Simpson rule. 

-Example 7.6. Consider f(x) = 2 + sin(2..jX). Use the composite Simpson rule with 11 
sample points to compute an approximation to the integral off (x) taken over [ 1. 6]. 

To generate 11 sample points, we must use M = 5 and h = (6- 1 )/ 10 = 1/2. Using 
formula (4c), the computation is 

1 1 I 
S(f, 2) = 6(J(1) + f(6)) + 3(f(2) + J(3) + j(4) + /(5)) 

2 
+ 3(/(~) + f(~) + /(;) + f(~) + J(1,f)) 

1 
= 6 (2.90929743 + 1.01735756) 

+ ~(2.30807174+ 1.68305284+ 1.24319750+ 1.02872220) 
3 
2 

+ 3(2.63815764+ 1.97931647 + 1.43530410+ 1.10831775 + 1.00024140) 

I 1 2 = 6(3.92665499) + 3(6.26304429) + 3(8.16133735) 

= 0.65444250 + 2.08768143 + 5.44089157 = 8.18301550. • 

Error Analysis 

The significance of the next two results is to understand that the error terms Er(f. h) 

and Es(f, h) for the composite trapezoidal rule and composite Simpson rule are of 

the order 0(h2) and O(h4), respectively. This shows that the error for Simpson's 

rule converges to zero faster than the error for the trapezoidal rule as the step size h 

decreases to zero. In cases where the derivatives of f(x) are known, the formulas 

-(b- a)f(2l(c)h2 
Er(f, h)= . 

12 
and 

' -(b- a)f(4l(c)h4 
Es(f. h) = ---.:..-~-~-

180 
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can be used to estimate the number of subinteJvals required to achieve a specified 
accuracy. 

Corollary 7.2 (Trapezoidal Rule: Error Analysis). Suppose that [a, b] is subdi 
vided into M subintervals [Xk, xk+J] of width h == (b- a)/ M. The composite trape
zoidal rule 

(7) 
h M-l 

T(j, h)= 2(/(a) + f(b)) + h L f(xk) 
k~J 

is an approximation to the integral 

(8) 1b j(x) dx = T(f, h)+ ET(f, h). 

Furthl~rmore, iff E C2[a, b], there exists a value c with a < c < b so that the· l'IJ\'1 

term E T ( f, h) has the form 

(9) 
·-(b- a)j!2l(c)h2 2 

Er(f. h)= = O(h ). 
12 

Proof We first deu~nnine the error term when the rule is app!i.ed over [xo, x1]. Inte
grating the Lagrange: polynomial P1 (x) and its remainder yields 

l xl jx1 jx1 (x- xo)(x- x!)j<2l(c(x)) 
(10) f(x) dx = P1 (x) dx + 

21 
d~r. 

0 xo xo • 

The term (x- x0 )(x - x1) does not change sign on [xo, xt], and /(2\c(x)) is contin
uous. Hence the second Mean Value Theorem for integrals implies that there exists a 
value c1 so that 

(II) j xl h 2 £"'' (x- xo)(x- XJ) f(x)dx=-(/o+fJ)+f(l(c,) 
2

, dx. 
~ 2 ·~ . 

Use the change of variable x = xo + ht in the integral on the right side of {11): 

f(x) dx = -(/o + ft) + 1 
h(t- O)h(t- l)h dt 1-<J h /(2l(c ) !o' 

0 2 2 0 

h t<2)(C[)h3 {l 2 
(12) = 2uo + .fJ) + 

2 
lo (t - t) dt 

h j(2)(CJ)h3 

=2(/o+/t)- 12 
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Now we are ready to add up the errortenns for all of the intervals (xk. Xk+Il: 

(13) 

1b f(x) dx = ~ 1::
1 

f(x) dx 

M h h3 M 
= L 2(f(xk-d + f(xk))-

12 
L _r<2l(ck). 

k~I k=J 

The first sum is the composite trapezoidal rule T (f, h). In the s~~ond term, one factor 
of h is rep lac~ with its equivalent h = (b - a) I M, and the result is 

J(x) dx = T(f, h)- . - L jl2l(q) . l b (b-a)h2 ( 1 M ) 

a 12 M k=l 

The term in parenth{:ses can be recognized as an average of values for the second 
derivative and hence is replaced by J<2l(c). Therefore, we have established that 

and the proof of Corollary 7.2 is complete. • 
Corollury 7.3 (Simpson's Rule: E1·ror Analysis). Suppose that [a, b] is subdivided 
into 2M subintervals [xk, xk+J] of f:qual width h = (b - a)/(2M). The composite 
Simpson rule 

(14) 
h 2h M-l 4h M 

S(f, h)= 3·(/(a) + f(b)) + 3 L j(X2kl + 3 L f(x2k-I) 
k,.,[ k=l 

is an approximation to the integral 

(15) lb f(x) dx = S(f, h)+ Es(f, h). 

Furthennore, iff E C4 [a, b], there ~~xists a value c with a < c < b so that the error 
term Es(f, h) has the form 

(16) 

Exampl•~ 7.7. Consider f(x) = 2 + sin(2.Jx). Inv1~stigate the error when the compos
ite trapezoidal rule is used over [I, 6] and the numbf:r of subintervals is 10, 20, 40, 80, 
and 160. 
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Table 7.2 The Composite Trapezoidal Rule for 
f(x) = 2 + sin(2.;'i) over [1, 6] 

M h T(f,h) ET{f, h) '= 0(h2) 

10 0.5 8.19385457 -0.01037540 
20 0.25 8.18604926 -0.00257006 
40 0.125 8.18412019 -0.00064098 
80 0.0625 8.18363936 -0.00016015 

160 0.0312:5 8.18351924 -0.00004003 

Table 7.2 shows the approximations T (f, h). The anti derivative off (x) i~. 

F( ) 
~, r.: r.: sin(2.J;r) 

x =a- vxcos(2-...-x) + --
2
--, 

and the true value of the definite integral is 

j(x) dx = F(x) - = 8.1834792077. 
[

6 

1 

.. -6 

1 x=l 

This value was used to compute the values ET(/, h) = 8.1834792077- T( f, h) in Ta. 

ble 7 .2. It is important to observ·e that when h i:s reduced by a factor of ! th,; successive 

errors ET (j, h) are diminished by approximately ±. This confums that the order is 0 (h2) 

.. 

Example 7.8 .. Consider j(x) = 2 + sin(2..jX). Investigate th1~ error when the compusit.: 

Stmpson rule 1s us·ed over [1, 6j and the number of subintervals is 10, 20, 40, 80, and 160. 

Table 7.3 shows the approximations S(j, h). The true~ value of the integral is 

8.1834792077, which was used to compute the values Es(f, h) = 8.1834792077 -S(f, h) 

in Table 7 .3. It is important to obs,~rve that when h. is reduced by a factor of! the successive 

errors Es(f. h) are: diminished by approximately -fg. This confi1ms that the order is 0(h4). 

• 

Example 7.9. Find the number M and the step size h so that the error Er(f, h) for the 

composite trapezoidal rule is less than 5 X w-9 for the approximation Ji dxjx ""'T(f, h). 

The integrand is f(x) = 1/x and its first two derivatives are f'(x) = -!jx2 and 

j<2l(x) = 2(x3. The maximum value of lf(2l(x)l taken over [2:, 7] occurs at the end point 

x .=' 2, and thus we= have the bound I j<2>(c)l :':: lf(2)(2)1 = !. for 2 :=: c :=: 7. This is used 

wtth formula (9) to obtain 

(17) 
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Table 7.3 The Composite Trapezoidal Rule for 
f(x) = 2 + sin(z.ji) over 11, 6] 

M h S(f. h) E5(f, h) = O(h4) 

5 0.5 8.18301!149 0.00046371 

10 0.25 8.18344750 0.00003171 

20 0.125 8.18347717 0.00000204 

40 0.0625 8.18347908 0 .0()000013 

80 0.031i25 8.18347920 0.00000001 
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The step size h and number M satisfy the rel~1tion h = 5 I M, and this is used in ( 17) to get 

1he relation 

(18) 

Now rewrite (1:B) so that it is easier to solve forM: 

(19) 

Solving (19), we find that 22821.77 :=: M. Since M must be an integer, we choose M =' 

22,822, and the corresponding step size ish = 5/22,822 == 0.000219086846. When the 

composite trapezoidal rule is implemented with this many function evaluations, there is a 

possibility that the rounded-off function evaluations will produce a significant amount of 

error. When the computation was performed,. the result was 

T (1. - 5
-) = 1.252762969, 

22,822 

which compar,;:s favorably with the true value Ji dxfx = ln(x)l~~; = 1.252762968. The 

error is smaller than predicted because the bound ~ for IJ<2l {c) I was used. Experimentation 

shows that it takes about 10,001 function evaluations to achieve the desired accuracy of 

5 x w-9, and when the calculation is perfmmed with M =' 10,000, the result is 

r (1. - 5
-), = 1.252762973 

10,000 
• 

The composite trapezoidal rule usuallly requires a large number of function eval

uations to achieve an accmrate answer. 11bis is contrasted in the next example with 

Simpson's rule, which will require signifkantly fewer evaluations. 
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Example 7.111). Find the number M and the step size h so that the error Es(f, h) for tl-i,' 
composite Simpson rule is less than 5 X w-~ for the approximation J} dx I X ~ S(f, h). 

The integrand is j(x) z lfx, and j<4l(x) = 24jx5. The maximum value of Lf(4l(c:)] 

taken over [2, 7} occurs at the end point x =" 2, and thus we have the bound lf(41 (cll :::0 
1/(4)(2)1 = i for2 ::=: c ::=: 7. This is used with formula(16) to obtain 

(20) 
I - (b- a)j<41 (c)h4 l (7- 2)ih4 h4 

J Es(f h)J ""' < ---- -• 180 - 180 - 48 

The step size h and number M satisfy the relation h = 5/ (2M), and this is used in (20) t<• 
get the relation 

(21) 
' 625 l.f~s(f, h)l c:; 

768
M4 ~ 5 x to-9. 

Now rewrite (21) so that it is easier to solve for M: 

(22) 

Solving (22), we find that 112.95 ~ M. Sinc·e M must be an integer, we chose M "' 113 
and the corresponding step size ish = 5/226 = 0.02212389381. When the composite 
Simpson rule was performed, the result was 

s (!. 2~6) = 1.252762969, 

which agrees with ]2
7 dxjx ::=· ln(x)l;~; = 1.252762968. Experimentation shows that it 

takes about 129 function evaluations to achiev·e the desired acc;uracy of 5 x 10-9, and when 
the calculation is performed with M = 64, the: result is 

s (1. 1~8 ) = 1.252762973. • 

So we Set: that the composite Simpson rule using 229 evaluations of j(x) and 
the composite trapezoidal rule using 22, 823 evaluations of f (x) achieve the same ac
curacy. In Example 7 .10, Simpson's rule n~quired about ·rbo the number of function 
evaluations. 
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Program 7.1 (Composite Trapezoidal Rule). To approximate the intf:gral 

1
b h M·-l 

f(x) dx ~ 2(/(a) + f(b)) + h ~= f(xk) 
a k"=l 

by sampling f (x) at the M + 1 equally spaced points Xk = a + kh, fork = 0, I, 2, 
... , M. Notice that xo =a and XM =b. 

function s=traprl(f,a,b,M) 

%Input - f is the integrand inpu1: as a strizlg 'f' 
% - a and b are upper and lc)wer limits of integration 
% - M is the number of subilltervals 
%Output - s is the trapezoidal rule sum 

h={b-a)/M; 
s=-0; 

for k=1: (M-1) 
x=a+h*k; 
s=s+feva~(f,x}; 

end 

s=h* (feval(f ,a)+feval (:f ,b) )/2+h>~<s ;; 

Program 7.2 (Composite Simpson Rule}. To approximate the integral 

fb h 2h M-1 4h M 
Ja f(x) dx ~ 3(j(11) + f(b)) + -3 L f(x"li.) +-L f(x~.lt-1) 

(J k=l 3 k=l 

by sampling .f(x) at the 2M+ 1 equally spaced points Xk =a+ kh, fork = 0, 1, 
2, ... , 2M. Notice that xo ='a and xzM =b. 

function s=simprl(f,a,b,M) 

%Input - :f is the integrand inpu.t as a string 'f' 
% - a and b are upper and lower limits of integra1:ion 
% :M is the nuraber of subi.ntervals 
% Output - ;s is the siDapson rule sum 

b.= (b-a} I (2*1'1); 
si-=0; 
s2;=0; 

for k=l:M 
1 x=a+h*(2*k-1); 
s1=s1+fe'1Tal(f,x); 

end 
for k.,;1: (M-:l) 
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x=a+h*2*k; 
s2=s2+feval(f ,x); 

e,nd . 

s=h* (feval (f ,a) +feval (Jc, b)+4*s1+2*s2) /3; 

Exercises for Composite Trapezoidal and Simpson's Rule 
-~-------------~----~~~~~;~--

1. (i) Approximate each integral using th'~ composite trapezoidal rule with M = I 0. 
(ii) Approximate each integral using the composite Simpson rule with M = 5. 

(a) f~ 1 (I + x 2)- 1 dx 

(d) fo4 x2e-x dx 

(b) Jd(2+sin(2..jX))dx (c) f0
4

25 dxj..fi 

(e) Ji 2x cos(x) dx (f) !(; sin(2x)e-x dx 
2. Length of a curve. The arc length of the eurve y = f (x) over the interval a :::;: x ::; 1 

is 

(i) Approximate the arc length of each function using the composite trapezoidal 
rule with M = 10. 

(ii) Approximate the arc .length of each function using the composite Simpson rule 
with M = 5. 

(a) f(x) == x 3 

(b) j(x) == sin(x) 
(c) f(x) ==e-x 

f:or 

f.::>r 

O::sx:::;:l 
0:::;: x.::::; .rr/4 

for O:::;:x:::;:I 
3. Surface area. The solid of .revolution obtained by rotating the region under the 

y = f(x), where a :::;: x .::::; b, about the x-axis has surface area given by 

(i) Approximate the surface area using the composite trapezoidal rule with M = 
10. 

(ii) Approximate the surface area using the composite Simpson rule with M = 5. 
(a) f(x) "" x 3 for 0.::::; x ::s J 

(b) f(x) = sin{x) for 0:::;: x ~ 7rj4 
(c) f(x) = e-x for 0:::;: x ::::: l 
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4. (a) Verify that the trapezoidal rule (M = 1, h = 1) is exact for polynomials of 
degree:::;: I of the form f(x) = c1x +co over [0, 1]. 

(b) Use the integrand f (x) = czx2 and verify that the error term for the trapezoidal 
ruile (M = I, h = I) over the interval [0, I] is 

· -(b- a)f(2l(c)h2 

Er(f. h)= 
12 

5. (a) Verify that Simpson's rule (M == 1, h = l) is ·exact for polynomials of degree 
:::;: 3 of the form f(x) = c3x 3 + czx2 + qx +co over [0, 2]. 

(b) u~.e the integrand f(x) = qx4 and verify that the error term for Simpson's rule 
(M = 1, h = 1) over the intervail [0, 2] is 

-(b- a)f':41(c)h4 

Es(f, h) = 180 

6. Derive the trapezoidal rule (M = 1, h = I) by using the method of undetennined 
coeffici~mts. 
(a) Find the constanw wo and w1 so that J0

1 
g(t) dt = wog(O) + WJ g(l) is exact for 

thf~ two functions g(t) = 1 and g(t) = t. 
(b) Use the relation f(xo + ht) = g(t) and the change of variable x = xo + ht and 

dx = h dt to translate the trapezoidal rule over [0, !] to the interval [xo. XJ]. 
Hint for part (a). You will get a linear system involving the two unknowns wo and l£ 1. 

7. Derive Simpson's rule (M = I, h = I) by using the method ofundj~termined coeftl
cients. 
(a) Find the constants wo, Wt, and w2 so that J; g(t) dt = wog(O) + w1g(l) + 

w2g(2) is exact for the three fun1~tions g(t) =I, g(t) = t, and g(t) = t
2 

(b) Use the relation j(xo + ht) = g(t) and the change of variable x = xo + ht and 
dx = h dt to translate the trapezoidal rule over [0, 2} to the interval [xo, xz]. 

Hint for part (a). You will get a linear system involvilng the three unknowns wo. w 1. 

and w2. 
8. Determine the number M and the interval width h so that the composite trapezoidal 

rule forM subintervals can be used to compute the given integral wi1th an accuracy of 
5 x w-9 . 

(a) j" 16 
cos(x) dx (b) {

3 

-
5 

1 
dx 

-rr(6 J2 -X 
Hint for part (c). t<2l (x) = (x - 2)e-x. 

(c) 

9. Determine the number M and the interval width h so 1lhat the compo!>ite Simpson rule 
for 2M subintervals can be used to compute the given integral with an accuracy of 
5 x w-9. 

J"~ 13 1 (a) cos(x) dx (b) -
5

- dx 
-rr(6 2 -X 

Hintforpart(c). j(4J{x) = (x -4)e-x. 
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10. Consider the definite integral t~.I cos(x) dx "" 2 sin(O.l) = O.l99666S333. The 
following table gives approximations using the composite trapezoidal rule. Calctulrate 
Er(f, h)= 0.199668- T(f, h) and confirm that the order is O(h2 ). 

M h S(f,h) ETU· h)= 0(h 2) 

l 0.2 0.1990008 
2 0.1 0.1995004 
4 0.05 0.1996252 
8 0.025 0.19%564 

!6 0.0125 0.1996642 

11. Consider the definite integral 1~;,~5 cos(x) dx = 2 sin(0.75) = 1.363277520_ The 
following table gives approximations using the composite Simpson rule. Calctulrate 
Es(J, h) = 1.3632775- S(J, h) and confirm that the order is O(h4 ). 

M h S(f,h) Es(f, h) = O(h4) 

I 0.75 1.3658444 
2 0.375 1.3634298 
4 0.1875 1.3632869 
8 0.09375 1.3632781 

12. Midpoint rule. The midpoint rule on [xo, xt} is 

X]- X() 
where h == ---2 . 

(a) Expand F(x), the antiderivative of f(x), in a Taylor series about xo + hj2 and 
establish the midpoint rule on [xo, xi]. 

(b) Use part (a) and show that the composite midpoint rule for approximating the 
integral of f(x) over [a, b] is 

b-a 
where h = ~· 

This is an approximation to the integral of f(x) over [a, b], and we write 

[' f(x)dx""'M(f,h). 

(c) Show that the error term EM ( f, h} for part (b) is 

h3 N (b- a)f(2l(c)h2 
EMU. h) = 24 L f2l(q) = 24 = D(h2). 

k=i 

13. Use the midpoint rule with M = 10 to approximate the integrals in Exercise I. 

14. Prove Corollary 7.3 
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,\lgorithms and Programs 

! . (a) For each integral in Exercise I, compute M and the interval width h so that the 
composite trapezoidal rule can be used to compute the given integral with an 
accuracy of nine decimal places. Use Program 7 .I to approximate each integral. 

(b) For each integral in Exercise I, compute M and the interval width h so that the 
composite Simpson's rule can be used to compute the given integral with an 
accuracy of nine decimal places. Use Program 7.2 to approximate each integral. 

2. Use Program 7.2 to approximate the definite integrals in Exercise 2 with an accuracy 
of II decimal places. 

3. The composite trapezoidal rule can be adapted to integrate a function known only at 
a set of points. Adapt Program 7.1 to approximate the integral of a function over 
an interval [a, b] that passes through M given points. (Note. The nodes need not 
be equally spaced.) Use this program to approximate the integral of a function that 

passes through the points { ( ~. k 113
) ~~:0 . 

4. The composite Simpson's rule can be adapted to integrate a function known only at 
a set of points. Adapt Program 7.2 to approximate the integral of a function over 
an interval [a, b] that passes through M given points. (Note. The nodes need not 
'oe equally spaced.) Use this program to approximate the integral of a function that 

passes through the points { ( ~. k 113
) ~~:0 . 

5. Modify Program 7.1 so that it uses the composite midpoint rule (Exercise 12) to 
approximate the integral of f(x) over [a, b]. Use this program to approximate the 
definite integrals in Exercise I with an accuracy of II decimal places. 

6. Obtain approximations to each of the following definite integrals with an accuracy of 
ten decimal places. Use any of the programs from this section. 

1\/41t 1:/,;-\1)-5 ) 
(a) sin(ljx) dx (b) -~- dx 

1(7rr f,+t0-5 sin(ljx) 

7. The following example shows how Simpson's rule can be used to approximate the 
solution of an integral equation. The equation v(x) ~ x 2 + 0.1 Jd (x 2 + t)v(t) dt is to 
be solved using Simpson's rule with h = I /2. Let to = 0, tt = I /2. and tz = 1; then 

Let 

Substituting xo = 0, Xt == lj2, and x2 = 1 into equation (1) yields the system of 
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linear equations: 

1 
vo = 0 + 

60 
((O)vo + 2v1 + V2) 

(2) 
1 I l 5 

V( = 4 + 6(i(4V() +3vt + 4v2) 

1 
vz = 1 + 

60
<vo+6v1 +21!z) 

Substituting the solution of system {2) (vo = 0.0273, v1 = 0.2866, V:! = 1.0646) into 
equation ( 1) and simplifying yields the approximation 

(3) v(x)::::: 1.037305x2 + 0.027297. 

(a) As a check, substitute the solution into the right-hand side of the integral equa
tion, integrate and simplify the right-hand side, and compare the result with the 
approximation in (3). 

(b) Usf: the composite Simpson rule with h = 0.5 to approximate the solution of 
the integral equation 

v(x) = x 2 --0.1 fo\x 2 + t)v(t) dt. 

Us~: the procedure outlined in part (a) to check your solution. 

7.3 Recursivt~ Rules and Romberg Integration 

In this section we show how to compute Silmpson approximations with a special linear 
combination of trapezoidal mles. The approximation will have greater accuracy if one 
uses a larger 111umber of subintervals. How many should we choose? The sequential 
process helps answer this question by tryiing two subintervals, four subintervals, and 
so on, until the desired accuracy is obtained. First, a sequence {T(J)f of trapezoidal 
rule approximations must b~~ generated. As the number of subintervals is doubled, th•r 
number of function values is roughly doubled, because the function must be evaluate.~ 
at all the previous points and at the midpoints of the previous subintc~rvals (see Fig
ure 7.8). Theorem 7.4 explains how to eliminate redundant function evaluations and 
additions. 

Theorem 7.4 (Successive Trapezoidal Rules). Suppose that J _:::: I and the point> 
{Xk = a + kh} subdivide [a, bJ into 21 = 2M subintervals of eqlilal width h :::: 
(b ~ a)/21 . The trapezoidal rules T(f, h) and T(f, 2h) obey the relationship 

T(f, 2h) M 
T(f, h)= --2-- + h L f(X2k-d· 

k=l 

(I) 
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a b a b 
(a) (b) 

a b a b 
(c) (d) 

Figure 7.8 (a) T(O) is the area under 2° = I trapezoid. (b) T(l) is the area under 
21 = 2 trapezoids. (c) 1"(2) is the area under 22 = 4 trapezoids. (d) T(3) is the area 
under 23 = 8 trapezoids. 

"Definition 7.3 {SequencE: of Trapezoidal Rules). Define T(O) == (h/2)(f(a) + 
f(b)), which is the trapezoidal rule with step size h = b- a. Then for each J > I 
define T(J) == T(f, h), where T(f, h) is the trapezoidal rule with step size h- = 
(b- a)/21 . .t. 

Coronary 7.4 (Recursiv1~ Trapezoidal Rule). Start with T(O) "" (h/2)(/(a) + 
(f (b)). Then a sequence of trapezoidal rules ( T ( J)} is generated by the recursive 
formula 

(2.) T(l - 1) ~ T(J) = -.-) - + h ~ /(X2k-t) for J = 1, 2, ... , 
·- k=l 

where h = (b- a)/21 and {x1c =a+ khj. 

Proof For the even node:s xo < x1 < < X2M-2 < xzM, we use the trapezoidal 
nile with step size 2h: 

(3) 
2h 

T(J- 1) = l(/o + 2f2 + 2/4 + · · · + 2/2M-4 + 2f2M-2 +/2M). 

For all of the: nodes xo < ;:q < xz < · · · < X2M -I < X2M, we use the trapezoidal mle 
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with step size h: 

(4) h -T(J) = z.Uo + 2fi + 2/2 + · · · + .~!zM~2 + 2fat~1 + hM)-

Collecting the even and odd subscripts in (4) yidds 

h M 
T(J) := -(fo + 2h + · · · + 2!zM--2 +!2M)+ h L !2k~I-

2 k~I 
(5) 

Sub!;tituting (3) into (5) results in T(J) = T(J -- 1)/2 + h L:!~ 1 f2k-I, and 1fue prooF 
of the theorem is complete. • 

Example 7.11. Use the sequential trapezoidal rule to compute the approximations T(< 'J 
7(1), 7(2), and 7(3) for the integral ] 1

5 
dxfx = ln(S) -ln(l) = 1.609437912. 

Table 7.4 shows: the nine values required to compute T(3) and the midpoints requiieol 
to compute T(l), T{2), and 7(3). Details for obtaining the results are as follows: 

Whenh =4: 

Vlhenh = 2: 

Whenh = 1: 

1 
Whenh = 2: 

4 
7 (0) = l ( 1.000000 + 0.200000) == 2.400000. 

T(l) = 
7~0) + 2(0.333333) 

= 1.200000 + 0.666666 = 1.866666. 

T(2) = T~l) + 1(0.500000+0.250000) 

= 0.933333 + 0.750000 = 1.683333. 

T(3) = 
7 i2) + ~ (0.666667 + 0.400000 

+ 0.285714 + 0.222222) 

= 0.841667 + 0.787302 = 1.628968. • 
Our next result shows an important relatiom>hip between the trapezoidal rule and 

Simpson's rule. When the trapezoidal rule is computed using step sizes 2h and h, 
the result is T(f, 2h) and T(f, h), respectively. These values are combined to obtain 
Simpson's rule: 

(6) S f h 
_ 4T(f, h)- T(f. 2h) 

( ' ) - . 
3 

The(Jirem 7.5 (Recursive Simpson Rules). Suppose that {T(J)} is the sequence .oF 
trapezoidal rules generated by Corollary 7.4. If J ::: I and S(J) is Simpson's rule for 
21 SUlbintervals of [a. b], then S(J) and the trapezoidal rules T(J- l) and T(J) obe.:1 
the rdationship 

(7) 
4T(J) -- T(J- 1) 

S(J) = 
3 

for J = l, 2, .... 
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'IBbl,~ 7.4 The Nine Points Used to Compute 7(3) and the Midpoints Required to Compute 
T(l), 7(2), and T(3) 

l End points for 
X f(x) =- computing T (0) 

X 

Midpoints for Midpoints for 
computing T(l) computing T[2) 

Midpoin ts for 
'T(3) computinJ, 

1.0 1.000000 1.000000 
1.5 0.666667 

0.66664 J.O 0.500000 
57 

0.500000 
1.5 0.400000 0.400()( 
3.0 0.333333 0.333333 
3.5 0.285714 

0.2857ll 4.0 0.250000 0.250000 
4.5 0.222222 

0.22222 5.0 0.200000 0.200)00 

Proof. 

(8) 

The trapewidal rule T(J) with step size h yields the approximation 

Lb f(x)dx ~~ ~Uo+ 2fl +2h +···+212M-2 +2hM-! + hM) 

'"' T(J). 

The trapezoidal rule T(J- 1) with step size 2h produces 

(9) lb f(x) dx ~ h(fo + 2/2 + · · · + 2hM-2 + fzM) = T(J- 1). 

Multiplying relation (8) by 4 yields 

4 

2 

{IQ) 41b f(x) dx "'=! h(2fo + 4fi + 4/2 +-- · + 4fzM-2 + 4f2M-I + 2fM) 

= 4T(J). 

Now subtract {9) from (10) and the result is 

(fO 31b f(x) dx ~ h(fo + 4f, + 2/z + · · · + 2 f2M-z + 4f2M-t + hMl 

= 4T(J) - T(J - 1). 

ibis can be rearranged! to obtain 

(l2) 
1b f(x) dx ~ ~(fo + 4fi + 2f2 + · · · + 2f2M-2 +4JzM-I + fzM) 

4T(J) - T(J - 1) 
= 3 

"The: middle term in (12) is Simpson's rule S(J) = S(f, h) and h1~nce the theon~m is 
f~~ • 
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Example 7.12:. Use the sequential Simpson rule to compute the approximations S(l), 
S(2), and S(3) for the integral of Example 7.11. 

Using the results of Example 7.11 and formula (7) with J = l, 2, and 3, we compute 

. _ 4T(1)- T(O) _ 4(1.866666)- 2.400000 _ 
688888 S( l) -

3 
-

3 
- l. · . 

. 4T(2)-T(l) 4(1.683333)-1.866666 
6 

. sm = 
3 

= 
3 

= 1. 222.22. 

. 4T(3) - T(2) 4(1.628968)- 1.683333 I 0~,46 S1)) = 
3 

= 
3 

= .61 , . • 
In Section 7.1 the fommla for Hoole's rule was given in Theorem 7.1. It wa.s 

obtained by integrating the Lagrange polynomial of degree 4 based on the nodes X! .. 

x1. x2. X3, and x 4• An altemative method for establish;1ng Boole's rule is mentioned 
in the exercises. When it is applied M times over 4M equally spaced subintervals C1f 

[a, b] of step size h = (b- a)j(4M), we call it the composite Boote rule: 

2h M, 
8(f, h)= 45 LP !4k-4 + 32f4k-3 + 12/4k-2 + 32/4k-l + 7 f4k). 

k~l 

(13) 

The next result gives the relationship between the sequential Boole and Simpson rule~;. 

Theorem 7.~, (Recursive Boote Rules). Suppose that {S(J)} is the sequence e~f 
Simpson's rules generated by Theorem 7.5. If J ::: 2 and B(J) is Boole's rule fctr 
zl subintervals of [a, b], then 8(1) and Simpson's rules S(J- 1) and S(J) obey the 

relationship 

(14) 
16S(J)- S(J -- l) 

8 (J) = 15 for J = 2, 3, 

Proof The proof is left as an exercise for the reader. • 
Example 7.1J. Use the sequential Boole rule to compute the approximations 8(2) anri 
B (3) for the integral of Example 7 .II. 

Using the results of Example 7.12 and formula (14) with J = 2 and 3, we compute 

_ 165(2) -· S(l) _ 16(1.622222)- 1.688888 _ 
1 61

.,
778 8(2)- - - . ! , 

15 15 
16S(3) -· S(2) 16(1.610846)- 1.622222 

6 
(""'

88 8(3) = = = J. } IV . 
15 15 

I 

The read.er may wonder what we are leading up to. We will now show that for 
mulas (7) and (14) are special cases of the process of Romberg inte:gration. Let us 
announce that the next level of approximation for the integral of Example 7.11 is 

648(3)- 8(2) 64(1.610088)- 1.617778 
63 = 63 = !.609490, 

and this answer gives an accuracy of five decimal places. 
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Romberg Integratiolll 

In Section 7.2 we saw that the error tenns Er(f, h) and Es(f, h) for the composite 
trapezoidal rule and comJPosite Simpso111 rule are of order 0(h 2) and 0(h4 ), respec
tively. It is not difficult to show that the: error tenn EB(f. h) for the composite Boole 
rule is of the order 0 (h 6). Thus we hav.e the pattern 

(15) 

(16) 

(17) 

1b f(x) dx == T(f, h)+ 0(h2), 

lb j(x) dx "" S(f, h)+ 0(h4
), 

1b j(x) dx "= B(f, h)+ 0(h6
). 

The paltern for the remainders in ( 15) through (17) is extended! in the following 
sense. Suppose that an approximation rule is used witb step sizes h and 2h; then anal
gebraic manipulation of the two answers is used to produce an improved answer. Each 
successive llevel of improvement increases the order of the error tenn from 0(h 2N) 

to 0(h2 N+2 ). This process, called Romberg integration, has its strc~ngths and weak
t~esses. 

The Newton-Cotes rules are seldom used past Boole's rule. ll1is is because the 
nine-point Newton-Cotes quadrature rule involves negative weights, and all the rules 
past the ten-point rule imolve negative weights. This could introduce loss of signif
icance error due to round off. The Romberg method has the advantages that all the 
weights are positive and the equally spaced abscissas are easy to compute. 

A computational wealrness of Romberg integration is that twice as many function 
evaluations are needed to decrease the enror from 0(h2N) to 0(h 2N+2). The use of the 
sequential rules will help keep the numlber of computations down. The development 
of Romberg integration relies on the theoretical assumption that, if f E eN [a, b] 
for all N, then the error term for the trapezoidal rule can be represented in a series 
involving only even powers of h; that is, 

(18) 
•b 

J f(x) dx = T(f, h)+ Er{j. h). 

" 
where 

(19) 

A derivatiolll of fonnula (19) can be found in Referenct~ [153]. 
Since only even powers of h can occur in (19), the Richardson improvement pro

cess is used successively first to eliminate at, next to eliminate az, thelll to eliminate a3 , 

and so on. This process generates quadrature fonnulas whose error terms have even 
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orders 0(h4 ), O(h6 ), O(h8), and so on. We shall show that the first impru\crnent i~ 
Simpson's rule for 2M intervals. Start with T(f, 2h) and T(f, h) and the equation' 

(20) 
rb 

j f(x) dx = T(f, 2h) + at4h2 + a2l6h4 + a364h6 +. 
a 

and 

(21) lb f(x)dx = T(f, h)+ ath2 + a2h4 + .a3h6 + · .. 

Multiply equaldon (21) by 4 and obtain 

Eliminate a1 by subtracting (20) from (22). The result is 

{23) 31b f(x) dx = 4T(f. h)- T(f, 2h)- a2llh 4
- a360h 6

- · · · . 

~'low divide eq111ation (23) by 3 and rename the coefficients in the series: 

(24) f(x)dx =- ' ·' +b1h4 +h2h 6 + · · ·. l b 4T(j h)- T( f 2h) 

a 3 

As noted in (6), the first quantity on the right side of (24) is Simpson's rule S (f, h J. 
This shows that Es(f. h) involves only even powers of h: 

(25) 

To show that the second improvement is Boole's rule, start with (25) a11d \Hill' 
down the formula involving S(f, 2h): 

When b 1 is eliminated from (25) and (26), the result involves Boote's rule:; 

(27) l b 16S(j, h)- S(f, 2h) b248h 6 b3240h 8 
f{x)dx = --- ·- ....:.... __ 

a 15 15 15 
b248h6 b3240h8 

= B(f, h)- -15- ·- 15 
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The general pattern for Romberg integration relies on Lemma 7. L 

Lcnuna 7.1 (Richardson'~: Improvement for Romberg Integration). Given two 
<1pproximations R{2h, K- 1) and R(h, K- 1) for the quantity Q that satisfy 

.tlld 

dll improved approximation has the form 

Q
_4KR(h,K-I)-R{2h,K-1) 2K+2 
- 4K - l + O(h ). 

The proof is straightforward and is left for the reader. 

Definition 7.4. Define the sequence (R(J, K) : J::::. KI:?=o of quadrature fonnuJa, 
for j(x) over [a, b] as follows 

(31) 

R(J, 0) = T(J) 

R(J, I) = S(J) 

R(J, 2) = B(J) 

for J ::: 0, is the sequential trapezoidal rule. 
for J ::::. I, is the sequential Simpson rule. 
for J :=:: 2, is the sequential Boole's rule. 

The starting rules, { R(J, 0) ], are used to generate the first improvemem, { R(l, 1) I, 
wruch in turn is used to generate the second improvement, {R(J, 2)}. We have already 
seen the pattems 

(32) 

R(J I)= 4
1 
R(J, 0)- R(J- l, 0) 

, 4'-l 

R(J 
2

) = 42R(J, l)- R(J- I, l) 
' 42- 1 for J::::. 2, 

forJ::::.l 

wruch are the mles in (24) and (27) stated m;ing the notation in (31). The general ruk 
for constructing improvements is 

(33) 
4K R(J, K- 1)- R(J- 1, K- 1) 

R(J, K) = 
4

K _ l · for J::::. K. 
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Table 7.5 Romberg Integration Tableau 

R(l,O) R(J,l) R(.l, 2) R(J, 3) R(J,4) 
Trapezoidal Simps<m's Hoole's Third Fourth 

J rule rule rule improvement improvement 

' R(O, 0)_ 
I R(l, 0).=-==-=-=--= R(l. 1)--
~ R(2, 0). ===-=------ R(2, I) R(2, 2) 
·I R{3, 0).=:::----- R(3, I)------ R(3, 2)---- R(3, 3) 

f R{4, 0) _______ R(4, I)----- R(4, 2)----- R(4, 3)--- R(4,4) 

Table 7.6 Romberg Integrati0111 Tableau for Example 7.14 

R(J,O) R(J, 1) R(J, 2) R(J,3) 

Trapezoidal Simpson's Boote's Third 

J rule rule rule improvement 

I 0. 785398163397 
I 1.726812:656758 2.040617487878 
~ 1. 960534166564 2.038441336499 2.0382962.59740 
l 2.018793948078 2.038213875249 2.038198711166 2.0:38197162776 
f 2.033347341805 2.038198473047 2.038197446234 2.0:38197426156 
i 2. 036984954990 2.038197492719 2.038197427363 2.038197427064 

For computational purposes, the values R(J, K) are arranged in the Romberg integra· 

tion tableau given in Table 7.5. 

Example 7.14. Use Romberg integration to filnd approximations for the definite integral 

r/2 11: 2 
Jo (x

2 
+ x + l) cos(x) dx = -2 + 2 +: = 2.038197427067 .... 

The computations are given in Table 7.6. In each column the numbers are converginj. 

to the value 2.038197427067 .... The values in the Simpson's rule column converge faste1 
thiil.n the values in the trapezoidal rule column. For this example, convergence in column: 
to the right is faster than the adjacent column to the left. 

Convergence of the Romberg values in Table 7.6 is easier to see if we look at the errol 

terms E(l, K) = -2+7r/2+n2/4- R(J, K). Suppose that the interval width ish= b-e 

and that the highc~r derivatives of f (x) are of the same magnii.Ude. The error in column K 
of the Romberg table diminishes by about a factor of l/22K +2 = l/4K +I as one progresse: 

down its rows. The errors £(1, 0) diminish by a factor of 1(4., the errors E(J, 1) diminisl 
by a factor of l/16, and so on. This can be obse:rved by inspecting the entries {£(1, K)} in 
Table 7.7. ., 
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"fable 7.7 Romberg Error T;lbleau for Example 7.14 

1 h E(J, 0) = 0(h2) E(J, 1) = 0(h4) E(J, 2) = O(h6) Et(J, 3) = 0(h8 ) 

0 b-a -1.252799263670 

I 
b-a 

2 
-0.311384770309 0.0024200C;()8ll 

b-a 
2 --

4 
-0.077663260503 0.000243909432 0.000:)98832673 

b-a 
-0.019403478989 0.000016448182 0.000001284099 -0.000000264291 3 

8 

4 
b-a 

16 
-0.004850085262 0.000001045980 0 ,()()()()()()() 1916 7 -0.000000000912 

b-a 
5 --

32 
-·0.001212472077 0.000000065651 O.OQO()Q()()()()296 -0.000000000003 

Theorem 7.7 (Precision of Romberg Int.~gration). Assume that f E:: c 2K+2[a, b). 

Then the trunc:ation error term for the Romberg approximation is given in the formula 

(34) 
1b j(x)dx = R(J, K) +hKh2K+2 f(2K+2)(CJ.K) 

= R(J, K) + 0(h2K+2), 

where h = (b- a)/21 , hK is a constant that depends on K, and CJ.K E [a, b); see 

Reference [153], page 126. 

Example 7.15.. Apply Theorem 7.7 and show that 

[

2 

10x9 dx = 1024 = R(4, 4). 
.fo 

The integrand is f(x) = !Ox9, and /(IOl(x) = 0. Thus the value K = 4 will make the 

error term identically zero. A numerical computation will produce R(4, 4) = 1024. •• 

Program 7.3 (Recursive Trapezoidal Rule). To approximate 

b 21 1 f(x)dx "'=" ~ t:;(f(Xk-1) + f(xk)) 

by using the trapezoidal rule and successively increasing the number of subintervals J 
of [a, b]. 1lloe Jth iteration samples f (x) at 21 + 1 equally spaced points. ' 

function T=•rctrap(f,a,b,n) 
%Input - :1' is the integrand input as a string 'f' 
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% 
% 

- a and b arB upper and lower limi1:s of integration 
- n is the number of ti~!es for recursion 

%Output - T is the rt!cursive trapezoidal rule list 

M=1; 
h=b-a; 
T=zeros(1,n+1); 
T ( 1) =h* (f,~val (f, a) +hval (f, b)) /:2; 

for j=1:n 
M=2*M; 
h=h/2; 
s=O; 
for k=:l:M/2 

x"'a+h*(2*k-1); 
s=s+feval(f,x): 

end 
T(j+1)•~T(j)/2+h*s; 

end 

Program 7.4 (Romberg Integration). To approximate the integral 

Lb f(x) dx::::::: R(J, J) 

by genera1ting a table of approximations R(J, K) for J ~ K and usi11~ 
R(J + l, J + l) as the final answer. 'The approximations R(J, K) are stored in 
a special lower-triangular matrix. The elements R(J, 0) of column 0 are computed 
using the Sf!quential trapezoidal rule base:don 21 subintervals of[a, b]:, then R(J, K) 

is computed using Rombt:rg's rule. 
The elements of row J are 

R(J, K- 1)- R(J- l, K -1) 
R(J, K) = R(J, K - I) + 

4
K _ l , 

for 1 ~ K ~ J. Tlhe program is terminated in the (1 + l')st row when 
IR(J, 1)- R(J + 1, J + 1)1 <tal. 

function I[R, quad, err ,.h] =romber(f, a, b ,n, tol) 

%Input 
% 
% 
% 
%Output 
% 
% 

- f is the integrand input as a string 'f' 
- a and b arE! upper and lower limi t.s of integration 
- n is the maximum numbe!r of rows in the table 
- tal is the tolerance 
- R is the Romberg table: 
- quad is thE! quadratun: value 
- err is the error estiatate 
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% - h is the smallest step size used 
M=1; 
h=b-a; 
err=!; 
J=O; 
R=zeros(4,4); 

R(l,l)=h*(feval(f,a)+feval(f,b))/2; 

while ( (en>tol)&(J<n)) I (J<4) 

end 

J=J+1; 
h"'h/2; 
s=O; 
for p=l:M 

x=a+h*(2*p-1); 
s=s+feval(f,x); 

end 

R(J+!, 1 )"'R(J ,1) /2+h*S; 
M=2*M; 
for K"'l:J 

R (J+:L ,K+l) =R (J+:L ,K) +(R(J+1, K) -R(J ,K)) / (4 -K-1) ; 
end 

err"'abs(R(J,J)-R(J+1,K+1)); 

quad=R(J+1,J+1); 

Exercises for Recursive Rules and Romberg Integration 

379 

1. For each of the following definite integrals, construct (by hand) a Romberg table 
(Table 7.5) with three rows. 

[ 3 sin(2x) 
(a) Jo 1 + xl dx = 0.6717578646 ... 

(b) 13 

sin(4x)e-2x dx = 0.1997146621 ... 

(c) {
1 

~dx = 1.6 
Jo.04 vx 

(d) {
2 

-~ dx = 4.4713993943 ... lo x +Til 

(e) /.
2 sin(!) dx = 1.1140744942 ... 

l/(2rr) X 

(f) 12

/4- x 1 dx = 7r = 3.1415926.535 ... 
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2. Assume that the sequential trapezoidal rule converges to L (i.e., lim1~00 T(J) = L). 

(a) Show that the sequential Simpson rule converges to L (i.e., Jim, ..... 00 S(J) = L). 

(b) Show that the sequential Boole rule converges to L (i.e., lim1 .... 00 B(J) = L). 

3. (a) Verify that Boote's rule (M = I. h = 1) is exact for polynomials of degree::::: 5 

of the form j(x) = csx 5 + qx4 + · · · + qx +co over [0, 4]. 

(b) Use the integrand f(x) = C6x 6 and verify that the error term for Boote's rule 

(M =], h = 1) over the interval [0, 4] is 

-2(b- a)f(6)(c)h6 

EB(f,h) = 945 

4. Derive Boole's rule (M = l, h = l) by using the method of undetermined C<'c'l·!,

cients: Find the constants wo, WI, w2, WJ, and W4 so that 

is exact for the five functions g(t) = 1, 1, t 2• r3, and t4 • Hint. You will get the ear 

system: 

WQ + WJ + W2 + W3 + 
WJ + 2W2 + 3W3 + 

W4 =4 

4w4 =8 
64 

l6w4 =-
3 

WI + 8w2 + 27W3 + 64W4 = 64 

1024 
WI+ l6wz + 8lw3 + 256w4 = --. 

5 

5. Establish the relation B(J) = (16S(J)- S(J- l))/16 for the case J = 2 Use tlw 

following information: 

and 

6. Simpson's i rule. Consider the trapezoidal rules over the closed interval (xo. x:!il 
T(f, 3h) = (3h/2)(fo + /3) with step size 3h, and T(f, h) ""' (h/2)(/o + Zf1 + 
2/2 + ]3) with step size h. Show that the linear combination (9T (f. h) - T (/, 3h ))/8 

produces Simpson's-~ rule. 

7. Use equations (25) and (26) to establish equation (27). 

8. Use equations (28) and (29) to establish equation (30). 
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9. Detennine the smallest integer K for which 

(a) J; 8x1 dx = 256 = R(K, K). 

(b) f; llx 10 dx = 2048 = R(K, K). 
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tO. Romberg integration was used to approximate the integrals (i) Jd .jX dx and (ii) 

Jd 2t2 dt, and the results are given in the following table: 

Approximations for (i) 

R(O, 0) = 0.5000000 
R(1, 1)=0.6380712 
R(2, 2) = 0.6577566 
R(3, 3) = 0.6636076 
R(4. 4) =0.6655929 

Approximations for (ii) 

R(O, 0) = 1.0000000 
R(l, 1) =0.6666667 
R(2, 2) =0.6666667 
R(3, 3) =0.6666667 
R ( 4, 4) = 0.6666667 

(a) Use the change of variable x t 2 and dx = 2t dt and show that the two 

integrals have the same numerical value_ 

(b) Discuss why convergence of the Romberg sequence is slower for integral (i) and 

faster for integral (ii). 

11. Romberg integration based on the midpoint rule. The composite midpoint rule is 

competitive with the composite trapezoidal rule with respect to efficiency and the 

speed of convergence. Use the following facts about the midpoint rule: J!; j(x) dx = 
M(f, h)+ EMU. h). The rule M(j, h) and the error term EM(/, h) are given by 

M(f,h)=h~t(a+(k-~)h), 
and 

b-a 
where h=~· 

(a) Start with 

b-a (a+b) M(O)=-/ -2 2 . 

Develop the sequential midpoint rule for computing 

M(J) = M(f,hJ) =hJ tf (~ + (k- DhJ), 
b-a 

where h 1 = ---;p-. 
(b) Show how the sequential midpoint rule can be used in place of the sequential 

IIapezoidal rule in Romberg integration. 
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Algorithms and Programs 

I. Use Program 7.4 to approximate the definite integrals in Exercise I with an accura~.:y 
of r l decimal places. 

2. Use Program 7.4 to approximate the following two definite integrals with an accuracy 
of 10 decimal places. The exact value of each definite integral is rr. Explain any 
apparent differences in the rates of convergence of the two Romberg sequences. 

1? 11 4 (a) - J4x -x2dx (b) --
2 

dx 
o o I +x 

3. The normal probability density function is j(t) = (1/../2ir)e~1212 , and the cumu a
tive distribution is a function defined by the integral <J>(x) = ~ + J;r Jt e-12 12 ,. t. 
Compute values for ¢l(0.5), <1>(1.0), <J.l(l.5), <1>(2.0), <1>{2.5), <P(3.0), <1>(3.5), and 
4>(4.0) that have eight digits of accuracy. 

4. Modify Program 7.3 so that it will stop when consecutive values T(K- I) and T(f.-) 
for the sequential trapezoidal rule differ by less than 5 X I o-6. 

5. Modify Program 7.3 so that it will also compute values for the sequential Simpst.!'l 
and Boole rules. 

6. Modify Program 7.4 so that it uses the sequential midpoint rule to perform Rombe1 g 
integration (use the results of Exercise ll). Use your program to approximate tLe 
following integrals with an accuracy of 10 decimal places. 

lo 
1 

sin(x) 11 
;-;----::; (a) -- dx (b) vI- x 2 dx 

0 X -1 

7, In Program 7.4 the approximations to a given definite integral are stored on the ma1 n 
diagonal of a lower-triangular matrix. Modify Program 7.4 so that the rows of tl1e 
Romberg integration tableau are sequentially computed and stored in an x I matrix R. 
hence it saves space. Test your program on the integrals in Exercise 1. 

14 Adaptive Quadrature 

The composite quadrature rules necessitate the use of equally spaced points. Typically. 
a small step size h was used uniformly across the entire interval of integration to enswe 
the overall accuracy. This does not take into account that some portions of the cun-e 
may have large functional variations that require more attention than other portions of 
the curve. It is useful to introduce a method that adjusts the step size to be smalltr 
over portions of the curve where a larger functional variation occurs. This technique is 
called adaptive quadrature. The method is based on Simpson's rule. 

Simpson's rule uses two subintervals over [ak, bkl: 

(I) 
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where q = ~(ak + bk) is the center of [ak. bk] and h ~ (bk - ad/2. Furthermore. if 
f E C4 [ako bk ), then there exists a valued 1 E (ak. h) so that 

1bk jl4l(dJ) 
j(x) dx = S(ak- b~c) - h5 

90 
. 

ak 

(2) 

Refinement 

A composite Simpson rule using four subintervals of [a~c, hk] can be performed by 
bisecting this interval into two equal subintervals [ak 1, bkl] and [ak2. bkzl and applying 
formula (I) recursively over each piece. Only two additional evaluations of j(x) are 
needed, and the result is 

(3) 

h 
S(akJ, bkJ) + S(akz, bk2) = 6(/(akl) + 4/(ckJ) + f(bkl)) 

h 
+ 6(/(akZ) + 4f(ck2) + f(bkl)), 

where ak 1 = ak, bkl ""' ak2 = Ck, bkz = bk, Ck 1 is the midpoint of [akl, bk d. and Ck2 is 
the midpoint of [au, bk21- In formul.a (3) the step size is h/2, which accounts for the 
factors hj6 on the right side of the equation. Furthermore, iff E C4 [a, b ], there exists 
a value dz E [ab bk] so that 

(4) 1b1 hs /(4)(dz) 
f(x) dx = S(akl, bkt) + S(an bd- - . 

Clk 16 90 

Assume that JC4l (dJ) ~ f(4l(d2); then the right sides of equations (2) and (4) are 
used to obtain the relation 

{5) 

which can be written as 

(6) 
/(4)(d2} 16 

-h5 
90 

~ 
15 

(S(akl, bkl) + S(ak2. bk2)- S(a~co bk)). 

Then (6) is substituted in (4) to obtain the error estimate: 

(7) 
r..t::~ f(x) dx- S(akl• bkl)- S(ak2. bk2)1 

1 
~ 15IS(ak1· bki) + S(au, bu) - S(a~co bk)i. 

Because of the assumption J(4l(dJ) ~ j<4l(dz), the fraction -fs is replaced with Ia on 
Lhe right side of (7) when implementing the method. This justifies the following test. 
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Accuracy Test 

Assume that the tolerance f:k > 0 is specified for the interval [ak. bk ]. If 

(8) 

we infer that 

(9) 

Thus the composite Simpson rule (3) is used to approximate the integral 

(!0) 

and the error bound for this approximation over [ak, bk] is q. 
Adaptive quadrature is implemented by ajpplying Simpson's rules (1) and ( 3). Start 

with (lao. bo], Eo), where Eo is the tolerance for numerical quadrature over [a0 , bo]. 
The interval is refined into subintervals labeled (aOJ, bol] and [a0z, b02]. [f the accu
racy test (8) is passed, quadrature formula (3) is applied to (ao, bo] and we are done. If 
the: test in (8) fails, the two subintervals are rdabeled [a!, b I} and [a2, bz]. over which 
we use the tolerances EJ = tE'O and E2 == ~·Eo, respectively. Thus we have two in
tervals with their associated tolerances to consider for further refinement and testing: 
([a,, btl. ~'I} and 1fa2, b2], E'z), where E'J + E2 = Eo. If adaptive quadrature must be 
continued, the smaller intervals must be refined and tested, each with its own associated 
tolerance. 

In the second step we first consider {[a1, b 1], E1} and refine the interval (a1, bJ] into 
[a, 1. b1 J] and [a12. b12l If they pass the accumcy test (8) with the tolerance: EJ, quadra
ture formula (3) is applied to [a 1, b1l and accuracy has been achieved over this intervaL 
If they fail the test in (8) with thf~ tolerance E!, .;:ach subinterval (all, bll] and [a12, b12] 
mu.st be refined and tested in the third step wilth the reduced tolerance !E1. Moreover, 
the second step involves looking at {[a2, b2], Ez} and refining [a2, b2] into [a21, bz!l 
and [a22, bz2J. If they pass the accuracy test (8) with tolerance E2, quadrature formula 
(3) is applied to [a2, b2J and accuracy is achieved over this interval. If they fail the test 
in (8) with the tolerance E2, each subinterval [a21, bzJ] and i[a22, b22] must be refined 
and tested in the third step with the reduced tolerance !E2. Therefore, the second step 
produces either three or four intervals, which we relabel consecutively. The three inter
vals would be relabeled to produce { {[a1, b!], E J}, ([a2, b2], ·E'z}. {[a3, b3], ~:3} }, where 
E 1 -1- Ez + E3 == Eo. In the case of four inte:rvals, we would obtain ({[a 1 , bJ], E I}, 
([az, b2J, Ez}, ([a3, b3}. E3 }, {[a4, b4), E4}}, where E1 + Ez + E'3 + E4 = Eo. 

ff adaptive quadrature must be continued, the smaller intervals must be tested, 
each with its own associated tol,erance. The error term in (4) shows that each time a 
refinement is made over a small'er subinterval there is a reduction of error by about 
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Thble 7.8 Adaptive Quadrature Computations for j(x) = 13(x - x 2)e~Jx/Z 

Error bound on 1blerance "k 

Ilk bt. S(akl, bk 1) + S(ak2· b~t2) the left side of (8) for (ak. bk] 

0.0 0.0625 0.02287184840 0.000000011522 0. ()!)()()()() 15625 
0.0625 0.125 0.05948686456 0.00000001'316 0.01)001)015625 
0.125 0.1875 0.08434213630 0.00000001137 0.00000015625 
0.1875 0.25 0.09969871532 0.00000000981 0.00000015625 
0.25 0.375 0.216721136781 0.00000025055 0.0(Xl0003125 
0.375 0.5 0.20646391592 0.00000018402 0.0000003125 
0.5 0.625 0.17150617231 0.00000013381 0.0000003125 
0.625 0.75 0.12433363793 0.00000009611 0. 0000003125 
0.75 0.875 0.07324515141 0.00000006799 0.0000003125 
0.875 1.0 0.02352883215 0.00000004 718 0.0000003125 
1.0 1.125 -0.02166038952 0.00000003192 0.0000003125 
1.125 1.25 -0.06065079384 0. 00000002084 0.0000003125 
1.25 1.5 -0.21 080823822 0.00000031714 0.000000625 
1.5 2.0 -0.60550965007 0.00000003195 0 '00000 125 
2.0 2.25 -0.31985720175 0.00000008106 0.000000625 
2.25 2.5 -0.30061749228 0.00000008301 0.000000625 
2.5 2.75 -0.27009962412 0.00000007071 0.000000625 
2.75 3.0 -0.23474721177 0.00000005447 0.000000625 
3.0 3.5 -0.36389799695 0.00000103699 0.00000125 
3.5 4.0 -0.24313827772 0.00000041708 0.00000125 -

Totals -1.54878823413 0.00000296809 0.00001 

a factor of -t· Thus the pro,~ess will terminate after a filnite number of steps. The 
bookkeepin~ for implementing the method includes a sentinel variable which indicates 
if a particular subinterval has passed its accuracy test. To avoid unnecessary additional 
evaluations of f(x), the function values can be included in a data list con·esponding to 
each subinterval. The details are shown in Pmgram 7.6. 

Example 7.16. Use adaptive quadrature to numerically approximate the' value of the 
definite integral [;4 l3(x- x 2)e-3"12 dx with the starting tole:rance Eo= 0.00001. 

Implemental:i~n of the method revealed that 20 subintervals are needed. Table 7.8 lists 
each interval [ak .. bk], com posit~~ Simpson rule S(akl, bk1 )+S(ak2· bk2). the error bound for 
this approximation, and the associated tolerance Ek. The approximate value of the integral 
is obtained by summing the Simpson rule approximations to get 

(II) 
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(12) 

2.0 

1.5 

1.0 

0.5 

y 

0.0 11+1++++++-ll-++-+--+--+--+--1--+--+--

-0.5 

-1.0 

-1.5 

Figure 7.9 The subintervals of [0, 4] used in adaptive 
quadrature. 

The true value of the integral is 

1
4

13( 2) -3xj2d 4108e-6 -52 
x-x e x=-----

0 27 

= -1.5487883725279481333. 

Therefore, the error for adaptive quadrature is 

(13) I - 1.54878837253- C -1.54878823413) 1 = 0.00000013840, 

which is smaller than the specified tolerance Eo = 0.00001. The adaptive method Hl\lolves 
20 subintervals of [0, 4], and 81 function evaluations were used. Figure 7.9 shows the gr~ ~h 

of y = j(x) and these 20 subintervals. The intervals are smaller where a larger functia JlCIL 

variation occurs near the origin. 
In the refinement and testing process in the adaptive method, the first four intervals 

were bisected into eight subintervals of width 0.03125. If this uniform spacing is conlir1· 
ued throughout the interval [0, 4]. M = 128 subintervals are required for the composile 

Simpson rule, which yields the approximation -1.54878844029, which is in error by t'n~ 

amount 0.00000006776. Although the composite Simpson method contains half the erro1· 

of the adaptive quadrature method, 176 more function evaluations are required. This gain 
of accuracy is negligible; hence there is a considerable saving of computing effort wan Lhe. 

adaptive method. • 

Program 7 .5, srule, is a modification of Simpson's rule from Section 7. I. T'1P 

output is a vector Z that contains the results of Simpson's rule on the interval [aO, b~J. 
Program 7.6 calls srule as a subroutine to carry out Simpson's rule on each oft.M 
subintervals generated by the adaptive quadrature process. 

SBC. 7.4 ADAPTIVE QUADRATURE 

Program 7.5 (Simpson's Rule). To approximate the integral 

1b0 /(x) dx ~ !!_(f(aO) + 4/(cO) + f(b0)) 
aO 3 

by using Simpson's rule, where cO= (aO + b0)/2. 

function Z=srule(f,aO,bO,tolO) 

linput - f is the integrand input as a string 'f' 
4 - aO and bO are upper and lower limits of integration 

% - tolO is the tolerance 
f. Output - Z is a 1x6 vector [aO bO S 82 err toll] 

\"'=(bO-a0)/2; 
c .. zeros (1, 3); 
C=feval(f, [aO (aO+b0)/2 bO]); 
S=h*(C(1)+4*C(2)+C(3))/3; 
S2=S; 
t.ol1=tol0; 
e.rr=tolO; 
l=[aO bO S S2 err tall]; 
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Program 7.6 produces a matrix SRmat, quad (adaptive quadrature approximation 

to definite integral) and err (the error bound for the approximation). The rows of 
SRmat consist of the end points, the Simpson's rule approximation, and the error bound 
on each subinterval generated by the adaptive quadrature process. 

Program 7.6 (Adaptive Quadrature Using Simpson's Rule). To approximate 

the integral 

b M l f(x) dx ~ ~)f(X4k-4) + 4j(X4k-3) + 2/(X4k-2) 
a k=l 

+ 4j(X4k-J) + j(X4k)). 

• !the composite Simpson rule is applied to the 4M subintervals [x4k-4. x4k], where 

to. b]::::: [xo, x4Ml and X4k-4+J ="' X4k-4 + }hk, for each k = 1, ... , M and j = 1, 
... , 4. 

function [SRmat,quad,err]=adapt(f,a,b,tol) 

%1-nput 
% 

%' 
%Output 
"/;, 
% 

- f is the integrand input as a string 'f' 
- a and b are upper and lower limits of integration 
- tol is the tolerance 
- SRmat is the table of values 
- quad is the quadrature value 
- err is the error estimate 
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%Initialize values 
SRmat = zeros(30,6); 
i tE!rat ing=O; 
done=1; 
SR,rec=zeros ( 1, 6) ; 
SRvec=srule(f,a,b,tol); 
SRmat(1,1:6)=8Rvec; 
m=l; 
state=iterating; 

whHe(state==:lterating) 
n=m; 
for j=n: -1:1 

p=j i 
SROvec=SRmat (p, : ) ; 
err=SROvec(5); 
tol=SR0vec(6); 
if (tol<=err) 

%BiSE!Ct interval,apply Simpson's rule 
%recursively, and determin·e error 
statE!=done; 
SR1 VE!c=SROvec; 
SR2VE!c=SROve c; 
a=SROvec(1); 
b=SROvec(2); 
c=(a+b)/2; 
err=SR0vec(5); 
tol=SROvec(6); 
tol2=-,tol/2; 
SR1vec=srule(f,a,c,tol2); 
SR2vec=srule(f,c,b,tol2); 
err"'abs (SROvec (~I) -SR1 vee (3) -SR2vec (3)) /l 
%Accuracy test 
if (err<tol) 

SRmat (p, : ) =SFlOvec; 
SRmat (p ,4)=SFl1 vee (3)+SR2vec (3); 
SRmat(p,S)=err; 

else 

end 

SRmat (p+1 :m+l,:) =SRmat (p :m,:); 
m=m+l; 
SRmat (p, :) =SIU vee; 
SRmat (p+l,: )=,SR2vec; 
state=iterating; 
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end 
•9nd 

end 

quad=sum(SRmat (: ,4)); 
oerr=sum(abs(SRmat(: ,5))); 

::;R.mat=SRmat(1 :m,l: 6); 
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1. Use Program 7.6 to approximate the value of the definite integral. Use the starting 
tolerance ·~o = 0.0000 I. 

1
3 sin(2x) 

(a) ·--dx 
o 1 +x5 

(b) fo 3 

sin(4x)e-Zx dx 

(d) f
2 
__ I_ dx (e) f

2 
sin(~) dx (f) 

Jo x2 +to Jl/(2l•) x 

(c) {I _ _!__ dx 
lo.04 ,fi 
{2-
Jo /:l-x- x2 dx 

2. For each of the definite integrals in Problem l constmct a graph analogous to Fig
ure 7.9. Hint. The first column of SRmat contains the end points (except for b) 
of the subintervals from the adaptive quadrature process. If T=SR.tnat ( : , 1) and 
Z=zeros (length (T)) ', then plot (T, Z, ' . ') will produce the subintervals (ex
cept for the right end point b). 

3. Modify Program 7.6 so that Boole's rule is used in each subinterval [ak. bk ]. 

4. Use the modified program in Problem .3 to compute approximations and construct 
graphs an~1logous to Figure 7. 9 for the d~~finite integrals in Problem I. 

7.5 Gauss~LeJ!~endre Int~egration (Optional) 

We wish to find the area under the curve 

y = f(x), -l~x~l. 

What method gives the best answer if only two function ~~valuations ar~~ to be made? 
We have already seen that th1~ trapezoidal rule is a method for finding the area under 
de~e curve and that it uses two function evaluations at the end points {- L f ( -1 )), and 
(1, f ( 1)). But .if the graph of y = f (x) is concave down, the error in approximation 
is the entire region that lies between the curve and the line segment joining the, points 
(see Figure 7.IO(a)). · 

If we can use nodes x 1 and xz that lie inside the inten1al [-I, 1], the line through 
dte two points (.:q, f(x, )) and (x2, f(xz)) crosses the curve, and the area under the line 
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-I 

y 

0 

(a) 

y 

Figure 7.10 (a) Trapezoidal approximation using the abscissas -1 and I. (b) Trapezoidal 
approximation using the abscissas x, and x2. 

more closely approximates the area under the curve (see Figure 7.10(b)). Tite equation 
of the line is 

(I) y = f(.:q) + (x- XJ){f(xz)- f(xt)) 
rz -x1 

and the area of the trapezoid under the line is 

(2) 

Notice that the trapezoidal rule is a special case of (2). W'hen we choost: x1 ::o -1, 
x2 = I. and h = 2, then 

We shall use the method of undetermined coefficients to find the abscis,.l, x1. X1 
and weights WJ, wz so that the formula 

(3) 1
1 

f(x)dx::::::: wif(;q) + wzf(x2) 
-I 

is 1:xact for cubic polynomials (i.e., f(x) = a3x3 + a2x2 + a1x + ao). Since four 
coefficients WJ, w2. X[, and x2 need to be detennined in equation (3), we can select 
four conditions to be satisfied. Using the fact that integration is additive, it will suffice 
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to n~quire that (3) be exact for the: four functions f(x) = 1, x, x 2, x 3. The four integral 
conditions are 

f(x) = 1: 

f(x) = x: 
(4) 

f(x) = x3: 

1
1 

ldx = 2 = WJ + W2 
-1 

1! XdX = 0 = WJXI + WzX2 
-I 

f_1

1 
x

2
dx =: ~ = w1x? + wzx~ 

1
1 

x3 dx = 0 = w1xf + wzx~. 
-I 

Now solve the system of nonlinear equations 

(5) 

(6) 

(7) 

(8) 

WJ + Wz = 2 

WJXJ = -WzX2 

2 2 2 w1x 1 + W2Xz = 3 
3 3 

WJXt:;:;: -W2X2 

We can divide (8) by (6) and the result is 

(9) 

Use (9) and divide (6) by XJ on the left and -x2 on the right to get 

(10) WJ = W2. 

Substiwting (10) into (5) results in w, + w2 = 2. Hence 

(11) WJ = W2 = l. 

Now using (11) and (9) in (7), we write 

(12) 2 2 2 2 2 
W)XJ + W2X2 == x 2 + Xz = 3: or 

Finally, from (12) and (9) we see that the nodes are 

-XI = X2 = I/3 1
/
2

::::::: 0.5773502692. 

We have found the nodes and weights that make up the two-point Gauss-Legendre 
rule. Since the fonnula is exact for cubic equations, the error term will involve the 
fowtlh derivative. A discussion of the error term can be found in Reference [41]. 
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Theorem 7.8 (Gauss-Legendre Two-Point Rule). Iff is continuous on [-1, 11. 
then 

(13) [

1

1 
f(x)dx ~ G2(/) = f (:;;) + f (~) · 

The Gauss-Legendre rule Gz(/) has degree of precision n = 3. H f E C4[ -I, l). 

then 

(14) 

where 

( 15) E (j) = jC4)(c). 
2 

135 

Example 7.17. Use the two-point Gauss-Legendre rule to approximate 

11 dx 
--

2 
= ln(J) - ln(l) "" 1.09861 

-1 x+ 

and compare the result with the trapezoidal rule T(f. h) with h = 2 and Simpson's rule 

S(J, h) with h = 1. 
Let G2 (f) denote the two-point Gauss-Legendre rule; then 

G2(f):::: f(-0.57735) + /(0.57735) 

= 0.70291 + 0.38800 = 1.09091. 

T(j, 2) = /(-1.00000) + /(1.()(){)()()) 

= 1.00000 + 0.33333 = 1.33333, 

S(f U= f(-1)+4f(0)+f(l) _ 1+2+1_ 
· 3 -

3 
-Ullll. 

The ~rrors are 0.00770, -0.23472. and -0.01250, respectively, so the Gauss-Legendre 

rule IS seen to be best. Notice that the Gauss-Legendre rule required only two function 

evaluations and Simpson's rule required three. In this example the size of the error ror 

G2(f) is about 61% of the size of the error for S(f, I). • 

The general N-point Gauss-Legendre rule is exact for polynomial functions of 

degree :::: 2N - I. and the numerical integration fonnula is 
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Table 7.9 Gauss-Legendre Abscissas and Weights 

Truncation error. 
N Abscissas, XN.k Weights, WN,k EN <f) 

2 -0.5773502692 1.0000000000 ~ 
0.5773502692 1.0000000000 135 

3 ±0. 7745966692 0.5555555556 /(6l(c) 

0 _{)()()1)()00()( 0. 8888888888 15,750 

4 ±0.8611363116 0.3478548451 ~ 
±0.3399810436 0.6521451549 3.472,875 

5 ±0.9061798459 0.2369268851 LOOl~c) 

±0.5384693101 0.4786286705 1,237,732,6SO 

0.0000000000 0.5688888888 

6 ±0.9324695142 0.1713244924 lll2l(c)ll3(6 !)4 

±0.6612093865 0.3607615730 (12!)3 13! 

±0.2386191861 0.4679139346 

7 ±0.9491079123 0.1294849662 [.!J4!(c)zl5(7!l4 

±0.7415311856 0.2797053915 (l4!)lJ5! 

±0.4058451514 0.3818300505 

0.0000000000 0.4179591837 

8 ±0. 9602898565 0.1012285363 [1161fc~217(8!t 

±0.7966664774 0.2223810345 (161)~11! 

±0.5255324099 0.3137066459 

±0.1834:)464.25 0.3626837834 

The. abscissas XN,k and weights WN.k to be used have been tabulated and are easily 

available; Table 7.9 gives the values up to eight points. Also included in the table is 

the fonn of the error tenn EN (f) that corresponds to GN(j), and it can be used to 

detennine the accuracy of the Gauss-Legendre integration fonnula. 

The values in Table 7.9 in general have no easy representation. This fact makes the 

method less attractive for humans to use when hand calculations are required. But once 

the values are stored in a computer it is easy to call them up when needed. The nodes 

are actually roots of the Legendre polynomials, and the corresponding weights must 

be obtained by solving a system of equations. For the three-point Gauss-Legendre rule 

the nodes are -(0.6) 112, 0, and (0.6) 112, and the corresponding weights are 5/·9, 8/9. 

and 5/9 
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Theorem 7.9 (Gauss-Legendre Three~point Rule). Iff is continuous on [ ~ 1, 1 , 

then 

(17} t f(x) dx ~ GJ(f) = 5f(-../315) + 8/(0) + 5/(../375). 
}_I 9 

The Gauss-Legendre rule G3(/) has degree of precision n = 5. Iff E C6[ ~ 1, 1 J. 
then 

(18) t f(x)dx= 5f(-.../315)+8f(0)+5f(../Jl5) +£
3
(/), 

1-1 9 

where 

(19) 

Example 7.18. Show that the three-point Gauss-Legendre rule is exact for 

1
1 

5x4 dx = 2 = G3(/). 
-I 

Since the integrand is f(x) = 5x4 and j(6l(x) = 0, we can use (19) to see thm 
£3(/) = 0. But it is instructive to use (17) and do the calculations in this case. 

GJ(/) = 5(5)(0.6)
2 + ~ + 5(5)(0.6)2 = 1

9
8 = 

2
_ 

• 
The next result shows how to change the variable of integration so that the Gauss

Legendre rules can be used on the interval [a, b]. 

Theorem 7.10 (Tbe Gauss-Legendre Translation). Suppose that the absciss~ 
(xN.k}f= 1 and weights (WN.klf=t are given for theN-point Gauss-Legendre rule over 
f -1, 1]. To apply the rule over the interval [a, b], use the change of variable 

a+b b-a 
t = -2-+-2-x and 

b-a 
dt = --dx 2 . 

(20) 

Then the relationship 

(21) r f(t)dt= r' !(a+b +b-ax)b-adx 
Ja }_I 2 2 2 

is used to obtain the quadrature formula 

(22) [b b- a N (a + b b- a ) la f(t) dt = - 2- {; WN.kf -
2

- + -
2

-xN,k . 
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Example 7.19. Use the three·point Gauss-Legendre rule to approximate 

!.
5 dt - = ln(5) -ln(l)::::: 1.609438 

t 

and compare the result with Boote's rule 8(2) with h = 1. 
Here a = I and b = 5, so the rule in (22) yields 

5/(3- 2(0.6) 112
) + 8/(3 + 0) + 5 /(3 + 2(0.6) 112) 

G3(f) = (2) 
9 

= (2) 3.446359 + 2.666667 + 1.099096 = 1.602694. 
9 
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In Example 7.13 we saw that Hoole's rule gave 8(2) = 1.617778. The errors are 
0.006744 and -0.008340, respectively, so that the Gauss-Legendre rule is slightly better 
in this case. Notice that the Gauss-Legendre rule requires three function evaluations and 
Boote's rule requires five. In this example the size of the two errors is about the same. • 

Gauss-Legendre integration formulas are extremely accurate, and they should be 
considered seriously when many integrals of a similar nature are to be evaluated. In 
this case, proceed as follows. Pick a few representative integrals, including some with 
the worst behavior that is likely to occur. Determine the number of sample points 
N that is needed to obtain the required accuracy. Then fix the value N, and use the 
Gauss-Legendre rule with N sample points for all the integrals. 

For a given value of N, Program 7.7 requires that the abscissas and weights from 
Table 7.9 be saved in I x N matrices A and W, respectively. This can be done in 
the MATLAB command window or the matrices can be saved as M-files. It would 
be expedient to save Table 7.9 in a 35 x 2 matrix G. The first column of G would 
contain the abscissas and the second column the corresponding weights. Then, for a 
given value of N, the matrices A and W would be submatrices of G. For example, if 
N = 3, then A=G(3: 5, 1)' and W=G(3:5,2) '. 

Program 7.7 (Gauss-Legendre Quadrature). To approximate the integral 

1b b-a N 
f(x) dx :::::: -

2
- L WN,kf(lN,k) 

a k=l 

by sampling f (x) at the N unequally spaced points {tN,k }~=J· The changes of vari
able 

a+b b-a 
t=--+--x 

2 2 
and 

b-a 
dt= --dx 

2 

are used. The abscissas {xN,d:=I and the corresponding weights {wN.d~=l must 
be obtained from a table of known values. 

function quad=gauss(f,a,b,A,W) 
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%Input - f is the integrand input as a :string 'f' 
/. - a and b .are upper aJ!ld lower li1nits of int~~gration 
Y. - A is the 1 x N vect,:>r of absci1~sas from Table 7. 9 
1. - W is the 1 x N vect,:>r of weigh'~s from Table 7. 9 
,.Output - quad is the quadrat111re value 

N•lengtll(A); 
T=zeros(1,N); 
T'"' ( (a+b) /2) + ( (b-a) /2) *A; 
quad,((b-a)/2)*sum(W. *feval (f, T)); 

Exercises for Gauss-Legendn~ Integration (Optional) 
--·---------------,.....;..~-. ..;...---··· 
In Exercises 1 through 4, show that the two integrals are: equivalent and calculate G2(f). 

1. r2

6t5 dt=1 1 

6(x+1)5 dx 2. f
2

sin(t)dt=1
1

.>in(x+l)dx Jo _, Jo -t 

1
1 _::in(!) _ / 1 sin((x + 1)/2) i 1 L 1 _1212 I /I e-t:X+1N8 _, 3. dt- l x 4. -= e dt == -- --~-"">< 

o t -l x+l .../f,r o .J2i -l 2 

5. ~ fa" cos(0.6sin(t)} dt = 0.5 {
1

1 
cos ( 0.6sin ( (x -t- 1) ~)) dx 

6. Use EN (f) in Table 7.9 and the ch1mgeofvariable: given in Theorem 7.10to findt.tle 
smallest integer N su that EN (f) =: 0 for 

(a) Ji Sx 7 dx = 256 = GN(f). 

(b) f0
2

11x 10 dx=2048=GN(/). 

7. Find the roots of the following Legendre polynomials and compare them with tho 
abscissa in Table 7.9. 
(a) P2(x) = (3x 2 -- 1)/2 
(b) P3(x) = (5x3 -- 3x)j2 

(c) P4(x) = (35x4
- 30x2 + 3)/8 

8. The truncation error term for the two-point Gaus~>-Legendre rulf: on the closed in
terval [ -1, l] is Ji4l(CJ )/ 135. The: truncation error for Simpson's rule on [a, b] is 
-h 5 f14l(c2)/90. Compare the trunt:ation error tenns when [a, b] = (-1, 1]. Which 
method do you think is best? Why? 

9. The three-point Gauss-Legendre rule is 

!
1 Sf(-(0.6) 112) + 8/(0) + 5[((0.6) 112) 

f{x)dx::::: . 
-1 9 

Show that the formula is exact for f(x) = 1, x, x 2, x 3, x 4 , xs. Hint. Iff is an odd 
function (i.e., f(-x) = f(x)), the integral off ovt~r [-1.1] is zero. 
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10. The truncation error term for the three-point Gauss-Legendre :rule on the int.~rval 
[-1,1] is f(6l(CJ)/15, 750. The truncation error term for Hoole's rule on [a, b] is 
-Sh7 J(6l(c2)/945. Compare the ~~rror terms when [a, b] = [ -1, 1]. Which method 
is b<~tter? Why? 

U. Derive the three-point Gauss-Legendre rule using the following steps. Use the fact 
that the abscissas are the roots of tihe Legendre polynomial of degree 3. 

X2 = 0, 

Find the weights w 1, w2, W3 so that the relation 

1
1 

f(x) dx::::: w.J( --(0.6) 112) + w2 f (0) + WJ/((0.6) 112
) 

-l 

is exact for the functions f(x) = 1, x, and x 2. Hint. First obtain, and then soln· the 

linear system of equations 

WJ + W1+ W3 = 2 

-(0.6) 1i 2wt + (0.6) 1/2WJ = 0 

2 
0.6w1 + 0.6w3 = 3· 

U. In practice, if many integrals of a similar type are evaluated, a pn~liminary analysis is 
made to determine the number of function evaluations required to obtain the desired 
accuracy. Suppose that 17 function evaluations are to be made. Compare the Romberg 
answer R(4, 4) with the Gauss- u:gendre answer G17(j). 

Algorilthms and Programs 

1. For each of the integrals in Exercises I through 5, use Program 7.7 to find G6(j), 
G 7(f), and Gs(f). 

2. ·(a) Modify Program 7.7 so that H will compute G1(/), G2(/), ... , Gs(/) and stop 
when the relative error in the approximations G N-1 (f) and G N (f) is less than 
the preassigm~ val.ue tol, that is 

Hint. As discussed at the end of the section, save Table 7.9 in an M-file G as a 
35 x 2 matrix G. 

(b) Use your program from part (a) to apprmimate the inte1~s in Exerci!;es 1 
through 5 with an accuracy of five decimal Jllaces. 
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3. (a) Use the six-point Gauss-Legendre rule to approximate the solution of the intf 
gral equation 

v(x) = x 2 + 0.1 13 

(x2 + t)v(t) dt. 

Substitute your approximate solution into the right-hand side of the intt"gral 
equation and simplify. 

(b) Repeat part (a) using an eight-point Gauss-Legendre rule. 



8 
Numerical 
Optimization 

The two-dimensional wave equation is used in mechanical engineering to model vi
brations in rectangular plates. If the plates have all four edges clamped, the sinusoidal 
vibrations are described with a double Fourier series. Suppose that at a certain instant 

y 

y 

(a) (b) 

Figure 8.1 (a) The displacement z = f(x, y) of a vibrating plate. (b) The contour plot ' 
j(x, y) = C for a vibrating plate. 

399 
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of time the height z = f (x, y) over the point (x, y) is given by the function 

. z = f(x' y) = 0.02 sin(x) sin(y) -om sin(2x) sin(y) 

+ 0.04 sin(x) sin(2y) + 0.08 si.n(2x) si.n(2y). 

Where are the points of maximum deflection located? Looking at the three-dime1 

sional graph and the companion contour plot in Figure 8.l(a) and (b), respectively,"' 

see that there are two local minima and two loca~ maxima over the square 0 :S x :::: r 

0 S y ~ rr. Numerical methods can be used to determine their approximate location 

/(0.8278, 2.3322) = -0.1200 and /(2.5351, 0.6298) = -0.0264 

are the local minima, and 

/(0.9241, 0.7640) = 0.0998 and /(2.3979, 2.2287) = 0.0853 

are the local maxima. 
In this chapter we give a brief introduction to some of the basic methods for 1ocat 

ing extrema of functions of one or several variables. 

Minimization of a Function 

Definition 8.1 (Local Extremum). The function f is said to have a local minimum 

value at x = p, if there exists an open interval! containing p so that f (p) :S f (x) for 

an x E /. Similarly, f is said to have a local maximum value atx = p if f(x) s f(p) 

for all x E f. Iff has either a local minimum or maximum value at x = p, it is said 

to have a local extremum at x = p. J. 

Definition 8.2 (Increasing and Decreasing). Assume that f (x) is defined on the 

interval/. 

(i) If Xl < x2 implies that f(x\) < {(x1) for all Xh x2 E {, then f is said to be 

increasing on /. 

(ii) If x 1 < xz implies that j(XJ) > j(x2) for all XJ, x2 E /, then f is said to bt: 

decreasing on /. A. 

Theorem 8.1. Suppose that j(x) is continuous on I =[a. b] and is differenti:1bk ()n 

(a. b). 

(i) [f j'(;r:) > 0 for all x E (a, b), then f (x) is increasing on 1. 

(ii) If f' (x) < 0 for all x E (a, b), then f (x) is decreasing on /. 

Theorem 8.2. Assume that f(x) is defined on l = (a, b1 and has a local extremum 

at an interior point p E (a, b). Iff (x) is differentiable at x = p, then j' (p) = 0. 
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Theorem 8.3 (First Derivative Test). Assume that f(x) is continuous on l == [a, b}. 
Furthennore, suppose that f'(x) is defined for all x E (a, b), except possibly at x = p . 

(i) If f'(x) < 0 on (a, p) and j'(x) > 0 on (p, b), then f(p) is a local minimum. 

(ii) If f'(x) > 0 on (a, p) and f'(x) < 0 on (p, bL then f(p) is a local maximum. 

Theorem 8.4 (Second Derivative Test). Assume that f is continuous on [a, b) and 

[I and f" are defined on (a, b). Also, suppose that p E (a, b) is a critical point where 

/'(p) = 0. 

(i) If!" (p) > 0, then f (p) is a local minimum off. 

(ii) If f"(p) < 0, then f(p) is a local maximum of f. 

(iii) If f"(p) = 0, then this test is inconclusive. 

Example 8.1. Use the second derivative test to classify the local extrema of j(x) = 
x3 + x 2 - x + 1 on the interval [-2, 2]. 

The first derivative is j'(x) = 3x2 + 2x- 1 = (3x- l)(x + 1), and the second 

derivative is j"(x) = 6x + 2. There are two points where f'(x) = 0 (i.e., x = 1/3, -l). 

Case (i): Atx o= 1/3 we find that J'(lj3) = 0 and /"(1/3) = 4 > 0, so that j(x) has 

a local minimum at x = lj3. 
Case (ii): At x = -1 we find that f'(-l) = 0 and f"(-1) = -4 < 0, so that j(x) 

has a local maximum at x = -1. • 

Search Method 
Another method for finding the minimum of f (x) is to evaluate the function many 

times and search for a local minimum. To reduce the number of function evaluations, 

it is important to have a good strategy for detennining where j(x) is evaluated. One 

of the most efficient methods is called the golden ratio search, which is named for the 

ratio's involvement in selecting the points. 

.The Golden Ratio 
~>" 

Let the initi_al interval be [0, I}. If 0.5 < r < I, then 0 < l - r < 0.5 and the interval 

is divided into three subintervals [0, 1 - r], [l - r, rl, and [r, II. A decision process 

is used to either squeeze from the right and get the new interval [0, r] or squeeze from 

the left and get {1 - r, l). Then this new subinterval is divided into three subintervals 

in the same ratio as was [0, 1). 
We want to choose r so that one of the old points will be in the correct position 

with respect to the new interval as shown in Figure 8.2. This implies that the ratio 

(1 r r) : r be the same as r : I. Hence r satisfies the equation 1 - r = r 2, which 

can be expressed as a quadratic equation r 2 + r - I = 0. The solution r satisfying 

0.5 < r < 1 is found to be r ~ ( .J5 - 1) f2. 

To use the golden search for finding the minimum of f(x), a special condition 

must be met to ensure that there is a proper minimum in the interval. 
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1 -- r r 0 1 -- r r I 0 I 
~------1----+---~ ~ 

r2 I- r 2 

F-E ----+---ti----3 E ----3 
0 I-- r r I-- r r 

Squeeze from the left and Squeeze from the right and 
the new interval is [0, r]. the new interval is [I - r_ I]. 

Figure 8.2 The intervals involved in the golden ratio search. 

p 

a c d b d I• a c 
If/(c) ~j(d) then squeeze: lfj(d) <f(c) then squeeze 
from the right and use [a, d] from the left and use [ c, b] 

Figure 8.3 The decision pr•ocess for the golden ratio search. 

Definition 8.3 (Unimodal Fun~tion). The function f(x) is unimodal on J = [a b], 
if there exists a unique number p E I such thall 

(I) 

(2) 

f (x) is decreasing on [a, p] 

f(;r) is increasing on [p, b]_ 

If f(x) is known to be unimodal on [a, b], it is possible to replace the interval ';ilh 
a subinterval on which f(x) takes on its minimum value. The golden searc:h requares. 
thattwo interior points c =a+ (I- r)(b- a) and d =a+ r(b- a) be used, w~~re 
r is the golden ra,lion mentioned! above. This results in a < c < d < b. The: condJlaol'l 
·that f(x) is unimodal guarantee:s that the function values /(c) and /(d) are less than 
max {f (a), f (b)}. We have two cases to consider (see Figure 8.3). 

If j(c) :s f(d), the minimum must occur in the subinterval [a, d] and we ~p~ace l, 
wia:h d and continue the search i.n the new subintervaL If f(d) < f(c), the nunamu.m 
must occur in [ c, b] and we replace a with c and continue the !>earch. The next e,;am pie 
compares the root-finding method with the golden search method. 
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Table 8.1 Secant Method for 
Solving f'(x} = 2.x- ~~os(x) = 0 

k Pk 2pk- COS(Pk) 

0 0.0000000 - 1.00000000 
I 1 .. 0000000 1.45969769 
2 04065540 -0. 10538092 
3 0.4465123 -0.00893398 
4 0.4502137 0.00007329 
5 0.4501836 -0.00000005 

:nmne 8.2 Golden Search for the :Minimum of f(x) = x 2 - sin(x) 

k Q/t; C/t; d;. bk f(ck) 

0 0.0000000 0.3819660 0.6180340 I -0.22684748 
1 0.0000000 9.2360680 0.3819660 0.6180340 -0.17815339 
2 0.2360680 9.3819660 0.4721360 0.6180340 -0.22684748 
3 0.381%60 0.4721360 0.5278640 0.6l:S0340 -0.23187724 
4 0.3819660 0.4376941 0.4721360 0.5278640 -0.23227594 
5 0.3819660 9.4164079 0.4376941 0.4721360 -0.231'08238 
6 0.4164079 0.4376941 0.4508497 0.4721360 -0.23~t27594 

: 
21 0.4501574 Ql.4501730 0.4501827 0.4501983 -0.23246558 
22 0.4501730 .Q'A501827 0.4501886 0.4501983 -0.232:46558 
2S 0.4501827 !;!'.4501886 0.4501923 0.4501983 -0.232:46558 
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f(dk) 

-O.HI746793 
-0.22684748 
-0-23187724 
-0.22504882 
-0.2;·187724 
-0.23:227594 
-0.23246503 

: 

-0.23246558 
-0.23246558 
-0.23246558 

E)(ample 8.2. Find the minimum of the unimodal function f(x) := x 2 - sin(x) on [0, 1]. 
Solution by solving f'(x) = 0. A root-finding method can be used to determine where 

the derivative J'(x) == 2x- cos(x) is zero. Since /'(0) = -1 and f'(l) = 1.4596977, 
21 root of f'(x) lies in the interval [0, ll Starting with po = 0 and PI = I, Table 8.1 shows 
t.he iterations. 

Tite conclusion from applying the secant method is that !'(0.4501836) = 0. The 
second derivative is /' (x) = 2 + sin(x) and we compute !" (0.4501836) = 2.435131 > 0. 
Hence the minimum value is /(0.4501836) = -0.2324656. 

Scflution using the golden sear,ch. At each ste.p, the function values f(c) and f(d) 
are compared and a de:cision is made as to whether to continue the s~~arch in [a, d] or [c, b]. 
Some of the computations are shown in Table 8.2. 

At the twenty-third iteration th~~ interval has been narrowed down to [a23. bzJ] = 
[0 ,4501827, 0.450 1983]- This interval has width 0.0000156. However, the computc::d func
ti-on vaJues at the end points agree to eight decimal places (i.e., f(a:B) ""=' -0.23246558 "'=' f (bn)); hence the algorithm is terminated. A problem in using search methods is that the 
function may be flat near the minimum, and this limits the accuracy that can be obtained. 
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The secant method was able to find the more accurate answer p5 = 0.45018.36. 
Although th•~ golden search is slower in this example, it has the desirable feature that 

it can be applied in cases where f(x) is not differentiable. ll 

Finding Extr•eme Values of f (x, y) 

Definition 8.1 is easily extended to functions of several variables. Suppose that f (x .1) 

is defined in the region 

(3) 

The function f(x, y) has a local minimum a1: (p, q) provided that 

(4) j(p,q) :S j(x,y) foreachpoint(x,y) E R. 

The function f (x, y) has a local maximum at (p, q) provided that 

(5) f(x, y) :S f(p, q) for each point (x, y) E R. 

The second derivative test :for an extreme value is an extension of Theorem 8.4. 

Theorem 8.5 (Second Derivative Test). Assume that f (x, y) and its first- and 
second· order partial derivative~: are continuous on a region R. Suppose that (p. q) E R 
is a critical point where both j;,(p, q) = 0 and /y(p, q) = D. The higher·order partial 
de1rivatives are used to determine the nature of the critical point. 

(i) If fxxCP. q)fvy(p, q)- J}y(p, q) > 0 and fxx(p, q) > 0, then j(p, q) j, a 
local minimum of f. 

(ti) If fu(P, q)/yy(p, q)- J}y(p, q) > 0 and fxx(p, q) < 0, then f(p, q) i-, a 
local maximum of f. 

(iili) If fxAP. q)/yy(p, q)- J}y(p, q) < 0, then j(x, y) does not not have a Joe a! 
extremum at (p, q). 

(iv) If fu(P, q)fyy(p, q)- /fy(p, q) = 0, this test is inconclusive. 

Example 8.3. Find the minimum of f (x, y) :::; x 2 - 4x + y2 - y - x y. 
The first -order partial derivatives are 

(6) fx(x,y)=2x-4-y and /y(x,y)=2y-l-x. 

Setting these partial derivatives equal to zero yidds the linear system 

(7) 
2x-y,=4 

-x +2y = l. 
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The solution to (7) is (x, y) = (3, 2). The second·orderpart.ial derivatives of f(x, y) are 

fx:r:(X, y) = 2, [yy(X, y) = 2, and fxy(x, y) =-I. 

It is easy to see that we have case (i) of Theorem 8.5, that is 

/x:r:(3, 2)/yy(3, 2) -· /}y(3. 2) = 3 > 0 and fxx(3, 2) = 2 > 0. 

Hence f(x, y) has a local minimum f(3, 2) = -7 at the point (3, 2). II 

The Neider-Mead Method 

A simplex melhod for finding a local minimum of a function of several variables has 
been devised by Neider and Mead. For two variables, a simplex is a triangle, and 
the method is :~pattern search that compares function values at the three vertices of a 
triangle. The worst vertex, where f (x, y) is largest, is rejected and replaced with a new 
vertex. A new triangle is fonned and the search is continued. The process generates 
a sequence of triangles (which might have: different shapes), for which the function 
values at the v1ertices get smaller and smaller. The size of the triangles its reduced and 
the coordinates of the minimum point are found. 

The algorithm is stated using the temt simplex (a generalized triangle in N di· 
mensions) and will find the minimum of a function of N variables. It is effective and 
computationally compact. 

The Initial Triangle B G W 

Let j(x, y) be the function that is to be minitmized. To strut, we are given three vertices 
of a triangle: l/k = (Xk, Jk), k = 1, 2, 3. The function j (X, y) is then evaluated at each 
of the three points Zk = j(xk, Ykl fork= 1, 2, 3. The subscripts are then reordered so 

that :zt :S zz ::::: Z3· We use the notation 

(8) G = (xz, yz), and W = (x3, Y3) 

to help remember that B is the best vertex, G is good (next to best), and W is the worst 
vertex. 

]Midpoint of the Good Side 

'The construction process uses the midpoint of the line segment joining B and G . It is 
found by averaging the coord~nates: 

(9) M = B + G = (::1 + x2 Yt + ~~) 
2 2 ' 2 ' 
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G 

Figure 8.4 The triangle 6 B C w 
~nd midpoint M and reflected point 
R for the Nelder-Mead method. 

·----·-----------------~--~~~£ 
R ••••• 1.-·· _____ ... --

-~-----·· ---

w 

G 

Figure 8.5 The triangle 6 B G W and point R and extended point E. 

Reflection Using the Point R 

The function decreases as we move along the side of the triangle from W to B, anti it 
decreases as we move along the side from W to G. Hence it is feasible that f(x, 1) 

takes on smaller values at points that lie away from W on the opposite side of the line 
between B and G. We choose a t~~st point R that is obtained by "reflecting" the triang k 
through the side B' G. To determine R, we first find the midpoint M of the side B G. 
Then draw the lim: segment from W to M and call its length d. This last segment i 1 

extended a distanced through Mf to locate the point R (see Figure 8.4). The vector 
formula for R is 

(10) R = M + (M- W) ,= 2M- W 

Expansion Using ;the Point E 

If the function value at R is smaller than the function value at W, then we have moved 
in the correct direction toward the minimum. Perhaps the minimum is just a bit fwther 
than the point R. So we extend the line segment through M and R to the point E 
This forms an expanded triangle B G E. The poil[)t E is found by moving an additior :, I 
distanced along the line joining M and R (see Figure 8.5). If the function value at E 
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B 

w 

G 

B 

w 

G 
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Figure 8.6 The contraction point 
C1 or C2 for Nelder-Mead method. 

Figure 8.7 Shrinking the triangle 
toward B. 

is less than the function value at R. then we have found a better vertex than R. The 
vector formula for E is 

(11) E = R + (R- M) =: 2R- M. 

Contraction Using the Point C 

If the functien valuc~s at R and W are the same, another point must be tested. Perhaps 
the functiOfl is smaller at M, but we cannot replace W with M because we must have 
a triangle. Consider the two midpoints C 1 and Cz of the line segments W M and M R, 
respectively (see Figure 8.6). Th~: point with the smaller function value is called C, 
and the new triangle is BGC. Note: the choice between C 1 and C2 might seem 
inappropriate for the two-dimensional case, but it is important in higher dimensions. 

Shrink toward B 

If the function value at Cis not le~:s than the value at W, the points G and W must be 
shrunk toward B (see Figure 8.7). The point G is replaced with M, and W is replaced 
with S, which is the midpoint of the line segmentjoining B with W. 
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Table 8.3 Logical Decisions for the Neider-Mead Algorithm 

IF f(R) < f(G), THEN Perform Case (i) {either reflect or extend) · 
ELSE Perform Case (ii) {either contract or shrink l 

BEGIN {Case (i).) BEGIN {Case {ii).} 

IF' J(B) < J(R) TiffiN IF f(R) < j(W) THEN 

replace W witlh R L replace W w 1th R 

ELSE Compute C = (W + M)/2 

Compute E and f(£) 

IF f(E) < f(B) THEN 

replace W with E 

ELSE 
replace W with R 

END IF 
END IF 
END {Case (i).j 

Logical Decisions for Each Step 

or C = (M + R)/2 and f(C) 
IF /(C) < f(W) THEN 

replace W with C 
ELSE 

ComputeS and f(S} 
replace W with S 

replace G with M 
lEND IF 
lEND (Case (ii).} 

A computationally efficient algorithm should perform flllnction evaluations only i • 

needed. In each step, a new vertex is found, which replaces W. As soon as it i. 

found, further investigation i:> not needed, and the iteration step is completed. The 

logical details for two-dimensional cases are explained in Table 8.3. 

Example 8.4. Use the Nelder-Mead algorithm to find the minimum of f(x, y) = x 2 -

4x + y1 - y - ;cv. Start with the three vertices 

v, = (0, 0), v 2 = (1.2, 0.0), 

The function j(x, y) takes on the values 

/(0. 0) = 0.0. /(1.2, 0.0) = --3.36, /(0.0, 0.8) = -0.16. 

The function values must be compared to determine B, G, and W; 

B = (1.2, 0.0), G = (0.0, 0.8), w = (0,0). 

The vertex W == (0, 0) will be replaced. The points M and R' are 

B+G 
M '"' -

2
- = (0.6, 0.4) and R =2M-· W = (1.2, 0.8). 

The function value f(R) = /(1.2, 0.8) = --4.48 is less than f(G), so the situation t~ 

case (i). Since f(R).:::: j(B), we have moved in the right direction, and the vertex E mll<;t 

be constructed: 

E = 2R- M = 2(1.2, 0.8)- (0.6, 0.4) =' (1.8, 1.2). 
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2 

----
2 3 

Figure S.fl: The sequenc.e of triangles {Tk} converging to the point (3, 2) for the 
Nelder-Mead method. 
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The function value f(E) = /(1.8, 1.2) = -·5.88 is less th1m j(B), and the new triangle 
has vertices 

v 1 = (1.8, 1.2), v2 = (1.2, om. v 3 = (0.0, 0.8). 

:he pr~ces:> continues and generates a sequence of triangles that converges down on the 

!>oluuon pomt (3, 2) (see Figure 8.8). Table 8.4 gives the fm1ction values at vertices of the 

1triangle for sev€~ral steps in the iteration. A computer implementation of the algorithm con

•linued until the thirty-third step, where the best vertex was B = (2.99996456, 1.99983839) 

<md f(B) = -6.99999998. These values al'e approximations to j(3, 2) == -7 found in 

!example 8.3. The reason that the iteration quit before (3, 2) was obtained i:> that the func

Hon is flat near the minimum. The function values f(B), f(G), and f(W) were checked 

<md found to b€~ the same (this is an examph: of round-off error), and the algorithm was 

lmninated. • 

Minimization Using Derivatives 

Sqppose that f(x) is unimodal over [a, b] and has a unique minimum at x = p. Also, 

c~$SI.Jme that J'(x) is defined at all points in (a, b). Let the starting value Po lie in 

(,a, b). If f'(po) < 0, the minimum point plies to the right of p0 . If f'(po) > 0, p 

lies to the left of PO (see Figure 8.9). 
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Table 8.4 Function Values at Various Triangles for Example 8.4 
··-· 

Best point Good point Worst point 

/(1.2, 0.0) = -3.36 f(D.D, 0.8) = -0.16 j(O.O, 0.0)- 000 
/(1.8, 1.2) = -5.88 /(1.2, 0.0) = -3.36 /(0.0, 0.8) = ·- 0.16 

/(1.8, 1.2) = -5.88 /(3.0, 0.4) = -4.44 f(l.2, 0.0) = ·- 3.36 

/(3.6, 1.6) = -6.24 f(/.8, 1.2) = - 5.88 /(3.0, 0.4) = ·- 4.44 

/(3.6, 1.6) = -6.24 /(2.4, 2.4) = - 6.24 j(l.8, 1.2)= ·-5.88 

/(2.4, 1.6) = -6.72 /(3.6, 1.6) = -6.24 f(2.4, 2.4) = ·- 6.24 

/(3.0, 1.8) = -6.96 /(2.4, 1.6) = -6.72 j(2.4, 2.4) = ·- 6.24 
/(3.0, 1.8) = -6.96 /(2.55, 2.05) = -6.7725 /(2.4, 1.6) = ·- 6.72 

k 

1 
2 
3 
4 
5 
6 
7 
8 
9 /(3.0, 1.8) = -6.96 /(3.15, 2.25) = -6.9525 /(2.55, 2.05) = ·- 6.772~ 

10 /(3.0, 1.8)- -6.% /(2.8125, 2.0375) = -6.95640625 /(3, 15, 2.25) = ·- 6.952~ 

-+[--~---+------T-
a Po P b 

lff'(p0) < 0 then 
plies in (p0, b]. 

a 
J 

p Po b 

Ifj'(p0) > 0 then 
p lies :in [a, p0 ]. 

Figure 8.9 Using f' (x) to find the minimum value of the unimodal func
tion f(x) on the interval [a .. b]. 

Brac:keting the Minimum 

Our first task is to obtain three test values, 

(12) Po. PI =po+h, and P2 =Po+ 2h, 

so that 

(13) f(po) > f (PI) and j(p1) < j(p2). 

Suppose that f'(po) < 0; rhen p0 < p and the step size h sholllld be chosen ]position 

It is an easy task to find a value for h so that the three points in (12) satisfy (13). Starl 

with h = 1 in formula (12) (provided that a+ I < b). 

Case (i): 

Case (ii): 

If (l. 3) is satisfied, we are done. 

If f(po) > j(pt) and /(pr) > j(p2), then P2 < p. We need 
to check points that lie farther to the right. Double the step size and 
repfat the process. 
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Case (iii): If f(po) :<:: /(pr), we have jumped over p andh is too large. We need 

to check values closer to po. Reduce the step size by a factor of 1 and 
repeat the process. 

When /'(po) > 0, the step size h should be chosen negative and then cases similar 
to (i) to (iii) can be UISed. 

Quadratic Approximation to Find p 

Finally, we have three points (12) that satisfy (13). We will use quadratic interpolation 

to find Prnin, which i:s an approximation to p. Thf~ Lagrange polynomial based on the 
nodes in (l2) is 

04) Q(x) = Yo(x -- Pl)(x - P2) _ YI (x - Po)(x - pz) Y2(x - po)(x -PI) 

2h2 h 2 + 2h2 

The derivative of Q (x) is 

(15) Q'(x) = Yo(2x- PI- P2~ _ Yl(2x- Po- P2) Y2(2x- Po- PI~ 
2h 2 h2 + 2h2 . 

Solving Q'(x) = 0 in the form Q'(po + hrnin) = 0 yields 

(16) 
0 = Yo(2(po + hmin)- Pt - P2) _ Y1 (4(po + hmin) - 2po- 2p2) 

~2 ~2 
Yz(2(po + hmtn) --Po- PI) 

+ 2h2 

Multiply each term in (16) by 2h2 artd collect terms involving hnun: 

-·hm;nC2Yo- 4yl + 2Y2) = Yo(2po- PI - P2) 

- Yt(4po- 2po- 2p2) + Y2(2PO- Po- PI l 

= Yo(-3h)- Yt(--4h) + Y2(-h). 

This la~>t quantity is easily solved for hmin: 

(17) h(4y1 - 3yo -- Y2) 
hmin = · 

4yl - 2yo- 2y2 

Th1: value Pmin == Po + hmin is a better apprcoximation to p than PO· Hence we 

can' replace Po with Prnin and repeat the two processes outlined above to determine a 

new h and a new hmin· Continue th·e iteration until the desired accuracy is achieved. • 
The details are outline:d in Program 8.3. 
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Steepest Descent or Gradlient Method 

Now let us tum to the minimization of a fuJttction f(X) of N variables, where X = 
(J< 1 , x2, ... , .tN). The gradient of f (X) is a vector function defined as foUows 

(18) gradf(X) =(/I.. /2,. · ·, fN). 

where the partial derivatives f.~ = a !I OXk are evaluated at X. 
Recall that the gradient vector 0 8) points locaJly in the direction of th~: greatest rate 

of increase off (X}. Hence ~ grad f (X) points locally in the direction of the greateSt 

d(:crease. Start at the point Po and search along the line through Po in the directi(>(l 

So= -Gj :I Gil, where G =grad f(Po). You will anive at a point P 1• where a 1~\ 

minimum occurs when the point X is constrained to lie on the line X = Po + r S0• 

Next, we can compute G = gradf(P 1) and move in the search dilrection SI = 
-G! r G II. You will come to P2, where a local minimum <X:curs when X is consttaint.d 

to lie on the line X = P 1 + r S 1. Iteration will produce a sequence I P ,d of points wil:r. 
the property f(Po) > f(PJ) > .. · > f ( P~) > ···.If liiillk-+oo P~c = P, then j(P) 

will be a local minimum for j(X). 

Outline of the Gradient Metllod 

Suppose that P 1r has been obtained. 

Step/. Evaluate the gradient vector G =grad f(Pk). 

Step 2. Compute the search directionS= -G/ llGii. 
Step 3. Pe:rfonn a single parameter minimization of •:ll(!) = f(Pk + tS) on l:'.rlE! 

interval (0. b J, where b is large. This will prod.uce a value 1 == hnun whert 

a local minimum for r;f>(t) occurs. The relation cl>(hmm) = f(Pk+ hminS,) 

shows. that this is a minimum for f(X) along the search line X = Pk

hm~nS. 
Step 4. Construct the next point Phl = Pk + hm;nS. 

Step 5. Petfonn the termination test for minimization:: that ts, are the function 'll'al· 
ue:s f ( P k) and f ( P k+l) sufficiently close and the distance II PH t - P~~.U 
small enough? 

Repeat the process. 

[ 

........... 8.1 (Golden s.....b fo' a Mlnimum). To oumerically approx;mare Ire I 
minimum of f(x) on the inu~rval [a, b} by using a golden search. Proceed with the. 

method only if f{x) is a unimodal function on the interval [a, b}, 
- . . 

function [S, E:, G] =golden (f , a, b, delta, epsilon) 

%Input - f is the obj Elct functioll input as ;;~. string 'f' 

!. - a and b are t:he end points of the :interval 

!. - de·lta il! the tolerance j:or the abscissas 
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·~. - El]psilon is the tolerance for the o•rdinates 

'r.OU.tput - S••(p,yp) contains the abscissa p and 

~~ tllle ordinate yp of the minimum 
'.J ( ) " - E,.. dp,dy co:ntains the srror bounds for p and! yp 

~t G is an n x ·4 matrix: the kth row contains 

~~ [;!l.k ck dk bk] ; the values of a, c , d , and b a.t the 

~~ k:th iteratio:n 

·rl~<(sqrt (5)-1) /2; 

r2-r1-2; 
'h-b-a; 
ya=feval(f, <l); 

yb•feval(f,b); 
c;=a+r2•h; 
d•a+rh·h; 
~rc=feval(f ,c); 
yd•feval(f,d); 
Jc-1; 
~L (k) =a; B (k)~•b; C(k) •c; D (k) •d; 

.,.·hile (abs (yb-ya) >epsil()n) I (h>del t1:1.) 

k"'k+l; 
if (yc<yd) 

b-d; 
yb-yd; 
dec; 

yd-=yc; 
h"'b-a; 
c=a+r2•h; 
yc~feval (f, c); 

else 
a:c; 
ya=yc, 
c•d; 
yc=yd; 
h•b-a; 
d•a+rhh; 
yd•feval(f,d); 

end 
A(k)~a;B(~)=b;C(k)•c;D(k)=d; 

€1:'ld 

d~abs (b-a); 

d·:f"'abS (yb-ya) ; 

r~a; 
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yp=ya; 

if(yb<ya) 
p=b; 
yp=yb; 

end 

G= [A' c ' D I B' ] ; 
S=[p yp]; 
E=[dp dy]; 

Programs 8.2 and 8.4 require that the object function f be saved as an M-file. Th 
argument of f needs to be a 1 x n array. To illustrate consider saving the function 111 

Example 8.3 as an M-fi1e: 

function zoof(V) 
z=O; x=V(l); y=V(2); 
zcx.-2...:4x+y.-2-y-x.*y: 

Program 8.:! (Nelder-Me:~~.d's Minimizlltion Method). To approximate a local 
minimum of f(xt, x2, ... , XN ), where f is a continuous function of N real vari
ables, and given the N + 1 initial starting points V k = ( vk.l, ... , Vk, N) for k = 0, 
l, ... ,N. 

function[VCI ,yO,dV ,dy] ='nelder(F, V ,mini ,max!, epsilon, show) 
%Input - F' is the object function input as a string 'F' 
% - V is a 3 x n matrix containing starting simplex 
% - m.inl .t maxl are minimum and maximum number 
% of iterations 
% - epsilon is the tolerance 
% 
%Output 
7. 

- show == 1 displays iterations (P a~d Q) 
- VO is the vertex for the minimum 

yO is the function value F(VO} 
7. - dV is the si.ze of the final simplex 
X - dy is the error bound for the miniJnum 
% - P is a matrix containing the verte:~r i teration:s 
% - Q is an array containing the iterations for F (,' .· 

if nargin==5, 
show=O; 

end 

[mm n] =size (V); 

% Order the vertices 
for j=l:n+l 

Z=V(j,l:Jo.); 
Y (j) =fev;al (F, Z) ; 

SEC. 8.1 MINIMIZATION OF A FUNCTION 

end 

[a lo] -mir:L (Y) ; 
[mm hi] =max (Y) ; 

lishi; 
ho=lo; 

for j•1:n+1 
if (j~=l•:>kj "-'=hi.tY(j)<=Y(li)) 

li=j; 
end 
if (j"-'=h:i&:j~=lo&:Y(j )>=Y(ho)) 

ho=j; 
end 

end 

cnt=O; 

% Start of Nelder-Mead algorithm 
while(Y(hi)>Y(lo)+epsilon&;cnt<max1)1cnt<min1 

S=zeros (1, 1 :n); 
for j=l:n+l 

S=S+V(j,l:n); 
end 
M=(S-V(hi,l:n))/n; 
R=2*M-V(hi,l:n); 
yR=feval(F,R); 
if (yR<Y(b.o)) 

if(Y{li)<yR) 
V(hi,l:n)=R; 
Y(hi)=yR; 

else 
E=:2*R-M; 
yE=feval(F,E); 
tf·(yE<Y(li)) 

V(hi,l:n)=E; 
Y(hi)=yE; 

else 
V(hi,l:n)=R; 
Y(hi)=yR; 

end 
end 

else 
if(yR<Y(hi)) 

V(hi,l:n)=R; 
Y(hi)=yR; 

415 



416 CHAP. 8 NUMERICAL 0PTIMlZATlON 

end 
C=(V(hi,l:n)+M)/2; 
yC•feval(F,C); 
C2=(M+R)/2; 
yC2=feval(F,C2); 
if(yC2<yC) 

C=C2; 
yC=yC2; 

end. 
if(yC<Y(hi)) 

V(hi,1:n)•C; 
Y(hi)-yC; 

el::Je 
for j=l :n+:L 

if(j"'=lo) 

end 
and 

V(j, :l :n)=(V(j ,1 ::n)+VClo ,1: n)) /2; 
Z=V(j ,1 :n); 
Y(j )••feval(F ,Z) :: 

end 
end 
[mm lo]=min(Y); 
[mm hj.] =ax (Y) ; 
li .. hi; 
ho"lo; 
for j='l :n+l 

end 

if (j "-'-=lo&j ~=bi&:Y (j) <=Y (1i)) 

li=j; 
encl 
if ( j "'=hi&:j ~=l o&:Y (j) >=Y (ho)) 

ho-=j; 
end 

cnt=cD,t+1; 
P(cnt,:)=V(lo,:): 
Q(cnt)=Y(lo); 

end 
% End of Nelder-Mead algorithm 

%Determine size of simplex 
snorm=O; 
for j=l:n+1 

s=norm(V(j)-V(lo)); 
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if (s>••snorm) 
snc)rm=s; 

end 
end 
~Q·; 

VO,.V(lo, l :n); 
yO=Y(lo); 
:iV=snorm; 
Jy=abs(Y(hi)-Y(lo)); 
if (show=•=i) 

end 

disp(P); 
disp(Ci); 
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Program 8.3 (Local Mlinbnum Search Using Quadratic Interpolation). To fin~~ 
a local minimum of the function f (x) over the interval (a, b), by starting with on1~ 
initial approximation PO and then searching the intervals [a, pol and [po, b]. 

function[p,yp,dp,dy,P]=quadmin(f,a,b,delta,epsilon) 

%Input 
% 
% 
% 
%Output 
% 
% 
% 
% 
pO=a; 
maxj=20; 
maxk=_30; 
big"'le6; 
err=!; 
k=1; 
P(k)=pO; 
cond=O; 
h=1; 

- f is the cbject function input as a string 'f' 
- a and b are the end points of the interval 
- delta is the tolerance for the abscissas 
-· epsilon is the tolerance for the ordinates 
- p is the abscissa of the minimum 
- yp is the ordinate of the m~n~mum 
- dp is the error bound for p 
- dy is the error bound for yp 
- P is the vector of iterations 

if (abs(p0)>1e4),h=abs(p0)/1e4;end 
while (k<maxkterr>eps i lontcond.....,,.5) 

f1=(fe:val (f ,pO+O. 00001)-feva.l(f ,p0-0. 00001)) /0 .00002; 
if(f1>0),h=-abs(b);end 
pl=pO+h; 
p2=p0+2*h; 
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pmin .. pO; 
yO"'fevall(f,pO); 
yl.,fevall (f, p 1) ; 

y2 .. £Eivall(f,p2); 
)'llin=yO; 
cond-=0; 
j~O; 

XDetermiLne h so th2Lt yl<y0tyt<y2 
while ( j •:maxj tabs (h) >del takcond== 

:.f (yO<•y1), 
p2=p1; 
y2•y1; 
h=•h/2; 
pl-J)O.,..h; 
yl.•feval (f ,p1); 

else 
if (y2<y1). 

p1=p2; 
y1sy2; 
h .. 2 .. h; 

p2=p0+2•h; 
y2•feval(f,p2); 

else 
cond=-1; 

end 
end 

j=cj+l; 
if(abs(h)>biglabs(pO)>big),cond=5;end 
end 
if(cond••5), 

pmin"'pl; 
ymin•feval(f,pl); 

else 
%Quadratic interpolation to find YJ 
d•4•yl-2•y0-2•y2; 
if (d<O), 

hmin .. h• (4*y1-:3*y0-y2) /d; 
else 

hmin•h/3; 
COJnd"'4; 

end 
p:nin=1pO+hmin; 
ymin=:feval(f,pm.ill); 
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end 

h•abs(h); 
bO=abfi(hmin); 
h1=abf>(hmin-h); 
h2=abf, (hmin-2*h) ; 

'l~etei~ine magn:.tude oi next h 
if (hO<:h) ,h•hO; end. 
if (1:.1<:h) ,h=h1; endl 
if(h2<h) ,h=h2;endl 
if (h==,O) ,h=hmin; end 
if(h<d.elta), cond='l ;end 
if (abs(h)>biglabs(pmin)>big),cond.•o;eDd 

/.Termination test for minimlzation 
eO•abs(yO-ymin); 
e1=abs(y1-y:nin); 
e2 .. abs(y2-y:nin); 
if ( e0--=0 & eO<erl~) , err=eO; end 
:.f{el--•0 t el<err),err=el;end 
:.f(e2~--o & 2<err) ,err"'e2;end 
if ( e0~-=0 & e 1 ="0 t e2==0) , error•O; end 
if(err<epsilon),cond-2;end 
pO .. pmin; 
k-k+l; 
P(k)•pO; 

end 
:f(cond~=2&h<delta),cond~3;end 

p=pO; 
d.p .. h; 
yp-=feval(f,p); 
dy•err; 

419 

Program 8.4 requires that the object function f be saved as an M-file. Additionally, 
the search direction- gradf/l<gradfll needs to be saved as an M-file. To illustrate. 
considerthc function f from Example 8.3, where the gradient off is (2x --4- y. 2y-· 
1- ;r). An appropriate M-file for this panicular function f is 

function z=G(V) 
z•zeros(l,2); 
x;:V(l) ;y=V(2); 
g•[2x-4-y 2•y-1-x]; 
z•-{1/norm(g))•g; 
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~
rogram 8.4 (Steepest Desc1mt or Gradient Method). To numerically approxi

ate a local minimum off (X), where f is a continuous functi.,n of N real variables 

1d X = (xt, xz, ... , XN ), by starting with one point Po and using the gradient 

ethod. 

fw1ction [PO,yO, err] =grads (F ,G,PO ,max1 ,delta, epsilon, show) 

%Input 
% 

- F is the object function input as a string 'F' 

- G =-(1/norm(grad F))*gradl F; the search direction 

% 
% 
% 
% 
% 
% 

input as a string 'G' 
- PO is the initial startirLg point 

- maxl is the maximum numbE:r of i tera1;ions 

- delta is the tolerance for hmin in the single 

parameter minimization iiL the search direction 

- epsilon is the: tolerance for the error in yO 

% 
%Output 
% 

- show; if shmF=l the i tel~ations are displayed 

- PO is the point for the D1inimum 

- yO is the function value F(PO) 

% - err is the error bound f()r yO 

% - P is a vector containing the iterat:ions 

if nargin==5,show=O;end 
[mm n] =]size (PO); 
ma.xj=10; big=•1e8; h=l; 
p,.,zeros(maxj ,.n+1); 
leiD"'norm(PO) ;: 
yO=feval(F,PO); 
if (len>e4),h=len/1e4;elld 
err=l;cnt=O;c:ond=O; 
P(cnt+1, :)=[PO yO); 

while (cnt<maxl&cond~=5&: (h>delta I err>epsilon)) 

%Compute Bearch direction 
S=feval(G ,PO); 

%Start si11gle parameter quadratic minimization 

Pl .. PO+h*S; 
P2=P0+2*h*S; 
yl=feval(F,Pl); 
y2=feval(F,P2); 
cond=O;j=O; 

while(j<maxjtcond==O) 
len=norm(PO); 
if (yO<yl) 
P2=P1; 
y2=y1; 
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111Jnd 

h=h/2;~ 

P1=PO+h*S; 
y1=feval(F,P1); 

else 
if (y2·~y1) 

P1~•P2; 

y1~·y2; 

h=2*h; 
P2•=P0+2*h*S; 
y2•=feval(F ,P2); 

else 
COJld=-1 j 

end 
end 
j=j+1; 
if(h<delt;a), cond=1; end 
if(abs(h)>bigllen>big),cond=5;end 

if ( cond==5) 
Pmin=Pl; 
ymin=y1; 

·else 
d=4*y1-2•y0-2*y2; 
if(d<O) 

hmin=:b.*(4*y1-3*y0-y2)/d; 
else 

cond=4; 
hmin=h/3; 

end 

%Construct the next point 
Pmin=PO+bmin*S; 
·ymin=feval(F,Pmin); 

Y.Determine magnitude of next b. 

hO=abs (hmin) ; 
hl-=abs(hmin-h); 
h2=abs(hmin-2*h); 
if(hO<h),h=hO;end 
if(h1<h),h=h1;end 
if(h2<h),h=h2;end 
if(h==O),h=hmin;encl 
if(h<delta).cond=l;end 

421 
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%Termination test for minimization 
eO=abs(yO-ymin); 
el=abs(yl-ymin); 
e2=abs(y2-ymin); 
if ( eO"-=O&;eO<err) , err·=eO; end 
if(e1"-=0&e1<err),err=e1;end 
if (e2~=0i:e2<err) , err=e2; end 
if(e0==0&191==0&e2==0),err=O;end 
if ( err<ep:silon) , cond•:2; end 
if(cond==2&h<delta),cond=3;end 

eJld 
cnt=cnt+l; 
P(cnt+1, :)=(!'min ymin]; 
PO=Pmin; 
yO=ymin; 
end 
if (show==!) 

disp(P); 
ertd 

Exercises for Minimization of a Function 

------------.----~-----~-----------------------------·------· 1. Use Theorem 8.1 to detem1ine where each of the follow:ing functions i~. increasmg 
and where it is decreasing. 

(a) f(x) == 2x3 - 9x 2 + 12x- 5 
(b) j(x) =' xj(x + 1) 
(c) j(x) =, (x + l)jx 
(d) /(X)=' XX 

:t Use Definition 8.3 to show that the following functions are unimodal on the given 
intervals. 

(a) f(x) ""' x 2 - 2x +I; [0. 4] 
(b) f(x)"" cos(x); [0, 3] 

(c) f(x)=xx;(l,!O] 
(d) f(x) = -x(3- x)5!3; [0, 3] 

3. Use Theorems 8.3 and 8.4, i1f possible, to filnd all local minima and maxima of each 
of the following functions on the given inte1rval. 
(a) j(x) = 4x3 - 8x2 - llx + 5; [0, 2] 

(b) f(x) = x + 3jx2; [0.5, 3] 
(c) f(x) = (x + 2.5)/(4 -- x2 ); [-1.9, 1.9] 
(d) j(x) = e" jx2; [0.5, 3] 
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(e) j(x) ,=- sin(x)- sin(3x)j3; [0, 2] 
(f) f(x) '= -2sin(x) + :>in(2x)- 2sin(3x)/3; [1, 3] 

4. Find the point on the parabola y = x 2 that is closest to the~ point (3, 1 ). 
5. Find the point on the curve y = sin(x) that is closest to the point (2, 1). 

6. Find the point(s) on the circle x 2 + y2 "'' 25 that is fanhest from the c:hord A B if 
A= (3, 4) :md B = (-1, ~/24). 

7. Use Theorem 8.5 to find the local minimum of each of the following functions. 
(a) f(x,y)=x 3 +y3 -3x-3y+5 
(b) f(x,y)=x 2 +y2 +x-2y-xy+l 
(c) f(x, y) = x 2y + xy 2 - 3xy 
(d) f(x, y) = (x- y)/(x 2 + y 2 + 2) 
(e) f(x,y)=l00(y-x 2)2 +(1-x)2 

(Rosenbrock's parabolic valley, circa 1960) 

8. Let B = (2, -3), G = (1.. 1), and W = (5, 2). Find th,~ points M, R, and E and 
sketch the triangles that are involved. 

9. Let B = (-1, 2), G = (-2, -5), and W =~ (3, 1). Find the points M, R .. and E and 
sketch the triangles that are involved. 

Hl. Give a vector proof that M = (B + G)/2 is the midpoint-of the line segment joining 
the points B and G. 

ll, Give a vector proof of equa1tion (I 0). 

12. Give a vector proof of equaljon (11). 

1.3. Give a vector proof that th(: medians of any triangle intersect at a point 1~at is two
thirds of the distance from each vertex to the midpoint of the opposite side. 

l·L Let B = (0, 0,0), G = (1, 1,0), P = (0,0, 1), and W = (1, 0, 0). 
(a) Sketch the tetrahedron BG PW. 
(b) Find M = (B + G + P)/3. 
(c) Find R =2M-Wand sketch thetelrahedron BGPR. 
(d) Find E = 2R- M and sketch the tetrahedron BGPE. 

15. Let B = (0, 0, 0), G = (0, 2, 0), P = (0, 1, 1), and W = (2, 1, 0). Follow the 
instructions in Exercise 14. 

Algorithms and Programs -
1. Use Program 8.1 to find thf: local minimum of each of the functions in Exercise 3 

with an accuracy of eight dedmal places. 

2:. Use Program 8.3 to find the local minimum of each of the fulllctions in Exercise 3 with 
an accuracy of eight decimal places. Start with the midpoint of the given interval. 
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J. Use Program 8.2 to find the minimum of each of the functions in Exercise 7 with :r~ 

accuracy of eight decimal places. Use the following starting vertices: 
(a) (I, 2), (2, 0), and (2, 2) 

(b) (0, 0), (2, 0), and (2, 1) 

(c) (0, 0), (2, 0), and (2, 1) 

(d) (0, 0), (0, 1), and (1, 1) 

(e) (0, 0), (1, 0), and (0, 2) 

4. Use Program 8.4 to find the minimum of each of the functions in Exercise 7 with an 
accuracy of eight decimal places. Use the starting vertex: 
(a) (!, 2) (b) (0, 0.3) (c) (0.1, 0.1) 

(d) (0.5, 0.11) (e) (0, 0) 

5. ln Program 8.4 the x and y coordinates of the iterations are stored in the first two 
columns of the matrix P, respectively. Modify Program 8.4 so that it will plot the x 
and y coordinates of Ethe iterations on the same coordinate system. Hint Incorporate 
the command plot (P (: , 1), P (: , 2) , ' . ') into your program. Use this program on 
the functions in Exercise 7. 

6. Use Program 8.2 to find the local minimum of each of the following functions; with 
an accuracy of eight decimal places. 

(a) j(x, y, z) = 2x2 + 2y2 + z2 - 2xy + yz -7y- 4z 
Start with (l, !, 1), (0, 1, 0), (1, 0, I), and (0, 0, 1). 

(b) f(x, y, z. u) = 2(x2 + y2 +z2 +u2) -x(y+z- u) + yz- 3x- 8y- 5z- 9u 
Start the search near (1, 1, l, 1). 

1 1 1 1 
(c) f(x, y, z, u) = xyzu +- +- +- +-

X y Z U 

Start the search near (0.7, 0.7, 0.7, 0.7). 

7. Use Program 8.4 to find the local minimum of each of the functions in Problem 6. 
Use a starting value near one of the given vertices. 

8. Use Program 8.1 and/or 8.3 to find all local maxima and minima of the followiJ•g 
function in the interval [0, 2]. 

x 3 + x 2 - 12x- 12 
f (x) == ..,..2x...,6,_..._-3-x~5-_-4x-4,...+_,.9-x""2 -+---,--12,.-x-----,1-8 

9. Find the point on the surface z = x 2 + y2 that is closest to the point (2, 3, 1). 

10. A company has five factories A, B, C, D, and E, located at the points ( 10, 10.•), 
{30, 50), (16.667, 29), (0.555, 29.888), and (22.2221, 49.988), respectively, in the 
xy-plane. Assume that the distance between two points represents the driving d1is 
tance, in miles, between the factories. The company plans to build a warehm 10a 
some point in the plane. It is anticipated that during an average week there will be 
18, 20, 14, and 25 deliveries made to factories A, B, C, D, and E, respectively. Idea;: y, 
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to minimize the weekly mileage of delivery vehicles, where should the warehouse be 
located? 

11. In Problem 10, where should the warehouse be located if, due to zoning restrictions. 
it must be located at a point on the curve y = x 2? 
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Solutio11 of D:ifferetitial E:quations 

Difft:rential equations are commonly used for mathematical modeling in scicmce and 
engineering. Often there is no known analytic solution and numerical approximation, 
are required. As an illustration, we consider population dynamics and a nonlinear 
system that is a modification of the Lotka-Voltenra equations: 

x' = f(t, x, y) == x- xy- ..!.x2 

10 
and . '- I 2 y - g(t, x, y) = xy- y- '2i? , 

with the initial condition x(O) = 2 and y(O) == I for 0 .::: t :5 30. Although thL" 
numf,ricaJ solution is a list of numbers, it is helpful to plot the polygonal path joining 
the approximation points {(x,~:, Yk)} and plot the trajectory ~hown in Figure 9.L In thj, 

y 

L5 

LO 

0.5 

Figure 9.1 The trajectory 1, •r· d 

nonlinear system of differen 1 i ,rl 
0.0 '--------'-------'------1. ____ ......_ x equations x' = f(t,x,y) and 

0.5 1.0 1.:5 2.0 y' = g(t, X, y). 
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y C=2 C=l C=O 

Figure 9.2 The solution curves y(l) = t + e-r +C. 

chapter we present the standard methods for solving ordinary differential equatiom. 
systems of differenltial equations, and boundary value problems. 

9.1 Int1roduction to Differential Equations 

Consider the equation 

(I) dy = 1-e-·r. 
dt 

It is a differential equation because it involves the derivative dy I dt of the "unknown 
funclion" y = y(t). Only the independent variable t appears on the right side of 
equation (1 ): hence a solution is an antiderivative of 1 - e~r. The rules of inlegration 
can be used to find y(t): 

(2) y(t) = t + e-1 -1- C, 

where C is_tbe constant of integration. All the functions in (2) are solutions of (1) 
because they satisfy the requirement that y'(t) '= 1- e-1• Titey form the family of 
curves in Figure 9.2:. 

Integration was the technique used to find the explicit formula for the functions 
in (2), and Figure 9.2 emphasizes that there is one degree of freedom involved in the 
solution. that is, the constant ofint,~gration C. By varying the value of C, we "move the 
solution curve" up or down, and a particular curve can be found that will pass through 
any desired point. The secrets of 1:he world are seldom observ~:d as explicit formulas. 
Instead, we usually measures how a change in one variable aJfects another variable. 
When this is transla,ted into a mathematical model, the result is an equation involving 
the rate of change of the unknown function and the independent andfor dependent 
variable. 
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A= 2 

Figure 9.3 The solution curves 
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y = A + (Yo - A}e-k' for Newton'" 
law of cooling (and warming). 0 2 3 4 5 

Consider the temperature y(t) of a cooling object. It might be conjectured that the 
ratf: of change of the temperature of the body is related to the temperature difference 
between its temperature and that of the surrounding medium. Experimental evidence 
verifies this conjecture. Newton's law of cooling asserts that the rate of change is 
dir(:ctly proportional to the difference in these temperatures. If A is the temperature of 
the surrounding medium and y (t) is the temperature of the body at time t, then 

(3) 
dy 
dt = -k(y- A), 

wh(~re k is a positive constant. Tille negative sign is required because d y f dt will be neg
ative when the temperature of the body is greater than the temperature of the medium. 

If the temperature of the object is known at time t = 0, we call thils an init:iaJ 
condition and include this information in the statement of the problem. Usually, we 
are asked to solve 

(4) 
dy 
- = -k(y- A) with y(O) =YO· 
dt 

The techniqu(: of separation of variables can be used to find the solution 

(5) Y =A+ (yo- A)e-kr. 

For each choice of Yo. the solution curve will be different, and there is no simple. 
way to move one eurve around to get another one. The initial value is a point where the. 
desilred solution is "nailed down ... Several solution curves are: shown in Figure 9.3, and 
it can be observed that as t gets large the temperature of the object approaches room 
temperature. If Yo < A, the body is warming instead of cooling. 

Initial Value Problem 
Definition 9.1. A solution to the initial vafu,~ problem (I. 'KP.) 

(6) y' = f(t, y) with y(to) =Yo 
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Figure 9.4 The slopE: field for the 
0 l_._ _ __, ___ __.. __ ---'-----'----'·- t ddierential equation y' = f (x, y) = 

2 3 4 5 (t - y)/2 

on an interval [to. b] is a diffe:rentiable function y = y(t) such that 

(7) y(to) =Yo and y'(t) = f(t, y(t)) for all t E [to, b]. 

Notice that the solution curve y = y(t) must pass through the initial point (to. yo). 

Geometric Interpretation 

At each point (t, y) in the rectangular region R = { (t, y) : a ::::: t ::::: b, c ::::: y ::::: d), 
the slope of a ~;olution curve y = y(t) can be found using the implicit formula m = 
f(t, y(t)). Hence the values m1,J = f(ti, Yj) can be computed throughout the rectan
gle, and each value mu repre:sents the slope: of the line tangent to a solution curve that 
passes through the point (ti, y j). 

A slope field or direction field is a graph that indicates the slopes {mi.j} over the 
region. It can be used to visualize how a solution curve "11its" the slope constraint. To 
move along a :>olution curve, one must start at the initial point and check the slope 
field to determine in which direction to move. Then take a small step from to to to + h 
horizontally and move the apJPropriate vertical distance hf(to, yo) so that the resulting 
displacement has the required slope. The next point on the solution curve is U1. YI ). 
Repeat the process to continue your journey along the cutve. Since a finite number of 
steps will be used, the method will produce an approxima:tion to the solution. 

Example 9.1. The slope field for y' = (t- y)/2 over the rectangle R = [(t, y) : 0 ~ t ~ 
5, 0::::: y ::::: 4} is shown in Figure 9.4. The solution curves with the following initial values 
are shown: 
L For y(O) = 1, the solution is y(t} = 3e-112 - 2 + t. 
?.. For y(O) = 4, the solution is y(t) = 6e-112 - 2 + t. • 
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Definition 9.2. Given the rectangle R = {( t, y) : a ::::: t ::::: b, c .::::: y .::::: d I, assume 
that f (t, y) is continuous on R. The function f is said to satisfy a Lipschitz condition 
in the variable y on R provided that a constant L > 0 exists with the property that 

(8) /f(t, Yr)- f(t, yz)/.::::: L /yr- yz/ 

whenever (t, yt), (t, yz) E R. The constant Lis called a lipschitz constant for f. -'. 

Theorem 9.1. Suppose that f(t, y) is defined on the region R. If there exists a 
constant L > 0 so that 

(9) /[y(t, y)/::::: L for all (t, y) E R, 

then J satisfies a Lipschitz condition in the variable y with Lipschitz constant L over 
the rectangle R. 

Proof Fix t and use the mean value theorem to get cr with Yl < cr < _Y2 so that 

lf(t, Yr)- f(t, Y2)) = !fy(t, cr)(yr- yz)! 
• 

= /]y(t, cr)/!Yl- Yzl::::: L/Yl- Yz!. 

Theorem 9.2 (Existence and Uniqueness). Assume that f(t, y) is continuous in" 
region R = {(t, y) : to .::::: t .::::: b, c ::5 y ::=:: d}. Iff satisfies a Lipschitz condition on R. 
in the variable y and (to, yo) E R, then the initial value problem (6), y' = f(t, y) \\ nh 
y(to) ==Yo. has a unique solution y = y(t) on some subinterval to ::::: t :::::to+ 8. 

Proof See a text on differential equations such as Reference [38]. • 

Let us apply Theorems 9.1 and 9.2 to the function j(t, y) = (t- y)/2. The pm tial 
derivative is /y(t, y) = -1/2. Hence 1/y(r, y)! 5 ! and, according to Theorem 9.1, 

the Lipschitz constant is L = !- Therefore, by Theorem 9.2 the I.V.P. has a uniy1.1e 
solution. 

Sketches of the slope field and solution curves can be constructed by using the. 
meshgr id and qui var commands in MATI..AB. The following M-file will generate a 
graph analogous to Figure 9.4. In general, care must be taken to avoid points (t, y) at 
which y' is undefined. 
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[t,y]~eshgrid(1:5,4:-1:1); 

dt=ones(5 ,4); 
dy=(t-y)/2; 
quiver(t,y,dt,dy); 
hold on 
X"'O: .01 :5; 
z1=3*exp(-x/2)-2+x; 
z2=6*exp(-x/2)-2+x; 
plot(x,z1,x,z2) 
hold off 

Exercises for Introduction to Differential Equations 

In Exercises 1 through 5: 
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Ia) Show that y(t) is the solution to the differential equation by substituting y(t) and 
y'(t) into the differential equation y'(t) = f(t, y(t)). 

1 b) U s.e Theorem 9.1 to find a Lipschitz constant L for the rectangle R = [(t, y) : 0 ~ 
t :s 3, 0.::::: y :s 5}. 

l. y' = t 2 - y, y(t) ;:: ce-t + t 2 - 2t + 2 

2. y' = 3y + 3t, y(t) = Ce31 
- t- ~ 

3, y' = -ty, y(t) = Ce~rz;z 
4. y' = e-21 - 2y, y(t) = Ce~Zr + te-21 

5. y' = 2ty2, y(t) = 1/(C- t 2
) 

In Exercises 6 through 9, construct a graph of the slope field m;,j = f(t;, Yj) over tilt' 
rectangle R = {(t, y) : 0 < t :s 4, 0 < y :;: 41 and the indicated solution curves nn th,' 

same coordinate system. 

6. y' = -tfy, y(t) = (C- t2) 112 

7. y' == tfy, y(t) = (C + t2)t/2 

8. y' = 1/y, y(t) = (C + 2t) 112 

9. y' = yl, y(t) = 1/(C- t) 

for C = l, 2, 4, 9 

fore= -4, -I, 1,4 

for C = -4, -2, 0, 2 

for C = 1, 2, 3, 4 

10. Here is an example of an initial value problem that has "two solutions": y' = ~ ,.J 

with y(O) = 0. 
(a) Verify that y(t) = 0 fort ::: 0 is a solution. 

(b) Verify that y(t) = r312 fort ::: 0 is a solution. 

(c) Does this violate Theorem 9.2? Why? 
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11. Consider the ini1tial value problem 

y' = (I - y2)lf2 y(O) = 0 

(a) Verify that y(t) =sin(!) is a solution on [0, rrf4]. 

(b) Detennine the largest interval over which the solution exists. 

12. Show that the definite integral J: j(t) dt can be computed by solving the inilial vall .. -
problem 

y' = j(t) fora::::;: t::::;: b with y(a) = 0. 

In Exercises 13 through 15, find the flolution to the I.V.P. 

13. y' = 3t1 + sin(r), y(O) = 2 

14. y' = Jb. y(O) = 0 

15. y' = e-'
2
12, y(O) = 0. Hint. This answer must be expressed as a certain integral. 

16. Consider the first-order differellltial equation 

y'(t) + p(t)y(t) = q(t). 

Show that the general solution y(t) can be found by using two special integrals. First 
ddlne F(t) as follows: 

F(t) = ef p(t)dt. 

Second, define y(t) as follows: 

y(t) = F~t) (! F(t)q(t)dt +C). 
Hinr. Differentiate the product F(t)y(t). 

17. Consider the de~:ay of a radioactive substance. If y(t) is the amount of substance 

present at time t, then y(t) decreases and experiments have verified that tht! rate of 

change of y(t) is proportional to the amount of undecayed material. Hence the LV.P. 

for the decay of a radioactive substance is 

y' = ·-ky with y(O) =YO· 

(a) Show that the solution is y(t) = y0e-kr. 

(b) The half-life of a radioactive substance is the time required for half of an initial 

amount to decay. The half-life of 14C is 5730 years. Find the formula y(t) that 

gives the amount of 14C present at timet. Hint. Find k so that y(5730) == 0.5y0 . 

(c) A piece of wood is analyzed and the amount of 14C present is 0.712 of the 

amount that was present when the tree was alive. How old is the sample or 
wood? 

(d) At a certain instant, 10 mg of a radioactive substance is present. After 23 sec

onds, only l mg is present. What is the half-life of the substance? 
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In E:Kercises 18 through 19, derive an equation for the I.V.P. and find its solution. 

18. Annual ticket sales for a new professional soccer league are projected to grow at a 

rate proportional to the diffenmce between sales at time t and an upper bound of $300 

million. Assume that annual ticket sales are initially $0 and must be $40 million after 

3 years (or the~ league folds). Based on these assumptions., how long will it take for 

annual ticket sales to reach $220 million? 

19. The interior volume of a new library is 5 millon cubic feet. The ventilation system 

introduces fre:>h air into the library at the rat•= of 45,000 cubic feet per minllte. Before 

the ventilation system is turned on, the pef(:ents of carbon dioxide in the interior of 

the library and in the exterior fresh air are measured at 0.4% and 0.5%, n:spectively. 

Detennine the percentage of •:arbon dioxide in the library 2 hours after the ventilation 

system is started. 

9.2 Euler's Metbod 

The reader should be convinced that not all initial value problems can be solved ex

plicitly, and often it is impossible to find a fonnula for the solution y(t); for example, 

there is no "closed-form expression" for the solution toy' ::::: t 3 + y 2 with y(O) = 0. 

Hence for engineering and scientific purpoSes it is necessary to have methods for ap

proximating the solution. If a solution with many significant digits is required, then 

more computing effort and a sophisticated algorithm must be used. 

The first approach is called Euler's method and serves to illustrate tht~ concepts 

involved in ·the advanced methods. It has limited usage because of the larger error that 

is ac:cumulated as 1t4e process proceeds. However, it is important to study because the 

error analysis is easier to understand. 
Let [a, b] be the interval over which we want to find the solution to the well-posed 

I.V.P. y' = f(t, y) with y(a) == yo. In actuality, we will not find a differentiable 

function that satis15es the LV.P .. Instead, a set of points {(ttb Y.~<)} is generated, and 

the points are used for an approximation (i.e., y(tk) ;::;:; y!:). How can we !Proceed to 

construct a "set of points" that will "satisfy a differential equation approximately"? 

First we choose the abscissas for the points. For convenience we subdivide the interval 

[a, b) into M equal subintervals and select the mesh points 

(l) lk::::: a+ kh 
b-a 

fork=O, 1, ... , M where h=--. 
M 

The value h is call,~d the step siz11. We now proceed to solve approximately 

(2) y' = f(t, y) over {to, IM] with y(to) =YO· 
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Assume that y(t), y'(t), and y 11(t) are c~ntinuous and use Taylor's theorem to 
expand y(t) about t = to. For •E!ach value t there exists a value CJ that lies between to 
and t so that 

(3) 
' y"(q)(t ·- to)2 

y(t) = y(to) + y (to)(t- to) + 
2 

When y'(to) = f(to, y(to)) and h = t1 -to are substituted in equation (3). the 
result is an expression for y(tJ ): 

(4) 
II h2 

y(tJ) = y(to) + hf(to, y(to)) + y (ct) 2 . 

If the step size h is chosen small enough, then we may neglect the second-order 
tetm (involving h2) and get 

(5) Yl =Yo+ hf(to, yo), 

which is Euler's approximatitm. 
The process .is repeated and generates a s1~quence of points that approximates the 

sollution curve y := y(t). The general step for Euler's method is 

(6) lk+[=tk+h, Yk+l == Yk + hf(tk, y!:) for k = 0, 1, ... , M- 1. 

Example 9.2. Use Euler's method to solve approximately the initial value problem: 

(7) y' = Ry over [0, 1] with y(O) =YO and R constant. 

The step size must be chosen, and then the second formuht in (6) can be determin~:.d 
for computing the ordinates. This formula is sometimes called a difference eqlllation d n d 
in !his case it is 

(8) Yk+I = Yk(l + hR) for k = 0, 1, ... , M-I. 

If we trace the solution values recursively, we se~: that 

Yl =yo(! + hR) 

Y2 = Yl (1 + hR) =Yo( I+ hR)
2 

(9) 

YM = YM-1(1 + hR) ==yo( I+ hR)M. 
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Table 9.1 Compound Interest m Example 9.3 

S1:ep 
size, h 

I 
!iil! 

Number of 
iterations, M 

:5 

60 

18(X) 

Approximation to y(5), YM 

HJOO ( 1 + 0/ f == 1610.51 

1000 ( 1 + ~~) 
60 

== 1645.31 

( )

1800 
1000 I + ~ == 1648.61 
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For most problems there is no explicit formula for detennining the solution points, and 
uch new point mu!;t be computed successively from the previous point. However, for the 
initial value problem (7) we are fottunate; Euler's method has the explicit solution 

(10) tk == kh Yk =YoU- hRl for k = 0, 1, ... , M. 

Formula (10) can be viewed as the "compound interest" fOJmula, and the Euler ap-
proximation gives the future value of a deposit. • 

Example 9.3. Suppose that $1000 is deposited and earns 10% interest compounded con
tinuously over 5 years. What is the value at the end of 5 years? 

We choose to m>e Euler approximations with h = 1, fi, and Jk to approximate y(5) 
for the J.V.P.: 

y1 = O.ly over [0, 5] with y(O) = lOOD. 

Formula (10) with R = 0.1 produces Table 9. 1. • 
Think about tht~ different values ys, }'6(h and YI800 that are: used to detennine the 

future value after 5 years. These values are obtained using different step sizes and 
reflect different amounts of computing effort to obtain an approximation to y (5). The 
iDiution to the I.V.P: is y(5) = 1000e0·5 = 1648.72. If we did not use the closed-form 
solution (10), then it would have required 1800 iterations of Euler's method to obtain 
Y1'iliJO• and we still have only five digits of accuracy in the answer! 

If bankers had to approximate the solution to the I.V.P. (7), 1they would choose Euler's method because of the explicit formula in ( 10). The more sophisticated methods 
for approximating solutions do not have an exphcit formula for finding )'k, lbut they 
will require less computing effort. 

~eometric Description 
lf you start at the point (to, yo) ar1d compute tht~ value of the slope mo = f(t0 , yo) 
~nd move horizontally the amount h and vertically hf(to, Yo). then you are moving 
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y 
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1.0 

0.5 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 
1 Figure 9.5 Euler's approxirnatio•ns 

Yk-1 = Yk + hf(tk, Yk). 

along the tangent line to y(t) and will end up at the point (tJ, Yl) (see Figure 9.5}. 
Notice that (t1, y!) is not on the desired solution curvet But this is the approximation 
that we are generating. Hence we must use (!J. Yt} as though it were correct and 
proceed by computing the slope m r = f(tr, YI) and using it to obtain the next vertical 
displacement hf(II, Yl) to locate (t2, Y2), and so on. 

Step Size versus Error 

The methods we introduce for approximating the solution of an initial value proble1 n 
are called difference methods or discrete variable methods. The solution is approx
imated at a set of discrete points called a grid (or mesh) of points. An elementary 
single-step method has the form Yk+l = Yk + h<'P(tk, Yk) for some function ¢J called 
an increment function. 

When using any discrete variable method to approximately solve an initial value 
problem, there are two sources of error: discretization and round off. 

Definition 9.3 (Discretization Error). Assume that Wk. YkH£!,0 is the set of dis
crete approximations and that y = y(t) is the unique solution to the initial value prob.
lem. 

The global discretization error ek is defined by 

(ll) ek=y(tk)-yk fork=O, 1, ... , M. 

It is the difference between the unique solution and the solution obtained by the discrete: 
variable method. 

The local discretization error €k+ 1 is defined by 

(12) "k+I = y(tk+I)- Yk- h<'P(tk, Yk) for k = 0, 1, ... , M- 1. 

It is the error committed in the single step from tk to tk+l ~ 
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When we obtained equation (6) for Euler's method, the neglected term for each 
step was yf2

>(q)(h2/2). If this was the only error at eacl:t step, then at the enrl of the 
interval [a, b ], after M steps have been made, the accumulated error would be 

There could be more error, but this estimate predominates. A detailed discussion on 
this topic can be found in advanced texts on numerical methods for differential equa
tions (Reference [75]). 

Theorem 9.3 (Precision of Euler's Method). Assume that y(t) is the solution to 
the I.V.P given in (2). If y(t) E C2[to, b] and Wt. Yk)}f!:o is the sequence of approxi
mations generated by Euler's method, then 

(13) 
let I= jy(tk)- Ykl = O(h), 

lEt+ I I= jy(tk+t)- Y!:- hf(tk. Yk)i = O(h2). 

The error at the end of the interval is called the .final global error (F.G.E.): 

(14) E (y(b), h)= ly(b)- YMI = O(h). 

Remark. The final global error E (y (b). h) is used to study the behavior of the error for 
various step sizes. It can be used to give us an idea of how much computing effort must 
be done to obtain an accurate approximation. 

Examples 9.4 and 9.5 illustrate the concepts in Theorem 9.3. H approximations are 
computed using che step sizes hand hj2, we should have 

(!5) E(y{b), h)~ Ch 

for the larger step size, and 

(16) ( h) h 1 1 
E y(b), z ::::: c 2 = 2ch"""' 2.E(y(b), h). 

Hence the idea in Theorem 9.3 is that if the step size in Euler's method is reduced by a 
factor of! we can expect that the overall F.G.E. wi11 be reduced by a factor of~-

Example 9.4. Use Euler's method to solve the I. V.P. 

I f- y 
y = -

2
- on [0, 3] with y(O) = 1. 

Compare solutions for h = 1, ~, ~. and t· 
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Figure 9.6 Comparison of Euler solutions with different 
step sizes for y' =' (t - y)j2 over [0, 3] with th~~ initial 
condition y(O) = 1. 

I;igure 9.6 shows graphs of the four Euler solutilons and the exact solution curve y (t) = 

3e~112 
- 2 + t. Tab]e 9.2 gives the values for the four solutions at selected abscissas. F<lr 

the step size h = 0.25, the calculations are 

1 0 25 (
0.0 - 1.0) 

Y1 =' .0+ . ~-2-- = 0.875, 

0 875 0 (
0.25- 0.875") 

Y2 =: • + .25 I z = 0.796875, etc. 

This iteration co!lltinues until w~: arrive at the last step: 

(
2.75 ·- 1.440573) 

y(3) """)12 = 1.440573 + 0.25 2 =: 1.604252. • 

Example 9.5. Compare the F.G.E. when Euler's method is used to solve the I.V.:P. 

t-y 
y' = -

2
- over [0, 3] with y(O) = I, 

, · 1 l I usmg step s1zes , ! , .... 54 . 
Table 9.3 gives the F.G.E for several step sizes and shows that the error in the approx

imation to y(3) decre:ases by about ,~ when the step size is reduced bv a factor of l. For 
~ . 2 

the smaller step sizes the conclusion of Theorem 9.3 is easy to see: 

£(y(3), h)= y(3)- YM = O(h 1) """Ch, where C = 0.256. 
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Table 9.2 Comparison of Euler S~llutions with Different Step Size~ for y' = (t - y) /2 
ove~· [0, 3] with y(O) = 1 

0 
0.12 
0.25 
0.37 
0.50 
0.75 
1.00 
1.50 
2.00 
2.50 
3.00 

Yk 

h=l h=! h ""'! h=! y(l,~:) Exact 

1.0 1.0 1.0 1.0 1.0 
5 0.9:175 0.943239 

I 

I 

I 

I 

' 

' 

0.875 0.886719 0.897491 
5 0.846924 0.862087 

0.75 0.796875 0.817429 0.836402 
0.759766 0.786802 0.811868 

0.5 0.6875 0.758545 0.790158 0.819592 
0.765625 0.846386 0.882855 0.917100 

0.75 0.949219 1.030827 1.068222 1.103638 
1.211914 1.289227 1.3:!5176 1.359514 

1.375 1.533936 1.60<!1252 1.637429 l.ti69390 

Table 9.3 Relation between Step Size and F.G.E. for Euler Solutions to 
y' = (t- y)/2 over [0, 3] with y(O) = 1 

F.G.E. O(h)"" C h 

Step Number of Approximation Error at r = 3, where 
sire, h Sl~ps. M to y(3), YM y(3)- YM C=0.25( 

1 3 1.375 0.294390 0.256 

1 6 1.533936 0.135454 0.128 ! 

I 12 1.604252 0.065138 0.064 4 

I 24 1.637429 0.031961 0.032 8 

1 48 1.653557 0.015833 0.016 1Q 

1 96 1.661510 0.007880 0.008 ~ 

1 192 1.665459 0.003931 0.004 ~ 
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[

-rogram 9.1 (Euler's Method). To apprmcimate the sollution of the irritial value I 
>roblem y' = f(t, y) with y(.a) = Yo over [a, b] by computing 

~"k+J = Yk + hf(tk, Yt) for k = 0, 1, ... , M- L I 
function E""etLler(f,a,b,ya,M) 

%Input - f i.s the function enterecl as a strix.g 'f' 

% - a cLD.d b are tbe left and right end points 

% - ya is the init;ial condit:ilon y(a) 

% - M ls the numbEir of steps 

%Ciutput - E=- [T' Y'] whei·e T is the vector of 2lbscissas and 

% Y ls the vectc1r of ordinntes 

h=• (b-a) /M; 
T=•zeros ( 1, M+l) ; 
Y=•zeros ( 1, M+j.) ; 
T=•a:h:b; 
Y(l)=ya; 
for j=l: M 

Y (j +1) =Y(J )+h*feval(f, T(j), Y(j)); 

end 
E=• (T' Y']; 

Exercises for· Euler's Method - -
In Exercises 1 through 5 solve the differential equations by the Euler method. 

(a) Let h = 0 .. 2 and do two steps by hand c:alculation. Then let h = 0.1 and dP fou.• 

steps by hand calculation. 

(b) Compare the exact solution y(0.4) with the two approximations in part (a). 

(c) Does the F.G.E. in part (a) behave as expected when his halved? 

1. y' = t 2 - y with y(O) = 1., y(l) = -e-1 + t 2 - 2t + 2 

2. y' = 3y + 3t with y(O) = l, y(t) == je31 - t- i 
3. y' = -ty v...ith y(O) = 1, y(t) = e-1212 

4. y' = e-21 -- 2y with y(O) := ~. y(t) = ~~e-21 + te-2' 

5. y' = 2ry2 with y(O) = 1, y(t) = 1/(1- t 2) 

6. Logistic population growth. The population curve P(t) for the United State!; i<.. 

assumed to obey the differential equation for a logistic Clllrve P' = a P ·- b p2, Lel t 
denote the year past 1900, and let the step size be h = 10. The values a == O.OZ. AtU> 

b = 0"00004 produce a model for the population. Using hand calculations, ft1'11> lhe 

Euler approximations to P(t) and fill in the following table. Round off e:ach value P,. 
to the nearest tenth. 
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-
P(rk) Pt 

Year II: Actual Euler approxim mion 

1900 0.0 76.1 76.1 
1910 10.0 92.4 89.0 
1920 20.0 106.5 
1930 30.0 

--
123.1 

1940 40.0 132.6 --
138.2 

1950 50.0 152.3 
1960 60.0 180.7 

--
1970 70.0 204.9 --

202.8 
1980 80.0 226.5 

7. Show that wben Euler's method is used to solve the I.V.P. 

y' = j(t) over [a, b] with y(a) = y0 = 0 

the result is 

M-1 

y(b) ~ I: J<tk)h. 
k=O 

which is a Riemann sum that approximates the definite integral of f(t) taken over the 

interval [a, b]. 

8 · Show that Euler's method fails to approximate the solution y (t) = r3/2 of the 1. V.P. 

y':::j(t,y)=l.5y 113 with y(O)::::O. 

Justify your answer. What dtllicu1ties were encountered? 

9, Can Euler's m~thod be used to solve the I. V.P. 

y' = 1 + y 2 over [0, 3] with y(O) := 0? 

Hint. The exact solution curve is y(t) = tan(il). 

Msorithms and Programs 

--·------·----------------·------·---IN Problems 1 through 5, solve the differential equations by the Euler method. 

(A) Let h = 0.1 and do 20 steps with Program 9.1. Then let h = 0.05 and do 40 steps 

with Program 9.1. 

[b) Compare the e:xact solution y(2) with the two approximations in part (a). 

(c) Does the F.G.E. in part (a) behave as expect~:d when his halved? 
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(d) Plot the two approximations and the exac:t solution on the same coordinate system 

Hint. The output matrix E from Program 9.1 contains the x andy coordinate:-- of 

the approximations. The command plot (E( : , 1) , E( : , 2)) will produce a graph 

analogous llo Figure 9.6. 

1. y' = t 2 - y withy(O) = 1, y(t) = -e-t + r2 -2t + 2 

2. y' = 3y+3t withy(O) = 1, y{t) = ;e31 - t -l 
3. y' = -ty with y(O) = 1, y(t) = e-'2

12 

4. y' = e-21 -· 2y with y(O) == -fn, y(r) = -hie-21 + te-21 

5. y' = 2ry2 with y(O) = l, y(t) = 1/(1- t 2) 

6. Consider y' = 0.12y over [0, 5] with y(O) = 1000. 

(a) Apply formula (10) to find Euler's approximation to y(5) using the step -.izes 

h = I. A:. and J~o· 
(b) What is the limit in part (a) when h goes to zero? 

7. Exponential population growth. The population of a certain species grows at a rate: 

that is proportional to the current population and obeys the I.V.P. 

y' = 0.02y over [0., 5] with y(O) = 5000. 

(a) Apply formula (10) to find Euler's approximation to y(S) using the step ,1ze~ 

h = 1, fJ., and 3~. 
(b) What is the limit in part (a) when h goes to zero? 

8. A skydiver jumps from a plane, and up to the moment he opens the parachute the 

air resistance is proportional to v312 (v n~presents velocity). Assume that the Ume 

interval is (0, 6] and that the differential equation for the downward llir«:tion is 

v' = 32- 0.032v312 over [0, 6] with v(O) = 0. 

Use Euler's method with h = 0.05 and estimate v(6). 

9. Epidemic model. The mathematical model for epidemics is described as follow«. 

Assume that there is a community of L members that contains P infected individu..o.ls. 

and Q uninfected individuals. Let y(t) denote the numbc~r of infected individuals a,{ 

time t. For a mild illness, such as the common cold, everyone continues to be active: 

and the epidemic spreads from those who are infected to those uninfeded. Sit-~te 

there are P Q possible contacts between these two group:>, the rate of change of i U:) 

is proportional to P Q. Hence the problem can be stated as the I.V.P. 

y' == ky(L- y) with y(O) ==yo. 

(a) Use L == 25,000, k == 0.00003, and h = 0.2 with the initial cond.ition y(O) -:: 
250, and use Program 9.1 to compute! Euler's approximate solution over[~ 60). 

(b) Plot the graph of the approximate solution from part (a). 

(c) Estimate the average number of individuals infected by finding the avera~e <h 
the ordinates from Euler's method in part (a). 
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(d) Estimate the average number of individuals infected by fitting a curvt~ to the data 

from part (a) and using Theorem 1.10 (Mean Value Theorem for Intc!grals). 

10. Consider the first-order integro-ordinary differential equation 

y' = 1.3y- 0.25y2
- O.OOOly Ia' y(r) dr. 

(a) Use Euler's method with h = 0.2, andl y(O) = 250 over the interval [0, 20], and 

the trapezoidal rule to find an approximate solution to the equation. Hint. The 
general step for Euler's method (6) is 

t' Yk+l = Yk -1- h(l.3yk- 0.25yf- O.OOOlyk Jo y(r) dr) 

If the trapezoidal rule is used to approximate the integral, then this expression 
becomes 

Yk+I = Yk + h(!.3yk ~ 0.25yf- O.OOOlykTk(h)), 

where 1ij(h) = 0 and 

h 
Tk(h) = Tk-1 (h)+ z(Yk-1 -1- Yk) for k == 0, 1, ... , 99. 

(b) Repeat part (a) using the initial values y(O) = 200 andy (0) = 300. 

(c) Plol the approximate solutions from parts (a) and (b) on the same coordinate 
system. 

s.~ HE~un's Metbod 

~next approach, Heun's method, introduces a new idea for constructing an algo
ntl:un to solve thelV.P. 

y'(t) = f(t, y(t)) over [a, b] with y(to) = y0• 

T<~ obtain the solution point (tJ, Yt), we can USl! the fundamental theorem of calculus 
Md integrate y'(t) over [to, !t] to get 

{1.) JC t<t. y(t))1it = irl y'(t)dt = y(IJ) _ y(to). 

where the antiderivative of y'(t) is the desired function y(t). When equation (2) is 
solved for y(t1 ), the result is 

(>) 1
1! 

y(t1) = y(to) + to f(t, y(t)) dt. 



444 CHAP. 9 SOLUTION OF DIFFERENTIAL EQUATIONS 

Now a numerical integration method can be used to approximate the definite inte
gral in (3). If the trapezoidal rule is used with the step size h == t1 -to, then the result 
is 

(4) 
h 

y(tJ) "'=' y(to) + 2(f(to. y(to)) + f(ti, y(tJ))). 

Notice that the formula on the right-hand side of (4) involves the yet to be deter 
mined value y(t!). To proceed, we use an estiimate for y(tJ}. Euler's solution will 
suffice for this purpose. After it is substituted into ( 4), the resulting formula for findi n; 
(II. Yl) is called HE•un's method: 

(5) 
h 

YI = Y (to)+ 2(f(to, yo)+ /(tJ, yo+ hf(to. Yo))). 

The process is .repeated and generates a sequence of points that approximates the 
solutwn curve y = y(t). At each step, Euler's method is used a.s a prediction, and then 
the trapezoidal rule is used to make a correction to obtain the final value. The general 
step for Heun's method is 

Pk+l = Yk + hf(tk. Yk), fk+l = fk + h, 
(6) h 

Yk+I = Yk + z<f(tk. yk) + f(tk+t, PHI)). 

Notice the role played by difft~rentiation and integration in Heun's method. Dm'" 
the line tangent to the solution curve y = y(t) at the point (to, yo) and use it to lind tll...: 
predicted point Ctt. pt). Now look. at the graph z = f(t, y(t)) .and consider the points 
(to. fo) and (t1, jJ), where fo = f(to, yo) and /1 = f(tl, pi). The area of the trape
zoid with vertices (to. fo) and Ctt, fi) is an approximation to the integral in (3), which 
is used to obtain the final value in ':=quation (5). The graphs are shown in Figure 9.7. 

Step Size versus Error 
The error term for the trapezoidal rule used to approximate the integral in (3) is 

h3 
-y<2>(ck)-

12' 
(7) 

If the only error at e:ach step is that given in (7), after M steps the accumulailed error 
for Hc:un's method would be 

-- ~y<2>(c )~C,::::::: b -ay<2>(c)h2 = O(h2) 
~ k ll2 12 . 
k=l 

(8) 

The next theorem is important, because it states the relati1>nship between F.G.E. 
and step size. It is used to give us Bill idea of how much computing effort must be done 
to obtain an accuratf: approximation using Heun'l> method. 
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y 

z 

1 ~~~~) ·~~- z :;;:;f(t, y(t)) 

'---!----------....... - t 
to tl 

u::~~)l 
(a) Derin.tive predictor: 

P1 "' Yo+ hf(to, Yo) 

to ,, 

(b) Imegral correc:tor: 
h 

Yt- Yo= 2 Uo + ft) 

F'igure 9.7 The graphs y = y(t) and z = j(l, y(t)) in the derivation of Heun's method. 

Tht~rem 9.4 (Precision of HeJim's Method).. Assume that y(t) is the solution to 
the I.V.P. (1). If y(t) E C3 [to,b] and {(tb yk)Jt'=o is the sequence of approximations 
generated by Heun's method, then 

(9) lekl = /y(tk)- Yki = O(h2), 

IEk+ll = /y(tk+J) - Yk - h<ll(ft. Yk)i = 0(h 3), 

where <l>(t~, yk) = Yk + (h/2)(f(tt, Yk) +/(tic+ I• Yic + h/(tA;. YA:))). 
In particular, the final global 'error (F.G.E.) at the end of the interval will satisfy 

(10) E(y(b), h)= /y(b)- JIMI = O(h2). 

Examples 9.6 and 9.7 illustrate Theorem 9.4. If approximations are <:omputed 
usin1~ the step sizes h and h /2, W(~ should have 

(11) E(y(b), h)::::::: Ch2 

for tl1e larger step size, and 

(12) 

Hence the idea in Theorem 9.4 is that if the step size in Heun 's method is reduced by a 
facto1r of! we can e'xpect that the overall F.G.E. will be reduced by a factor of i. 
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y 
h =I 

~;;. h =< II:' 

1.0 T"''ii:::---- -----~ ------:::;.~ 
y = y(t) 

(1.5 

L-~~......J'----~-----'----'--'-- I 
0.0 0.5 1.0 1.5 2.0 

Figure 9.8 Comparison of Heun solutions with different 
step sizes for y' = (t - y)/2 over [0, 2] with the initial 
-condition y (0) == I. 

El(ample 9.6. Use Heun's method to solve the' I.V.P. 

1 ( -~ Y 
y = ~l on [0, 3] with y(Q) = 1. 

Compare solutions for h = 1, ~, ! , and ~. 
Figure 9.8 shows the graphs of the first two Heun solutions and the exact sol'.ution curve y(.r) ::: 3e-112 - 2+t. Table 9.4 gives the values for the four solutions at selected absci,-;as. 

For the step size h = 0.25, a sample calculation is 

0-1 
f(to, yo)= 2- ""'-0.5 

PI = 1.0 + 0.25(-0.5) == 0.875, 
0.25-0.875 

f(tl, pJ)::: 2 = -0.3125, 

Yl = 1.0 + 0.125(-0.5 -- 0.3125) = O.:S984375. 

Thils iteration continues until we ~IJrive at the last step: 

y(3) ~ Yl2 = 1.511508 + 0.125(0.619246 + 0.666840) = 1.672269. 

Example 9.7. Compare the F.G.E. when Heun'.s method is used to solve 

1 (-JI y = 2 . over [0, 3] with y(O) = 1, 

· · 1 I I usmg step stzes , :!", •.• , i)4. 

• 
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Table 9.4 Comparison of Hf:un Solutions with Different Step Sizes for y' = (t- y)/2 over [0, 3] with y(O) = 1 

Yk 

tk h = 1 h=! h=! h=l y(tk) Exact 
0 l!.O 1.0 1.0 1.0 1.0 0.125 0.943359 0.943239 0.25 0.898438 0.897717 0.897491 0.375 0.862406 0.862087 0.50 0.84375 0.838074 0.836801 0.836402 0.75 0.814081 0.812395 0.811868 
1.00 0.875 0.831055 0.822196 0.820213 0.819592 
1.50 0.930511 0.920143 0.917825 0.917100 2.00 1.171875 1.117587 1.106800 I.l04392 1.103638 
2.50 1.373115 1.362593 1.360248 1.35<;)514 
3.00 !.732422 1.682121 1.672269 1.670076 1.669390 

Table !U Relation betwf:en Step Size and F.G.E. for Heun Solutions to 
y' = (t- y)/2 over [0, 3] with y(O) = 1 

Step Number of Approximation 
size, h steps,M to y(J), YM 

1 3 1.732422 

I 6 1.682121 ~ 

I 12 1.672269 4 

I 24 1.670076 ! 

I 48 1.669558 rg 

I 96 1.669432 :IT 

I 192 1.669401 ~ 

F.G.E. 
Error at t "'' 3, 

y(3)- YM 

-0.063032 

-0.012731 

-0.002879 

-0.000686 

-0.000168 

-0.000042 

-O.OOOOll 

O(h2) ""Ch 2 

re 
).0432 

whe 
C=-1 

-0.043 200 

-0.010 800 

-0.002 700 

-0.()()( 1675 

-0.000 169 

-0.000 042 

-0.000 011 

Table 9.5 gives the F.G.E. and shows that the error in the approximation to y(3) decn:ases by about ~i when the step size is reduced by a factor of ,~: 

£(y(3), h)= y(3)- YM = 0(h2
) ~ Ch 2

, where C = -0.0432. • 
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-

PI'Ogr&m 9.2 (lleun•s Method). To approximate the solution of the initial value ; 

problemy'= f(t, y) with y(a) =yo over [a, b] by computing · 

h 
Yk+l = Yk + 2(/(tk, Yk) + f(tk+l• Yk + f(tt. Yk))) 

fork = 0, l, ... , M - 1. 

fuztction H=helm (f , a, b, ya .• M) 

%Input 

% 
- f 111 the funct:Lon entered as a string • f' 

- a and b are th1~ left and J:-ight end points 

% - ya jLs the init:La.l conditi•m y{a) 

;: 
%Output 
% 

- M i11 the number of steps 
- H= [1r' Y '} where T is the Vllctor of abi5Cissas and 

Y i11 the vector of ordinai~es 

h=(b-a)/M; 
T=;;:eros (1,M+1); 
Y=:;:eros(l,M+U; 

T=a:h:b; 
Y(l)=ya; 

for j=l:M 

end 

kl=feval(f,T(j),Y(j)); 

k2=feva1Cf, T(j+l), Y(j )+h*kl); 

Y (j +1) =Y(j) +(h/2) * (k:L+k2) ; 

H= [T'Y']; 

~-er•c•~•e•s•~•o•r .• H~e-un_.'•s•~-e.,th._o•d~------------·--------~------
In Exercises I through 5 solve the differential eqlllations by Heun's method. 

{n) Let h = 0.2 and do two st·eps by hand calculation. The111let h = 0.1 and do four 

steps by hand calculation. 

(b) Compare the exact solution y(0.4) with th1: two approximations in part (a). 

(1:) Does the F.G.E. in part (a) behave as expec:ted when h is halved? 

1. y' = 12 - y with y(O) = I, y(t) = -e- 1 + t2 - 21 + 2 

2. / = 3y + 3t with y(O) = L. y(t) = ~e31 
-· t- j 

3. y' = -ty with y(O) = 1, y(f) = e-1
2
/2 

4. v' = e-lr- 2v with v(O) = ~. y(t) = ~t~-2r + te-21 
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5. y' = 2ty2 with y(O) = 1, y(t) = 1/(1- t 2 ) 

Notice th~1t Heun's method will generat1~ an approximation to y(1) even though the 

solution curve is not defined at t = 1 . 

6. Show that when Heun's method is used :to solve the I.V.P. y' = f(t) over [a, b] with 

y(a) = yr~ = 0 the result is 

h M-l 

y(b) = 2 E (f(tk) + t <tk+t». 
k=O 

which is the trapezoidal rille approximation for the definite integral off (t) taken over 

the interval [a, b). 

7. The Rich21Tdson improvement method discussed in Lemma 7.1 (Section 7.3) can be 

used in conjunction with Heun's method. IfHeun's method is used with step size h, 

then we have 

y(b) ~ Yh + Ch2• 

If Heun's :method is used with step size 2h, we have 

y(b) ~ Y2h + 4Ch2
. 

The terms involving Ch2 can be eliminated to obtain an improved approximation for 

y(b), and the result is 

y(b) ~ 4yh ; )l2h. 

The improvement scheme can be used w:ith the values i[l Example 9. 7 t1:1 obtain better 

approximations to y(3). Find the missing entries in the table below. 

h Yh (4Yh - Y2h)/3 

1.732422 

/2 1.682121 1.665354 

/4 1.672269 

/8 1.670076 

116 1.669558 1.669385 

/32 1.669432 

164 1.669401 

8. Show that Heun's method fails to approximate the solution y(t) = 13/ 2 of the I.V.P 

y' = f(l, y) = 1.5/13 with y(O) = 0. 

Justify your answer. What difficulties wt:re encountered? 
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Algorithms and Programs 

In Problems I through 5 solve the differential equations by Heun's method. 

(a) Let h = 0.1 and do 20 steps with Program 9.2. Then let h = 0.05 and do 40 steps 
with Progratn 9.2. 

(b) Compare the exact solution y(2) with the two approximations in part (a). 

(a) Does the F.G.E. in part (a) behave as expected when h is halved? 

(a) Plot the two approximations and the exact solution on the same coordinate system. 
Hint. The output matrix H from Program 9.2 contains the x andy coordinate> of 
the approximations. The command plot (H (: , 1), H ( : , 2)) will produce a graph 
analogous to Figure 9.8. 

1. y' = t 2 - y with y(O) = 1, y(t) = -e-1 + t 2 - 2t + 2 

2. y':;;:: 3y +3t withy(O) =I, y(t) = ~e31 -t- ~ 

3. y' :;;:: -ty with y(O) = 1, y(t) = e-1
2
/2 

4. y' =' e-21 - 2y with y(O) = tt• y(t) = ke-21 + te-21 

5. y' = 2ty2 with y(O) = 1, y(t) = 1/(1 - t 2) 

ti. Consider a projectile that is fired straight up and falls straight down. If air rc,i'-'tance 
i!t proportional to the velocity, the I.V.P. for the velocity v(t) is 

' K v = -32- -v with v(O) = vo, 
M 

where vo is the initial velocity, M is the mass, and K the coefficient of air resistance·. 
Suppose that vo == 160ft/sec and K/M = 0.1. Use Heun's method with h = 0.5 tu 
solve 

v' ,;, -32- 0.1 v over [0, 30) with v(O) = 160. 

Graph your computer solution and the exact solution v(t) = 480e-t/lO- 320 on th~ 
same coordinate system. Observe that the limiting velocity is-320ft/sec. 

7. In psychology, the Wever-Fechner law for stimulus-response states that the rate ol 
changed RIdS of the reaction R is inversely proportional to the stimulus. The thresh· 
old value is the lowest level of the stimulus that can be consistently detected. The· 
I. V.P. for this model is 

R' = ~ with R(So) = 0. s 
Suppose that So== 0.1 and R(O.l) == 0. Use Heun's method with h = 0.1 to solve 

R' = .£ over [0.1, 5.1} with R(O.l) = 0, s 
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8. (a) Write a program to implement the Richardson improvement method discussed 
in Exercise 7. 

(b) Use your program to approximate y(2) for each of the differential equations in 
Problems 1-5 over the interval [0, 2]. Use the initial step size h = 0.05. The 
program should terminate when the absolute value of the difference between 
two consecutive Richardson improvements is < 1 o-6• 

9.4 Taylor Series Method 

The Taylor series method is of general applicability, and it is the standard to which we 
compare the accuracy of the various other numerical methods for solving an I. V.P It 
can be devised to have any specified degree of accuracy. We start by reformulating 
Taylor's theorem in a form that is suitable for solving differential equations. 

Theorem 9.5 (Taylor's Theorem). Assume that y(t) E cN+l [to, b] and that y(t) 
has a Taylor series expansion of order N about the fixed value t = fk e [to, b): 

(I) 

where 

(2) 

and ylj)(r) = jU-lJ(r, y(t)) denotes the (j - l)st total derivative of the function f 
with respect tot. The formulas for the derivatives can be computed recursively: 

(3) 

y'(t) = f 
/'(t) = fr + fyy' = ft + /yf 

Y(
3)(t) = fu + 2/ry/ + /yy'' + /yy(y')2 

= ftt + 2/ry/ + /yy/2 + fy(ft + /yf) 

y<41 (t) = fttt + 3fttyy' + 3/tyy(y')2 + 3ftyy'' 

+ fyy'" + 3/yyy'y'' + /yyy(/)3 

= <Jm + 3 !tty f + 3 /ryy /
2 + fm [ 3

) + /y Cftt + 2 /ry f + f·:rJ / 2
) 

+ 3([, + fy/)(f,y + /yyf) + i}<!t + /y/) 

and, in general, 

y(N)(t) = p(N-1) f(t, y(t)), 
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where P is the derivative operator 

p = (~+!~). 
at ay 

The approximate numerical solution to the I.V.P. y'(t) = f(t, y) over [t0 , IM] 
is derived by using formula (I) on each subinterval [tk. tk-1-rl- The gene:ral step for 
Taylor's method of order N is 

d2h 2 d3h3 dNhN 
Yk+l = Yk + dth + -- + -- + ... + --2! 3! N! ' 

(5) 

where dj = yUl(tk) for j = 1, 2, ... , Nat each step k = 0, 1, ... , M- 1. 
The Taylor method of order N has the property that the final global enror (F.G.E.) 

is of the order O(hN+l); hence N can be chosen as large as necessary to make this 
error as small as desired. If the order N is fixed, it is theoretically possible to a priori 
delermine the step size h so that the F.G.E. will be as small as desired. However, in 
practice we usually compute two sets of approximations using step sizes h and h /2 and 
compare the resu:lts. 

Theorem 9.6 (Precision of Tll1ylor's Method of Order N). Assume that y(t) is 
the solution to the I.V.P.. If y(t) E eN+ I [to, b] and {(tk, yk)}_tt=O is the sequence of 
approximations generated by Taylor's method of order N, then 

(6) 
lekl = )y(t~c) - Ykl = O(hN+l), 

)Ek+ll = IYCtk+t)- Yk- hTN(tt. Yk)l = O(hN). 

In particular, the F.G.E. at the end of the interval will satisfy 

(7) E(y(b), h)= )y(b)- YMI = O(hN). 

The proof can be found in Reference [78]. 
Examples 9.8 and 9.9 illustrate Theorem 9.6 for the case N = 4. If approximal!Oih 

are computed using the step sizes hand h/2, we should have 

(8) E(y(b), h)""" Ch4 

for the larger step size, and 

(9) ( h) h4 
1 4 I E y(b)- ::::o C- = -Ch ::::::: -E(y(b),h). 

' 2 16 16 16 

Hence the idea in Theorem 9.6 i!; that if the step size in the Taylor method of order 4 is 
reduced by a factor of! the overall EG.E. will be reduced by about tG· 
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Example 9.8. Use the Taylor method of order N = 4 to l!Olve y' = (t -· y)/2 on [0, 3] 
with y (0) = I. Compare solutions for h = 1,. ! , ! , and t· 

The deriv;lli.ves of y(t) must first be ck:tennined. Rec:all that the solution y(t) is a 
function oft, and differenti~1te the formula y1(t) = f(t, y(t)) with respect tot to get 
y<2>(t). Then c:ontinue the prc~eess to obtain the higher derivatives. 

y'(t)==t-y. 
2 

12) d (t- y) I - y' 1 ·- (t- y)/2 2- t + y 
y (t) == dt -2- == -2- = 2 = 4 ' 

ye3>(t)==!!...(2-t+y)= 0-l+y' = -l+(r-y)/2= -2+r-y. 
dt 4 4 4 8 

(4} d (-2+t--y) -0+1-y' 1-(t-y)/2 2-t+y 
y (t) =' dt 8 = --~-~ - = 8 = -~-

To find Yh the derivatives given above must be evaluated at the point {~~.Yo) = (0. 1). 
Calculation reveals that 

I '0) 0.0 - 1.0 0 5 
d, = y " = 2 - = - . ' 

(''> 2 .o - CLO + 1.0 0 .,5 d2 = J •· (0) = 
4 

= . I , 

(:1) 0 -2.0 + 0.0- 1.0 0 375 d3 = y ( ) = 8 = -- . ' 
(4) 2.0 - 0.0 + 1.0 

<4 = y (0) = --:-16-- = 0.1875. 

Next the derivatives (dj} are substituted into (5) with h = 0.25, and nested multiplication 
is used to compute the value Yl : 

( (
0.75 (-0.375 (0.1875)))) y1 = l.O + 0.25 -0.5 + 0.25 -

2
- + 0.25 -

6
-- + 0.25 ;M 

= 0.8974915. 

The computed :wlution point i:> (t1, yJ) = (0.25, 0.8974915). 
To determine y2, the derivatives (dJ) must now be evaluated at the point Ut, y!) = 

(0.25, 0.8974915). The calculations are starting to require a considerable amount of com
putational effort and are tedious to do by hand. Calculation r,~veals that 

d, = y'(0.25) = 0.25-0.8974915 = -0.3237458, 
2 

d2. = y12Jc0.25) ·= 2.0-0.25 ~- 0.8974915 = 0.6618729, 

d3 = yC3l(0.25) ·= -2.0+0.25:g-0.8974915 == -0.3309364, 

- (4) -- 2.0- 0.25 + 0.8974915 - 0 1654682 44- y (0.25) -- 16 - . . 
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'nlble 9.6 Comparison of the Taylor Solutions of Order N = 4 for y' = (t - y) /2 
over [0, 31 with y{O) = 1 

Yk 

tk h=l h=! h:! h:j y(IA) Exact 

0 1.0 1.0 1.0 1.0 1.0 
0.125 0.9432392 0.9432392 
0.25 0.8974915 0.8974908 0.8974917 
0.375 0.8620874 0.8620874 
0.50 0.8364258 0.8364037 0.8364024 0.8364023 
0.75 0.8118696 0.8118679 0.8118678 
1.00 0.8203125 0.8196285 0.8195940 0.8195921 0.8195920 
1.50 0.9171423 0.9171021 0.9170998 0.917®97 
2.00 1.1045125 1.1036826 1.1036408 1.1036385 1.1036383 
2.50 1.3595575 1.3595168 1.3595145 1.3595144 
3.00 1.6701860 1.6694308 1.6693928 1.6693906 1.6693905 

Now these derivatives (dJ} are substituted into (5) with h === 0.25, and nested multiplication 
is used to compute the value n: 

Y2 = 0.8974915 + 0.25( -0.3237458 

+ 0.25 e-66~8729 + 0_25 ( -0.33609364 + 0_25 c-16~:682)))) 
= 0.8364037. 

The solution point is (tz, yz) = (0.50, 0.8364037). Table 9.6 gives solution values at 
selected abscissas using various step sizes. • 

Example 9.9. Compare the F.G.E. for the Taylor solutions toy' = (t - y)/2 over [0. }] 
with y(O) = I given in Example 9.8. 

Table 9.7 gives the F.G.E. for these step sizes and shows that the error in the approxi
mation y(3) decreases by about -ft, when the step size is reduced by a factor of~: 

£(y(3), h)= y(3)- YM = 0(h4) ""Ch4
, where C = -0.000614. • 

The following program requires that the derivatives y', y", y"', andy"" be saved 
in an M-file named df. For example, the following M-fiJe would save the derivatives 
from Example 9.8 in the format required by Program 9.3. 

function z=df(t,y) 
z=[(t-y)/2 (2-t+y)/4 (-2+t-y)/8 (2-t+y)/16]; 
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Table 9.7 Relation between Step Size and F.G.E. for the Taylor Solutions to 
y' = (t- y)/2 over [0, 3} 

F.G.E. O(h 2)"" Ch4 

Step Number of Approximation Error at t = 3, where 
size, h steps, M to y(3), YM y(3)- YM c = -0.000614 

1 3 1.6701860 -0.0007955 -0.0006140 

1 6 1.6694308 -0.0000403 -0.0000384 
~ 

I 12 1.6693928 -0.0000023 -0.0000024 4 

I 24 1.6693906 -0.0000001 -0.0000001 
i 
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Program 9.3 (Taylor's Method of Order 4). To approximate the solution of the 
'] initial value problemy' = f(t, y) with y(a) =yo over {a, bl by evaluating y", y"', 

and yl"' and using the Taylor polynomial at each step. 
I 

function T4=taylor(df,a,b,ya,M) 
%Input - df=(y' y'' y''' y'''') entered as a string 'df' 
% where y'=f(t,y) 
% - a and b are the left and right end points 
% - ya is the initial condition y(a) 
% - M is the number of steps 
%Output - T4=(T' Y'] where T is the vector of abscissas and 
% Y is the vector of ordinates 

h=(b-a)/M; 
!"'zeros (1, M+l); 
Y=zeros(l,M+l); 
T=a:h:b; 
Y(l)=ya; 
for j=1 :M 

D=feval(df,T(j),Y(j)); 
Y(j+1)=Y(j)+h*(D(1)+h*(D(2)/2+h*(D(3)/6+h*D(4)/24))); 

end 
T4=[T' Y']; 

Exercises for Taylor Series Method 

In Exercises 1 through 5 solve the differential equations by Taylor's method of order N = 4. 

(a) Let h = 0.2 and do four steps by hand calculation. Then let h = 0.2 and do two 
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steps by hand calculation. 

(b) Compare th~: exact solution y(0.4) with tht~ two approximations in part (a). 

(1:) Does the F.G.E. in part (a) behave as expec:ted when h is halved? 

1. y' = r2 - y with y(O) = 1, y(t) = -e-1 + r2 - 2t + 2 

2. y' = 3y + 3r with y(O) = 1, y(t) = 1e31 
-· t- j 

3. y' = -ty wilh y(O) = 1, y(t) = e-1212 

4. y' = e-21 - 2y with y(O) = to· y(t) = 1o~~- 21 + te- 21 

5. y' = 2ty2 with y(O) = 1, y(t) = lf(l - t
2

) 

6. The Richardson improvement method discussed in Lemma 7.1 (Section 7.3) can be 
used in conjunction with Taylor's method. If Taylor's method of order N = 4 is 
used with step size h, then y (b) :::,; Yh + C h4 • If Taylor's method of ordt:r N = 4 is 
used with step size 2h, then y(b) :::,; Y2h + 16Ch4

. The te:rms involving Ch4 can be 
eliminated to obtain an improved approximation for y (b): 

(b)
_ l6yh- Y2h 

y -----. 
15 

This improvf:rnentscheme can be used with the values in Example 9.9 to obtain better 
approximations to y(3)_ Find the missing entries in the table below. 

h Yh (ll6yh - Jl2h)/15 

1.0 1.6701860 

0.5 1.6694308 

0.25 1.6693928 

0.125 1.6693906 

?'. Show that wli1en Taylor's m~thod of order N is used with step sizes h and h/2, hetJ 
the overall F.G.E. will be reduced by a factor of about z-"' for the smaller step &lti!;. 

8. Show that Ta:ylor's method fails to approximate the solution y(t) = r312 of the l.V P. 
y' = f(t, y) = l.5y 113 with y(O) = 0. Justify your answer. What difficulties we~(! 
encountered~' 
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9. (a) Verify that the solution to the I. V.P. y' = y 2 , y(O) == 1 over the int,erval (0. 1) is 
y(t) == 1/(1 - !). 

(b) Verify that the solution to the I.V.P. y' = 1 + y 2, y(O) = 1 over the interval 
[0, n"/4) is y(t) = tan(t + nf4). 

(c) Use the results of parts (a) and (b) 1to argue that the solution to the I.V.P. y' = 
t 2 + y2, y (0) = 1 has a vertical asymptote between Jr /4 and 1. (Its location is 
near t = 0.96981.) 

i 0. Consider the I. V.P. y' = 1 + y 2, y (0) = 1. 

(a) Find an expression for y<2l(r), y<3l(.r), and y<4l(r). 

(b) Evaluate the derivatives at t = 0, and use them to find the first five terms in the 
Maclaurin expansion for tan(t). 

Algorithms :and Programs 

In Problems 1 through 5 solve the differential eq1uations by Taylor's method of order N = 4. 

(a) Let h = 0.1 and do 20 st;:ps with Program 9.3. Then h~t h = 0.05 and do 40 steps 
with Program 9.3. 

(b) Compare the exact solution y(2) with thf: two approximations in part (a). 

(c) Does the F.G.E. in part (a) behave as expected when h h~ halved? 

(d) Plot the two approximations and the exact solution on the same coordinate system. 
Hint. The output malrix T4 from Program 9.3 contains the x and y coordinates of 
the approximations. The command plot{T4(: ,1), T4(: ,2)) will prcduce a graph 
analogous to Figure 9 .6. 

l. y' = t 2 - y with y(O) = I, y(t) = -e-1 + t 2 - 2t + 2 

!. y' = 3y + 3! with y(O) = 1, y(t) = 1e31 - t - 1 
I. y' = -ty with y(O) = I, y(t) = e-12

/2 

-1. y' = e-21 -- 2y with y(O) ·= -fu, y(t) = !~5e-21 + te-21 

5. y' = 2ty 2 with y(O) = I, y(t) = 1/(l - r2) 

6. (a) Write a program to implement the Richardson improvement method discussea 
in Exercise 6. 

(b) Use your program from part (a) to approximate y(0.8) for the I.V.P. y' = t 2 +y2 , 

y(O) == 1 over [0, 0.8}. The true solution at t = 0.8 is known to be y(0.8) = 
5.8486168- Start with the step size h = 0.05. Th•~ program should teJ1V.inate 
when the absolute value of the difference between two consecutive Richardson 
impro-vements is < 1 o-6. 
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7. (a) Modify Program 9.3 to carry out Taylor's method of order N = 3. 
(b) Use your program from part (a) to solve the I.V.P. y' = t 2 + y 2, y(O) = lc11 rr 

[0, 0.8]. Find approximate solutions for the step sizes h = 0.05, 0.025, 0.0 125, 
and 0.()()625. Plot the four approximations on the same coordinate system. 

9.5 Runge-Kut1a Methods 

The Taylor methods in the preceding section have the desirable feature that the F. G. E.. 
is of order O(hN), and N can be chosen large so that this error is small. However, the 
shortcomings of the Taylor metlilods are the a priori determination of N and the com· 
putation of the higher derivative:s, which can be very complicated. Each Runge-Kutt"' 
method is derived from an appropriate Taylor method in such a way that the F.G.E. [5 of 
order 0 ( h N). A trade-off is made to perform s.everal function evalliiltions at each .st.ep 
and eliminate the necessity to compute the higher derivative:;. These methods can be 
constructed for any order N. Tht~ Runge-Kutta method of order N = 4 is most popular 
It is a good choic-e for common purposes becalllse it is quite accurate, stable, and ea~) 
to program. Most authorities proclaim that it is not necessary to go to a higher-order 
method because tllle increased accuracy is offset by additional computational effort. If 
more accuracy is required, then either a smaller step size or an adaptive method should 
be used. 

The fourth-order Runge-Kutta method (RK4) simulates the accuracy of the Taylor 
series method of order N = 4. The method is based on computing Yk+ 1 as follows. 

(1) 

wht:re kt. kz, k3, and 4 have the form 

k1 = hf(t;.. Yk). 

(2) 
kz = hf{tt +a1h, Yk + b].tJ), 

k3 = hf(tk + azh, Yk + bzk1 + bJkz), 
k4 = hf(tt + a3h, Yk + b4k1 + bskz + bo.kJ). 

By matching coefficients with those of the Taylor series method of order N =,4 !:.0-ti)o.-l 
the local truncation error is of order 0(h 5), Runge and Kutta were able to obtain the 
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following system of equations: 

(3) 

br =at, 

bz+b3 = 02, 

b4 + bs + b6 = a3, 

Wt + W2 + W3 + W4 = 1, 

I 
wzat + w3a2 + w4a3 = 2' 

W2af + W3ai + W4aj = ~, 

W20f + W3~ + W4ai = ~' 
l 

WJOJh3 + W4(a1bs + azh6) = 6' 
. I 

W3a1a2~1 + w4a3(a1b5 +azb6) = 8' 
2 2 2 1 w3a1b3+w4(a1bs+a2b6)= 

12
• 

1 
w4a1bb6 = 

24
. 
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The system involves 11 equations in 13 unknowns. Two additional conditions mus1 he 
S~.tpplied to solve the system. The most useful choice is 

(4) I 
a1 = 2 and bz = 0. 

1hen the solution for the remaining variables is 

l ll 
az = 2' D3 = 1, b)=-, b3 = ;,. b4=0, b5=0, b6 =I, 

(5) 2 .. 
I I 1 ll 

W] =6• wz = 3' W3 = 3' W4 = (i' 

'The values in (4) and (5) are substituted into (2) and (l) to obtain the formula for 
t.he. ~otandard Rung,~-Kutta method of order N =;;; 4, which is stated as follows. Start 
w'i~' the initial point (t0, Yo) and generate the sequence of approximations using 

h(f] + 2/2 + 2/3 + /4) 
Yk+l = Yk + 

6 • 
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where 

(7) 

/1 = f(tk, Yk), 

h = f (tk + ~· Yk + ~ /1) , 
!3 = f (tk + ~· Yk +~h), 
!4 = f(tk + h, Yk-+- hf3). 

Discussion about the Method 

The c:omplete development of the equations in (7) is beyond the scope of this book and 
can be found in advanced texts, but we can get some insights. Consider the graph 111. 

the solution curve y = y(t) over the first subinterval [to, ti]. The function values 111 

(7) are approximations for slopes to this curve. Here /1 is the slope at the left, h and 
!3 are two estimates for the slop~~ in the middl~:. and !4 is the slope at the 1ight (sec 
Figure 9.9(a)). The next point (t1, y1) is obtained by integrating the slope function 

(8) 
[

I[ 

y(td- y(to) = f(t, y(t))dt. 
to 

If Simpson's rule is applied with step size hj2, the approximation to th~~ integral 
in (8) is 

(9) 1
11 h 

f(t, y(t)) dt ~ 6ucro. y(to)) +4f(ti;2. y(ti;z)) + f(ti. y(ti))), 
0 

where !1;2 is the midpoint of the interval. Three function values are needed; hence\\ e 
make the obvious choice /(to, y (ro)) = /1 and f(ti, y(ti)) ~ !4- For the value in thL· 
midd:le we chose the average of h and h: 

h+h 
j(llf2· y(l!f2)) ~ --2-. 

These values are substituted into (9), which is used in equation (8) to get y 1: 

(10) h ( 4(/2 + h> ) Yl = YO+ ;(; fl + ---
2 

- + /4 -

When this formula is simplified, it is seen to be equation (6) with k = 0. The graph 
for the integral in (9) is shown in Figure 9.9(b ). 
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y 

' 1 rd Yo) 

i 
! 111 ] =fl 

I 

l.-.L------------~- t 

(a) Predicted slopes mj to the 

solution curve y = y(t) 

(b) Integral approximation: 

y(t1) -Yo= ~<!1 + 2/2 + 2h + !41 

Th h Y(t) and Z 
_ j(t y(t)) in the discussion of the Runge-Kutta 

Figure 9.9 ec grap s y = - • 
method of order N = 4. 

Step Size versus Error 
The error term for Simpson's rule with step size h/2 is 

h5 
I' I) -/

4
)(ct)2880" 

. . (ll) after M ··teps the accumulated error If the only error at each step is that giVen m • ·• · 
fM the RK4 method would be 

M h5 b --a (4) 4 4 
_ ~Y(4)(ck)-- ~ --y (c)h ~t;; O(h ). 

L...J - 2880 5760 12) 
k-=l 

The next theorem states the relationship between F.G .E. and step si:~~- I~s ~~~ 
. . l f how much computing effort must be: done when u .• mg e w giVe us an t{ ea o 

method. 

, , ion of the Runge-Kutta Method). Assume that y(t) is th_e 
.~~:o::::~e ~f y(t) 1:= c5[to, b] and Wk. Yk)w~ is the sequence of apprOXI
.mations generated by the Runge-Kutta method of order 4, then 

leki = ly(tk)- Ykl = O(h
4

), 

IEk+il = IYUk+l)- Yk -- hTN(tk, Yk)l = O(h5). (13) 
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In particular, the F.G .E. at the end of the interval will satisfy 

(\4) E(y(b), h)== jy(b)- YMI = 0(h 4
). 

Examples 9.10 and 9.11 illustrate Theorem 9.7. If approximations arc , 1 'mputed 
using the step sizes h and h /2, we should have 

(15) E(y(b), h)~ Ch4 

for the larger step size, and 

(\6) 

Hence the idea in Theorem 9.7 is that if the step size in the RK4 method is reduced hy 
a factor of! we can expect that the overall F.G.E. will be reduced by a factor of-&,. 

Example 9.10. Use the RK4 method to solve the I.V.P. y' = (t - y)/2 on [0, 3) \\l!h 
y(O) = 1. Compare solutions for h ""1, !, ~.and k· 

Table 9.8 gives the solution values at selected abscissas. For the step size h = 0.25. a 

sample calculation is 

ft = 0.0; 1.0 ~ -0.5, 

h. = 0.125- (l + 0.25(0.5)( -0.5)) = -0.40625, 
2 

/3 = 0.125- (1 +0.25(0.5)(-0.40625)) = -0.4121094, 
2 

/4 = 0.25- (1 + 0.25(-0.4121094)) == -0.3234863, 
2 

(
-0.5 + 2(-0.40625) +2(-0.4121094)- 0.3234863) 

y1 = 1.0+ 0.25 
6 

= 0.8974915 • 

Example 9.11. Compare the F.G.E. when the RK4 method is used to solve y' = (t- y)/2 
over (0, 3] with y(O) = 1 using step sizes 1.1, i· and k· 

Table 9.9 gives the F.G.E. for the various step sizes and shows that the error in the 
approximation to y(3) decreases by about ft, when the step size is reduced by a factor 

of hl~. 

£(y(3), h)=: y(3)- YM = 0(h4):::; Ch4 where C =:: -0.000614. • 

A comparison of Examples 9.10 and 9.11 and Examples 9.8 and 9.9 shows what j, 
meant by the statement "The RK4 method simulates the Taylor series method of order 
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Table 9.8 Comparison of the RK4 Solutions with Different Step Sizes for y' = (t- y)/2 
over [0. 3] with y(O) = 1 

Yk 

tk h=! h=! h=! h=i y(tt) Exact 

n 1.0 1.0 1.0 1.0 1.0 
!1.125 0.9432392 0.9432392 
1125 0.8974915 0.8974908 0.8974917 
!1.375 0.8620874 0.8620874 
11.50 0.8364258 0.8364037 0.8364024 0.8364023 
0.75 0.81186% 0.8118679 0.8118678 
100 0.8203125 0.8196285 0.8195940 0.8195921 0.8195920 
I 50 0.9171423 0.9171021 0.9!70998 0.9170997 
200 1.1045125 l.l036826 1.1036408 1.1036385 1.1036383 
250 1.3595575 1.3595168 1.3595145 1.3595144 
1.00 1.6101860 1.6694308 1.6693928 1.6693906 !.6693905 

Table '·' Relation between Step Size and F.G.E. for the RK4 Solutions to 
y' = (t- y)/2 over [0, 3] with y(O) = 1 

F.G.E. 0(h4),., Ch4 

Step Number of Approximation Error at t = 3, where 
size, h steps, M to y(3), YM y(3)- YM c = -0.000614 

1 3 1.6701860 -0.0007955 ~0.0006140 

I 6 1.6694308 -0.0000403 -0.0000384 ! 

I 12 1.6693928 -0.0000023 ~0.0000024 4 

I 24 1.6693906 -0.0000001 -0.0000001 g 

N = 4." For these examples, the two methods generate identical solution sets { (tk, yk)} 
over the given interval. The advantage of the RK4 method is obvious; no formulas for 
the higher derivatives need to be computed nor do they have to be in the program. 

It is not easy to determine the accuracy to which a Runge-Kutta solution has been 
computed. We could estimate the size of / 4)(c) and use formula (12). Another way 
is to repeat the algorithm using a smaller step size and compare results. A third way is 
to adaptively determine the step size, which is done in Program 9.5. In Section 9.6 we 
will see how to change the step size for a multistep method. 

Runge-Kutta Methods of Order N = 2 
The second-order Runge-Kutta method {denoted RK2) simulates the accuracy of the 
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Taylor series method of order 2. Although this method is not as good to use as the 

RK4 method, its proof is easie.r to understand and illustrak$ the principl<:s involved. 
To start, we writ£: down the Thy lor series formula for y(t +h): 

(17) 
1 

y(t +h)= y(t) + hy'(t) + 2h2y"(t) + Crh3 + ... , 

where CT is a constant involving the third derivative of y(t) and the other terms in the 
series involve powers of hj for j > 3. 

The derivatives y'(t) and y"(t) in equation (17) must be expressed in terms of 
f (t, y) and its partial derivatives. Recall that 

(18) y'(t) = f(t, y). 

The chain rule for differentiating a function of two variables can be usc:d to differ

entiate ( 1 8) with respect to t. a111d the result is 

y"(t) = frCt. y) + /y(t, y)y'(t). 

Using ( 18), this can be written 

(19) y''(t) := ft(f, y) + /y(t, y)j(t, y). 

The derivatives (18) and (19) are substituted in (17) to give the Taylor expression 

for y(t +h): 

(20) 

1 
y(f +h)= y(l) + hf(t, y) + 2h 2 f,(t, y) 

l 2 3 + 2_h jy(t, y)f(t, y) + CTh + · ... 

Now conside1r the Runge-Kutta method of order N = 2, which uses a linear com: 
bination of two function values to express y(t +h): 

(21) y(t +h)= y(t)-!- Ahfo + Bhj1, 

where 

(22) 
fo = J(t, y), 

/1 = f(t-!- Ph, Y + Qhfo). 

Next the Taylor polynomial approximation for a function of two independent vari

abl·es is used to e;cpand f(!, y) (see the exercises). This give:s the following represen
tation for j 1 : 

(23) /1 = f(t, y) + PhfrU. y) + Qhfy(t, y)j(t, y) + Cph2 + .. 
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where C p involves the second-order partial derivatives of f (t, y). Then (23) is used 

in (21) to get th1~ RK2 expression for y(t +h): 

(24) 
y(t +h)= y(t) +(A+ B)hf(t, y) + BPh2 f,(t, y) 

+ BQh2 /y(t. y)j(t, y) + 8Cph 3 + · · · . 

A comparison of similar tc:rms in equations (20) and (24) will produce the follow

ing conclusions: 

(25) 

hf(t, y) =(A+ B)hj(t, y) 

1 2 . 2 2h ft(t, y) = BPh f,(t, y) 

1 2 . 2 2h jy(t, y)f(t, y) = BQh /y(t, y)f(t, y) 

implies that 1 = A + B, 

implies that ~ = ll P, 

I 
impilies that 2 = B Q. 

Hence, if we require that A, B, P, and Q satisfy the relations 

A+B=l 
1 

BP ==-
2 

1 
BQ'=-

2' 

then the RK2 method in (24) will have the same order of accuracy as the Taylor's 

method in (20). 
Since there :ne only three (:quations in four unknowns, tile system of equations (25) 

is underdetermined, and we are permitted to choose one of the coefficiemts. There are 
several special choices that have been studied in the literature; we mention two of them. 

Case (i): Choose A = ~. This choice leads to B = 1, P = 1, and Q = 1. If 

equation (21) is written with these parameters, the formula is 

h 
(26) y(t +h)= y(t) + 2(j(t, y) + j(t + h, y + hf(t, y))). 

\Vhen this scheme is used to generate { ( tk, YJ:)}, the result is Heun 's method. 
Case (ii): Choose A = 0. This choice leads to B = 1, P = ~.and Q = !· If 

equation (21) is written with these parameters, the formula is 

(27) 

When this scheme is used to generate {(tk. Yk) }, it is called the modified Euler-Cauchy 

method. 
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Runge-Kutta-lli'ehlberg M~~thod (RKF45) 

One way to guarantee accuracy in the solution of an I.V.P. is to solve the problem t"" rcc 
using step sizes h and h/2 and 1:ompare answers at the mesh points correspondint,: to 

the larger step size. But this requires a significant amount of computation for the 
smaller step size and must be repeated if it is determined that the agreement is not 
good enough. 

The Runge-Kutta-Fehlberg method (denoted RKF45) is one way to try to resolve 
this problem. It has a procedure to determine if the proper step size h is being used. At 

eac:h step, two different approximations for the solution are made and compared. If the 
two answers are illl close agreement, the approximation is acc1~pted. If the two answers 
do not agree to a specified accuracy, the step size is reduced. If the answers agree to 
more significant digits than required, the step size is increased. 

Each step requires the use of the following six values: 

(28) 

Then an approximation to the solution of the I.V.P. is made using a Runge-Kutla 
method of order 4: 

(29) 25 k 1408' 2197 1 
Yk+I = Yk + 2:16 1 + 2565 1

' 3 + 4101 ~ -· Sks, 

where the four function values /1. !3. f 4 , and fs are used. Notice that h is not U'>ed 

in formula (29). A better value for the solution is determined using a Runge-Kutla 
method of order 5: 

(30) 7 == ~k - 6656 k 28,561 k - ~~k ~ 
-k+l Yk + 135 1 1- 12,825 3 + 56,430 4 50 5 + 55 4 · 

The optimal step size sh can be detennined by multiplying the scalars tlmes the 
cun:ent step size h. The scalars is 

(31) ( 
Tolh )

1
/
4 

( Tolh )
1
/
4 

s== ""=' 0.84 
21Zk+l - Yk+ll IZk+l - Yk+ll 
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Table 9.10 RKF45 Solution toy' = 1 + y:a, y(O) = 0 

RK45 approximation True solution, 
k It Yk y(lt) = tan(lt) 

0 0.0 0.0000000 0.0000000 
1 0.2 0.2027100 0.2027100 
2 0.4 0.4227933 0.4227931 
3 0.6 0.6841376 0.6841368 
4 0.8 1.0296434 1.0296386 
5 1.0 l.5574398 1.5774077 
6 1.1 1.9648085 1.9647597 
7 1.2 2.5722408 2.5721516 
8 1.3 3.6023295 3.6021024 
9 1.35 4.4555714 4.4552218 

10 1.4 5.7985045 5.7978837 

where Tol is the specified error -control tolerance. 

Error 
y(tk)-

0.00000 
0.()()()()()1 

-0. ()(1()(}()1 

-0.()()()()()1 
-0. ()(1(){}1) 

-0.00003: 
-0.00004: 
-0.00008• 
-0.00022" 
-0.00034' 
-0.000621 

Yk 

)() 

)() 

)2 

)8 

~8 

l! 
~8 

n 
71 
~ 
)8 
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The derivation of formula (31) can be found in advanced books on num•~rical anal
ysis. It is important to learn that a fixed step size is not the best strategy even though 
it would give a nicer appearing table of values. If values are needed that an: not in the 
table, polynomial interpolation should be used. 

Example 9.12. Compare RKF45 and RK4 solutions to the 1.\J:P. 

y' = I + i with y(O) = 0 on [0, 1.4]. 

An RKF45 program was us~:d with the value Thl = 2 x w-5 for the eiTor control 
rn!..:·rance. It automatically changed the step sizt: and generated the 10 approximations to 
Ill~ ~olution in Table 9.10. An RK4 program was used with the a priori step size of h = 0.1, 
11 illch required tht: computer to g1~nerate 14 approximations at the equally spacc:d points in 
1 ,t h le 9 .11. The approximations a.t the right end point are 

y(l.4) ~ YW = 5.7985045 and y(l.4) ~ YI4 = 5.7919748 

and the errors are 

Ew = -0.0006208 and £14 = 0.0059089 

for the RKF45 and RK4 methods, respectively. The RKF45 method bas the smaller 
error. • 
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Table 9.11 RK4 Solution toy' = I + y 2, y(O) = 0 

RK4 approximation True solution, Error 
k !t Yk y(fk) "" tan(lk) y{tk)- Yk 

0 0.0 0.0000000 0.0000000 0.0000000 
I 0.1 0.1003346 0.1003347 0.0000001 
2 0.2 0.2027099 0.2027100 0.0000001 
3 0.3 0.3093360 0.3093362 0.0000002 
4 0.4 0.4227930 0.4227932 0.0000002 
5 o.s 0.5463023 0.5463025 0.0000002 
6 0.6 0.6841368 0.6841368 0.0000000 
7 0.7 0.8422886 0.8422884 -0.0000002 
8 0.8 1.0296391 1.0296386 -0.0000005 
9 0.9 1.2601588 1.2601582 -0.0000006 

lO 1.0 1.5574064 1.5574077 0.0000013 
11 1.1 1.9647466 1.9647597 0.0000131 
12 1.2 2.5720718 2.5721516 0.0000798 
13 l.3 3.6015634 3.6021024 0.0005390 
14 1.4 5.7919148 5.7978837 0.0059089 

Program 9.4 (Runge·Kutta Method of Order 4). To approximate the solution 
of the initial value problem y' = f(t, y) with y(a) = YO over [a, b) by using the 
formula 

function R=rk4(f,a,b,ya,M) 
%Input - f is the function entered as a string 'f' 
% - a and b are the left and right end points 
% - ya is the initial condition y(a) 
% - M is the number ot steps 
%Output - R3 [T' Y'] where T is the vector of abscissas 
% and Y ts the vector of ordinates 
n~(b-a)/M; 

T~zeros(l,M+l); 

Y=zeros(l,M+l); 
T~a:h:b; 

Y(l)~ya; 

for j=1 :M 
kl~h*feval(f,T(j),Y(j)); 
k2~h*feval(f,T(j)+h/2,Y(j)+k1/2); 
k3~h•feval(f,T(j)+h/2,Y(j)+k2/2); 

k4=h*feval(t,T(j)+h,Y(j)+k3); 
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Y(j+l)=Y(j)+(k1+2•k2+2•k3+k4)/6; 
end 
R~[T' Y']; 
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The following program implements the Runge-Kutta-Fehlberg Method (RKF45) 
described in (28) through (31 ). 

Program 9.5 (Runge-Kutta·Fehlberg Method (RKF45)). To approximate the 
solution of the initial value problemy' = f(t, y) with y(a) = YO over {a, b] with 
an error control and step-size method. 

function R•rkf45(f.a,b,ya,M.tol) 
%Input - f is the function entered as a string 'f' 
% - a illld b a.re the left illld right end points 
% - ya is the initial condition y(a) 
% - M iS the number of steps 
% - tol is the tolerance 
%Output - R•[T' Y'] where T is the vector of abscissas 
% and Y is the vector of ordinates 
'lJmter the coefficients necessary to calculate the 
%values in (28) and (29) 
a2=1/4;b2~1/4;a3=3/S;b3~3/32;c3~9/32;a4~12/13; 
b4=1932/2197;c4~-7200/2197;d4=7296/2197;a5~1; 
b5a439/216;cs~-B;d5=3680/513;e5=-845/4104;a6~1/2; 
b6~-B/27;c6=2;d6~-3544/2565;e6c1859/4104; 
f6~-11/40;r1~1/360;r3=-128/4275;r4~-2197/75240;r5~1/50; 
r6~2/55;n1~25/216;n3=1408/2565;n4=2197/4104;n5=-1/5; 

bigc1e15; 
h={b-a)/M; 
b.min~h/64; 

bmax~64*h; 

max1=200; 
Y(l)=ya; 
T(l)~a; 

j~1; 

br=b-O.OOOOl*abs(b); 
while (T(j)<b) 

if ((T(j)+h)>br) 
h=b-T(j); 

end 
%Calculation of values in (28) and (29} 
kl=h*feval(f,T(j),Y(j)); 
y2=Y(j)+b2*k1; 
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if big<ab~;(y2)break,Emd 
k2=h*feval(f,T(j)+a2"h,y2); 

y3=Y(j )+b:3*k1 +c3*k2; 
if big<abs (y3)break, Emd 
k3=h•feva1(f,T(j)+a3;oh,y3); 

y4=Y(j)+b4*k1+c4*k2+d4*k3; 
if big<abn(y4)break,Emd 
k4=h•feva1(f, Y(j)+a4~•h, y4); 
y5=Y(j)+bS•kl+c5*k2+d5•k3+e5•k4; 
if big<abls(y5)break,Eind 
k5=h•fevall(f,T(j)+a5*h,y5); 

y6=Y (j) +b6•kl+c6•k2+Cl6•k3+e6•k4~·f6*k5; 
if big<ab11 (y6) break, Elnd 
k6=h•feval(f, Y(j )+a6~·h,y6); 

err•abs (rhkl +r3*k3+I·4•k4+r5•k5+r6•k6) ; 
ynew=Y {j) +n1 *k1 +n3*k~l+n4*k4+n5*k5; 

Y.Error and step size control 
if (( err<tol) I (h<2*hmln)) 

Y(j+l).,ynew; 
if ((T (ji) +h) >br) 

T(j~·l)=b; 

else 
T(j+l)=T(j)+h; 

end 
j=j+1; 

end 
if (err==O) 

s=O; 
else 

s=0.84*(tol•h/err)~(0.25); 

end 
if((s<O. 7E)&:(h>2•hmin)) 

h=h/2; 
end 
if((s>1.50)&;(2•h<hma.x)) 

h"'2*h; 
end 
if((big<abs(Y(j)))l(maxl==j)),break.,end 

M=j; 
if (b>T(j)) 

M=j-~'1; 

else 
M=j; 
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end 
end 
R~~[T' Y']; 

Exercises fol' Runge-Kutta Methods 

In Exercises 1 through 5, solve the differential equations by the Runge-Kutta method of 

order N = 4. 

(a) Let h = 0.2 and do two Meps by hand calculation. Thc~n let h = 0.1 and do four 

steps by hand calculation. 

(b) Compare the exact solution y(0.4) with the two approximations in part (a). 

(c) Does the F.G.E. in part (a) behave as exp~~ted when h is halved? 

1. y' = t 2 - y with y(O) = l.. y(t) = -e-1 + t 2 - 2t + 2 

2. y' = 3y + 3t with y(O) =I, y(t) = 1e31 - t- ~ 

3. y' = -ty with y(O) =I, y(t) = e-12
/
2 

4. y' = e-Zr -· 2y with y(O) == Jb, y(t) = 1he-21 + te-21 

5. y' == 2ty2 with y(O) =I, y(t) = 1/(l- t 2 ) 

6. Show that when the Rungf:-Kutta method of order N = 4 is used to solve the LY.P 

y' = j(t, y) over [a, b) with y(a) == 0 the result is 

II M-l 

y(b) ~ 6 I.: (/(I*)+ 4tuk+lf2) + Iuk+d). 
k=O 

where h = (b- a)/M, and lk =a+ kh, and lk+l/2 ==a+ (k + !) h, which is 

Simpson's approximation (with step size h/2) for the de:5nite integral of /(t) taken 

over the interval [a, b]. 

7. The Richardson improvement method dis,:ussed in Lemma 7.1 (Section 7.3) can be 

used in con~unction with lhe Runge-Kutta method. If the Runge-Kutta method of 

order N = 4 is used with step size h, we have 

If the Rung,e-Kutta method of order N = 4 is used with s1tep size 2h, we have 

The terms involving Ch4 can be eliminated to obtain an improved approximation for 

y (b), and the result is 

Hiyh- Y2h 
y(b) ~ 15 . 
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This improvement scheme can be used ~ith the v~lues in Example 9.11 to obtl!Jil 
better approximations to y(3). Find the nussmg entnes m the table below. 

" Yh (16Yh- Y2h)/15 

1.6701860 

I 1.6694308 2 
I 1.6693928 4 
I 1.6693906 !! 

For Exercises 8 and 9, the Taylor polynomial of degree N = 2 for a function f(t, y) ofl\\u 
variables t andy expanded about the point (tl, b) is 

P2(r, y) = f(a, b)+ Ji(a, b)(t- a)+ fy(a, b)(y- b) , 

( b)( )2 f (a, b)(y- b) 2 
+ JiJ a, t -a + /ry(a, b)(t- a)(y ·-b)+ YY ,....:;2...::.....-'---

8. (a) 

2 

Find the Taylor polynomial of degree N = 2 for f(t, y) 

about (1, l ). 
(b) Find P2(1.05, I.I) and compare with /(1.05, Ll). 

9. (a) Find the Taylor polynomial of degree N = 2 for f(t, y) = 
expanded about (0., 0). 

(b) Find P2(0.04, 0.08) and compare with /(0.04, 0.08). 

(1 + t- y)i/2 

~A~Ig~o:n~·t~h:m~~;~ia:n:d~P~r:og~J:~~~=:~-------------------·-----------
In Problems 1 through 5, solve the differential equations by the Runge-Kutta method of 
order N = 4. 

(a) Let h = 0.1 and do 20 steps with Program 9.4. Then let h = 0.05 and do 40 step& 
with Pro_gram 9.4. 

(b) Compan: the exact solution y(2) with the two approximations in part (a). 

(c) Does the F.G.E. in part (a) behave as expected when h is halved? 

(d) Plot the two approximations and the exact solution ~n the same coordinat~ systeln •. 
Hint. The output matrix R from Program 9.4 contams the x a~d y coordmates pr, 
the approximations. The command plot (R (: , 1) , R ( : , 2)) Will pmduce a gra;fl 
analogous to Figure 9.6 .. 

, . 1 ( ) -1 + 11 _ 2t + ,, 1. y' = r- - y with y(O) = , y t = -e •· 

2. y' = 3y + 31 with y(O) == I, y(t) = ~e:Jt- t- t 
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3. y' = -·ty with y(O) =' 1, y(t) = e-•212 

4. y' = e·-11 
- 2y with y(O) = fo, y(t) = foe- 2' + te-21 

5. y' = 2ty2 with y(O) == 1, y(t) = 1/(1 - t 2) 

In Problems 6 and 7, solve the differential ~:quations by the: Runge-Kutta-JFehlberg method. 

(a) Use Program 9.5 with initial step siz~~ h = 0.1 and t!Jl = w-7. 

(b) Comp11re the exact solution y(b) with the approximation. 

(c) Plot the approximation and the exact solution on the same coordinate system. 

6. y' = 9te31
, y(O) = 0 over [0, 3], y(t) = 3te31 - e3' + 1 

7. y' = 2 tan- 1 
(t), y(O) == 0 over [0, 1], y(t) = 2t tan- 1 (t) -ln(l + t 2) 

8. In a chemical reaction, one molecule of A combines with one molec:ule of B to fonn 
one mollecule of the chemical C. It is found that the concentration y(t) ofC at timet 
is the solution to the I. V.P. 

y' = k(a - y )(b -- y) with y(O) = 0, 

where k is a positive c:onstant and a and b are the iinitial concentrations of A and 
B, respectively. Suppose that k = 0.01, a = 70 miHimoles/Iiter, and b =50 mil
limoles!liter. Use the Runge-Kutta method of order N = 4 with h = 0.5 to find 
the solution over {0, 20]. Remark. You can compare your computer solution with the 
exact solution y(t) = 3:50(1 - e-0·2')/(7- se-0•2'). Observe that the limiting valw~ 
is 50 as t -* +oo. 

9. By solving an appropriate initial value problem, make a table of value!> of the function 
f(t) givlm by the following integral: 

j(x) = ~ + - 1
- r e-12

/
2 dt for 0 :5 X :53. 

2 ../2ii lo 
Use the Runge-Kutta method of order N = 4 with h = 0.1 for your computations. 
Your solution should agree with the values in the following table. Remark. This is a 
good way to generate th1: table of areas for a standard normal distribution. 

X /(,>:) 

0.0 0.5 
0.5 0.6914625 
1.0 0.8413448 
1.5 0.9331928 
2.0 0.9772499 
2.5 0.9!~37903 
3.0 0.9'~86501 

JO. (a) Wri~e a program to implement the Richardson improvement method discussed 
in E'tercise 7. 

(b) Use your program from part(a) to approximate y(O.B) for the I.V.f~ y' = t 2+y2 , 

y(O) = I over {0, 0.8]. The true solution at t = 0.8 is known to be y(0.8) = 
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5.8486168. Start with the step size h = 0.05. The program should terminate 
when the absolute value of the difference between two consecutive Richardson 
improvements is < 1 o~ 7. 

11. Consider the first-order integra-ordinary differential equation: 

y' = 1.3y- 0.25y2- O.OOOly lot y(r)dT. 

(a) Use the Runge-Kutta method of order 4 with h = 0.2, and y(O) =' 250 over the 
interval [0, 20], and the trapezoidal rule to find an approximate solution to the 
equation (see Probkm 10 in the Algorithms and Programs in Section 9.2). 

(b) Re~~at part (a) using the initial values y(O) = 200 and y(O) = 300. 

(c) Plot the approximate solutions from parts (a) andl (b) on the same coordinate 
system. 

9 .6 Predictor-Corrector Methods 

The methods o:f Euler, Heun, Taylor, and Runge-Kutta are called single-step methlid~ 
because they use only the information from one previous point to compute the Slk

cessive point; that is, only the initial point Cto. Yo) is used to compute (t1, Yl) and. 
in general, Yk :1s needed to compute Yk+ I· After several points have been found. n 
is feasible to use several prior points in the calculation. For illustration, we develop 
the Adams-Bashforth four-ste:p method, which requires YJc-3, Yk~z, Yk-J, and Yk in 
the calculation of Yk+l· This method is not self-starting; four initial points (to,)·''· 
(tJ, Yl ), Ct2. yz), and (t3, y3) must be given in advance in order to generate the point' 
{(tk, Yk) : k :::: 4). 

A desirable feature of a multistep method is that the local truncation error (L.T.I'.t 
can be determined and a correction term can lbe included, which improves the accurlic:~ 
of the answer at each step. Also, it is possible to determine if the step size is sm. til 
enough to obtain an accurate value for Yk+i• yet large enough so that unn1~cessary and 
time-consuming calculations .are eliminated. Using the combinations of a predicror 
and corrector requires only two function evaluations of f (t, y) per step 

rhe Adams-Hashforth-Mloulton Method 

The Adams-Bashforth-Moulton predictor-corrector method is a multistep meti 1<>u Je
rived from the fundamental theorem of calculus: 

( l) 
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z: j(t, y(t)) ;:: '"'f(t, y(l)) 

...----:Il··:'... -----:Il .~ >' ,. 

<~ ·: ' . 
.":· :. 

{a) The four nodes for the 
Adarns·Bashforth pn:dictor 
(extrapolation is used). 

(a) The four nodes for the 
Adams-Moulton conector 
(interpolation is use:d). 

Figure 9.10 Integration ovf:r [tk, tk-il in tho= Adams-Bashforth method. 

The predictor uses the Lagrange polynomial approximation for f(t, y(t)) based 
on the poinrs Ctk~3. fk~3), Uk--2· fk~z), Uk-1, /k-J), and Ut. /k). It is int·egrated over 
the interval [tk, tk+il in (1). This process produces the Adams-Bashforth predictor; 

h 
(2) Pk+i = Yk + 24(-9 fk~3 + 37 /k~2- 59 A-t+ 55/k). 

The corrector is developed similarly. The value Pk+l just computed can now be 
used. A second Lagrange polynomial for f(t, y(t)) is constructed, which is based 
on the points Uk-2· fk-1), (tk-1. fk-J), (tk, fk), and the new point Uk+l· fk+t) = 
Uk+l, f(tk+J, Pk+J)). This polynomial is the~n integrated over [tk, tk+d producing the 
Adams-Moulton corrector: 

(3) 
h 

Yk+i = Yk + 24 Uk-2- 5.fk-1 + 19 !k + 9 fk+J). 

Figure 9.10 shows the nodes for the Lagrang1: polynomials that are used in developing 
formulas (2) and (3), respectively. 

Error Estimation and Corre,~tion 
1he error terms for the numeri1;al integration formulas used to obtain both the predictor 
and corrector are of the order 0(h5). The L.T.E. for formulas (2) and (3) are 

(4) 251 (5) 'i 
y(tk+Jl - Pk+i = J:wY (Ck+t)h· (L.T.E. for the predictor), 

(5) 
-19 (5) 5 

YCtk+l)- Yk+l = T20 y (dk+t)h (LT.E. for the corrector) 

Suppose that h is small and y(5l(t) is nearly constant over the interval; then the 
t1~rms involving the fifth derivative in (4) and (5) can be eliminated, and the result is 

-'l9 
(6) y(tk+t)- Yk+t ~ l'iO(Yk+l- Pk-t·J). 
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New mesh- 1<-lf1 11 

-4-----------~----------~----~----~----~----+-r, 
Figure 9.11 Rerluction of the stE:p size to h/2 in am adaptive method. 

The importance of 1he predictor-corrector method should now be: evident. Fo 

mula (6) gives an approximate error estilmate based on the two computed values Pk-1 

and Yk+l and does not use y(5l(r). 

Practical Considerations 

The corrector (3) used 1the approximation fk+l ~ f(tk+l· Pk+l) in the calculation 

of .Vk+l· Since Yk+l is also an estimate for y(tk+t), it could be used in the corrector (3) 

to generate a new approximation for J.t+ 1, which in turn will generate a new value 

for Yk+ 1• However, when this iteration on the correctorr is continued, it will converge 

to a fixed point of (3) ratiller than the differential equation. It is more efficient to reduce 

the step size if more accuracy is needed .. 
Formula (6) can be used to determine when to change the step size. Although 

elaborate methods are available, we show how to reduce the step size to h/2 or increase 

it to 2h. Let RelErr = 5 x w-5 be our relative error criterion, and let Small = w-5. 

(7) If ~ IYk+l- Pk+tl > RelErr, then set h = !:. 
270 IYk+li +Small 2 

19 IYk+t - Pk+li ReJErr 
(8) If -- < ---, then set h = 2h. 

270 IYHII +Small 100 

When the predicted and corrected values do not agree to five significant digits, 

then (7) reduces the step size. If they agrree to seven or more significant digits, then (8) 

increases the step size. Fine-tuning of ·these parameters should be ma.de to suit your 

particular computer. 
RedUlcing the step size required four new starting values. Interpolation off (t, .Y(t)) 

with a fourth-degree polynomial is used to supply the missing values that bisect the ilJ,. 

tervals [t,<-2· tk-rl and [li<-J, fk]. The four mesh points l'k-3/2· tk-1· 'k-1/2· and tk used 
in the successive calculations are shown in Figure 9.11. 

The interpolation formulas needed to obtain the nr~w starting values for the step 

size h/2 are 

--5/k-4 + 28/k--3 -70fk-2 + 140/k-t + 35h 
/k-1/2 = - 128 . 

(9) 
3/k-4- 20fk-3 + 90fk-2 + 60fk-t- 5/k 

!k-3/2 = 128 . 

Incre:asing the step size is an easier task. Seven prior points are ne:eded to doubl' 

the step size. The four m~w points are obtained by omitting every second one, as shol>.lll 

in Figure 9.12. 
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tk-6 tk-4 r,_2 It -- New mesh ___.__. __ ~--~~--~----+-·--~----~ 
1.1:-6 1t-S tk-4 't-3 't-2 tk-1 1~: -Old mesh 

Figure !U2 II"ICI"eltSing the step size to 211 in an adaptive method. 

Milne.Simpson Method 

Another popular predictor-conector scheme is known as the Milne-Simpson method. 

Its predictor is based on integnrtion of f(t, y(r)) over the interval [tk- 3• lk+ J]: 

(10) 1
J"k+i 

Y(4+rl '= Y(h-3) + f(t, y(t)) dt. 
'<·-3 

The predictor uses the Lagrange polynomial approximation for f(t, y(t)) based 

on the points (tJ -3. fk-3), Ctk-2, /k-2), (tk-l, fk-1 ), and (tk. fkl. It is integr~1ted over 
the interval [rk-3, fk+IJ. This produces the Mil111e predictor: 

(11) 
4h 

Pk+l = Yk-3 + 3(2/k-2- fk-1 + 2JA). 

The corrector is developed similarly. The value Pk+l can now be used. A sec

ond Lagrange polynomial for f (t, y (t)) is constructed, which is based on the points 

(4-J, !J,_J), (tk, fk), and the new point Ctk+J, fk+l) = (tk+l· f(tk+l• PHd). The 
)JOlynomial is integrated over [tk-1, tk+l], and the result is the familiar Simpson's rule: 

(12) 

Error Estimation and Correction 

The error tenns for the numerica~ integration fmmulas used to obtain both the predictor 

aiDd corrector an~ of the order 0(h5). The LT.E. for the fonnullas in (11) and (12) are 

(13) 28 (5) 5 
y(tk+J)- Pk+l = 

90
y (ck+r)h (L.T.E. for the predictor). 

(14) -il (5) 5 
y(tk+l)- Yk+l = 9C~y (dk+dh (LT.E. for the corrector). 

Suppose that h is small eno'IJgh so that y(5>(t) is nearly constant over the interval 

rtk-3. tk+J]. Then the terms involving the fifth derivative can be eliminated in (13) and 
(14) and the result is 

(15) 
28 

y(tk+t)- Pk+l "" 
29 

(Yk+l - Pk+l ). 

Fonnula (15) gives an error estimate for dlle predictor that is based on the two 

computed values Pk+l and Yk+l and does not us•e y( 5l(r). It can be used to improve the 
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predicted value. Under the as:mmption that the difference between the predicted and 
corrected values at each step changes slowly, we can substitute Pk and Yk for Pk+l and 
Yk+ 1 in (15) and get the following modifier: 

(16) 
Yk- Pk 

mk+t = Pk+l + 28~. 

This modified value is used in place of Pk+ 1 in the correction step, and equation (12) 

becomes 

(17) 

Therefore, the improved (modified) Milne-Simpson method is 

4h 
Pk+l =Yk-3+3(2/k-2-/k-I +2/k) (predictor) 

( 18) 

Yk- Pk 
mk+l = Pk+l + 28~ (modifier) 

fk+l = f(tk+t• mk+d 

h 
Yk+l = Yk-1 + 3C/k-t +4/k + /k+J) (corrector). 

Hamming's method is another important method. We shall omit its de:rivation, but 
furnish a program at the end of the section. As a final precaution we mention that all 
the predictor-corrector methods have stability problems. Stability is an advanced topic 
and the serious reader should :research this subject. 

Example 9.13. Use the Adams-Bashforth-Moulton, Milne-Simpson, and Hamming meth
ods with h = ~ and compute approximations for the solution of the I.V.P. 

I (- )' 

Y =--2 ' 
y(O) '= l over [0, 3]. 

A Runge-KILitta method was used to obtain the starting val1ues 

)'I~ 0.94323919, Y2 = 0.89749071, and Y3 = 0.86208736. 

Then a compute'r implementation of Programs 9.6 through 9.8 produced the values in Ta
ble 9.12. The error for each entry in the table :is given as a multiple of w-8

. In all entries 
there are at least six digits of accuracy. In this example, the best answers wer~: produced by 
Hamming's method. • 
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Table 9.12 Comparison of the Adams-Bashforth-Moulton, Milne-Simpson, and Hamming 
Methods for Sol·ving y' = (t- y)/2, y(O) = l 

Adams-
Bashforth- Milne- Hunming's 

k Moulton Error Simpson Error method Error 

0.0 I .OOOOCIOOO OE-8 1.00000000 OE-8 1.00000000 OE-8 
l.5 0.8364(1227 8£-8 0.83640231 4£-8 0.83640234 IE-8 
).625 0.81984673 16£-8 0.81984687 2£-8 0.81984688 I,E'-8 
l.75 0.81186762 22£-8 0.81186778 6£-8 0.81186783 IE-8 
).875 0.81194530 28£-8 0.81194555 3£-8 0.81194558 OE-8 
1.0 0.81959166 32£-8 0.81959190 8E-8 0.81959198 OE-8 
il.5 0.91709920 46£-8 0.91709957 9£-8 0.91709967 -IE-8 
t.O 1.10363781 51£-8 1.10363822 10£-8 1.10363834 -2£-8 
!.5 1.35951387 52£-8 1.35951429 IOE-8 1.35951441 -2£-8 
t.625 1.43243853 52£-8 1.43243899 6£-8 1.43243907 -2£-8 
t.75 1.50851827 52£-8 1.50851869 IOE-8 1.50851881 -2£-8 
t.875 1.58756195 51£-8 1.5875624(} 6£-8 1.58756248 -2£-8 
1.0 1.66938998 50£-8 1.66939038 IOE-8 1.66939050 -2£-8 

The Right su~p 

Our selection of methods has a purposeL first, their development is easy enough for a 
first course; second, more advanced methods have a similar development; third, most 
undergraduate problems can be solved by one of these m€~thods. However, when a 
predictor-correcllOr method is used to solve the LVP. y' = f (t, y ), where y(to) = y0 , 

over a large interval, difficulties sometimes occur. 
If /y (t, y) < 0 and the step size is too large, a predictor-corrector method might 

be unstable. As a rule of thumb, stability exists when a small error is propagated as a 
d~~creasing error, and instability exists when a .small error is propagated as an increasing 
error. When too large a step size is used qver a large interval, instability will result and 
is sometimes manifest by oscillations in the computed solution. They can be attenuated 
by changing to a smaller step size. Formula!> (7) through (9) suggest how to modify 
the algorithm(s). When step-size control is included, the following error estimate(s) 
should be used: 

(19) 

(20) 

(21) 

Y (tk) - Yk ~ I9pk- Yk 
270 

Pk- Yk 
y(tt)- Yk ~ ~~ 

y (lk) - Yk :::::: 9 PA - Yk 
121 

(Adams-Bash forth-Moulton), 

{Milne-Simpson), 

(Hamming). 

In all methods, the corrector step is a type of fixed-point iteration. It can be proved 
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that the step size h for the methods must satisfy the following conditions: 

(22) h« 
2.66667 

(A~-Bashforth-Moulton), 
1/y(t, y)l 

(23) 
h 3.00000 « 

1/y(l, y)l 
(Milne-Si.mpson) 

(24) h« 
2.66667 

(Hamming). 
1/y(t, y)l 

The notation « in (22) through (24) means "much smaller than." The next exampk 
shows that more stringent inequalities should be used: 

0.75 (Adams-Bashforth-Moulton), (25) h< 
1/y(f' y)! 

(26) h< 
0.45 (Milne-Simpson), 

lf1 (t, y)l 

(27) h < 0.69 
1/y(t, y)l 

(Hamming). 

Inequality (27) is found in advanced books on numerical analysis. The other two in
equalities seem appropriate for the example. 

Example 9.14. Use the Adams-Bashforth-Mou1ton, Milne-Simpson, and Hamming met.l\• 
ods and compute approximations for the solution of 

y' = 30- 5y, y(O) = 1 over the interval [0, 10]. 

All three methods are of the order O(h4 ). When N = 120 steps was used for all three 
methods, the maximum error for each method occurred at a different place: 

y(0.41666667)- YS :::;: -0.00277037 

y(0.33333333)- Y4"" -0.00139255 

y(0.33333333)- Y4 """ -0.00104982 

At the right end points t = !0, the error was 

y(10) - YI2D ""0.00000000 

y(lO)- Yl20 ""0.00001015 

y{IO)- Yl20 "'=' 0.00000000 

(Adams-Bashforth-Moulton), 

(Milne-Simpson), 

(Harruning). 

(Adams-Bashforth-Moulton), 

(Milne-Simpson), 

(Hamming). 

Both the Adams-Bashforth-Moulton and Hamming methods gave approximate solution 
with eight digits of accuracy at the right end point. 
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0 2 3 4 5 6 7 8 9 10 

N=65 

Figure 9.13 {a) The Adams-Bashforth-Mouiton solution 
to y' = 30 - 5 y with N = 37 steps produces oscilla
tion. It is stabilized when N = 65 because h = 10/65 = 
0.1538 :::;: 0.15 = 0.75/5 == 0.75/l/y(t, y)i. 

y 

N= 110 

0 2 3 4 5 6 7 8 9 10 

F1pre 9.13 (b) The Milne-5tmpson solution toy' = 30-
Sy witb N = 93 steps produces oscillation. It is stabilized 
when N = 110 because h = 10/110 = 0.0909 ~ 0.09 = 
0.45/5 = 0.45/1/y{t, y)l. 
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It is instructive to see that if the step size is too large the computed solution os
c.i11ates about the true solution. Figure 9 .l3 illustrates this phenomenon. The small 
number of steps was determined experimentally so that the oscillations was about the 
same magnitude. The large number of steps required to attenuate the oscillations were 
determined with equations (25) through (27). 

Each of the following three programs requires that the first four coordinates of T 
andY be initial starting values obtained by another method. Consider Example 9.13, 
where the step size was h = £ and the interval was (0, 3}. The following string of 
commands in the MA1LAB command window will produce appropriate input vee-
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J 

7 

.... ~A .f\ A A A N 70 :r 
3 

• "' Vlnrv o V\ " 
N= :50 

2 

~--L--~-L--L--L--L--~--~----L--t 

0 2 3 4 5 6 7 8 9 10 

Figure 9.13 (c) Hamming's sol11tion to y' = 30 - 5y 
with N = 50 steps produces oscillation. It is stabilized 
when N = 70 bet;:ause h = 10/70 = 0.1428 ~ 0.138 = 
0.69/5 = 0.69/1/y(t, y)l. 

tors TandY. 
»T=zeros(1,25); 
»Y"zeros(1,25); 
»T,0:1/8:3; 
»Y(1:4)=[1 0.94323919 0.89749071 0.86208736); 

Program 9.6 (Adams-Bashforth-Moulton Method). To approximate the solution 1 

of the initial value problemy' "" f(t, y) with y(a) = y0 over [a, b] by using the 
predictor 

h 
Pk+l = Yk + 24 (·-9 !k-3 + 37 A-2- 59 /k-1 + 55fk) 

andl the corrector 

h 
Yk+l = Yic + 24:<A-2- 5/k-l + 19f~c + 9f~c+d· 

fl1nc:tion A•abm(f,T,Y) 
%Input - f is the function entered as a string 'f' 
% - T is the vector of abscissas 
% - Y is the vector of ordinates 
%Remark. The first four coordinates of T and Y must 
% have starting values obtained with RK4 
%Output - A=[T' Y') where T is the vector of abscissas and 
% Y is the vector of ordinates 
n=le,ngth (T) ; 
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if n<S, break, ertd; 
F=ZEiros ( 1 , 4) ; 
F=fEival(f,T(1:4) ,Y(1:4)); 
h=T(2)-T(l); 
for k=4:n-1 

i'Predictor 
p=Y(k)+(h/24)*(F*[-9 31' -59 55)'); 
T(k+l),T(l)+h*k; 
F=[F(2) F(3) F(4) fevaJ.(f,T(k+l),p)]; 
~!,Corrector 
Y(k+l)=Y(k}+(h/24)*(F*[1 -5 19 9] '); 
F(4}=fevalCJE, T(k+l), Y0t+1)); 

end 
A=[T' Y']; 
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Program 9.7 (Milne-Simpson Method). To approximate the solution of the initial 
value problemy'= f(t, y) with y(a) =yo over [a, b] by using the predictor 

4h 
Pk+l = Yk--3 + 3(2fJr.-2- /k-1 + 2/.~) 

and the corrector 

function M=mil:ne(f,T,Y) 

%Input 
'/, 

f is the function entered as a string 'f' 
- T is the vector of abscissas 

% - Y is the vector of ordinat·es 
%Remark. The first four coordinates of T and Y must 
% have starting values obtained with RK4 
'/,Output - M=[T' Y'] where T is the v-ector of abscissas 
% Y is the vector of ordinates 

n=length(T); 
if n<S,break,end; 
F=z;eros(1,4); 
F=feval (f, T(i :4). Y(l :4)); 
h=T(2)-T(1); 
pold=O; 
yold=O; 
for k=4:n-1 

%Predictor 
pnePY{k-3)+(4•h/3)•(F(2:4)*[2 -1 2]'): 

and 
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%Modifier 
pmod=pnew+28*(yold-pold)/29; 
T(k+1)=T(1)+h*k; 
F~[F(2) F(3) F(4) feval(f,T(k+l),pmod)]; 
%Corrector 
Y{k+1)=Y(k-1)+(h/3)*(F(2:4)*[1 4 1)'); 
pold=pnew; 
yold=Y(k+l); 
F(4)=feval(f,T(k+1),Y(k+1)); 

end 
M=[T' Y']; 

1 Program 9.8 (Hamming Method). To approximate ~e solution o~the initial value 
problemy'= j(t, y) with y(a) =YO over [a, b] by usmg the predictor ! 

4h I 
Pk+t = Yk-3 + 3(2/k-2- fk-1 + 2fk) 

and the corrector 

function Hshamming(f,T,Y) 
%Input - f is the function entered as a string 'f' 
% - T is the vector of abscissas 
% - Y is the vector of ordinates 
'l.Remark. The first four coordinates of T and Y must 
% have starting values obtained vith RK4 
%Output - H=[T' Y'] where T is the vector of abscissas 
% Y is the vector of ordinates 

n"'length(T); 
if n<5,break,end; 
F=zeros(1,4); 
F=feval(f,T(1:4),Y(1:4)); 
h=T(2)-T(1); 
pold=O; 
cold=O; 
for k=4:n-1 

%Predictor 
pnew=Y(k-3)+(4*h/3)•(F{2:4)•[2 -1 2]'); 
%Modifier 
pmod~pnev+112•(cold-pold)/121; 
T(k+1)=T(1)+h*k; 

and 
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F=[F(2) F(3) F(4) teval(f,T(k+l),pmod)]; 
%Corrector 
cnew=(9*Y(k)-Y(k-2)+3*h*(F(2:4)*[-1 2 1] '))/8; 
Y(k+1)=cnew+9*(pnew-cnew)/121; 
pold=pnew; 
cold=cnew; 
F(4)=feval(f,T(k+1),Y(k+1)); 

end 
H .. [T' Y']; 

Exercises for Predictor~Corrector Methods 

In Exercises 1 through 3, use the Adams-Bashforth-Moulton method, the three starting 
values Yl, }'2, and Y:J, and the step size h = 0.05 to calculate by hand the next two values 
Y4 and Y5 for the I. V.P. Compare your solution with the exact solution y (t ). 

1. y' = t 2 - y, y(O) = I over [0, 5], y(t) = -e-' + t 2 - 2t + 2 

y(0.05) = 0.95127058 
y(O.lO) ""0.90516258 
y(0.15) = 0.86179202 

2. y' = y +3t- t2, y(O) =I over[0,5],y(t) = 2e1 +t2 -t -1 

y(0.05) = 1.0550422 
y(O.IO) "" L1203418 
y(0.15) :;: 1.1961685 

3. y' = -t(y, y(l) = 1 over [1, 1.4J, y(t) = (2- t 2) 112 

y(L05) ""0.94736477 
y(LlO) = 0.88881944 
y(l.l5):;: 0.82310388 

In Exercises 4 through 6, use the Milne-Simpson method, the three starting values y1, Y2· 
· and y3, and the step size h = 0.05 to calculate by hand the next two values y4 and Y5 for 

the I.V.P. Compare your solution with the exact solution y(t). 

4. y' = e-1 
- y, y(O) = 1 over {0, 5], y(t) = te-1 + e-1 

y(0.05) = 0.99879090 
y(O.IO) = 0.99532116 
y(0.15) = 0.98981417 

S. y' = 2ty2, y(O) = 1 over [0, 0.95], y(t) = lf(l - t2) 

y(0.05) = 1.0025063 
y(O.lO) = L0101010 
y{O.l5) = 1.0230179 
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6. y' = 1 + y2, y(O) = 1 over [0, 0.75], y(t) =: tan(t +rr/4) 

y(0.05) = 1.1053556 
y(O.IO) = 1.2230489 
y(O.l5) = 1.3560879 

In Exercises 7 through 9, use the Hamming method, the three slarting values Yl· r2. and 
y3, and the step size h = 0.05 to calculate by hand the next two values Y4 and -'' for the 
I.V.P. Compare your solution with the exact solution y(t). 

7. y' = 2y - y2 y(O) = 1 over [0, 5], y(t) = 1 + tanh(t) 

y(0.05) = 1.0499584 
y(O.lO) = 1.0996680 
y(O.l5) = 1.1488850 

8. y' = (1 - y 2) 112, y(O) = 0 over [0, 1.55}. y{t) = sin(t) 

y(0.05) = 0.049979169 
y (0.10) = 0.099833417 
y(0.15) = 0.14943813 

9. y' = y 2 sin(t), y(O) = 1 over [0, 1.55], y(t) = sec(t) 

y(0.05) = 1.0012513 
y(O.IO) = 1.0050209 
y(0.15) = 1.0113564 

Al~~orithms and Programs -
1. (a) Use Pro1~ram 9.6 to solve the differential equations in Exercises 1 through 3. 

(b) Plot your approximation and the exact solution on the same coordinate system. 

2. (a) Use Program 9.7 to solve the differential equations in Exercises 4 through 6. 

(b) Plot you:r approximation and the exact solution on the same coordinat-e system. 

3. (a) Use Program 9.8 to solve the differential equations in Exercises 7 through 9. 

(b) Plot yoUJr approximation and the exact solution on the same coordinate systern. 

4. Produce a graph analogous to Figure 9.13 by using Program 9.6 with N := 37 and 
N = 65 to solve the I.V.P. 

y' = 30 ·- 5y. y(O) := 1 over [0, 10]. 

5. For the I.V.P. y' = 45- 9y, y(l) = 0 over [1, 20]: 
(a) Use inequality (22) to determine for which step sizes the Adams-Bashforth 

Moulton method might IDe unstable. 

(b) Based on your results from part (a) select step sizes hs and hu for which the 
Adams-Bashforth-Moulton method should be stable and unstable, respectively 
Use a Runge-Kutta method to generate three starting values Yl, yz, and Y3 tor 
each of the step sizes. 

9.7 
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(c) Use Program 9.6 to ge:nerate two approximations, on-e for each step size, to the 
I.V.P. 

(d) Use your results from part (c) to produce a graph analogous to Figun: 9. 13. You 
may find it necessary to experiment with several sets of step sizes. 

Systems of Ditferential Equations 

This section is an introduction to systems of differential equations. To illustrate the 
collicepts, we consider the ihitial value problem 

(1) 

dx 
-=f(t,x,y) 
dt 
dy 
- = g(t,x, y) 
dt 

with 
{ 

x(to) = xo, 

y(to) =YO· 

A solution to (1) is a pair of dlifferentiable functionsx(t) and y(t) with the property 
thai. when t, x(t), and y(t) are substituted in f(t, x, y) and g(t, x, y), the result is equal 
to the derivative x'(t) and y'(t), respectively; that is 

(2) 

(3) 

x'(t) = f(t, x(t), y(t)) 

y'(t) = g(t, x(t), y(t)) 
with 

{ 
x(to) = xo, 

y(to) =YO· 

For example, <:onsider the system of differential equations 

dx 
- =x+2y 
dt 
dy 
- = 3x +2y 
dt 

with 
{ 

x(O) = 6, 

y(O) = 4. 

The solution to the: l.V.P. (3) is 

(4) 
x(t) =4e4r +2e-', 
y(t) = 6e41 

- 2e-1
• 

This is verified by directly substituting x (t) and y(t) into the right-hand side of (3 ), 
computing the derivatives of (4), and substituting them in the left side of (3) 'to get 

J6e41 - 2e-t =: (4e41 + 2e-1) + 2(6e41 - 2e-1), 

24e41 + ze-1 
=: 3(4e4' + 2e-1

) + 2(6e41 - :Ze-1). 
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Numerical Solutions 

A numerical solution to ( 1) over the interval a :::; t ~ b is found by considering the 
differentials 

(5) dx=f(t,x,y)dt and dy=g(t,x,y)dt. 

Euler's method for solving the system is easy to formulate. The different 
lk+t - tt. dx = Xk+l - x,~;, and dy = Yk+l - Yt are substituted into (5) to ge 

Xk+l - X,t:::::: f(tk. Xk> Yk)Uk+l - tk), 

Yk+l - Yk ~ g(tk, Xk, Yk)Uk+l - lk)-

The interval is divided into M subintervals of width h = (b -a)/ M, and the me-,h 
points are lk+l = lk +h. This is used in (6) to get the recursive formulas for Euler·, 
method: 

lk+l = lk + h, 

(7) Xk+l = Xk + h/(tk, Xk, Yk). 

Yk+t = Yk +hg(tk, Xb Yk) fork= 0, 1, ... , M- l. 

A higher-order method should be used to achieve a reasonable amount of accura~, 
For example, the Runge-Kutta fonnulas of order 4 are 

(8) 

h 
Xk+l = Xk + 6(j1 + 2/z + 2f3 + j4), 

h 
Yk+l = Yk + 6(gt + 2g2 + 2g3 + 84), 

where 

Example 9.15. Use the Runge-Kutta method given in (8) and compute the numerical 
solution to (3) over the interval [0.0, 0.2) using ten subintervals and the step size h == 0.02.. 

For the first point we have t1 = 0.02 and the intermediate calculations required LO 
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'Dlble 9.13 Runge-Kutta Solution to x' (t) = x + 2y, y'(t) = 1x + 2y 
witb the Initial Values x(O) = 6 and y(O) = 4 

k 'k .:tt Yk 

0 0.00 6.00000000 4.00000000 
1 0.02 6.29354551 4.53932490 
2 0.04 6.61562213 5.11948599 

3 0.06 6.96852528 5.74396525 
4 0.08 7.35474319 6.41653305 

5 0.10 7.776972!7 7.14127221 

6 0.12 8.23813750 7.92260406 

7 0.14 8.74140S23 8.76531667 

8 0.16 9.29020955 9.67459538 

9 0.18 9.88827138 10.6560560 

10 0.20 10.5396230 11.7157807 

compute x 1 and y 1 are 

ft = /(0.00, 6.0, 4.0) = 14.0 g1 = g(O.OO, 6.0, 4.0) = 26.0 

h h 
xo+ 2 f1=6.14 yo+ 2gl=4.26 

h = /(0.01, 6.14, 4.26) = 14.66 gz = g(O.Ol, 6.14, 4.26) = 26.94 

h h 
xo + 2 h = 6.1%6 Yo+ 2g2 = 4.2694 

/3 = /(0.01, 6.1466, 4.2694} = 14.6854 

g3 =:: /(0.01, 6.1466, 4.2694) = 26.9786 

xa + hh = 6.293708 Yo+ hg3 == 4.539572 

!4 =:: /(0.02, 6.293708, 4.539572) = 15.372852 

g4 = f (0.02, 6.293708, 4.539572) = 27.960268 

These values are used in the final computation: 

Xt = 6 + Q.~ (14.0 + 2(14.66) + 2(14.6854) + 15.372852) = 6.29354551, 

0.02 
Y1 = 4 + 6 (26.0 + 2(26.94) + 2(26.9786) + 27 .960268) == 4.53932490. 

The calculations are summarized in Table 9.13. • 
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Tite numerical solutions contain1 a certain amount of error at each step. For the 
example above, the eJTor grows, and at the right end point t = 0.2 it reaches its maxi
mum: 

x(0.2) -- x1o = 10.5396252- 10.5396230 = 0.0000022, 

y(0.2) -- YlO = 11.7157841- 11.7157807 = 0.0000034. 

Hight~r-order Differential Equations 

Higher-order differential equations involve the higher derivatives x "(t ), x"' (t), and sc 
on. They arise in mathematical models for problems in physics and engineering. For 
example, 

mx"(t) + cx'(t) + kx(t) = g(t) 

represents a mechani<:al system in which a spring with spring constant k restores a 
displaced mass m. Damping is assumed to be proportional to the velocity, and the 
function g(t) is an external force. It is often the case that the positionx(to) and velocity 
x' (to) aie known at a certain time to-

By solving for th4~ second derivative, we can write a second-order initial V<J!ue 
problem in the form 

(9) x"(t) = f(t, x(t), x'(t)) with x(to) == xo and x 1(to) =YO· 

The second-order differential equation can be reformulated as a system of two first
order equations if we use the substitulion 

(10) x'(t) = y(t). 

Then x''(t) = y'(t) and the differential equation in (9) becomes a system: 

dx 

(11) 
dt =y 

dy 
dt = j(t, X, y) 

with 
{ 

x(to) = xo 

y(to) =YO· 

A numerical procedure such as th~~ Runge-Kutta method can be used to solve (11) 

and will fenerate two sequences {xk) and {yd. Tht: first sequence: is the numeri1:a1 
solution to (9). The next example can be interpreted as damped harmonic motion. 
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Table 9.14 Runge-Kutta Solution to x"(t) + 4x'(t) + 5x(t) = 0 with 
the Initial Conditilons x(O) ""3 and x'(O) = -5 

k tk 

0 0.0 
1 0.1 
2 0.2 
3 0.3 
4 0.4 
5 0.5 

llO 1.0 
.tO 2.0 
:10 3.0 
1-0 4.0 
18 4.8 
19 4.9 
50 5.0 

Xk 

3.00000000 
2.52564583 
2.10402783 
1.73506269 
1.41653369 
1.14488509 
0.33324302 

-0.00620684 
-0.1)()701079 
-0.1)()()91163 
-0 ,1)()()()4972 
-OJJ0002348 
-0 _1)()()()0493 

x(tk) 

3.0000000 0 
2 
6 
7 
9 
5 
1 
2 
14 
0 
9 
5 
I() 

2.5256582 
2.1040468 
1.7350842 
1.4165550 
1.1449045 
0.3332466 

-0.0062116 
-0.007012C 
-0.0009117 
-0.0000496 
-0.0000234 
-0.000004~ 

E'!OOllple 9.16. Consider the second-ordJ~r initial value problem 

x"(t)+4x'(t)+5x(t)=0 with x(0)=3 and x'(0)=·-5. 

(a) Write down the equivalent system of two first-order equations. 
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(b) Use the Runge-Kutta method to solve the reformulated problem over [0, 5 j u:,1n~~ 

M == 50 subintervals of width h = 0.1. 

(c) Compare the numerical solution with the true solution: 

x(t) = 3e-21 cos(t) + e-21 sin(t). 

The differential equati-on has the fonn 

x"(t} = f(t,x(r),x'(t)) = -4x'(t)- 5x(r). 

t ·, mg the nubstitution in ( Jl 0), we get the fiefonnulated problem: 

dx 
di = y 

dy 
- =-5x-4y 
dt 

with { 
.x(O) = 3, 

y(O) = -5. 

Samples of the numerical computations are given in Table 9.14. The values {yk} are ex
traneous and are not included. Instead, the true solution values {x(tk)} are included for 
compariSOIII. II 
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Exercises for Systems of Differential Equations 

-~------·------------~~~~---------
In Exercises I through 4, use h = 0.05 and 

(Ill) Euler's method (7) by hand to find (x1, yJ) and (x2 , y2). 

(b) the Runge-Kutta method (8) by hand to find (x 1, y 1 ). 

1.. Solvethesystemx' = 2x+3y,y' = 2x+ywiththeinitialconditionx(O) == -2.7and 
y (0) = 2.8 over the interval 0 :::: t ::::: LOusing the step size: h = 0.05. The: polygonal 
path formed by the solution set is given in Figure 9.14 and can be compan~d with the 
analytic solution: 

69 3 
x(t) == --e-' + -e4t 

25 50 
and 

69 1 
y(t) = -e-r + -e4t 

25 25 . 

2. Solve the system x' = 3x- y, y' = 4x- y with the initial condition x(O) = 0.2 and 
y(O) = 0.5 over the interval 0 ::::: t ::::: 2 usi~tg the step size h = 0.05. The polygonal 
path formed by the solution set is given in Figure 9.15 and can be compare~ with the 
analytic solution: 

I I 1 I 
x(t) = -e ·- -te 

5 10 
and 

1 1 
y(t) = -e' - -te1 

2 5 . 

3. Solve the system x' = x- 4y, y' = x + y with the initial condition x(O) = 2 and 
y(O) = 3 over the interval 0 ::::: t ::::: 2 using the step size h = 0.05. The polygonal 
path formed by the solution set is given in Figure 9.16 and can be compared with the 
analytic solution: 

x(t) = -2e1 + 4e1 cos2(1)- 12e1 cos(t) sin(t) 

and 

y(t) = -3e1 + 6e' cos2(t) + 2e1 cos(t) 8in(t). 

y 

---'------'--.l......--L..---l.._ X 

-2 -I 0 2 

Fig1ue 9.14 The solution to the !:ys
tem x' = 2x + 3y and y' = 2x + y o'ver 
[0.0. 1.0]. 

y 

0.8 

0.6 

0.4 

0.2 

0.0 0.1 0.2 

Figure 9,15 The solution to the sy. 
tern x' = 3x - y and y' = 4x - y over 
[0.0,2.0]. 
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4. Solve the system x'"" y- 4x, y' = x + y with the initial condition x(O) = 1 and 
y(O) "" 1 over the interval 0 :::: t ::::: 1.2 using the step si1ze h = 0.05. The polygonal 
path forme:d by the solution set is given in Figure 9.17 and can be compared with the 
analytic solution: 

Je-·.Ji9r;1 _ 3e-..129't/1 e-../29ti2 + e..f29t/2 

x(t) = 2./i9e3r/2 + 2e3r/2 

and 
-7.e-..fi9t/1 + 7e'/29t/2 e-.fEit/2 + eJ'i9t/2 

y(t) = 2../i9e3tf2 + 2e3tf2 

In Exercises 5 through 8: 

(a) Verify that the function x (t) is the solution. 

(b) Reformulate the second··order differenlial equation as a system of two first-order 
equations. 

{c) Use h ""0.1 and Euler's method by hand to find XJ andl x2. 

(d) Use h = 0.05 and the Runge-Kutta method by hand to find XJ. 

5. 2x"(t)- 5x'(t)- 3x(t) == 45e21 with x(O) = 2 and x'(l[)) = 1 
x(t) = 4e·-t/2 + 7e3t- 9e1r 

6. x"(t) + 6x'(t) + 9x(t) = 0 with x(O) = 4 andx'(O) = -4 
x(t) = 4e·-31 + 8te-31 

7. x"(t) + x(t) = 6cos(t) with x(O) = 2 and x'(O) = 3 
x(t) = 2cos(r) + 3 sin(t) + 3t sin(t) 

8. x"(t) + 3x'(t) = 12 with x(O) = 5 and x'(O) = 1 
x(t) =4+4t+e-31 

y y 

4 
-L-x 

10 20 3 

2 

0.0 0.2 0.4 

~ 
0.6 0.8 

Figure 9.16 1[be solution to tbe sys
tem x' = x - 4y and y' = x + y over 
[0.0, 2.0]. 

Figure 51.1'7 Tile solution to the sys
tem x' = y - 4x and y' == x + y over 
{0.0, 1.2]. 
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Algorithms and Programs -
ll. Write a program to solve a system of equations by the Runge -Kutta method of order 

N = 4 (8). 

In Problems 2 through 5, use your computer implementation of the Runge-Kutta method 
for systems to solve each system using the step size h = 0.05. Plot your approximation 
and the analytic solution on the same coordinate system. 

2. x' = 2x + 3:v, y' = 2x + y, with x(O) = -2.7, y(O) = 2.Ei overO:::: t ::::; :1.0 
x(t) = -~e-1 + ~e41 and y(t) = ~e-1 + -f.se41 

3. x' = 3x- y,. y' = 4x- y, with x(O) = 0.2, y(O) = 0.5 01rerO:::; t :::; 2 
x(t) = !e' -- ft;te1 and y(t)l = ~e1 

- ~te1 

~1. x' = x- 4y, y' = x + y, with x(O) = 2, yi(O) = 3 overO ::::: t:::; 2 
x(t) = -2e1 + 4e1 cos2(t) -- 12e1 cos(t) sin(t) 
y(t) = -3e1 + 6e1 cos2(t) + 2e1 cos(t) sin(t) 

S. x' = y -4x, y' = x + y, withx(O) = 1, y(O) = 1 overO ::::: t:::; 1.2 
3e-v'29t/2 _ 3e#t!2 e-mr/2 + e#t/2 

x(t) = + ----:o~--
2../i§e3t /2 ze3t /2 

-7e···.fi'il;2 + 7e..fi9t;2 e-#t/2 + e#t/2 
y~)= + 

z..fi§e3cf2 2e3t ;2 

In Problems 6 through 9: 

(:a) Reformulate the second-order differential equation as a system of two first-order 
equations. 

(b) Use your computer implementation of the Runge-Kutta method for systems to solve 
each system over the interval [0, 2] with th-e step size h = 0.05. 

(•t) Plot your approximation and the analytic solution on the same coordinate system_ 

(ii, 2x"(t)- 5x'(t)- 3x(t) = 45e21 with x(O) = 2 and x'(O) '= 1 
x(t) = 4e-t/Z + 7e31 - 9e21 

7. x"(t) + 6x'(l) + 9x (t) = 0 with x(O) = 4 and x'(O) = -4 
x(t) = 4e- 31 + 8te-31 

!l:. x"(t) + x(t) = 6cos(t) with x(O) = 2 and x'(O) = 3 
x(t) = 2cos(t) + 3 sin(!)+ 3t sin(t) 

9'. x''(t) + 3x'(t) = 12 with x(D) = 5 and x'(O) = I 
x(t) =4+4t +e-31 

In Problems 10 through 19, use your computer implementation of the Runge-Kutta method 
of order N = 4 to solve the given differential equation or system of equations. Plot each 
approximation. 

10. A certain resonant spring system with a periodic forcing function is modeled by 

x" (t) + 25x(t) =' 8 sin(5t) with x(O) = 0 and x'(O) = 0. 
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Use the Runge-Kutta method to solve the differential equation over the interval [0, 2] 
using M = 40 steps and h =' 0.05. 

11.. The mathematical model of a certain RLC dectrical circuit is 

Q"(t) +20Q'(t) + I25Q(t) = 9sin(5t) 

with Q(O) = 0 and Q'(O) = 0. Use the Runge-Kutta method to solve the differential 
equation over the interval [0, 2] using M =' 40 steps and h = 0.05. Remark. /(t) = 
Q'(t) is the current at timet. 

12. At time t, a pendulum makes an angle x(t) with the vertical axis. Assuming that there 
is no friction, the equation of motion is 

mix" (t) = -mg sin(x(t)), 

where m is the mass and l is the length of the string. Us!~ the Runge-Kutta method 
to solve the differential equation over the interval [0, 2] using M = 40 steps and 

h = 0.05 if g = 32 ft/sec2 and 
(a) l = 3.2 ft and x(O) = 0.3 and x'(O) = 0. 

(b) l = 0.8 ft and x(O) = 0.3 and x' (0) = 0. 

B. Predator-prey model. An example of a system of nonlinear differential equations 
is the predator-prey problem. Let x(t) and y(t) denote th~~ population of rabbits and 
foxes, respec;tively, at time t. The predator-prey model asserts that x(l') and y(l) 

satisfy 

x' (t) = Ax(t) ·- Bx(t)y(t), 

y'(t) = Cx(t)y(t)- Dy(t). 

A typical computer simulation might use the coefficients 

A =2, B = 0.02, c =0.0002, D =0.8. 

Use the Runge-Kutta method to solve the system of diffl:rential equations over the 
interval [0, 5] using M = 50 steps and h = 0.2 if 

(a) x(O) = 3000 rabbits ru~d y(O) = 120 foxes. 

(b) x(O) = 5000 rabbits and y(O) = 100 :Foxes. 

14. Solve x' = x - xy. y' = --y + xy with x(O) = 4 and y(O) = 1 over 1[0, 8] using 
h = 0.1. The trajectories of this system form closed paths. The polygonal path 
formed by the solution set is one of the curves shown in Figure 9.18. 

15. Solve x' = -3x- 2y- 2xy2, y' = 2x - y + 2y3 with x(O) = 0.8 and y(O) = 0.6 
over (0, 4] using h = 0.1. For this system, the origin is classified as a spiral point that 
is asymptotically stable. The polygonal paltlt formed by the solution set is one of the 
curves show:n in Figure 9. 19. 

115. Solve x' = y 2 - x 2, y' =' 2xy with x(O) = 2.0 and y(O) = 0.1 over [0.0, 1.5] 
using h = 0.05. For this system, there is an unstable saddle point at the origin. The 
polygonal path formed by the solution set is one of the curves shown in Figure 9.20. 
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y 

4 ~ 
3 

~ 2 

~x 

0 2 3 4 

Figure 9.18 Solutions to the syst,em 
x' =x -xyandy' = -y+xy. 

y 

2.0 

1.6 

1.2 

0.8 

0.4 

~x 

0.0 0.5 1.0 L5 2:.0 

Figur·e 9.20 SolutiCins to tbe system 
x' = y 2 - x 1 andy'== 2xy. 

y 

-0.2 0.2 0.4 0.6 0.8 

'Figure 9.19 Solutions to the system 
x' = -3x- 2y- 2xy2 andy' ::o 2x
y + 2y3. 

y 

-2 -1 2 

F'ignre 9.21 Solutions to the system 
x' =I- y andy' =x2 - y2• 

17. Solve x' = 1 - y, y = x2 - yi with x(O) = ·-1.2 and y(O) = 0.0 over [0, :5] using 
h = O.l. The point (1, l) is a spiral point that is asymptotically stable, and tlile point 
( --1. 1) is an unstable saddle point. The polygonal path form{•d by the soluti•ln set is 
one of the curves shown in Figure 9.21. 

18. Solve x' = x 3 - 2xy2, y' = 2x 2y - y 3 with x(O) = 1.0 and y(O) = 0.2 over 
[0. 2] using h = 0.025. This system has an unstable critical point at the origin. The 
polygonal path formed by the solution set is one of the curves shown in Figure 9.22. 

19. Solve x' = x 2 - y 2, y' = 2xy with x(O) = 2.0 and y(O) = 0.6 over [0.0, 1.6] using 
h = 0.02. The origin is an unstable critical point. The polygonal path formed by the 
scllution set is one of the curves shown in Figure 9.23. 

9.8 
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y 

X 

0.0 0.5 1.0 1.5 2:.0 -3 -2 -1 0 2 3 

Fi1~re 9.22 Solutions to the system 
x' = x3- 2xy2 andy'= 2xzy- y3. 

Figure 9.23 Solutions to the system 
x' = x 2 - y 2 and y' = 2xy. 

Boundary Value Problems 

Anc1ther type of differential equation has the form 

(1) x" = j(t, x, x') for a :5 t:::: b, 

with the boundary conditions 

(2) x(a) = a and x(b) = {J. 

This is called a bon,ulory value J•roblem. 
The condition1~ that guarantee that a solution to (1) exists should be checked be

fore any numerical scheme is apJplied; otherwise, a list of meaningless output may be 
genc~rated. The ge~teral conditions are stated in the following theorem. 

Theorem 9.8 (Boondary Value Problem). Assume that f (t, x, y) is continuous on 
the :region R = {(t, x, y) : a :5 t ::::; b, -oo < x < oo, -•::xJ < y < oo} and that 
8f/i3x = jx(t, x, y) and of joy= [y(t, x, y) are continuou:s on R. If there exists a 
com;tant M > 0 for which fx and jy satisfy 

(3) 

(4) 

fx(t, X, y) > 0 

1/y(t, X, y)l ~~ M 

for all (t, x, y) E R and 

for all (t,x,y) E R, 

then the boundary value problem 

(5) x 11 = j{t, x, x') with x(a) =a and x(b) = fJ 

has a unique solution x = x(t) for a ::=:: t ::::; b. 
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The notation y = x'(t) lilas been used to distinguish the third variable of the funL·
tion 1 (t, x, x'). Finally, the: special case of linear diffe11ential equations is worthy or 
mention. 

Corollary 9.11 (Linear Boundary Value Problem). A:>sume that I in Theorem 9.8 
has the fonn f(t, x, y) = p(t)y + q(t)x + r(t) and that f and its partial derivative,; 
(Jj j&x = q(t) and &l/&y = p(t) are contirmous on R. If there exists a constant M > 0 
for which p(t) and q(t) satisfy 

(6) 

(7) 

q(t) > 0 for all t E [a, b], and 

lp(t)l ~ M = max {lp(t)l}, 
a~t~b 

then the linear boutulary value problem 

(8) x" = p(t)x'(t) + q (t) x(t) + r(t) with x(a) =a and x(b) --c i-; 

has a unique solution x = x (t) over a :::; t ;S b. 

Reduction to Two I. V.P.~s: Linear Shooting Method 

Finding the solution of a linear boundary problem is assisted by the linear structure of 
the equation and the use of two special initial value problems. Suppose that u(t) is the 
unique solution to the I.V.P. 

(9) u" = p(t)u'(t) + q(l)u(t) + r(t) with u(a) =a and u'(a) = 0. 
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Furthermore, suppose that v(t) is the unique solution to the l.V.P. 

(10) v" = p(t)v'(t) + q(t)v(t) with v(a) = 0 and v'(a) == l. 

Then the lim~ar combination 

(11) x(t) = u{t) + Cv(t) 

is a solution 1to x" = p(t)x'(t) + q(t)x(t) + r(t) as seer\ by the computation 

x" = u" + Cv" = p(t)u'(t) + q(t)u(t) + r(t)-/- p(t)Cv'(t) + q(t)Cv(t) 
= p(t)(u'(t) + Cv'(t)) + q(t)(u(t) + Cv(t)) + r(t) 
= p(t)x'(t) + q(t)x(t) + r(t). 

The solution x(t) in equation (ll) takes on the boundary values 

(12) 
x(a) = u(a) + Cv(a) =a+ 0 '=a, 
x(b) = u(b) + Cv(b). 
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Imposing the boundary condition x(b) = f3 in (12) produces C = (/3- u(b))/v(hl. 
Therefore, ih(b) # 0, the unique solution to (8) is 

(13) f3 - u(b) 
x(t) = u(t) + v(t). 

v(b) 

Remark. If q fulfills the hypotheses of Corollary 9.1, this rules out th1~ troublesom~ 
solution v(t) ""' 0, so that (13) is the fonn of the required solution. The details are kft 
for the reader to investigate in the exercises. 

Example 9.17. Solve the boundary value problem 

11 . 2t I , 2 
x (t) = l + t2 x (t)- 1 + t2x(t) + I 

with x(O) = 1.25 and x(4) = -0.95 over the interval [0, 4]. 
The functions p, q, and r are p(t) = 2t/(1 -/- t 2), q(t) = -2/0 -1- t 2), and 

r(t) = l, respectively. The Runge-Kutta method of order 4 wirh step size h = 0.2 
is used to construct numerical solutions { u i} and ( v j} to equations (9) and (I 0), respec
tively. The approximations {uJ) for u(t) are given in the first column of Table 9.15. Then 
u(4) ""'u2o = --2.893535 and v(4) ::::< v2o = 4 are used with (13) to construct 

b -u(4) 
Wj = V(

4
) Vj = 0.485884Vj. 
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1able 9.15 Thf~ Approximate Solutions (xi)= (uJ + Wj} to 
21 2 the Equation x"(l)"" --2x'{(l- --2 + 1 l+t l+t 

0 
0 

0 
0 
0 
1 

i 

.0 

.2 

.4 

.6 

.8 
.0 
.2 
.4 
.6 
.8 I 

2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
4 

.0 

.2 

.4 

.6 

.8 

.0 

.2 

.4 
.6 
.:B 
.l:l 

Uj Wj 

1.250000 0.000000 
1.22:0131 0.097177 
1.132073 0.194353 
0.990122 0.291530 
0.8C0569 0.388707 
0.570844 0.485884 
0.308850 0.583061 
0.022522 0.680237 

-0.280424 0.777413 
-0.592609 0.874591 
-0.907039 0.971767 
-!.217121 !.068944 
-1.516639 1.166121 
-1.799740 1.263297 
-2.060904 1.360474 
-2.294916 1.457651 
-2.496842 1.554828 
-2.662004 1.652004 
-2.785960 !.749181 
-2.864481 1.846358 
-2.893535 !.943535 

Xj=Uj-1-Wj 

1.250000 
1.317308 
1.326426 
1.281652 
1.189276 
!.056728 
0.891911 
0.702759 
0.496989 
0.281982 
0.064728 

-0.148177 
-0.35051B 
-0.536443 
-0.700430 
-0.837265 
-0.942014 
-!.010000 
-1.036779 
-1.018123 
-0.950000 

Tllten the required approximate solution is (x;) = {uJ + w/1- Sample computation> are given in Table 9.15, and Figure 9.24 shows their graphs. The reader can verify that v( I 1 = I 
is the analytic solution for boundary value problem (10); that is, 

21 2 v"(t) = --
2 
v'(t)- -

1
--2 v(t) 

1 +t +t 
with the initial conditions v(O) == 0 and v' (0) == I. 

The approximations in Table: 9.16 compare :numerical solutions obtained with the linear shooting method with the step sizes h = 0.2 and h = 0.1 and the analytic solution 

x(r) = 1.25 + 0.4860896526t- 2.25P + 2t arctan{t) - ~In( I+ t
2

) + ~t2 In(l + r2
). 

A graph of the approximate solution when h == 0.2 is given in Figure 9.25. Included in the table are columns for the error. Since the Runge-Kutta solutions have error of order O(h4 ), the error in the solution with the smaller step size h = 0.1 is about~~ the error of 
the solution with the large step size h = 0.2. • 

Program 9.10 will call Pro!~ram 9.9 to solve the initial value problems (9) and (10). Program 9.9 approximates solutions of systems of differential equations using a mod
ification of the Runge-Kutta method of order N = 4. Thus, it is necessary to save 

SEC. 9.8 BOUNDARY VALUE PROBLEMS 

y 

2 
-------- y = w(t) 

0 1-=--;s:s;'-- '-4 
-1 I ~ ----- y=x(t) 

·-2 ~Y=•(') ·-3 

Figure 9.24 Numerical approximations u(t) .and w(t) used to 
form x(t) = u(t) + w(t) which is the solution to 

II 2f I , 2 x (1) = --x (t'- --x(t) + I. I+ t 2 ' I +r2 
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Table 9.16 Numerical Approximations for -~"(t) = 2:.._
2x'(t)- -

2
-x(t) +I 1 + t I+ r2 

Xj x(tj) x(tj) -Xj II Xj X(tj) X(tj)-Xj 
lj h = 0.2 exact error lj h =0.1 exact error 

0.0 1.250000 1.250000 0.000000 0.0 1.250000 1.250000 O.OOOtlOO 
0.1 1.291116 1.291117 0.000001 

0.2 1.317308 1.317350 0.000042 0.2 1.317348 1.317350 0.000002 
0.3 1.328986 1.328990 0.000004 

0.4 1.326426 1.326505 0.000079 0.4 1.326500 1.326505 0.000005 
0.5 1.3!0508 1.3!0514 0.000006 

0.6 1.281652 1.281762 0. ()()() 110 0.6 1.281756 1.281762 0.000006 
0.8 I. 189276 1.189412 0.000136 0.8 1.189404 1.189412 0.000008 
1.0 1.056728 !.0568815 0.000 158 1.0 !.056876 1.056886 0.000010 
1.2 0.8919ll 0.892086 0.000175 !.2 0.892076 0.892086 0.000010 
1.6 0.496989 0.497187 0.000198 !.6 0.497175 0.497187 0.000012 
2.0 0.064728 0.064931 0.000203 2.0 0.064919 0.064931 0.000012 
2.4 -0.350518 -0.350325 0.000193 2.4 -0.350337 -0.350325 0.000012 
2.8 -0.700430 -0.700262 0.000168 2.8 -0.700273 -0.700262 0.000011 
3.2 -0.942014 -0.941888 0.000126 3.2 -0.941895 -0.941888 0.000007 
3.6 - !.036779 -1.036708 0.000071 3.6 -1.036713 -1.036708 0.000005 
4.0 -0.950000 -0.950000 0.000000 4.0 -0.950000 -0.950000 0.000000 

the equations (9) and ( 1 0) in the form of th1~ system of equations ( 11) of Section 9. 7. As an illustration. consider the boundary value problem in Example 9.17. The follow-



502 CHAP. 9 SOLUTION OF DIFFERENTIAL EQUATIONS 

y 

1.0 

0.5 

0.0 

-0.5 

-1.0 

Figure 9.25 ·me graph of the numerical appn)ximation for 

11 2t 1 2 x (t) = --1 x (l)- --
2

x(t) +I 
l+t l+t 

(using h = 0.2). 

ing M-file, named F1, will save the I. V.P. (9) in the fomt of a system of differential 
equations. 

function Z=F1 (t ,Z) 
x:=Z(l) ;y=Z(:2); 
Z=[y,2•t•y/(1+t-2)-2•x/(1+t-2)+1]; 

A similar M-file, named F2, will save the I.V.P. (10) (just let r(t) = 0 in F1) in the 
appropriate form. 

A plot of the approximation obtained from Program 9. 10 can be constructed by 
using the command plot(L(:, 1), L(: ,2)). 

Program 9.9 (Runge-Kuttn Method of Order N = 4 t1Jr Systems). To approxi
mate the solution of the systt:m of differential equations 

with XJ (a) = cq, ... , x,(a) == a 11 over the interval [a, b]. 

function [T,:Z]=rks4(F,a,b,Za,M) 

%Input - F :ls the syst~3m input as a string 'F' 
i. - a and b 21.re the end points of the interval 
i. - Za'=[x(a) y(a)]' ue the iiLitial condhions 
% - M :ls the numbE~r of steps 

SEC. 9.8 BOUNDARY VALUE PROBLEMS 

i.Dutput - T is the veJ;tor of steps 
i. - Z"'[xl(t) ... Jm(t)]; where xk(t) is the approxtmation 
i. to the kth dependent v21.riable 

h=(b-a)/M; 
T:zeros(1,lH1); 
Z=zeros(M+:l,length(Za)); 
T=a:h:b; 
Z(1,:)=Za; 

for j=1:M 
k1"'h•feval(F,T(j),Z(j,:)); 
k2=h•feval {F, T(j)+h/2, Z(j,: )+ki/2); 
k3=h•feval(F, T(j )+h/2,Z(j,: )+1~:2/2); 
k4=h*feval(F,T(j)+h,Z(j, :)+k3); 
Z (j +1, : )=Z(j, : )+ (kl +2•k2+2•k3+k4) /6; 

end 
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Program 9.10 (J.Anear Shooting Method). To approximate the solution of the 
boundary vallue problem x·'' = p(t)x1{t) + q(t)x(t) + r(t) with x(a) = u and 
x (b) = f3 over the interval [a, b] by using the Runge-Kultta method of order N = 4. 

function L=linsht(F1,F2,a,b,alpha,beta,M) 

%Input 
% 
% 
% 
% 
% 
~.Output 

% 

- F1 and F2 ue the systems of first·-order equa·t;ions 
representing the I.V.P.'s (9) and (10), respectively; 
input as strings 'Fl', 'F2' 

- a and b 21.re the end poilltS of the interval 
-alpha= x(a) and beta= x(b); boundary conditions 
- M is the number of steps 
- L =[T' X]; vhere T' is i~he (M+l)xl vector of 

abscissas and X is the (M+1)x1 vector of ordinates 

%Solve the :~ystem Fl 
Za=[alpha,O]; 
[T,Z]=rks4(F1,a,b,Za,M); 
IJ=Z (: , 1); 
:1-Solve the !~ystem F2 
Za=[0,1]; 
[T,Z]=rks4(F2,a,b,Za,M); 
'/=2(:,1); 

ZCalculate 1;he solution to the boundary value' problem 
X=U+ (beta-U(M+i)) •V/V(H+1); 
L"' [T' X]; 
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Exercises fo1r Boundary Value Problems -
1. Verify that the function x (t) is the solution to the boun&uy value problem. 

(a) x" = (-2/t)x' + (2jt2)x + (IOcos(ln(t)))jt2 over [1, 3] with .:~:(1) = 1 and 
x(3)==-l. 

) 
4.335950689- 0.3359506908t3 - 3t2 c:os(ln(t)) + t 2 sin(ln(t)) 

x(t = 2 
t 

(b) x" = -2x'- 2x + e·-l + sin(2t) ov•er [0, 4) with x (0) = 0.6 and x(4) = -0.1. 

I I 2 
x(t) = ·- + e-1 - -e-·1 cos(t) - - cos2(t) 

5 5 5 
I + 3.670227413e-1 sin(t) - S cos(t) sin(t) 

(c) x" = --4x1
- 4x + 5 cos(4t) + sin(2t) over [0, 2] with x(O) = 0.7S and x(2) = 

0.25. 

1 2 2r 19 ,, x(t) = -- + 1.025e- '-· l.915729975te- + -
2 

cos"·(r) 
40 0 

6 4 4 )' 8 3)· - -cos (t) - - c:os(t sm{t) + -cos (t sm(t) 
5 5 5 

(d) x" + (1/t)x' + (1- :l/(4t2))x = 0 over [1, 6] with x(l) = 1 andx(6) = 0. 

0.2913843206 .cos(t) + 1.001299385 sin(t) 
x(t) = .fi 

(e) x"- (l/t)x' + (1/t2)x = 1 over [0.5,4.5] withx{0.5) = 1 andx(4.5) = 2. 

x(t) = t2 - 0.2525826491!- 2.5284422971 ln(r) 

1.. Does the boundary value problem in Exercise l(e) satis~y the hypothest~s of Corol
lary 9.1? ExJPlain. 

~1. If q fulfills the hypothesis of Corollary 9.1, show that v(t) = 0 is the unique solution 
to the boundary value probl-em 

v" = p(t)v'(t) + q(t)v(t) with v(a) = 0 and v(b) = 0. 

Algorithms and Programs 

--·----------~----------·----------·---------·-----------------L (a) Use Programs 9.9 and 9.10 to solve each of the boundary value j)roblem~ in 
Exercise l, using the step size h = 0.05. 

(b) Graph your solution and the actual solution on the same coordinate system. 

SEC. 9.9 FINITE-DifFERENCE METHOD 

2. Construct programs analogous to Program 9.9 based on 
(a) He1m 's method, 
{b) the Adams-Bashforth-Moulton m•~thod, and 
(c) Hamming's method. 

3. (a) Modify Program 9.10 to call each of your programs from Problem 2. 

sos 

(b) Use your programs to solve each of the five boundary value pmblems in Exer
cise I using the step size h = 0.05. 

(c) Graph your solutions and the actual solution on the same coordinate system. 

9. 9 Finite-difference M•ethod 

Methods involving differeno~ quotient approximations for derivatives can be used for 
solving certain second-order boundary value problems. Consider the linear equation 

(1) x 11 = p(t)x 1(t) + q(t)x(t) + r(t) 

over [a, b] with x(a) =a and x(b) = /3. Form a partition of [a, b] using the points 
a= to < t1 < · · · < lN = b, where h = (b- a)JN and t1 =a+ jh for j = 0, I, 
... , N. The central-difference formulas discussed in Chapter 6 are used to approximate 
!he derivatives 

(2) '( ) x(tj+l)- x(tj_J) 2 xt·=- +O(h) 
J 2h 

and 

(3) "( ) x(lj+J)- 2x(t;) +x(tj-1) 2 X fj = - h2. + O(h ). 

To start the derivation, we n:place each tenn x(t1) on the right side of (2) and (3) 
with XJ and the resulting equations are substituted into (I) to obtain the relation 

(4) 
Xj+l -2xj +Xj-1 + 0(h2) = p(t·) (Xj+l -Xj-1 + O(h2)) 

h2 J 2h 

+ q(t1)x1 + r(t1). 

Next, we drop the two terms 0(h 2) in (4) and introduce the notation Pi 
'I , = q (t 1), and r 1 = r (t J); th:is produces the: difference equation 

p(tj). 

\\·hich is used to compute numerical approximations to the differential c:quation (1). 
This is carried out by multiplying each sidc: of (5) by h2 and then coUecting terms 
mvoJving Xj-l, Xj, and XJ+l and arranging them in a system oflinear equations: 
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for j = l, 2, ... , N - I, where x0 = a and x N = fJ. The system in (6) has the fmmliar 
tridiagonal form, which is more visible when displayed with matrix notatiolll: 

~PI -1 X! 

2 + h2
q2 ~P2- I 0 xz 

-h 1 TPJ- 2+h2qj ~PJ- I Xj 

0 -h 1 -yPN-2- 2 + h2
qN-2 qPN-2- I XN-2 

-h 1 TPN-l- 2 + h2qN-I 'XN-1 

-h2r1 +eo 
-h2r2 

-h2rj 

-h2
TN-2 

-h2rN-l +eN 

eo==(~ PI+ 1) a and eN= ( ~h PN-l + l) {3. 

When computations with step size h are used, the numerical approxima1lion to the 
solution is a set of discrete points {(tj. Xj)}; if the analytic solutionx(lj) is known. we 
can compare x J a11d x(tj ). 

Ex~1mple 9.18. Solve the boundary value probkrn 

1/ 2t I 2 I x (t) = 1 + r2 x (t)- .1 + r2 x(t) + 
with x(O) = 1.25 and x(4) = -0.95 over the inte:rval [0, 4]. 

The functions p, q, and rare p(r) = 2t/(l + t 2), q(t) = -2/(1 + t 2), and r(l) = I. 
respectively. The finite-difference :method is used to construct numerical solutions (x1 l us
ing the system of equations (6). Sample values of the approximations {x j, J}, {x j,2}, (x 1 .:11. 
and (x 1.4 ) corresponding to the step sizes h 1 = 0.2, h2 = 0.1. h3 = 0.05, and h4 = 0.025 
are given in Table 9.17. Figure 9.:26 shows the graph of the polygonal path formed from 
((1

1
, x1,1)} for the case h1 = 0.2.. There are 41 terms in the sequence generated with 

h2 ~~ 0.1, and the sequence {xj,2} only includes every other term :from these computations: 
they correspond to !he 21 values of {rj} given in Table 9.17. Similarly, the sequences {x, 3) 
and {x

1
.4} are a portion of the values generated with step sizes h3 = 0.05 and h4 = 0.025. 

respectively, and they correspond to the 21 values of { t j} in Table 9.17. 
Next we compare numerical solutions in Table 9.17 with the analytic solution: x(t) = 

1.25 +0.486089652r- 2.25t 2 + 2t arctan(!)-! ln(l +t2
) + ~t2 In(l +t2

). The ltlumerical 

\i·.c. 9.9 FINITE-DIFFERENCE METHOD 507 

Table !U7 Numerical Appro~irnations for x"t[r) = ~x'(t)-~2 x(t) +I 
l+t I+r 

'i 

00 
0.2 
0.4 
0.6 
08 
l.O 
1.2 
1.4 
1.6 
1.8 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
4 

.0 

.2 

.4 

.6 

.8 

.0 

.2 

.4 
.6 
.8 
.0 

Xj,l 
h =0.2 

1.250000 
1.314503 
1.320607 
1.272755 
1.177399 
l.042106 
0.874878 
0.683712 
0.476372 
0.260264 
0.042399 

-0.170616 
-0.372557 
-0.557565 
-0.720114 
-0.854988 
-0.957250 
-1.022221 
-1.0454~)7 

-1.022727 
-0.9500:)() 

x;.2 
h =' 0.1 

1.250000 
1.316646 
1.325045 
1.279533 
1.186438 
1.053226 
0.88'7823 
0.698181 
0.492027 
0.276749 
0.059343 

-0.153592 
-0.35!i841 
-0.541.546 
-0.705188 
-0.841551 
-0.945700 
-1.012:958 
-1.038880 
-1.019238 
-0.950000 

Xj,3 Xj,4 x(tj) 
h = 0.05 II= 0.025 exact 
1.250000 l.250000 1.250000 
1.317174 1.317306 1.317350 
1.326141 1.326414 1.326505 
1.281206 1!.281623 1.281762 
1.188670 l.l89227 1.189412 
1.055973 1.056658 1.056886 
0.891023 0.891821 0.892086 
0.701758 0.702650 0.702947 
0.495900 0.496865 0.497187 
0.280828 0.281846 0.282184 
0.063537 0.064583 0.064931 

-0.149378 -0.148327 --0.147977 
-0.351702 -0.350669 -0.350325 
-0.537580 -0_536590 --0.536261 
-0.701492 -0.700570 --0.700262 
-0.838223 -0.837393 -·0.837116 
-0.942839 -0.942125 -0.941888 
-1.010662 -1.010090 -1.009899 
-1.037250 -1.036844 - L036709 
-1.018373 -1.018158 -1.018086 
-0.950000 -0.950000 -0.950000 

solutions can be slllown to have error of order O(h 2). Hence reducing the step size by a 
factor of ~ results in the error being reduced by about ! . A careful scrutiny of Table 9.18 
will reveal that this is happening. For instance, at fJ = 1.0 the errors incurred with step 
sizes h1, h2, h3, and h4 are e j.l = 0.014780, e 1.1 = 0.003660, en = 0.000913, and e1.4 = 
0.000228, respecti-vely. Their succ:essive ratios ej,z/ej,l = 0.003660/0.014780 = 0.2476, 
e1,3/ej.2 = 0_000913/0.003660=, 0.2495, and e;,4/e}.3 = 0.000228j0.0009U = 0.2497 
are approaching!-

Finally, we show how Richardson's improvement scheme can be used to ~~xtrapolate 
the seemingly inaccurate sequenc·es {xf.J}. {xj.2}, {xj,3), and {xj,4) and obtain six digits 
of precision. Eliminate the errort~~rms 0 (h2) and O((h/2)2) in the approximations {x1,d 
and (Xj,2} by generating the extrapolated sequence {Zj,l) = {(4xJ,2- XJ.d/3). Similarly, 
the error terms O((h/2)2) and O((h/4) 2) for {xj.z) and {xj,3} are eliminated by generat
ing {Zj,2} = ((4xj.3 ~ Xj,1)/3). It has been shown that the second level of Richardson's 
improvement scheme applies to the sequences {Zj.!) and {Zj.2). so the third improvement 
is {{16zj.2- z1.J)/l5} (see Reference [41]). Let us illustrate th·e situation by finding the 
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y 

Fl.gu.re 9.26 The graph of the numerical approltimation for 
x(l) = u(t) + w(t) which is thesolution to 

x"(t) == ~x'(r)- -
2
-x(t) +I 1 +t2 1 + r2 

{using h = 0.2). 

extrapolated valu,es that correspond tot 1 = 1.0. The first extraJPolated value io 

4X).2- Xj,l = 4(1.053226)- 1042106 = 1.056932 = Zj,l· 
3 3 

The second extrapolated value is 

4x,u _ XJ.2 = 4(1.055973)- 1053226 = 1.056889 = 21 _2 . 
3 3 

Finally, the third extrapolation involves the tem1s ZJ.I and Zj.2: 

~6Zj, 2 - Zj,l = 16(1.056889)- 1.056932 =· l.056886_ 
15 15 

This last computation contains six decimal places of accuracy. The values at the other 
points are given in Table 9.19. • 

Program 9.12 will call Program 9.11 to solve the tridiagonal system (6). Pro
gram 9.12 requires that the codficient functions p(t), q(t), and r(t) (boundary value 
problem (I)) be !iaved in M·file:s p. m, q. m, and r .m. respectively. 

[Program 9.11 (Tridiagonal Systems). To solve the tridiagonal system ex= B, I 
~vhere C is a tridiagonal matrix. 

ftmction X=trisys(A,D,C,B) 
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Table 9.18 Errors in Nummcal Approximations Using tiH: Finite-differen.:e Method 

x(tj)-Xj;l x(tj) -xj.2 x(t,;) -Xj,3 x(tj)-xj,4 
'J = ej.l =ej,2 == eJ.3 =ej,4 

hi =0.2 h2 = 0.1 h3 =0.05 h4 =0.025 
0.0 0.000000 0.000000 0.000000 0.000000 
0.2 0.002847 0.000704 0.000176 0.000044 
0.4 0.005898 0.001460 0.1Xl0364 0.000091 
0.6 0.009007 0.002229 0.1Xl0556 0.000139 
0.8 0.012013 0.002974 0.000742 0.000185 
1.0 0.014780 0.003660 0.000913 0.000228 
1.2 0.017208 0.004263 0.001063 0.000265 
1.4 0.019235 0.004766 0.()(}1189 0.000297 
1.6 0.020815 0.005160 0.(101287 0.000322 
1.8 0.021920 0.005435 0.{101356 0.000338 
2.0 0.022533 0.005588 0.(101394 0.000348 
2.2 0.022639 0.005615 0.001401 0.000350 
2.4 0.022232 0.005516 0.001377 0.000344 
2.6 0.021304 0.005285 O.C01319 0,000329 
2.8 0.019852 0.004926 0.001230 0.000308 
3.0 0.017872 0.004435 0.001107 0.000277 
3.2 0.015362 0.003812 o.ooo.m 0.000237 
3.4 0.012322 0.003059 0.000763 0.000191 
3.6 0.008749 0.002171 0.000541 0.000135 
3.8 0.004641 0.001152 0.000287 0.000072 
4.0 0.000000 0.000000 0.000000 0.000000 

%Input A 
% ~ D 
% c 
% ~ B 

is 
is 
is 
is 

the subdiagonal of the coefficient matrix 
the main diagonal of the coefficient matrix 
the superdiagonal of the coefficient matrix 
the constant vector of the linear system 

%Output ~ X is the solution vector 
N=length(B); 
for k=2:N 

mult=A(k-1)/D(k-1); 
D(k)=D(k)-mult*C(k~l); 
B(k)=B(k)-mult•B(k-1); 

1<1nd 
X(N)=B(N)/D(N); 
fork= N-1:·-1:1 

X(k)=(B(k)-C(k)*X{k+1))/D(k); 
end 
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Table 9.19 Extrapolation of th•e Numerical ApJilroximations {x.f.l}, (xj.2}. (xj.3} Obtained 
with the Finite-dilfference Method 

l'j 

c 
(] 

(] 

(] 

(] 

1 

2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
4 

1.0 
1.2 
1.4 
1,6 
•.8 
.0 
.2 
.4 
.6 
.8 
.0 
.2 
.4 
.6 
.8 
.0 
.2 
.4 
.6 
.8 
.0 

~.2-Xj,l 
3 

= ZJ,I 

1. 250000 
1.317360 
1.326524 
1.281792 
1.189451 
I 056932 
0.892138 
0.703003 
0.497246 
0.282244 
0.064991 

-0.147918 
-0.350268 
-0.536207 
-0.700213 
-0.837072 
-0.941850 
-1.009870 
-1.036688 
-1.018075 
-0.950000 

4x; 3-x;.2 
3 

=Zj,2 

1.250000 
1.317351 
1.326506 
1.281764 
1.189414 
1.056889 
0.892090 
0.702951 
0.497191 
0.282188 
0.064935 

-0.147973 
-0.350322 
-0.536258 
-0.700259 
-0.837113 
-0.941885 
-1.009898 
-1.036707 
-1.018085 
-0.950000 

I6z;.2-.w_ x(tj) 

3 Exact 
solution 

1.250000 1.250000 
1.317350 1.317350 
1.326504 1.32650' 
1.281762 1.281762 
1.189412 1.189412 
1.056886 1.05688(1 
0.892086 0.892086 
0.702947 0.70294S 
0.497187 0.497187 
0.282184 0.282184 
0.064931 0.064931 

-0.147977 -0.147977 
-0.350325 -0.350325 
-0.536261 -0.536261 
-0 700263 -0.700262 
-0.837116 -0.837116 
-0.941888 -0.94188R 
-1.009899 -100989'1 
-1.036708 -1.03670~ 

-1.018086 -].01808<> 
-0.9500Xl -() 9500011 

.. 

Program 9.12 (Finite-d.ifTen~nce Method). To approximate the solution of the i 
boundary value problem x 11 == p(t)x'(t) + q(t)x(t) + r(t) with x(a) = a and I 
x(b) = f3 over the interval [a, b] by using the finite-difference method of order ' 
O(h 2). 

Remark. The mesh is a = t1 < · · · < IN+ I = b and the solution points ,m: I 

{' )}N+I '''J• Xj }=1 . 

function F=findiff(p,q,r,a,b,alpha,beta,N) 

'l.Input 
'l. 
'l. 
% 

- p,q,and r are the coefficient functi4lns of (1) 
input as string·s; 'p', 'q', 'r' 

- a and b are th•a left and :right end pc,ints 
- alpha=x(a) and beta=x(b) 

% - N is the number of steps 
%Output - F"'[T' X'] :when;~ T' is the 1xN vector of abscissas 

and X' is the lxN vector of ordinates 
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%Initialize vectors and h 
T=zeros(l,N+l); 
X=zeros(1,N-1); 
Vao;zeros(1,N-2); 
Vb=zeros(1,N-1); 
Vc=zeros(l,N-2); 
Vd"'zeros(1,N-1); 
h=(b-a)/N; 

%Calculate th•e constant '17ector B in AX"'B 
Vt=a+h:b:a+h•(N-1); 
Vb=-h"2*feval(r,Vt); 
Vb (1)=Vb(1)+( 1+h/2•feval(p, Vt(1)) )•;upha; 
Vb (N-1)=Vb(N-1)+(1-h/2•hval (p, Vt (N·-1))) •beta; 

/,Calculate th4~ main diagonal of A iiL AX=B 
Vd,=2+h~2•feval (q, Vt); 

%Calculate th4~ superdiagonal of A iiL AX=B 
Vt<i=Vt(1 ,2: N-:~); 
Va'=-1-h/2*fevill(p,Vta); 

%Calculate thEI subd.iagonc:Ll of A in J1.X=B 
Vtc=Vt(1,1 :N-~!); 
Vc=·-1+h/2•feval (p, Vtc); 

%Solve AX=B ue1ing trisys 
X=t:risys(Va,Vd,Vc,Vb); 
T=[a,Vt,b]; 
X= [alpha,X,bet.a]; 
F=LT' X']; 
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B:xercises for 18'inite-d.ifference Method 

------------~--.~--~--------·----n Exercises 1 through 3, use the finite-difference method to approximate x(a + O.S). 

(a) Let h 1 = 0.5 and do one step by hand calculation. Then let h2 = 0.25 a:11d do two 
steps by hand calculation. 

(b) Use extrapolation of the values in part (a) to obtain a bc~tter approximation (i.e., 
Z;,l = (4Xj.2- Xj.J)/3). 

(c) Compare your results from parts (a) and (b) with the-exact value x(a + 0.5). 

1. x" = 2x'- x + t2 - I over [0, I} with x(O) = 5 andx(l) == 10 
x(t) = t2 +4t +5 

2. x" + 0/t)x' + (l- I/(4t2))x = 0 over[!, 6] withx(l) =I andx(6) = 0 

( ) 
0.2913843206cos(t) + 1.001299385 sin (I) 

X t = 
Jr 
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3. x" - (1/ t)x' + (1/ t 2)x = 1 over [0.5, 4.5] with x (0.5) = I and x(4.5) = 2 

x(t) = t 2 ~ 0.252582649lt- 2.528442297tln(t) 

4. Assume that p, q, and rare continuous over the interval [a, bland that q(l) ~ 0 lor 

a ::::; t ::::; b. If h satisfies 0 < h < 2/M, where M = max,1 :o:t:o=b{lp(t)J}, prove th:u 

the coefficient matrix of (6) is strictly diagonally dominant 1md that there is a unique' 

solution. 

5. Assume that p(t) = Ct > 0 ~md q(t) = Cz > 0. (a) Write out the tridiagonal linear 

system for this situation. (b) Prove that the tridiagonal system is strictly dliagonall~ 

dominant and hence has a unique solution, pmvided that Ct/C2 ::::; h. 

Algorithms and Programs -
1. Use Programs 9.11 and 9.12 to solve the given boundary problem using step sizes 

h = 0.1 and h = 0.01. Plot your two approximate solutions and the actual solution 

on the same coordinate system. 

(a) x" = 2x'- x + t2 - 1 over[O, l] with x(O) = 5 and x(l) = 10 

x(t) = t 2 +4r +5 
(b) x" + (1/t)x' +(I- l/(4r2))x = 0 ovE~r [1, 6] with x(l) = 1 and x(6) = 0 

0.2913843206 cos(t) + 1.001299385 sin(r) 
x(t) = .,fi 

(c) x"- (Ift)x' + (ljr2)x = 1 over [0.5, 4.5] with x(0.5) = 1 andx(4.S)"" 2 

x(t) = t 2 - 0.252582M9lt- 2.528442297! ln(r) 

In Problems 2 through 7, use Programs 9.11 and 9.12 to solve the given boundary probkn1 

using step sizes h '"' 0.2, h = 0.1, and h = 0.05. For each problem, graph the th1c-e 

solutions on the same coordinate system. 

2. x" = (-2/t)x' + (2/t2)x + (10cos(ln(t)))jt2 over [I, 3] with x(l) = 1 and x(3:J:: 

-1 

3. x" = -5x' -6x+te-21 +3.9cos(3t) over [0, 3] withx(O) = 0.95 andx(3) =0.15 

4, x" = -4x' -4x+5cos(4t) + sin(2t) over![0,2] withx(O) = 0.75 andx(2) =0.25 

5. x" = -2x'- 2x + e-1 + sin(2t) over [0, 4] with x(O) = 0.6 and x(4) = --0.1 

6. x" + (2/t)x' -- (2jt2)x = sin(t),lt2 over [1, 6] with x(l) =' -0.02 and x(IS) = 0.02 

7. x" + (l/ t)x' + (l - 1/(4t2))x = ../i cos(t) over [1, 6] with x(l) = 1.0 and x(6) 

-0.5 

8. Construct a program that will call Programs 9.1 1 and 9.12 <md carry out the extrapo· 

lation process illustrated in E:Kample 9.18 and Table 9.19. 

9. For each of the given boundary value problems, use your program from !Problem a 
and the step sizes h = 0.1, h = 0.05, and h = 0.025 to construct a table analogo1.15 
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to Table 9.19. Plot your extrapolated solution and the a·ctual solution on the same 

coordinate system. 

(a) x" = 2x'- x + t 2
- .I over [0, I] with x(O) = 5 and x(l) = 10 

x(t) = r2 + 4t + 5 

(b) x" + (ll,lt)x' + (1 - 1/(4t2))x = 0 over [1, 6] with x(l) = 1 and x(6) = 0 

x(t) = 0.2913843206cos(t) + 1.001299385sin(t) 

../i 
(c) x"- (1/t)x' + (1,1t2 )x = I over [05, 4.5] with x(0.5) = I and x(4.5) = 2 

x(t) = t2 
- 0.2525826491t- 2.528442297t ln(t) 



10 
Solution of 
Partial Differential EquatiOilS 

Many problems in applied science, physi<:s, and engine(:ring are modeled mathemat
ically with partial differential equations. A differential €:quation involving more than 
one independent variable is called apartitJ:l differential E·quation (PDE). It is not nec
essary to have taken a specialized course in PDEs to understand the rudimentary prin
ciples involv•~ in obtaining computer solutions. In this chapter we will study finite
difference methods which are based on fonmulas for approximating the first and second 
derivatives of a function. We start by classifying the three types of equations under 
investigation and introduce a physical problem for each case. A partial differential 
equation of the form 

(l) 

where A, 8, :and Care constants, is called qUilSilinear. There are three types of quasi

linear equations: 

(2) 

(3) 

(4) 

If 8 2 - 4AC < 0, the equation is called elliptic. 

If 8 2 - 4A.C = 0, the equation is called. parabolic. 

If 8 2 - 4A C > 0, the equation is called hyperbolic. 

As an ex:ample of a hyperbolic equation, we consider the one-dimensional in• >del 
for a vibrating string. The displacement u (x, t) is governed by the wav€: equation 

(5) pu11 (x, y) = Tuxx(x, t) for 0 < x < L and 0 < t < CXl, 
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u 

~---· x=O x x=L 
Fig:ure 10.1 The wave equation 
models a vibrating string. 

Insulation 

' 
,.-...~-.I.\ ___ ---· ..... ----------------

J 1 1 . 

I 

D) ~:;t::::::r:::::::::: 
Xl:!llL-.... X Figure 10.2 The heat equalion 

models the temperature in an 
insulated rod. 

u(O, t) = c 1 Rod 

with the given initial position and velocity functions 

u(x, 0) = f(x) for t = 0 and 0 _:s x :::; L, 

Ut (x, 0) = g(x) for t = 0 and 0 < x < L, 
(6) 

and the boundary values 

u(O, t) = 0 for x = 0 and 0 .5 t < oo, 
(7) 

u(L, t) = 0 for x = L and 0 .5 t < oo. 

The constant p is the mass of the string per unit length and T is the tension in the 
string. A diagram of a string with fixed ends at the locations (0, 0) and (L, 0) is shown 
in Figure 1 0.1. 

As an ex~lffiple of a parabolic equation, we consider the one-dimensional model for 
heat flow in an insulated rod of length L (see Figure 10.2). The heat equation, which 
involves the t·emperature u(x, r) in the rod at the position x and timet, is 

rs) KUxx(X, t) = apu,(x, t) fo:r 0 <X< L and 0 < t < C(), 

tile initial temperature distribution at t = 0 is 

u(x, 0) == f(x) for t = 0 and 0 :~ x ::5 L, 

.md the boundary values at the ends of the rod are 

(I 0) 
u(O, t) = CJ for x = 0 and 0 _:s t < oo, 

u(L, t) = c2 for x = L and 0 .::: t < oo. 
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y 

0.8 

0.6 --0.4 ---0.2 -
0.0 L---~-----~---~----~-----..L- x Figure 10.3 Solution curves 

0.2 0.4 0.6 0.8 l.O u(x, y) = C to Laplace's equation. 

The constant K is the coefficient of thermal conductivity, r:r is the specific heat, and p 
is the density of the material in the rod. 

As an example of an elliptic equation, consider the potential function u(x, y ), 
which might represent a steadly-state electrostatic potentia.! or a steady-state temper
allure distribution in a rectangular region in the plane. Th1!se situations are modeled 

with Laplace's ~~quation in a re:ctangle: 

(11) Uxx(x,y)+Uyy(x,y)=O for 0 < x < I and 0 < y < I , 

with boundary conditions specified: 

u(x, 0) = ft(X) 

u(x, I)= fz(x) 

u(O, y) = !J(y) 

u(l, y) = /4(Y) 

for y = 0 and 0.:::; x .:::; I (on the bottom), 

for y = 1 and 0.:::; x.:::; 1 (on the top), 

for x = 0 and 0 .:::; y .:::; I (on the left), 

for x = 1 and 0 .:::; y .:::; I (on the right). 

A contour plot for u (x, y) with boundary functions !1 (x) = 0, h (x) = sin(rr x), 

fJ(y) = 0, and j 4 (y) = 0 over the squareR= {(x, y): 0;:: x.:::; 1,0 .::S y.:::; I} is 
shown in Figurf~ 10.3. 

10.1 Hyperbolk EquatiolllS 

Wave Equation 

As an example of a hyperbolic partial differential equation, we consider the wave equa

tiion 

(1) u11 (x, f)= c2uxx(x, t) for 0 < x <a and 0 < t < b, 
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~-----.--·----.----.-----.------~---. 

~+' r----r--·----r---~-----r------r--~ 

~r----r-----~~--~---~~-----r--~ 

0-t ~--~-------~--~---~~-----~--~ 

It l...---....t...-------'----....t...----'------.&..----' Figure 10.4 The grid for solving 
Xt X2 XI-J x; Xi+t x,,_l X. u 11 (x, t) = c2uxx(X, f) over R. 

with the boundary conditions 

(2) 
u(O,t)=O 

u(x, 0) = f(x) 

u1 (x,O) = g(x) 

and u(a,t)=O for 0.:::; t.:::; b, 

for 0.:::; x.:::; a, 

for 0 < x <a. 

The wave equation models lhe displacement u of a vibrating elastic string with fixed 
ends at x = 0 and x = a. Although analytic solutions to the wave equation can 
be obtained with Fourier series, we use tl~e problem as a prototype of a hyperbolic 
equation. 

Derivation of the Difference Equation 

Partition the rectangle R = { (x, t) : 0 .:::; x .:::; a, 0 .:::; t .:::: b} into a grid. consisting of 
n -1 by m -I rectangles with sides llx = h and M = k, as shown in Fig111re 1 0.4. Start 
at the bottom row, where t =: t1 = 0 and the solution is known to be u(x1, tt) = j(x;). 
We shall use a difference-equation method to compute approximations 

{u;,i : i = 1, 2, ... , n} in successive rows for j = 2, 3, ... , m. 

The true solution value at the grid points is u (x;, t i). 
The central-difference formulas for approximating u11 (x, t) ana Uxx (x, !) are 

(3) 
u(x, t + k)- 2u(x, t) + u(x, t- k) 

0 
k2) 

Utt(X,l)= .k2 + ( 

and 

(4) 
u(x +h. t)- 2u(x, t) + u(x- h, t) O(h2) 

Uxx(X, t) = ,fz2 + " 
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'ui.J-1 
I 
I 
I 
I 
I 

' 
r2ui-l,j .. o------1'------• r'lui+Lj 

!(2- 2r2)u .. 
'-' 

-ui.J-l 
Figure 10.5 The wave equation 
stencil. 

The grid spacing is uniform in- every row: Xi+! =Xi+ h (and Xi~ 1 = x; -h); and it is 
uniform )n every column: tj+l = tj + k (and t;-1 = tj - k). Next, we drop the terms 
O(k2) and O(h2) and use the approximation ui.J for u(x1, t1) in equations (3) and (4), 
which in turn are substituted into (I); this produces the difference equation 

(5) 
Ui.}+l - 2u;,j + Ui.j-l zUi+l,j- 2Ui,j + Ui-1.} 

k2 = c h2 

which approximates the solution to (1). For convenience, the substitution r = ckf his 
introduced in (5), and we obtain the relation 

(6) u;,J+I - 2u;,j + u;,J-l = r 2
(ui+l,J - 2ui,J + Ui-l,J). 

Equation (6) is employed to find row j + I across the grid, assuming that approxima
tions in both rows j and j - I are known: 

(7) Ui,j+l = (2- 2r
2
)Ui,j + r 2

(ui+l.j + Ui-l,j) - Ui,j-l, 

fori = 2, 3, ... , n - I. The four known values on the right side of equation (7), "h1ch 
are used to create the approximation Ui,J+l, are shown in Figure 10.5. 

Caution must be taken when using formula (7). If the error made at one stage of 
the calculations is eventually dampened out, the method is called stable. To guarantee 
stability in formula (7), it is necessary that r = ck/ h ~ 1. There are other schclllcs. 
called implicit methods, that are more complicated to implement, but do not haw >la

bility restrictions for r (see Reference [90]). 

Starting Values 
Two starting rows of values corresponding to j = I and j = 2 must be supplic·d in 

order to use formula (7) to compute the third row. Since the second row is not usLwlly 
given, the boundary function g(x) is used to help produce starting approximation, in 
the second row. Fix x = x 1 at the boundary and apply Taylor's formula of order I fnr 
expanding u(x, t) about (xi, 0). The value u (x;, k) satisfies 

(8) u(x;, k) = u(x1, 0) + u 1(x,, O)k + O(k2). 
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Thenuseu(xi.O) = f\x;) = f; andu1(x;,O) = g(x;) = g1 in(8)toproducethe 
fonnula for computing the numerical approximations in the second row: 

(9) Ui,2 == f; +kg; for i = 2, 3, ... , n -1. 

Usually, u(xi, t2) 'I= ui,2· and such errors introduced by formula (9) will propagate 
throughout the grid and will not be dampened out when the scheme in (7) is imple
mented. Hence it is prudent to use a very small step size for k so that the values for 
u1,2 given in (9) do not con[ain a large amount of truncation error. 

Often, the boundary function f (x) has a second derivative P' (x) over the interval. 
ln this case we have uxx(x, 0) = f"(x), and it is beneficial to use the Taylor formula 
of order n = 2 to help construct the second row. To do this, we go back to the wave 
equation and use the relationship between the second-order partial derivatives to obtain 

(10) ( 0) 2 ( ) 2!"( ) 2fi+l- 2/; + /J-1 2 
u 11 X;, = c Uxx Xj, 0 = c Xi = c h

2 
+ O(h ). 

Recall that Taylor's formula of order 21.s 

(11) uu (x, O)k2 
3 u(x, k) = u(x, 0) + u1(x, O)k + + O(k ). 

2 

Applying formula (II) at x = x;, together with (9) and (l 0), we get 

I 12) 
c2k2 

u(XJ, k) =/;+kg;+ 
2

h 2 {ji+l - 2/; + /1-d + 0(h2)0(k2) + O(k3). 

l"sing r == ckj h, formula (12) can be simplified to obtain a difference formula for the 
1 mproved numerical approximations in the second row: 

I !3) 

fnr i = 2, 3, ... , n- 1. 

D' Alembert's Solution 

Jhe French mathematician Jean Le Rond d' Alembert (1717-1783) discovered that 

I 14) u(x, t) = F(x + ct) + G(x- ct) 

i, a solution to the wave equation (1) over the interval 0 :=: x ~ a, provided that 
r', F", G', and G" all exist and F and G have period 2a and obey the relationships 
F( -z) = -F(z), F(z + 2a) = F(z), G(-z) = -G(z), and G(z + 2a) = G(z) for 
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all z. We can check this out by direct substitution. The second-order partial derivatives 
of the solution ( 14) are 

(15) 

( 16) 

u 1r(x, t) = c2 F"(x + ct) + c2G"(x ~ ct), 

Uxx(x, t) = F''(x + ct) + G"(x- ct). 

Substitution of these quantities into ( 1) produces the desired relationship: 

urr(x, t) = c2 F"(x + ct) + c 2G''(x - ct) 

= c2 (F" (x + ct) + G" (x- ct)) 

=c2uxx(x,t). 

The particular solution that has the boundary values u (x, 0) = f (x) and u 1 (x, 0) = 0 
requires that F(x) == G(x) = j(x)/2 and is left for the reader to verify. 

Two Exact Rows Given 

The accuracy of the numerical approximations produced by the equations in (7) de
pends on the truncation errors in the formulas used to convert the partial differential 
equation into a difference equation. Although it is unlikely to know values of the exact 
solution for the second row of the grid, if such knowledge were available, using the 
increment k = ch along the t-axis will generate an exact solution at all the other points 
throughout the grid. 

Theorem 10.1. Assume that the two rows of values u;, 1 = u(x,, 0) and u;,2 = 
u(xi, k), fori = 1, 2, ... , n, are the exact solutions to the wave equation (1). If the 
step size k = hfc is chosen along the t-axis, then r = 1 and formula (7) becomes 

( 17) Ui,J+l = Ui+l.j + Ui-l.j- Uj,j-l· 

Furthennore, the finite-difference solutions produced by ( 17) throughout the grid are 
exact solution values to the differential equation (neglecting computer round-off error). 

Proof Used' Alembert's solution and the relation ck =h. The calculation x1 - ctJ = 
(i ~ !)h - c(j - l)k = (i - l)h - (j - l)h = (i ~ j)h and a similar one producing 
x; +ct J = (i + j- 2)h are used in equation (14) to produce the following special form 
of u;,J: 

(18) Ui,j = F((i- j)h) + G((i + j- 2)h), 

for i = l, 2, ... , n and j = 1 , 2, ... , m. Applying this formula to the tenns 
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u;+l.J· Ui-l,J• and u;,j-1 on the right side of (17) yields 

lli+J.j + Ui-l,j- Ui,j-l 

= F((i + 1 - j)h) + F((i- 1- j)h) 

~ F{(i - (} - l))h) + GW + 1 + j - l)h) 

+ G((i - 1 + j - 2)h)- G((i + j ~ 1 ~ 2)h) 

= F((i- (j + l))h) + G((i + j + 1 - 2)h) = Ui,j+l, 

for i = I, 2, ... , n and j = I, 2, ... , m. 
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• 
Wanrlng. Theorem 10.1 does not guarantee that the numerical solutions are exact 
when numerical calculations based on (9) and (13) are used to construct approxima
tions u 1.2 in the second row. Indeed, truncation error will be introduced if u;,z of= 
u(x1, k) for some i, where 1 :S i :S n. This is why we endeavor to obtain the best 
possible values for the second row by using the second-order Taylor approximations in 
equation { 13). 

Example 10.1. Use the finite-difference method to solve the wave equation for a vibrating 
string: 

(19) urr(x, t) = 4-u.....-(x, t) for 0 < x < 1 and 0 < t < 0.5, 

with the boundary conditions 

(20) 

u(O, t) = 0 and u(l, t) = 0 

u(x, 0) = j(x) = sin(:rrx) + sin(2:rrx) 

u,(x, 0) = g(x) = 0 

forO~ t .:!': 0.5, 

forO~ x ::0 1, 

forO~x::: J. 

For convenience we choose h = 0.1 and k = 0.05. Since c = 2, this yields r 
ckjh = 2(0.05)/0.1 = 1. Sinceg(x) =: Oand,. =: 1, fonnula(l3)forcreating the second 
row is 

(21) !i-l + fi+l 
Uj,2 = 2 for i =2, 3, ... , 9. 

Substituting r = 1 into equation (7) gives the simplified difference equation 

(22) u,·,j+l = Ui-t-l.j + Ui-l.j- Ui.j-1· 

Applying formulas (21) and (22) successively to generate rows will produce the approxi
mations to u(x, t) given in Table 10.1 for 0 <: x; <: 1 and 0 ~ tj :s: 0.50. 

The numerical values in Table I 0.1 agree to more than six decimal places of accuracy 
with those obtained with the analytic solution 

u(x, t) = sin(n x) cos(2m) + sin(2:rrx) cos(4m). 
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Table IO.ll Solution oflhe Wave Equation (19) with Boundary Conditio1~s (20) 

rl 

0.00 
0.05 
0.10 
0.15 
0.20 
0.25 
OJO 
0.35 
0.40 
0.45 
0.50 

.Q XJ X4 X5 x~, X"] xg X9 ll"oo 

0.896802 1,538842 1.760074 1.538842 1.000000 0.363271 -0.142040 -0.363271 -0.17!7 
0.769421 1.328438 1.538842 1.380037 0.951056 0.428980 0.000000 -0.210404 -0.11!>1, 
0.431636 0.769421 0.948401 0.951056 0.809017 0.587785 0.360616 0.181636 Q.IX.t.~. 
0.000000 0.051599 0.181636 0.377381 0.587785 0.740653 0.769421 0.639384 0.~:~>: 

-0.380037 -0.587785 -0.519421 -0.181636 0.309017 0.769421 1.019421 0.951056 0 liT I< 
-0.587785 -0.951056 -0.951056 -0.587785 O.OO:XJOO 0.587785 0.951056 0.951056 o.stTi 
-0.571020 -0.951056 -1.019421 -0.769421 -0.309017 0.181636 0.519421 0.587785 ~-l>\01 
-0.363271 -0.639384 -0.769421 -0.740653 -0.587785 -0.377381 -0.181636 -0.051599 0.00{1 
-0.068364 -0.181636 -0.360616 -0.587785 -0.809017 -0.951056 -0.948401 -0.769421 -0.~~1j' 

0.1&1636 0.210404 0.000000 -0.428980 -0.951056 -1.380037 -1.538842 -1.328438 -D T69" 
0.278768 0.363271 0.142040 -0.363271 -LOO:XJOO -1.538842 -1.760074 -1.5388421 -0: l!~C.1 

u 

Figure 10.6 The vibrating string for equations (19) and (20). 

A three-dimensional presentation of the data in Table 10.1 is giv•en in Figure 10.6. • 

Example 10.2. L' se the finite-difference method to solve the wave equation for a vibr.;~tirt 
string: 

(23) u11 {x, t) = 4uxx(x,t) for 0 < x < 1 and 0 < t < 0.5, 

with the boundary conditions 

u(O,t)=O and u(l,t)=O forO~:t::;l, 

(24) 
{

x for 0::; x ::d 
u(x,O) = f(x) = 3 

1.5 - 1.5x for 5 ::; x ::; 1, 

.u1 (x, 0) = g(x) = 0 for 0 < x < 1. 
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T:able 10.2 Solution of the Wave Equation (23) with Boundary Conditions (24) 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

j 

00 
05 
10 
15 
20 
25 
30 
35 
40 
45 
so 

X2 X3 X4 X5 X6 X7 xs X9 

0.100 0.200 0.300 0.400 0.:500 0.600 0.450 0.300 
0.100 0.200 0.300 0.400 0 .. 500 0.475 0.450 0.300 
0.100 0.200 0.300 0.400 0.375 0.350 0.325 0.300 
0.100 0.200 0.300 0.275 0.250 0.225 0.200 0.175 
0.100 0.200 0.175 0.150 0.125 0.100 0.075 0.050 
0.100 0.075 0.050 0.025 0.000 -0,025 -0.050 -0.075 

-0.025 -·0.050 -0.075 -0.100 -0.125 -0.150 ·-0.175 -0.200 
-0.150 -·0.175 -0.200 -0.225 -0.:250 -0.275 ·-0.300 -0.200 
-0.150 -·0.300 -0.325 -0.350 -0.375 -0.400 ·-0.300 -0.200 
-0.150 -0.300 -0.450 -0.475 -0.500 -0.400 -0.300 -0.20() 
-0.150 -·0,300 -0.450 -0.600 -0.500 -0.400 ·-0.300 -0.200 

Figure 10.7 The vibrating string for e:quations (23) and (24). 
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.tJO 

0.150 
0.150 
0.150 
0.150 
0.025 

-0.100 
-0.100 
-0.100 
-0.100 
-0.100 
-0.100 

For convenience we choose h = 0.1 and k = 0.05. Since~ c = 2, this a:gain yields 
r == 1. Applying formulas (21) lmd (22) successively to generate rows will produce the 
approximations to u(x, t) given in Table 10.2 for 0::; x; ::; 1 and 0::; fj ::; 0.50. A three· 
dimensional presentation of the data in Table 10.2 is given in Fi!:ure 10.7. • 

Program 10.1 approximates 1the solution of the wave equation ((1) and (2)). A three
dimensional presentation of the output matrix U can be obtained by using the com
mands mesh (U) or surf (U). Additionally, the command contour (U) will produce a 
graph analogous 1:0 Figure 10.3,, while the command contour3 (U) will pmduce the 
three-dimensional analogy of Figure 1 0.3. 
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r
Program 10.1 (Finite..cfiffereoce Solutioll for the Wan Equation). To approx
imate the solution of u11 (x, t) = c2u.u(x, t) over R = {(x, t) : 0 ~ x ~ a, 0 ~ 
t ~ b) with ,14(0, t) = 0, u(a, t) = 0, lbr 0 :::: t ~ b, and u(x, 0) = j(x), 
u1(x, 0) = g(x), forO :5 x:::: a. 

function U ,. finedif (f ,,g,a, b,c,n,m) 

!.Input 
% 
I. 
% 
% 
/.Output 

- f=u(x,O) as a string 'f' 
- ~~t(x,O) as a string 'g' 
- a •m.d b right end points of [O,a] aiLd [O,b] 
- c ·~he constant in the wa,re equation 
- n <md m number of grid p<lints over [0, a] and 
- U IJolution ma1;rix; analogous to Table 10.1 

%Initialize parameters and U 
hz:a/(n-1); 
k==b/ (m-1); 

r==c•k/h; 
r2=r-2; 
r22=r-2/2; 
s1.=1-r-2; 
s:i:=2-2*r-2; 
U=·zeros(n,m); 

%Compute first and second rows 
for i=2:n-1 

end 

U(i,l)=feval{f,h*(i-1)); 
U(i,2)=sl*feval(f,h•Ci-1))+k*feval(g,h*(i-1)) 

+r22*(feval(f,h*i)+feval(f,h*(i-2))); 

%C·ompute rema:1n1ng rows of U 
for j=3:m, 

for i=2:(n-1), 

[0, b] 

U(i,j) ~ s2*U(i,j-1)+r2*(U(i-1,j-l)+U(i+1,j-1))-U(i,j-2); 
end 

end 

U=lJ'; 
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Exercises f1[)r Hyperbolic Equations 

1. (a) Verify by direct substitution that u(x, t) = sin(mrx) cos(2mrr) is a solution to 
the wave equation u 11 (x, t) = 4u .u (x, t) for each positive integer n = I, 2, .... 

(b) Verify by direct substitution that u(x, t) = sin(mrx) cos(cnrrt) is a solution 
to the wave equation u 11 (x. t) = c2uxxCx, t) for each positive integer n = I, 
2, .... 

2. Assume that the initial position and velocity are u(x, 0) = f(x) and u 1(x, 0) = 0, 
respectivdy. Show that the d' Alembert solution for this case is 

f(x + ct) + f(x - ct) 
u(x, t) = 

2 
. 

3. Obtain a simplified form of the difference equation (7) in the case h = 2ck. 

In Exercises 4 and 5, use the finite-difference method to calculate the first three rows of 
the approximat1~ solution for the given wave equation. Carry out your calcubntions by hand 
(calculator). 

4. ua(x, t) == 4uxx(x, t), for 0:::; x :::; 1 and 0::::: t :::; 0.5, with the bounWi~ conditions 

u(O,t)=O and u(l,t)=O 

u(x, 0) = f(x) = sin(rr.x) 

u,(x, 0) = g(x) = 0 

Let h = 0.2, k = 0.1, andl r = 1. 

for 0 :5 t :5 0.5, 

forO~ x ~ 1, 

forO::; x::: I. 

5. uu(x, t) == 4uxx(x, t), for 0:::; x:::; 1 and 0:::; t:::; 0.5, with the boundary conditiono. 

u(O,t)=O and u(l,r)=O forO:::;t:::;0.5, 

j

5
x for 0 ::: x :5 ~. 

u(x, 0) = f(x) = 2 
15 -- 15x 
--- for~ ::;x:::; 1, 

4 
u1(x,O)=g(x)=0 forO<x<l. 

Let h = 0.2, k = 0.1. and r = 1. 

6. Assume that the initial po1sition and velocity are u(x, 0) :::: f(x) and u1(x, 0) = g(x). 
respectively. Show that the d' Alembert solution for this .case is 

( ) 
f(x + ct) + j(.x- ct) 1 (x+cr d 

U X, I = -
2 

+ 2c) g(s) S. 
.r-et 

7. For the equationu11 (x, t) ·= 9uxx(X, t), what relationshi11 betweenh and k must occur 
in order to produce the dilference equation ui,j+I = Ui+l,J + Ui-l.j - u;,J-1? 

8. What difficulty might occur when trying to use the finib~-difference method to solve 
ur~(x, t) o:o: 4uxxCx,t) with thechoicek ==0.02andh = 0.03? 
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Algorithms and Programs 

In Problems II to 8, use Program 10.1 to solve the wave equation u11 (x, t) = c2un (x. r), 
for 0 ::::= x ::::= a and 0 ::::= t ::::= b, with the boundary conditions 

u(O, 1) = 0 and u(a, 1) ""0 for 0:::::; 1:::::; b. 
for 0 ::::= x ::-::=a, 
for 0 ::::= x ::::=a, 

u(x, 0)"" f(x) 

u1 (x, 0) = g(x) 

for the given values. Use the surf and Cl)ntour commands to plot your approximate 
solutions. 

1. Use a =• I, b = 1, c = I, f(x) = sin(nx), and g(x) = 0. For convc~nience, choose~ 
h =0.1 andk =0.1. 

2. Use a =• 1, b = l, c = I, f(x) = x -- x 2 , and g(x) = 0. For conv!mience, choosE: 
h = 0.1 and k = 0.1. 

{
2x for 0 ::::= x ::::= t• 3.Usea=1,b=l,c=l,f(x)= 
2 2 

c 1 
1 -- X tOT 2 ::0::: X .:::: . 

g(x) = 0, h = 0.1, and k = 0.1. 

4. Use a= 1, b = 1, c = 2, f(x) = sin(Jrx), g(x) = 0, h = 0.1, and k '"" 0.05. 
5. Use a= 1, b = 1, c = 2, f(x) = x- x 2

, g(x) = 0, h = 0.1, andk "'' 0.05. 
6. Repeat Problem 3, but with c = 2 and k = 0.05. 
7. Repeat Problem 1, but with f(x) = sin(2nx) + sin(4xx). 
8. Repeat Problem 1, but with c = 2, f(x) = sin(2nx) -t- sin(4nx), and k = 0.05. 

(0.2 Parabolk Equations 

Heat Equation 
As an example of parabolic differential equations, we consider the one-dimensional 
heat equation 

(1) u1 (x, t) = c2uxx(x, t) for 0 .::::= x <a and 0 < t < b, 

with the initial condition 

(2) u(x, 0) == f(x) for t = 0 and 0 ::; x .::;: a, 

and the boundary conditions 

u(O, t) = g,(t) = CJ ~or x = 0 and 0:::::; t.::;: b, 
u(a, t) = gz(t) = c2 for x =a and 0 .::;: t :::::; b. 

(3) 
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~ r---.-----~r---~---~~------r--~ 

It ~--~----~----~---~-------~--_J Figuu 10.8 fu, grid for solving 
Xn u1(x, t) = c2Uxx(X, t) over R. 

XJ Xz X; Xi+ I 

The heat equation models the temperature in an insulated rod with ends held at con
stant temperatures CJ and c2 and the initial temperature distribution along the rod be'
ing f (x). Although analytic solutions to the heat equation can be obtained with Fourie'r 
series, we use the problem as a prototypt: of a parabolic equation for numerical solu
tion. 

Derivation of the Difference Equa1ion 
Assume that the rectangle R = { (x, t) : 0 s x :::; a, 0 s t :-::; b} is subdivided into 
n - 1 by m -- 1 rectangles with sides Llx = h and Llt = k, as shown in Figure 10.8. 
Start at the bottom row, where t = t1 = 0, and the solution is u (x;, tJ) = f (xi). A 
method for computing the approximations to u(x, t) at grid points in successive rows 
{u(x;, fj) : i = I, 2, ... , n}, for j = 2, 3, _. _, m, will be developed. 

The difference formula:> used for u1 (x, t) and u xx (x, t) are 

(4) u(x, t + k) - u(x, t) k 
u1(X, t) = k -1- 0( ) 

and 

(5) ) 
u(x-h,t)-2u(x,t)+u(x-t-h,t) 

0 
h2 

Uxx(X, l = hl -t- ( ). 

The grid spacing is uniform in every row: Xi+ I = x; + h (and Xi-! = x;- h), and 
it is uniform in every column: lj+I = t1 +.I:- Next, we drop the terms O(k) and O(h 2) 
and use the approximation ~~i.J for u(x;, lJ) in equations (4) and (5), which are in tum 
substituted into equation (1) to obtain 

(6) Ui.}+l - Ut,j 2 U;.-!,j - 2Ut,j -t- Ui+l,j -------- =c k h2 
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Figure 10.9 The forward differ
ence stencil. 

which approximates the solution to (I). For convenience, the substitution r = c2kj h 2 

is introduced in (6), and the result is the explicit forward-difference equation 

(7) ui.J+l =(I - 2r)ui,J + r(u;-I,J + ui+J.Jl· 

Equation (7) is employed to create the (j + lfth row across the grid, assuming that 
approximations in the jth row are known. Notice that this fonnula explicitly gives the 
value Ui,j+l in terms of u,_,_j, u;.;, and ui+l.j. The computational stencil representing 
the !lituation in formula (7) is given in Figure 10.9. 

The simplicity of formula (7) makes it appealing to use. However, it is impor
tant to use numef.1cal techniques that are stable. If any error made at one stage of 
the ·~alculations is eventually dampened out, the method is called stable. The explicit 
forward-difference equation (7) .is stable if and only if r is restricted to the interval 
0 ~ r :::: ! . This means that the step size k must satisfy k ~ h2! (2c2). If this ·~ondition 
is not fulfilled, errors committed in one line {u;,;} might be magnified in SUlbsequem 
lines { u i.p) for some p > j. The next example illustrates this point. 

Example 10.3. Use the forward-difference method to solve the heat equation 

(8) u1(x. t) = Uxx(x. t) for 0 < x <I and 0 < J' < 0.20, 

with the initial condlition 

(9) u(x, 0) = j(x) = 4x- 4x 2 for t = 0 and 0:::: x ~ 1, 

and the boundary conditions 

(10) 
u(O, t) = g1 (t) == 0 for x = 0 and 0::; t :::: 0.20, 

u(l, t) = g2 (t) == 0 for x = 1 and 0:::: t .::: 0.20. 

For the first illustration, we US€~ the step sizes tJ.x = h = 0.2 and at = k = 0.02 and 
c = I, so the ratio i!; r = 0.5. The grid will ben == 6 columns wide by m = II rows high. 
In this case, formula (7) becomes 

(It) 
Uf-l.j + Ui+l.j 

Ui,j+l = 
2 
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'fable 10.3 Using the Forward-difference Med1od with r = 0.5 

X) = 0.00 X2 = 0.20 X3 = 0.40 X4 =0.60 xs = 0.80 X6 = 1.00 

IJ = 0.00 O.(XXXXJO 0. 640000 0.96()(X)() 0.960000 0.640000 O.OOJOOO 
12 =0.02 0.000000 0.48()()()() 0.800:X)Q 0.800000 0.480000 O.OOJOOO 
t3 = 0.04 0.000000 0.40()()()(} 0.6400()() 0.6400()() 0.400000 0.000000 

t4 =0.06 0. ()()()()()0 0.32()()()() 0.520000 0.520000 0.320000 0.000000 
rs = o.os 0.000000 0.260000 0.42()()()() 0.420000 0. 26()()()() 0.000000 

16 = 0.10 0.000000 0.21()()()() 0.3400()() 0.340000 0.210000 0.000000 

17 = 0.12 0 .()()()()()(} 0.17()()()() 0.275000 0.275000 0.170000 0.000000 
tg = 0.14 0.000000 0.137500 0.2225()() 0.222500 0.137500 0 .()()()(}()() 

19 = 0.16 0.000000 0.111.250 0.18()()(10 0.180000 0.111250 0.000000 

10 =0.18 0. ()()()()()() 0.09()()()() 0.145625 0.145625 0.090000 0.000000 

II =0.20 0.()()()()()(} 0.072812 0.117813 0.117813 0.072812 0.000000 

Figure 10.10 Using the forward difference method with r = 0.5. 

Formula (11) is stable for r = 0.5 and can be used successfully to generate reasonably 
accurate approximations to u(x, t). Successive rows in the gr:id are given in Table 10.3. 
A three-dimensional presentation of the data in Table 10.3 is given in Figure [(l.JO. 

For our second illustration, we use the step sizes ax = h == 0.2 and at == k = :fu "" 
0.033333, so that the ratio is r = 0.833333. In this case, formula (7) becomes 

(12) Ui,j+! = -0.666665Ui.j + 0.833333(Ui-J.j -f- Ui+l.j ). 



5210 CHAP. 10 SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 

Table 10.4 Using the Forward--difference Method with r == 0.833333 

XJ =0.00 X2 = 0.20 XJ = 0.40 X4 = 0.60 X5 = 0.80 

fi = 0.000000 0.000000 0.640000 0.%0000 0.9600CIO 0.640000 
t2 = 0.033333 0.000000 0.373333 0.693333 0.693333 0.373333 
fJ = 0.066667 0.000000 0.328889 0.426667 0.426667 0.328889 
14 = 0.100000 0.000000 0.136296 0.345185 0.345185 0.136296 
lj = 0.133333 0.000000 0.196790 0.171111 0.171111 0.1%790 
16 = 0.166667 0.000000 O .. Oll399 0.192510 0.192510 O.Dll399 
t? = 0.200000 0.000000 0.152826 0.041584 0.041584 0.152826 
Is = 0.233333 0.000000 -0067230 0.134286 0.134286 -0.067230 
19 = 0.266667 0.000000 0.156725 -0.033644 -0.033644 0.156725 

10 = 0.300000 0.000000 -0.132520 0.124997 0.124997 -0.132520 
II = 0.333333 0.000000 0192511 -0.089601 -0.08%01 0.192511 

u 

Figure 10.11 Using the forward difference method with r 
0.833333. 

X6 = 1.00 

0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 
0.000000 

Formula (12) is unstable in this case, because r > 1:, and errors committed at one ro\'1 ·Ntli 
be magnified in successive rows. Numerical values that turn out to be imprecise appro~ 
imations to u(x, z), for 0 ~ t :::: 0.33333, are given in Table 10.4. A three-dimensional 
pr,~sentation of th~ data in Table 10.4 is given in Figure 10.1 L 

The difference equation (7) has accuracy of the order O(k) + 0(h2). Because the 
te1m 0 (k) decreases linearly as k tends to zero, it is not surprising that it must be made 
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small to produce good approximations. However, the stability requiremem introduces 
further considerations. Suppose that the solutions over the grid are not sufficiently 
a1:curate and that both the increments Llx = ho and Llt = ko must be reduced. For 
simplicity, suppose that the new x incremenr is Llx = h 1 == ho/2. If the :>arne ratio r 
is used, kt must satisfy 

This results in a doubling and quadrupling of 1he number of grid points along the x -axis 
and t-axis, resp(:ctively. Consequently, there must be an eightfold increas(: in the total 
computational effort when reducing the grid size in this manner. This extra effort is 
usually prohibitive and demands that we explore a more efficient method that does not 
have stability restrictions. The: method proposed will be implicit rather than explicit. 
The apparent rise in the level of complexity will have the immediate payoff of being 
unconditionally stable. 

The Crank-Nicholson ME:thod 

An implicit scht~me, invented by John Crank and Phyllis Nicholson (sel~ Reference 
I~ l.l]), is based on numerical approximations for solutions of equation (l) at the point 
1..1 . t + k/2) that lies between the rows in the grid. Specifically, the approximation used 
kr u1(x, t + k/2) is obtained from the central-difference formula, 

I J3) ( k) u(x,t+k)-u(x,t) k?-
u1 x, t + Z = k + 0( ). 

The approximation used for Uxx(x, t + k/2) is the average of the approximations 
11, c(x, t) and uxx(x, t + k), which has an accuracy of the order 0(h2): 

I J-1.) 
Uxx (x, t + ~) = 2~2 (u(x- h, t +k)- 2u(x,t +k) + u(x +h,t+k) 

+ u(x- h, t)- 2u(x, r) + u(x + h, t)) + O(h2). 

In a fashion similar to the previous derivation .. we substitute (13) and (14) into (1) and 
nc·glect the errorllerms O(h 2) and O(k2). Then employing the notation Ui,J = u(x;, t1) 
" i II produce the difference equation 

(JS) Ui,j+l - Ui,j = C2 Ui-l.j+l - 2Ui,j+l -1- Ui+l,j+J + l<lf-l,j - 2u;,j -1- Ui+l.j 

k 2h 2 

Also, the substitution r = c2k/ h2 is used in (15). But this time we must solve for the 
three "yetto be computed" values Ui-I,J+I· Ui.J+l• and Ui+l.J+l· This is accomplished 
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"i-1.}+1 

~·--------------.-------·--------

~--------------+-------------~ 
"i-l.j U-. 

1.) 

Figure 10.12 The Crank
Nicholson stencil. 

by pllacing them all on the left sidle of the equation. Then reanrangement of the teffil' 
in equation (15) results in the implicit difference formula 

(16) - ru;-1,j+l + (2 + 2r)u;,j+1- rui+I.i+l 

= (2- 2r)Ui,) +r(Ui-1.) + Ur+l,j). 

fori = 2, 3, ... , n - l. The terms on the right-hand side of equation (Hi) are all 

known. Hence the equations in (116) form a tridiagonal linear system AX = B. l11e 
six points used in the Crank-Nicholson formula (16), together with the intermediate 
grid point where thr~ numerical approximations are based, are shown in Figure 10.12. 

Implementation of formula ( 16) is sometimes done by using the ratio r = I. In 

this c:ase the increment along the t-axis is l!.t = k = h 2 jc2, and the equations in (16J 

simplify and become 

(17) -Ui-l,j+l + 4ur,j+l - Ui+l,j+l = Uj-l,j + Ui+l.}• 

fori = 2, 3, ... , n --I. The boundary conditions are used in the: first and last equation' 
(i.e., u 1,j = Ul,j+l = CJ and un . .i = Un,J+I = cz, respective.ly). Equations (17) are 
espedally pleasing to view in their tridiagonal matrix form A X = B. 

4 -1 U2,J+I 2q + U3,j 

-1 4 ·-1 0 UJ,}+I U2,j + U4.j 

·-1 4 -I Up,J+l = Up-l,j +up+l.J 

0 -1 4 -1 Un-2,j+l Un-3,j + Un--l.j 

-I 4 Un-1,)+1 Un~2.J + lc1 

When the Crank-Nicholson method is implememed with a computer, the linear system 
AX = B can be so;lved by either direct means or by iteration. 
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Table 10.5 The Values u(x;, t;) Using the Crank-Nicholson Method with t1 = (j- ll)flOO 

It 
12 

13 

14 

Is 
16 
17 
lg 

19 

Ito 
111 

X2 =0.1 XJ = 02 X4 =0J xs =0.4 X6 = 0.5 X7 = 0.6 xs = 0.7 X9 = 0.8 

1.118034 1.538842 1.118034 0.363271 o.ooocoo 0.363271 1.118034 1.538842 
0.616905 0.928778 0.862137 0.617659 0.490465 0.617659 0.862137 0.928778 
0.394184 0.647957 0.718601 0.680009 0.648S34 ().680009 0.718601 0.647957 
0.288660 0.5066!12 0.625285 0.666493 0.673251 0.666493 0.625285 0.506682 
0.233112 0.425766 0.556006 0.625082 0.645788 0.625082 0.556006 0.425766 
0.199450 0.3720;15 0.499571 0.575402 0.600242 0.575402 0.499571 0.372035 
0.175881 0.33!490 0.451058 0.525306 0.550354 0.525306 0.451058 0.331490 
0.157405 0.2981Jl 0.408178 0.477784 0.501545 0.477784 0.408178 0.298131 
0.141858 0.269300 0.369759 0.433821 0.455802 0.433821 0.369759 0.269300 
0.128262 0.243749 0.335117 0.393597 0.413709 0.393597 0.335117 0.243749 
0116144 0.220827 0.303787 0.356974 0.375286 0.356974 0.303787 0.220827 

Example 10.4. Use the Crank-Nicholson method to solve the c~uation 

(18) u1(x, t) = Uxx(x, r) for 0 < x <I and 0 <: t < 0.1, 

with the initial condition 

(19) u(x, 0) == f(x) = sin(11cx) + sin(3:rrx) for t = 0 nnd 0::: x ::: 1. 

and the boundary c:onditions 

u(O,t) = gt(t) = 0 for x :o:O and 0::: t::: 0.1, 

u(l, t) = g2(t) = 0 for x '"' 1 and 0::: t ::: 0.1. 

XjQ = 0.9 

1.118034 
0.616905 
0.394184 
0.288660 
0.233112 
0.199450 
0.175881 
0.157405 
0.141858 
0.128262 
0.116144 

For simplicity, we use the step sizes .6.x = h = 0.1 and M = k = 0.01 :>o that the 
ratio is r = I. The grid will be n == 11 columns wide by m = 11 rows high. Applying the 
algorithm generates the values in Table 10.5 for 0 < x; < 1 and 0 ::: t1 ::: 0.1. 

The values obtained with the Crank-Nichol!~n method compare favorably with the 

analytic solution u(x, t) = sin(rrx)e-,.21 + sin(3rrx)e-9,.\ th•~ true values for the final 
row being 

Ill I 0.1152851 0.21\.2041 0.301570 I 0.354385 I 0.37~i91 0.3543851 0.301570 I 0.219204 .I O.IJS285 

A three-dimensional presentation of the data in Table 10.5 is given in Figure 10.13. • 

[

·ogram 10.2 (Forward-difference Method for the Heat l~quation). To approx
_ate the solutio111 of u1(x, t) = c1uxx(x, t) over R = {(x, t) ; 0::: x::: a, 0::: t::: 
with u(x, 0) = f(x), for 0 ::0 x ~ a, and u(O, t) = q, u(a, t) = c2, for 

s t::: b. 

function U=forwdif(f,c1,c2,a,b,c,n,m) 
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Figure 10.13 u == u(x;, lj) from the Crank-Nicholson method. 

~'Input - f••u(x,O) as a string 'f' 
% - c1.=u(O,t) and c2=u(a,t) 
)' - a and b right. end points of [O,a] and [O,b] 
)' - c the consta.rtt in the he>at equation. i' - n and m numbe'r of grid points over [0, aJ and [0, b] 
lWutput - U solution matrix; analogous to Table 10 .4 
i~Initialize parameters and U 
h=a/(n-1); 
k=b/(m-1); 
r=c-2*k/h-2; 
B=l-2*r; 
U=zeros(n,m); 

':Boundary cc•ndi tions 
U(1,1:m)=c1; 
U(n,1:m)=c2; 

':Generate fi.rst row 
U(2:n-1,1)=feval(f,h:h: (n-2)*h)'; 
%Generate re~aining rows of U 
for j=2:m 

for i=2:n,-1 
U(i,j)=s•U(i,j-1)+r*(U(i-l,j-l)+U(i+1,j-1)); 

end 
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end 

U=U'; 
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Program 10.3 (Crank-Nkholson Method for the He~1t Equation). To approx
imate the solution of u,(x, t) = 2uxx(x,. t) over R = {(x, t) : 0 ::::: x ::::: a, 0 :s 
t :5 b} with i14(X, 0) = f(x), for 0 ::::: x :::;: a, and u(O, t) = CJ. u(a, if) = c2 , for 

I o ~ r::::: b. 

function U=·crnich(f ,cl, c2 ,a, b, c,n,m) 
'(,Input - f=u(x,O) as a string 'f·' 
'(, - cl=u(O,t) and c2=u(a,t) 
% - a and b right end point~~ of [0 1 a] and [0 t b] 
~~ - c the consta.Ilt in the he~at equatioiL 
:r, - n and m numbE!r of grid points over [O,a) and [O,b] 
%Output - U solution m<Ltrix; analogous to Table 10.5 
:nni tialize parameters and U 
h=a/(n-1); 
k=b/(m-1); 
r=c-2*k/h"2; 
s1=2+2/r; 
s2=2/r-2; 
U=zeros(n,m); 

'l..Boundary conditions 
U(1,1:m)=c1; 
U(n,1:m)=c2; 

%Generate first row 
U(2:n-1,1)=feval(f,h:h:(n-2)*h)'; 
%Form the diagonal and ,,ff-diagonal elements of A and 
%the constant vector B and solve tridiagonal system AX=B 
Vd(1,1:n)=s1~ones(1,n); 
Vd(1)=1; 
Vd(n)=l; 
Va=-ones (1, n·-1); 
Vd(n-1)=0; 
Vc=-ones(l,n·-1); 
VG(l)=O; 
Vb(1)=c1; 
Vb(n)=c2; 
f()r J=2:m 

for i=2: n-·1 
Vb(i)=U(i -1 ,j -1)+U(i+l, j-1) +s2*U(i, j-1); 

end 
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end 

X=trisys(Va,Vd,Vc,Vb); 
U(i:n,j)=X'; 

U=U' 

Exercises for Parabolic J~quations -
I. (a) Verify by direct substit111tion that u(x, t) = sin(mrx)e-4112

71"
21 is a solution to the 

heat equation u1(x, t) "; 4uxx(x, t) fo:reachpositivei.nteger n = 1, 2, .... 
(b) Verify by direct substiltution that u(x, t) = sin(nrrx)e-(cmr)21 is a solution to 

the heat equation u1 (x, t) = c2uxx (x, .r) for each positive integer n =, 1, 2, .... 
2, What difficulty might occur if l!..t = k = h2 jc2 is used with formula (7)? 

In Exercises 3 and 4, use the forward-difference method to calculate the first three rows of 
the approximate solution for the given heat equation. Carry out your calculations by hand 
(calculator). 

3. u1(x,t) = uxx(x,t), forO< x < 1 and 0:::; t::: 0.1, with the initial condition 
u(x, 0) = f(;c) = sin(rrx), fort= 0 andO::: x::: l, and the boundary condition~ 

u(O, t) = q = 0 for x = 0 and 0 5 t 5 0.1, 
u (l, t) = c:z = 0 for x """ 1 and 0 5 r :::; 0. l. 

Let h = 0.2, k = 0.02, and r = 0.5. 

4. u1 (x, t) = u,.,.(x, t), for 0 < x < l and 0 :::; t :s 0.1, with the initial condition 
u(x, 0) = f(x) = 1 - 12x- 11, fort = 0 and 0 5 x 5 1, and the boundar_, 
conditions 

u(O, t) = c11 = 0 for x = 0 and 0 ~ t ~ 0.1, 
u(l, t) = c2 """0 for x = 1 and 0 ~ t:::; 0.1. 

S. Suppose that l1t = k = h2j(2c2). 

(a) Use this in formula (16) and simplify. 
(b) Express 1the equations in part (a) in the matrix form AX = B. 
(c) Is the matrix in part (b) strictly diagonally dominant? ~Nhy? 

6. Show that u(x, t) == L,J= 1 aje-U"J
21 sin(jJTx) is a solution to u1(x, t) = uxx(x, n. 

for 0:::; x s 1 and 0 < t, and has the boundary values u(O, t) = 0, u(I, t) = 0, and 
u(x, 0) = L_J=l aj sin(jJTx). 

7. Consider the analytic solution u(x, t) = sin(rr x)e-rr
21 + sin(3rr x)e-<3Jl"l

21 that was 
discussed in E:{amp!e 10.4. 
{a) Hold x fiKed and determine limt-+oo u(x, t). 
(b) What does this mean physically? 
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8. Suppose that we wish to solve the parabollc equation u1 (x. t) - uH(x, t) = h(x). 
(a) Derive the explicit forward-difference equation for this situation. 
(b) Derive the implicit difference formula for this situation. 

9. Suppose that equation (11) is used and that /(x) 2:: 0, gt(t) = 0, and g2(t) = 0. 
(a) Show that the maximum value of u(x;, tJ+l) in row j + 1 is Jess than or equal 

to the maximum of u (x1, t J) in row j. 
(b) Make a conjecture concerning the maximum of u(x,·, t,) in row n as n tends to 

infinity. 

Algorithms and Programs 

In Problems 1 and 2, use Program 10.3 to solve the heat equatiion u 1 (x, t) = c2uxx(x, t). 
for 0 < x < I and 0 < t < 0.1, with the initial condition u(x, 0) = f(x), fort := 0 and 
0 ::: x :::; 1, and the boundary conditions 

u(O, t) = CJ = 0 for x == 0 and 0:::; t ::: 0.1, 
u(l, t) = c2 == 0 for x == 1 and 0:::; t .::: 0.1, 

for the given values. Use the surf and contour commands to plot your approximate 
solutions. 

.L. Use f(x) = sin(JT x) + sin(2rrx), h = 0. 1, k = 0.01, and t = 1. 
2. Use f(x) = 3 -j3x- lj-j3x -21. h == O.l,k = O.QI and r =I. 
3. (a) Modify Programs 10.2 and 10.3 to accept the boundary conditions u (0, 1) 

g1 (t) =f.• 0 and u(a, t) = g2(t) -:j:. 0. 
(b) Use yom modified Program 10.3 to solve the heat equations in Problems 1 and 

2, but use the boundary conditions 

u(O,t)=gJ(t)=t2 forx=O and O::;t<O.I, 
u(l,t) =g2(t) =e1 for x =I and 0:::; r :::;0.1, 

in place of q = c2 = 0. 
(c) Use the surf and cont;our commands to plot your approximate solutions. 

4. Construct programs to implement your explicit forward..ctifference equations and im
plicit difference formula from parts (a) and (b) of Exercise 8, respectively. 

5. Use your programs from Problem4 to solve the heat equation u1(x, t)- Uxx(x, t) = 
sin(x ), for 0 < x < 1 and 0 < t < 0.20, wi1th the initial condition u(x, 0) = f(x) = 
sin(JTx) + sin(3JTx) and the boundary conditions 

u(O, t) = C<: = 0 for x := 0 and 0:::; t 5 0.20, 
u( I, l) = C2 = 0 for X o= 1 and 0 ~ t :::; 0.20. 

Let h = 0.2, k = 0.02, and r = 0.5. 
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10.3 Elliptic E,quations 

As examples of elliptic partial differential equations, we consider the Laplace, Poisson, 
and Helmholtz equations. Recall that the Laplacian of the function u(x, y) is 

(1) 

With this notation, we can write the Laplace, Poisson, and Helmholtz equations in the 
following forms: 

(2) V 2u = 0 Laplace's equation, 

(3) V 2u = g(x, y) Poisson's equation, 

(4) V 2u + f(x, y)u = g(x, y) Helmholtz's equation. 

It is often the ,~ase that the boundary values for the functions g and f are known at all 
points on the :>ides of a rectangular region R in the plane. In this case, each of these 
equations can be solved by the numerical technique known as the finite-difference 
method. 

The Laplaciian Different~e Equation 
The Laplacian operator must be expressed in a discrete form suitable :for numerical 
computations. The formula f.or approximating f" (x) is obtained from 

(5) 
, f(x +h)- 2/(x) + f(x- h) O(h2) 

f ~)= " + . 
h·· 

When this is applied to the function u(x, y) to approximate uxx<x, y) ;md uyy(x, y) 

and the results are added, we obtain 

2 u(x+h.y)+u(x-h,y)+u(x,y+h)+u(x,y-h)-4u(x,y) +O(h2) 
(6) v u = h' . 

Assume that the rectangle R = {(x, y) : 0 :S x :Sa, 0 :S y :S b, where bja = m/n} 
is subdivided into n - 1 x m - I squares with side h (i.e:., a = nh and b = mh), as 
shown in Figu:re 10.14. 

To solve Laplace's equatilon, we impose the approximation 

(7) 
u(x + h, y) + u(x- h, y) + u(x, y +h)+ u(x, y --h)- 4u(x, y) = 

0 h2 ' 

which has order of accuracy 0 (h 2) at all interior grid points (x, y) =: (x1, y i) for 
i = 2, ... , n - 1 and j = 2, ... , m - L The grid points are uniformly spaced: 
Xi+J = x; + h, Xi-1 = x; - h, Yi+l = Yi + h, and Yi-1 = )'; - h. Using the 
approximation u;.J for u (x;, y 1 ), equation ('7) can be written in the form 

(8) V2 .. ~ Uj+J,j + Ui-1,) + Ui,j+l + Ui,j-1 - 4u;,j = O, 
u,,J "' h2 
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Ym .---.--·-.---...--,--,---.----.------, 

Yj- I 1---+-·-+--+--•t--t---t----+--

Y1 L--~--~-L--•--L--L---~~ x, Figure 10.14 Th<: grid used with 
Laplace's difference equation. 

ui,j-1 Figure 10.15 The Laplace stencil. 

which is known as the jivf~-point difference fonnula for Laplace's equation. Thi~. 
formula relates the function value u;,J to its four neighboring values ui+l,J• Ui-1.}·· 

u,.HI• and u;,J-1· as shown in Figure 10.15. The term h2 can be eliminated in (8) tr, 
obtain the Laplacian computational formula 

(9) Ui+l,j + Ui-l,j + Ui,j-<-1 + Uf,j-1 - 4ui,j = 0. 

Setting Up the Linear System 

Asswne that the values u(x, y) are known at the following boundary griid points: 

u(XJ, Yj) = UJ,j :for 2 :::; .i :S m - 1 (on the left), 

u(x;, )'J) = u;,l for 2 :S l :::;:: n - 1 (on the bottom), 

ll(Xn, YJ) = Un.j for 2 S j ::S m- 1 (on the right), 

u(x;, Yml = u;,m for 2 :S i :::: n - I (on the top). 

Then applying the Laplacia111 computational formula (9) at each of the interior points 
of R will create a linear system of (n - 2) equations in (n - 2) unknowns, which is 
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"1.4 • "s . .t 
J77 Ps Pg 

"1.3 
.P4 Ps P6 

"s.J 

ui.Z • "s.2 
PI P2 P3 

A 5 x 5 grid for Figure 10.145 
"z.I u3. 1 u4, I boundary values only. 

solved to obtain approximations to u (x, y) at the interior points of R. For example, 
suppose that the region is a square, that n = m = 5, and that the unknown .v.alues ~f 
u(x;, y j) at the nine interior grid points are labeled PI, P2· ... , P9 and pOSitioned m 
the grid as shown in Figure 10.16. 

The Laplac:ian computational formula (9) is applied at each of the interior grid 
points, and the result is the system A P = B of nine linear t~quations: 

-4p) + P2 + P4 
Pl -4p:t+ PJ + PS 

P:! -4p3 + P6 

PI -4p4+ Ps 

P2 + P4 -4ps + P6 

PJ + Ps -4p6 

P4 

PS 

P6 

+ P7 
+ P8 

+ 

= -U2,1 - UJ,2 

= -UJ,I 

= -U4, I - U5,2 

= -ur,3 
=0 

P9 = -us.3 
- 4p7 + PB = -U2,5- UJ,4 

+ P7 - 4ps + P9 = -uJ.s 

+ PB -- 4p9 = -U4.5 - U5.4· 

Example 10.5. Find an approximate solution to Laplace's equation V2
u = 0 in the 

mctangle R = ( (x. y) : 0 :-:=: x ~:: 4, 0 :-:=: y :-:=: 41, where u (x, y) denotes the temperature at 
the point (x, y) and the boundary values are 

u(x,0)=20 and u(x,4),=180 for 0 <X< 4, 

a11d 

u(O, y) = 80 and u(4, y) '= 0 for 0 < y < 4. 

See Figure I 0.17 for the grid to be used. 
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"2.5"' 180 "3. 5 = 180 "4. 5 = 180 

P? Ps P9 

• 
p4 Ps P6 

u1, 3 = 80 

"t,2 = 80 • 
Pt Jh PJ 

"2.1"'20 u3,1"'20 u4, 1 = 20 

"s.4 = 0 

"s. 3 = 0 

u5• 2 =0 

Figure 10.17 The 5 x 5 grid in 
Example 10.5. 

Applying fh:rm.ula (9) in this case, the linear system A P := B is 

-4p, + P2 

PJ-4P2+ P3 

P2- 4P3 

PI 

P3 

+ P4 

+ PS 
+ P6 

·-4p4+ PS 

-1- P4-4ps+ P6 

+ PS -4P6 

P4 

P5 

+ P7 

+ P8 

= -100 

= -20 

= -20 

= -BO 

=0 

+ P9 =0 
- 4 P7 + P& = -260 

+ P7 - 4 pg + P9 = -180 

P6 + P8 -4p9 = -180 

The solution vector P can be obtained by Gaussian elimination (or more efficient 
8chemes can be devised, such a:; the extension of the tridiagonal algorithm to pentadiagonul 
systems). The t!:mperatures at the interior grid points are expressed in vector form 

P =[PI P2 P3 P4 Ps P6 P7 pg P9]' 

= [55.7143 43.2143 27.1429 79.6429 70.0000 

45.3571 112.857 111.786 84.2857]'. • 

Derivative B·oundary Conditions 
The Neumann boundary conditions specify the directional derivative of u (x, y) normal 
to an edge. For our illustration we will use the zero normal derivative condition, 

(10) 
a 

&Nu(x, y) = 0. 
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ul+ l.m 

2u;,,.-l 

11n.j- I 

ll"igure 10.18 The Neumann stt~ncils. 

For applications in the area of heat flow, this means that the edge is thermally insulat:ed 
and !he heat flux throughout the edge is zero. . . . Suppose that x = x

11 
is held fixed and that we are cons1denng the nght edge x. .=~ 

of the rectangle R = { (x, y) : 0 ~ x ~ a, 0 ~ y :::: b}. The normal bound~rry corKht:ton 
to be used along this edge is 

( 11) 

Then the Laplace difference equation for the point (xn, Y j) is 

(12) Un+l,j + Un-l.} + Un,j+l + Un,j-1 - 4un,} = 0. 

The value un+ l.J is unknown, because it lies outside the region R. HoweYer, we c. an 
use the numerical differentiation formula 

( 13) 
Un+l.j- Un-l,j ( ) 0 ·"""----.::.. :::~ Ux Xn, Yi = 

2h 

and obtain the approximation Un+ 1, j <=:::: Un -l,j, Which haS order Of accurac. j Q un 
'When this approximation is used in (12), th~: result is 

2Un-l.j + U 11 ,j+l + Un,j-1- 4un.j = 0. 
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~'!,4 = 80 • "5. 4 =0 
qlO qJl ql2 

uu=80 • • "s. 3 =0 q7 qs q9 

!11.2 :80 • "s.z=O q4 qs q6 

!11.1 = 80 uS, I= 0 
qi q2 q3 

Figure 10.19 The 5 x 5 grid in 
Example 10.6. 

This formula relates !he func1ion value un,j to its three neighboring vallues un-1.)• 
u.,,j+l• andun,j-l· 

The computational stencih; for the oilier edges can be derived similarly (see Figure 10.18). The four cases for the Neumann computational stencils are sununarized 
nt~xt: 

(14) 

(15) 

(16) 

(17) 

2u;,2 + u;-1,1 + u;+l,l- 4u;.l == 0 
2u;,m-l + Ui-l,m + Ui+l,m - 4u;,m = 0 
2uz.j + Ul.j-1 + U!,j+l - 4ul,j = 0 
2un-l.j + Un,j-1 + Un,j+l - 4u,.,j = 0 

(bottom edge), 

(top edge), 

(left edge), 

(right edge). 

Suppose that the derivative condition au(x, y)jaN = 0 is used along part of the boundary of R, and !hat known boundary values of u(x, y) are used on the other porl:ions of the boundary; then we have a mixed problem. The ~:quations for determining approximations for u(x;, Yj) at boundary points will involve appropriate Neumann Computational stencils (14) to (17). The Laplacian computational formula (9) is still used to determine approximations for u (x;, y J) at the interior points of R. 

Example 10.6. Find an approximate solution to Laplace's equation v2u "" 0 in the rectangle R = {(x' y) : 0 :s X :s 4, 0 :s y :s 4), where u(x, y) denotes the temperature at tile point (x, y) and the boundary values are shown in Figure 10. 19: 

u(x, 4) = 180 

uy(x,O)=O 

u(O, y) = 80 

u(4, y) = 0 

for 0 < x < 4, 
for 0 < x < 4, 
for 0 ~ y < 4, 
for 0 ~ y < 4. 
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The Neumann computational formula (14) is applied at the boundary points QJ. qz, 
and q

3
, and the Laplace computational stencil (9) is applied! at the other points Q4. qs, 

... , q 12 • The result is a linear system A Q = B! involving 12 equations in 12 unknowns: 

+2q4 

+2qs 

Q2- 4Q3 +2q6 

Ql - 4q4 + qs 

+ Q4- 4qs + q6 

Q3 + qs -4q6 

qs 

+ Q7 

+ qs 

+ 
-4q7+ qg 

Q9 

+ q7- 4qs + Q9 

+ qs -4q9 

q7 

qs 

q9 

+ QIO 

+ Qll 

=-80 

=0 
=0 

= -80 
=0 
=0 
= -80 
=0 

+ Ql2 = 0 

-4ql0+ Qll = -260 
+ qw-4Q11+ Q12=-I80 

+ Qll - 4Ql2 = -180 

The solution vector Q can be obtained by Gaussian elimination (or more efficient 
sehemes can be devised, such as the extension of the tridiagonal algorithm to pentadiag
onal systems). The temperatums at the interior grid points and along the lower edge are 
expressed in vector form as 

Q ~= [q, Q2 q3 q., qs q6 q1 qs q9 q10 q11 q12]' 
== [71.8218 56.8543 32.2342 75.2165 61.6806 36.0412 

87.3636 78.6103 50.2502 115.628 115.147 86.3492]'. • 

Iterative Methods 
The preceding method showed how to solve Laplace's difference equation by con
structing a certain system of liinear equations and solving it. The shortcoming of this 
method is storage; each interior grid point introduces an equation to be solved. Since 
better approximations require .a finer mesh grid, many equaltions might be needed. For 
example, the solution of Laplace's equation with the Dirichllet boundary conditions re
quires solving a1 system of (n - 2)(m - 2) equations. If R is divided into a modest 
number of squares, say 10 by J 0, there would! be 91 equations involving 9ll unknowns. 
Hence it is sensible to develop techniques that will reduce the amount of storage. An 
iterative method would require only the storage of the 100 numerical approximations 
{,:~,)}throughout the grid. 

Let us start with Laplace's difference equation 

U!+l,j + Ui-l.j + Ui,j+l + Ui,j-1 - 4u;,j = 0 
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and suppose that the boundary values u (x, y) are known at the following grid points: 

u(XJ, YJ) = UJ,j for 2 ::; J ::; m - 1 (on the left), 

(19) 
u(x;, yJ) = u;,J for2::;i::;n-l (on the bottom), 

u(xn, Y;) = Un,j for2::;j::;m-l (.on the right), 
u(x;, Ym) = U;,m for 2 ::; i ::; n - 1 (on the top). 

Equation (18) is rewritten in the following form that is suitable for iteration: 

(20) Ui,j = Ui,) + ri,j, 

where 

(21) Ui+l,j + Ui-l,j + Uj j+l + U; j-l - 4u; 1· r1.) = 4 · ' 
for 2 ::S i ~ n -- 1 and 2 ::; j :~ m - l. 

Starting vallues for all inte.rior grid points must be supplied. The constant K, which 
is the average of the 2n + 2m - 4 boundary values given in ( 19), can be used for this 
purpose. One iteration consists of sweeping formula (20) throughout all of the interior 
points of the grid. Successive iterations sweep the interior of the grid with the Laplace 
iterative operator (20) until the residual tem1 r;,j on the right side of equation (20) is 
''reduced to zero" (i.e., lrt,j I < l' holds for each 2 ::S i ::S n - 1 and 2 .:::: j .:::; m - I). 
The speed of convergence for reducing all the residuals ln.}} to zero is increased by 
using the method called successive overrelaxation (SOR). The SOR method uses the 
iteration formula 

(22) + (
tli+l,j + Ui-l,j + Ui,j+J + Ui,j-1 - 4u;,1·) u· · -u· · w I,J- l,j 

4 
= u;,J + wr1.;, 

where the parameter w lies in lhe range 1 ~ w < 2. In the SOR method, formula (22) 
is swept across the grid until I r;,J I < E. The optimal choice for w is based on the study 
of eigenvalues of iteration matrices for linear systems and is given in this case by the 
formula 

4 
(23) cu= 

2 + /4- (cos (,~1 ) +cos (m~r) )2
. 

If the Neumann boundary condition is sp~cified on some portion of th4~ boundary, 
we must rewrite equations {14) through (17) in a form that is suitable for iteration. The 
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four cases are summarized next and include the relaxation parameter w: 

(24) 

(25) 

(26) 

(27) 

(
2ui.2 + Ui-1.1 + Ui+i.l- 4Ui.J) 

U·I=;;U·J+W · I. I, 4 

(

2u;,m-l + Ui-I,m + Ui+l.m- 4u;,m) 
Ui,m =::: Ui,m + W 4 

(

2U2,j + Ul,j-1 + UJ,j+l - 4UI.j) 
Ui,j = Ui,j + W 4 

(

2,Un-I,j + Un,j-1 + Un,j+l - 4un,j) 
Un.j = Un,j + W 4 

(bottom edgei. 

(top edge), 

(left edge), 

(right edge). 

Example 10.7. Use an iterative method to compute an approximate solution to Laplace'~ 
equation v2 = 0 in R = {(x, y) : 0::::: x ::::: 4, 0::::: y::::: 4}, where the boundary values are: 

u(x, 0) = 20 and u(x, 4) = 180 for 0 < x < 4, 

ami 

u(O, y) = 80 and u(4, y) = 0 for 0 < y < 4. 

For illustration, the squart~ is divided into 64 squares with sides Li.x = h = 0.5 and 
lly = h = 05. The initial value at the interior grid points was set at u;,j = 70 for 
each i = 2, ... , 8 and j = 2, ... , 8. The SOR method was used with the param~r 
w = 1.44646 (substitute n = 9 and m = 9 in fiJrmula (23)). After 19 iteratioms, the residual 
was uniformly reduced (i.e., lr;,j I ::::: 0.000606 < 0.001). The resulting approximations are 
given in Table 10.6. Because of the discontinuity of the boundary function at the comer~ 
the boundary values u 1. 1 = 50. ug, 1 = 10, u 1 . ~~ = 130, and u9, 9 = 90 have bt:en introduced 
in Table 10.6 and Figure 1020; they were not used in the computations at the interior grid. 
points. A three .. dimensional presentation of the data in Table 10.6 is given in Figure 10. '2.0 

• 
Example 10.8. Use an iterative method to compute an approximate solution to Larlace'e, 
equation v 2u ::;;; 0 in R = {(x, y): 0::::: X ::::: 4, 0 ~ y ~ 4}, where the boundary IIIIUe 

are 

u(x, 4) = 180 for y=4 and O<X <4, 

Uy(X, 0) = 0 for y=O and I[) <X <4, 

u(O, y) = 80 for x=O and l[)~y <4, 

u(4, y) = 0 for x=4 and l[)~y < 4. 

For illustration, the square is divided into 64 squares with sides llx = h = 0.5 ahc:\ 
Li. y = h = OS Starting values using linear interpolation were used along the edge when 
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Table 10.6 Approximate Solution to Laplac:e's Equation with Dirichlet Conditions 

XJ "'2 XJ X4 "'3 "'6 .. , xg X9 

Y9 130.000 180.000 ISO.!XIO 180.000 180.000 ISO.OOO 180.000 180.000 90.0000 
YS 80.000 124.821 141.172 145.414 144.005 137.478 122.642 88.6070 0.0000 
Y1 80.000 102.112 113.453 116.479 113.126 103.266 84.4844 51.7856 0.0000 
Y6 80.000 89.1736 94.0499 93.9210 88.7553 77.9737 60.2439 34,_0510 0.0000 
Y5 80.000 80.5319 79.6515 76.3999 70.0003 59.6301 44.4667 24.1744 0.0000 
Y4 80.000 73.3023 67.6241 52.0267 .55.2159 46.0796 33.8184 lg_l798 0.0000 
Y3 80.000 65.0528 55.5159 48.8671 42.7568 35.654.3 26.5473 14.7266 0.0000 
Y2 so.ooo 51.3931 40.5195 35.1691 31.2899 27.233:5 21.9900 14.1791 0.0000 
Yl 50.000 20.0000 20.0COO 20.0000 :zo.oooo 20.0000 20.0000 2(1.0000 10.0000 

u 

Figure 10.20 u = u (x, y) with Dirichlet boundary values . 

y = Yl = 0. The initial value at the interior grid points was set at Ui,j == 70 for each 
i = 2, ... , 8 and j = 2, ... , 8. Then the SOR method was •employed with the parameter 
w = 1.44646 (as in Example 10.7). After 29 it,erations, the residual was uniformly reduced; 
(i.e., ln.j I ~ 0.000998 < 0.001). The resulting approximations are given in Table 10.7. 
Because of the discontinuity of the boundary functions at the comers, the boundary values 
ut,9 = 130 and U9,9 = 90 hav~: been introduc~~d in Table 10.7 and Figure 10.21; they were 
not used in the computations at the interior g1id points. A three-dimensional presentation 
of the data in Table 10.7 is given in Figure 10.21. • 
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Table 10 7 Approximate Solution to Laplace's Equation with Mixed Boundary Conditions . 
X) X2 XJ X4 xs -"6 I7 Xg X9 

180.000 180.000 180.000 180.000 180.000 180.000 180.000 90.0000 
Y9 130.000 

145.468 138.762 123.583 89.1008 0.0000 80.000 126.457 142.311 146.837 yg 
115.951 119.568 116.270 105.999 86.4683 52.8201 0.0000 

.1'7 80.000 103.518 
0.0000 80.000 91.6621 98.4053 99.2137 94.0461 82.4936 63.4715 35.7113 Y6 

26.5538 0.0000 80.000 84.7247 86.7936 84.8347 78.2063 66.4578 49.2124 Y5 
79.2089 75.1245 67.4860 55.9185 40.3665 21.2915 0.0000 

.Y4 80.000 80.4424 
18.2459 0.0000 80.000 77.8354 74.4742 68.9677 60.6944 49.3635 35.0435 n 

71.8842 65.5772 56.9600 45.7972 32.1981 16.6485 0.0000 80.000 76.4244 Y'l. 
71.0605 64.4964 55.7707 44.6670 31.3032 16.1500 0.0000 

Yl 80.000 75.9774 

u 

Figure 10.21 u = u(x, y) for a mixed problem. 

Poisson's andl Helmholtz's Equations 

Consider Poisson's equation 

(28) 

Using the notation g;,J = g(x;, y j). the generalization of formula (20) for :solving (28) 
over the rectangular grid is 

(29) 
u;+l.j +u; 1.1 +ui,J+l +ui,J-I--4uu -h

2
g;,L 

Ui,i = Uf,j + 4 
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Consider Hdmholtz's eqmttion 

(30) V 2u + f(x, y)u = g(x, y). 

Using the notatJOn Ji,J = f(x;, Yj). the g.eneralizationoffonnula (20) for solving (30) 
over the rectangular grid is 

(
3

1) u· . _ u· + UJ+I,j + Ui-l,j + Ui,J+1 + Ui,j-1 -- (4- h 2 
Ji.J)Ui,j- h2gi,j 

I,J - 1,} 4 _ h2 ~. , 
JI,J 

These fonnulas are explored in greater detail in the exercises. 

Improvements 
A modification of (8) that can be employed is the nine-point differen.r:e formula for 
Laplace's equation: 

2 l 
V lli.J:::;: fih2 (ll;-H,j-1 + Ui-l,J-1 + Ui+I.J+I + Ui-l.J+l 

+4u;+1.) +4ui-l.J +4ui,J+l-+4u;,j-1- 20u;,J) = 0. 

The truncation error for the nine-point difference formula is of the order O(h4 ) when 
it is used to solve the Poisson or Helmholtz equation; thus there is no improvement if 
the nine-point difference formula is used instead of the five-point difference fonnula. 
However, when the nine-point formula is used to solve Laplace's equalion V2u = 0, 
the truncation error is of the order O(h6

) and there is an advantage to using the nine
point difference fonnula. 

Program 10.4 (Dirichlet Method for Laplace's Equation). To approximate the 
solution of u .. x(x, y) + uyy(x, y) = 0 over R = {(x, y): 0 S x Sa, 0:::: y:::: b} 
with u(x, 0) = ft (x), u(x, b) = fz(x), for 0 :::; x ::; a. and u(O, y) = !J(y), 
u(a. y) = f 4 (y), for 0:::: y ::::b. It is assumed that ax == ay =hand that integers 
nand m exist so that a = nh and b = mh .. 

function u'"dirich(f1, f2, f3 ,f4 ,a, b ,h, tol,maxl) 
%Input - f1,f2,f3,f4 are boundary functions input as strings 
% - a. and b right end points of [0, a] and [0, b] 
% - h step size 
% - tol is the tolerance 
%Output - U solution matrix; anal.ogous to Table 10.6 
%Initialize parameters and U 
n=fix(a/h)+1; 
m=fix(b/h)+1; 
ave=(a*(feval(fl,O)+feval(£2,0)) 
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+b•(feval(f3,0)+feval(f4,0)))/(2•a+2*b); 
U=ave•ones(n,m); 

%Boundary conditions 
U(1,1:m)=feval(f3,0:h:(m-1)•h)'; 
U(n,1:m)=feval(f4,0:h:(m-1)*h)'; 
U(1:n,1)=feval{f1,0:h:(n-1)•h); 
U(1:n,m)=feval(f2,0:h:(n-1)•h); 
U(1,1)=(U(1,2)+U(2,1))/2; 
U(1,m)=(U(l,m-1}+U(2,m))/2; 
U(n,1)=(U(n-1,1)+U(n,2))/2; 
U(n,m)=(U(n-i,m)+U(n,m-1))/2; 

%SOR parameter 
w=4/(2+sqrt(4-(cos(pi/(n-1))+cos(pi/(m-1)))-2)); 

%Refine approximations and sweep operator throughout 
%the grid 
err=l; 
cnt=O; 
while((err>tol)&(cnt<=max1)) 

err=O; 
for j=2:m-1 

for i=2:n-1 
relx=w• (U(i ,j+O +U(i, j-1) +U(i +1, j )+U(i -1, j )-4•UC 1 , j J) /4; 

U(i,j)=U(i,j)+relx; 
if (err<=abs(relx)) 
err=abs(relx); 
end 

end 
end 

cnt=cnt+l; 
end 

U=flipud(U'): 

Exercises for Elliptic Equations 

1. (a) Determine the system of four equations in the four unknowns p 1, p2, p3, and p4 
for computing approximations for the harmonic function u(x, y) in the rectan~le 
R = {(x, y): 0:::; x ::53,0::: y s 3} (see figure 10.22). The boundary values 

are 

u(x, 0) = 10 and 

u(O, y) = 70 and 

u(x,3)=90 for O<x<3, 

u(3,y)=0 for O<y<3. 
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"2.4 = 90 u3, 4 "'90 

u1, J"' 70 • "4,3"'0 
P3 p4 

u1. 2 =70 • "4.2 = 0 
PI P2 

u2, I= 10 u3, I= 10 
Figure 10.22 
The grid for Exercise I 

"2, "'= 9{) "3,4 =90 

"u = 70 "4.3=0 
qs q6 

u 1, 2 =70 u4,i=O 
q3 q4 

u1, 1 =70 "4,1 =0 Figure 10.23 
ql q2 

The grid for Exercise 2 

(b) Solve the equations in part (a) for Pl· P2· p3, and p4. 

2.. (a) Determine the system of six equations in the six unknowns q 1, q2, ... , q6 for 
computing approximations for the harmonic function u (x, y) in the rectangle 
R = {(x, y): 0 .::'5 x ::S 3, 0 :S y ::S 3} (see Figure 10.23). The boundary values 
are 

u(x, 3) = 9Q and 

u(O, y) = 70 and 
uy(x,O) = 90 

u(3, y) = 0 

(b) Solve the equations in part (a) for q 1, q2, ..• , q6 . 

for 0 < x < 3. 

for 0 ~ y < 3. 

3. (a) Show that u(x, y) = a1 sin(x) sinh(y) + b1 sinh(x} sm(y} is a solution of La· 
place's equation. 

(b) Show that u(x, y) = a11 sin(nx) sinh(ny) + b11 sinh(nx) sin(ny) is a solution of 
Laplace's equation for each positive integer n = 1, 2, .... 

4. Let u(x, y) = x 2
- y2

. Detennine the quantities u(x +h, y), u(x- h, y), u(x, y +h), 
and u (x, y - h), substitute them into equation (7), and simplify. 
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«2.4 «3.4 
11 1,4 "4,4 

11 1. 3 • • 114.3 
P3 P4 

ul, 2 • "4.2 
P1 P2 

"4.1 Figure 10.24 ul.l 
112, I «3, 1 The grid for Exercise 7 

5. (a) Suppose that u has the form u(x, y) = ax2 + bxy + cy2 + dx + ey +f. Find 
a relationship among the coefficients which guarantees that «x.x + uyy = 0. 
Suppose that u has the form given in part (a). Find a relationship among the 
coefficients which guarantees that Uxx + u yy = -1. 

(b) 

(c) Find the coefficients of the polynomial u (x, y) given in pan (a) that satisf) 
the partial differential equation in part (a) and also the boundary condition~ 
u(x, D)= 0 and u(x, ,8) = 0. 

(d) Find the coefficients of the polynomial u(x, y) given in pan (a) that satisf} 
the partial differential equation in part (b) and also the boundary condition~ 
u(x, 0) = 0 and u(x, ,8) =: 0. 

6. Solve u.,x +uyy = -4u over R:::::: {(x, y): 0::; x S 1, 0 ~ y ::S 1} with the boundar; 
values 

u(x. y) = cos(2x) + sin(2y). 

7. Determine the system of four equations in four unknowns PI, P2. p2. and P4 for 
implementing the Laplace nine-point difference equation on the 4 x 4 grid shown in 
Figure 10.24. 

Algorithms and Programs 

1. (a) Use Program 10.4 to compute approximations for the harmonic function« (x, y) 
in the rectangle R = {(x, y) : 0 .5 x ::S l.5, 0 .5 y ::; L5); use h "" 0.5. The 
boundary values are 

u(x. 0) = x 4 and u(x, 1.5) = x 4 - l3.5x2 + 5.0625 for 0::; x ::; 1.5, 

u(O, y) = l and u(1.5, y) = y4
- 13.5y2 + 5.0625 for 0 s y:::; 1.5. 

(b) Use the surf command to plot your approximation from part (a) and compare 
it with the exact solution u (x, y) = x4 - 6x2 y2 + y4. 
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2. Modify Program 9.11 (Tridiagonal Systems) to solve a pentadiagonal system. 

3. (a) Use a 5 x 5 grid similar to that in Example 10.5 and determine the system of 
nine equations in the nine unknowns pt. P2· P3, ...• P9 for computing approx
imations for the hannonic function u(x, y) in the rectangle R = {(x, y) : 0 ::S 
x _::: 4, 0 .:5 y ::; 4}. The boundary values are 

(b) 

(c) 

(d) 

4. (a) 

u(x, 0) = 10 and 

u(O, y) = 90 and 

u(x,4) = 120 

u(4, y) = 40 

for 0 <: x <: 4, 

for 0 <: y < 4. 

Use your modification of Program 9.11 to solve for pr, p2 • ...• pg. 
Use Program 10.4 to solve for the approximations. 
Use a 9 x 9 grid similar to that in Example 10.7 and Program 10.4 to solve for 
the approximations. 

Use a 5 x 5 grid similar to that in Example 10.6 and detennine the system of 
12 equations in the 12 unknowns q 1. q2 • .•. , Q12 for computing approximations 
for the harmonic function u(x, y) in the rectangle R = {(x, y) : 0 S x S 4, 
0 ::; y :;; 4}. The boundary values are 

u(x, 4) = 120 and 

u(O, y) = 90 and 

Uy(X, y) = 0 

u(4, y) = 40 

for 0-:: x <: 4. 

for 0 :;: y <: 4. 

(b) Use your modification of Program 9.11 to solve for q1, q2, ... , ql2· 

(c) Modify Program 10.4 to solve for the approximations. 
(d) Use a 9 x 9 grid similar to that in Example 10.8 and a modification of Pro

gram l 0.4 to solve for the approximations. 

5. (a) Using a 5 x 5 grid, derive the nine equations involving the nine unknowns p 1• 

P2· p3, ...• pg for computing approximations for the solution u(~, y) to Pois
son's equation with g(x, y) = 2 in the rectangle R = {(x, y) : 0 S x ::S I. 
0 S y s 1}. The boundary values are 

u(x,0)=x2 and u(x,l)=(x-1)2
. for Osx:::;l, 

u(O, y) = y 2 and u(l, y) = (y- 1)2 for 0:;; y :=:: I. 

{b) Use your ~odification of Program 9.11 to solve for Plo P2· ...• pg. 
(c) Modify Program I 0.4 to solve for the approximations. 
(d) Use a 9 x 9 grid and your modification of Program 10.4 to solve for the approx

imations. 

6. {a) Using a 5 x 5 grid, derive the nine equations involving the nine unknowns PI, 
pz. P3· ... , P9 for computing approximations for the solution u{~, y) to Pois
son's equation with g(x, y) = yin the rectangle R = {(x. y) : 0 S x -:=: l. 
0 S y S 1 }. The boundary values are 

u(~. 0) = x 3 

u(O, y) =0 
and u(x, 1) = x 3 

and u(l, y) = 1 

for O,::sx:::;l 

for 0:::; y::::; l 
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(b) Use your modification of Program 9.11 to solve for PI, p2, .•. , P9· 
(c) Modify Program 10.4 to solve for the approximations. 
(d) Use a 9 x 9 grid and your modification of Program I 0.4 to solve for the approx

imations. 11 

Eigenlvalues and :Eigenvectors 

The design o.f certain engineering systems involves the maximum stress theory of 
failure. This theory is bast~d on the assumption that the maximum principal stress 
clcting on a body determines its failure. The related mathematical result is the principal 
axes theorem for a linear transformation Y = AX. In two dimensions there exists 
hasis vectors iU 1 and U 2 so that the effect of this transf01mation is to stretch space in 
the directions parallel to U 1 and U 2 by thf: amount )q and A2, respectively. Consider 
the symmetric matrix 

[
3.8 0.6]. 
0.6 2.2 ' 

---------
6 

~---J~--1-----+----+-----r--
- 3 0 3 6 9 12 -3 3 9 12 

Fi%"re 11.1 (a) Pn~images U 1 = (3 I]' and U2 == [ -1 3]' forthe transformati01n Y =AX. (b) The 
i"'a•&e vectors Vt =AUt= [12 4]' and V2 = A~h = [-2 6]', 

555 
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t~e principal directions are U 1 = (3 1 ]' and u2 = [ -·1 3)', with corresponding 

eigenvalues )q = 4 and A.z = 2, respectively. Images of these vectors are V 

AUt = [12 4]' = 4[3 1]' and ~2 == AU2 ~ [-2 6]' = 2[-·1 3]'. ~s 
transformation stretches the quarter-crrcle shown m Figure ll.l(a) into the quarter 

elhpse shown in Figure 11.1 l(b). 

11.1 Homogeneous Systems: The l~igenvalue Problem 

Background 

We will now. review some id1~as from linear algebra. Proofs of the theorems are either 

left as exercises or can be found in any standard text 011 linear algebra (see Refer

ence [ 132]). 

In Chapter 3 we saw how to solve n linear equations in n unknowns. It was as

su~ed that the determinant of the matrix was nonzero and hence that the solution was 

umque. In the case of a homogeneous system AX = 0 if det(A) -1- 0 th · 
. . . • r , e umque 

solut10n rs the trivial solution X = 0. If det(A) = O, there exist nontrivial solutions to 

AX = 0. Suppose that det(A.) = 0, and consider solution:> to the homogeneous linear 

system 

{I) 

a11x1 +a12x2 + · · · +at,Xn= 0 

aztXJ + a22x2 + · · · + a2nx11 = 0 

·~he s~stem of_equ~tions ( 1) allways has the tlivial solution )r 1 = O, x2 = O, ... , x, = 0. 

IJaussran elmunatton can be used to obtain a solution by forming a set of relationships 

between the variables. 

Example 11.1. Find the nontrivial solutions to the homogeneous system 

X I + 2x2 -- X3 = 0 

2xt + X2 + X3 = 0 

5x 1 + 4x2 + XJ = 0. 

Use Gaussian elimination to eliminate x 1 !md the result is 

XJ + lx2 - X3 = 0 

-3x2+3x3 =0 

-6xz + 6x3 = 0. 
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Since the third equation is a multiple of the second equation, this system reduces to two 

equations in three unknowns: 

Xt + X2 = 0 

-x2 +x3 = 0. 

We can select one unknown and use it as a parameter. For instance, let X3 = t; then 

the second equation implies that x2 = t and the first equation is used to compute x 1 = -1. 

Therefore, the solution can be expressed as the set of relations: 

XJ == -t 

xz == 

X3 == t 

where 1 is any real number. • 

Definition 11.1 (Linear Independence). The vectors U 1, U 2 , ••• , U n are said to 

be linearly independent if the equation 

(2) 

implies that CJ == 0, cz = 0, ... , c, = 0. If the vectors are not linearly independent 

they are said to be linearly dependent. In other words, 1he vectors are linearly deper.l· 

dent if there exists a set of numbers {ct, Q, ... , c,} not all zero, such that equation (2) 

holds. • 

Two vectors in !.R2 an~ linearly independent if and only if they are not parallel. 

Three vectors in rn3 are linearly independent if and only if they do not lie in the same 

plane. 

Theorem 11.1. The vectors U 1, U 2, ... , U 11 are linearly dependent if and only if at 

least one of them is a linear combination of the others. 

A desirable feature for a vector space is the ability to express each vector as a linear 

combination of vectors chosen from a small subset of vectors. This motivates the next 

definition. 

Definition lll.2 (Basis). Suppose that S == { U 1, U 2, ••. , U m} is a set of m vectors m 

!.R". The set S is called a basis for :R11 if for every vector X in ffi" then~ exists a unique 

set of scalars {CJ, cz, ... , em} so that X can be expresSt:d as the linear combination 

(3) 

Theorem 11.2. In :l'l", any set of n linearly independe:nt vectors forms a basis of flt". 

Each vector X in :l'l" is uniquely express~:d as a linear combination of the basis vectors, 

as shown in ~quation (3). 
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Theorem 11.3. Let K t. K z, ... , Km be vectors in 9111
• 

(4) If m > n, then the vectors are linearly independent. 

(5) Ifm = n, thevectorsarelinearlydependentifandonlyifdet(K) = 0, 

where X= (KI K2 ... KmJ. 

Eigenvalues 
Applications of mathematics sometimes encounter the following equations: What are 
the singularities of A - ).,/ , where A is a parameter? What is the behavior of the 
sequence of vectors {AJ Xo}~0? What are the geometric features of a linear trans
formation? Solutions for pro'blems in many different disciplines, such as economics) 
engineering, and physics, can involve ideas related to these equations. The theory 
of eigenvalues and eigenvectors is powerful enough to help solve these otherwise in
tractable problems. 

Let A be a square matrix of dimension n x n and let X be a vector of dimension 1'1. 

The product Y = AX can be viewed as a linear transformation from n-dimensional 
space into itself. We want to find scalars A for which there exists a nonzero vector )( 

such that 

{6) AX =AX; 

that is, the linear transformation T(X) = AX maps X onto the multiple AX. Wbeh 
this occurs, we call X an eigenvector that corresponds to the eigenvalue,\, and together 
they form the eigenpair A, X for A. In general, the scalar A and vector X can involve 
complex numbers. For simplicity, most of our illustrations will involve real calcula
tions. However, the techniques are easily extended to the complex case. The identity 
matrix I can be used to express equation (6) as AX = )./X, which is then rewritten ;n 
the standard form for a linear system as 

(7) (A- AI)X = 0. 

The significance of equation (7) is that the product of the matrix (A - ,\I) and {:.he 
nonzero vector X is the zero vector! According to Theorem 3.5, this linear system h~s 
nontrivial solutions if and only if the matrix A- AI is singular, that is, 

(8) det(A- AI) = 0. 

This determinant can be written in the form 

a11 -,\ a12 

a21 a22- A 
(9) 
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When the determinant in (9) is expanded, it becomes a polynomial of degree n, which 
is called the characteristic polynomial 

p().) = det(A -AI) 

= (-l)n().,n + C]An-I + CzAn-Z + · · · + Cn-IA + Cn). 
(10) 

There exist exactly n roots (not necessarily distinct) of a polynomial of degree n. 
Each root ,\ can be substituted into equation (7) to obtain an underdetermined system 
of equations that has a corresponding nontrivial solution vector X. If)., is real, a real 
eigenvector X can be constructed. For emphasis, we state the following definitions. 

Definition 11.3 (Eigenvalue). If A is ann x n real matrix, then its n eigenvalues)., I, 
A2, ... , An are the real and complex roots of the characteristic polynomial 

(ll) p{A) = det(A- H). 

Definition 11.4 (Eigenvector). "If)., is an eigenvalue of A and the nonzero vector V 
has the property that 

(12) AV = AV, 

then V is called an eigenvector of A corresponding \0 the eigenvalue A.. 

The characteristic polynomial (I I) can be factored in the form 

(13) 

where m; is called the multiplicity of the eigenvalue,\ J. The sum of the multiplicities 
of all eigenvalues is n; that is, 

n = nii + mz + · · · + mk. 

The next three results concern rhe existence of eigenvectors. 

Theorem 11.4. (a) For each distinct eigenvalue A there exists at least. one eigenvec
tor V corresponding to A. 

(b) If)., has multiplicity r, then there exist at most r linearly independent eigenvec
tors VI, V 2, ... , V r that correspond to).., 

Theorem 11.5. Suppose that A is a square matrix and A I, At • ... , Ak are distinct 
eigenvalues of A, with associated eigenvectors VI, V 2· ... , V k. respectively; then 
{VI, V 2 •... , V k} is a set of linearly independent vectors. 

Theorem 11.6. If the eigenvalues of the n x n matrix A are all distinct, then there 
exist n eigenvectors V;, for j = 1, 2, ... , n. 
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Theorem 11.4 is usually applied for hand computations in the following manner. 

The eigenvalue A of multiplicity r ~ 1 is substituted into the equation 

( 14) (A- Al)V == 0. 

T~er~ Gaussian elimination can be performed to obtain the Gauss reduced fonn, w hiL h 

w11l mv~lve n - k equations in n unknowns, where 1 ::5 k :::: r. Hence there are k 

free vanabl.es to choose. The free: variables can be selected in a judicious manner to 

prodlllce k lmearly independent solution vectors V 1, V 2, ••• , V k that correspond to 1 .. 

Example 11.2. Find the eigenpairs }, 1, V 1 for the: matrix 

-1 OJ 2 -1 . 
-1 3 

Also, show that the eigenvectors are linearly indepc:ndent. 

l'he characteristic equation det(A - A.l) = 0 is 

(15) 
3--}, 

-I 
0 

-1 
2-}, 
-1 

0 

--1 =-A.3 +8}..2 -L9},+12=0, 
3-}, 

which can be written as -(A- 1)(}..- 3)().- 4) = 0. Therefore, the three eigenvalues are 

.l.t = 1, .lcz = 3, and),J = 4. 

Case (i): Substitute At = 1 into equation (14) and obtain 

2xt- x2 := 0 

-x! +x2- x3 ·=o 
-X2 + 2x3 := 0. 

~inc~ t~e su_m of the first equation pllus two times the second equation plus the third equa

tion ts tdenucally zero, the system can be reduced to two equations in three unknowns: 

2x! -xz ==0 

-xz + 2xJ == 0. 

Choose xz = 2a. where a is an arbitrary constant; then the first and second equations atL' 

used to compute, x1 := a and f3 = a, respectively. Thus the first eigenpair is ). 1 = 1 

V1=[a 2a a] =a[t 2 t]. 

Case Iii): Substirtute A2 = 3 into equation (14) .and obtain 

-x2 == 0 

-X[ -X2 -XJ =:0 

-x2 =0. 
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This is equivalent to the system of two equations 

XJ +x3 =0 

X2 ::::0, 

Choose x 1 ::::: b where b is an arbi1rary constant, and compute X3 = -b. Hence the second 

eige:npairis A.2 '= 3, V2 = [b 0 --b]' = b[l 0 -I]'. 

Case (iii): Substitute AJ = 4 ilnto (14 ); the result is 

-X]- X2 :::::0 

-Xl - 2X2- XJ ::::: Q 

-X2 -X3 = 0. 

This is equivalent to the two equations 

Xl +x2 =0 

X2+X3 =0. 

Choose x3 :::: c, where cis a constant, then use the second equation to compute X2 = -c. 

Them use the first equation to get x 1 = c. Thus the third eig-enpair is "-3 = 4, V 3 = 

[c -c c]' = c[l -I 1]'. . . 
To prove that ·the vectors are linearly mdependent, 1t suffices to apply 'Thelxem 11.5. 

However, it is beneficial to review techniques from linear algebra and use Them·em 11.3. 

Fmm the determinant 

a 

det([Vt Vz V3])= 2a 
a 

b c 
0 -c ::::: -Cia be. 

-b c 

Since det([ V 1 V 2 V 3]) #- 0, l11eorem 11.3 implies that the v~~ctors V 1, V z, and V 3 are 

li01~arly independe:nt. • 

Example 1 L2 shows how hand computations are used 10 find eigenvalues when 

the: dimension n is small: (1) l5nd the coefficients of the characteristic polynomial; 

(2) find its roots; (3) find the 111onzero solutions of the homogeneous linear system 

(A- A.l) V = 0. We will take the prevalent approach of studying the power and Jacobi 

mc::thods and the Q R algorithm. The Q R algorithm and its improvements are used in 

professional software packages such as EISPACK and MATLAB ([178]). 

Since V in (112) is multiplied on the right side of the matrix A, it is called a right 

eigenvector corresponding to A.. There also ex:ists a left eigenvector Y such that 

(16) Y' A = A.Y'. 

In general, the left eigenvector Y is not equal to the right eigenvector V. However, 

if A is real and syrrunetric (A' == A), then 

(17) 
(AV)' = V'A' = V'A, 

(}..V)' = A.V' 
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Therefore, the 1ight eigenvector V is a left eigenvector when A is symmetric. In the 
remainder of the book we consider only right eigenvectors. 

An eigenvector V is unique only up to a constant multiple. Suppose that c is a 
scalar; then the following calculation shows that c V is an eigenvector: 

(18) A(cV) = c(AV) = c(AV) = A(cl'). 

To regain some semblance of uniqueness, we normalize the eigenvector in one of 
the following ways. Use one of the vector norms 

(19) 

or 

(20) 

IIXIIoo = max {lxkl} 
1-;ko<:n 

11XIi2 = (t; lxkl
2

) 

112 

and require that either IIXIIoo '"' 1 or IIXII2 =: 1. 

Diagonalizability 

The eigenvalue situation is ea!;iest to understand for a diagonal matrix D that has the 
form 

['' 
0 

il D ~ dia.g().,, A,, ... , A") ~ ~ .l..z 
(21) 

0 

Let E j = [0 0 · · · 0 I 0 · · · 0 ]' be the standard base vector, where the jl:h 
component is 1 and all other components are 0. Then 

(22) DEJ = (0 0 ··· 0 Aj 0 ... 0]' =i•jEj, 

which implies that the eigenpairs of Dare AJ, Ej for j = 1, 2, ... , n. It is desirable 
to invent a simple way of transforming the matrix A into diagonal form so thai; the 
eigenvalues are !left invariant. This is the motilvation for the following definition. 

Definition 11.5. Two n x n matrices A and B are said to be similar if there eJ:if:,t.~ a 
nonsingular matrix K so that 

(23) B=K- 1AK. • 
Theorem 11.7. Suppose that A and B are similar matrices and that A. ils an e.i'l,l!.n· 
value of A with corresponding eigenvector V. Then A is also an eigenvalue of B. lf 
K-l AK = B, then Y = K-· 1 V is an eigenvector of B associated with the e:i~,'~-n
value A. 
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An n x n matrix A is called diagonaliwble if it is similar to a diagonal matrix. 
The next theorem illuminates the intimate role of eigenvectors in this process. 

Theorem 11.8 (Diagonalization). The matrix A is similar to a d.iagonaJ matrix D if 
<md only if it has n linearly independent eigenvectors. If A is similar to D, then 

(24) v- 1 
.. t V = D = diag(}q, A.z, ... , An) 

v = [v1 v2 ... v"], 
where then eigenpairs are A J, Vj, for j = I, 2, ... , n. 

Theorem 11.8 implies that every matrix .A that has n distinct eigenvalues is diago
nalizable. 

Example 11.3. Show that the following matrix is diagonalizable. 

[ 

3 -·1 
A= -1 2 

0 -·I 

In Example 11 .2 we found !he eigenvalues A 1 = 1, .l..z = 3, and )..3 = 4 and the matrix 
u r eigenvectors 

The inverse matrix v- 1 is 

It is left to the reader to check th'e details in computing the product in (24): 

[! 
Hc:nce we have shown that A can be diagonalized; that is, v-1 ... ~ V = D = dia,g{l, 3, 4). • 

A more general result relaljng the structure of a matri:JI~ to its eigenvalues is the 
foJllowing theorem. 

Theorem 11.9 (Schur). Suppose that A is an arbitrary n x n matrix. A n,onsingular 
liULtrix P exists with the prope1ty that T = p-I AP, where T is an upper-triangular 
rnEttrix whose diagonal entries consist of the eigenvalues of A. 
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Certain types of structural analysis in engineering requrre that a basis of ffl11 be 
selected that consists of the eig,~nvectors of A.. This choice makes it easkr to visu
alize how space is transfonned by the mappifllg Y = T(X) = AX. Recall that the 
eig,~npair ').+ v1 has the property that T maps Vj onto the multiple of AJ Vi. This 
characteristic is exploited in the following theorem. 

Thtwrem 11.10. Suppose that A is an n x n matrix that possesses n linearly inde
pendent eigenpairs A1, v1 for, j =I, 2, ... , n; then any vector X in !.W has a unique 
representation as a linear combination of the eigenvectors: 

(25} X= Cj vI+ Cz v2 + ... + c, v n• 

Th~: linear transfonnation T(X) =AX maps X onto the vector 

(26) 

Exa1mple ll.4. Suppose that the 3 x 3 matrix A has eigenvalues A. 1 = 2, .l2 = -1. 
and A.3 = 4, which correspond to the eigenvectors V 1 = [I 2 -2 ]', V 2 = [ --2 1 I ]'. 

and V3 = [I 3 --4]', respectively. If X = [ -1 2 I]'. find the image of X under the 
mapping T(X) = A.X. 

We must first €:xpress X as a linear combination of the eigenvectors. This is accom
plished by solving 1:he equation 

[-1 2 l]'=ci[l 2 -2J'+c2[--2 1 I]'+cJ[I 3 -4]' 

for Ci. Q, and c3. Observe that this is equivalent to solving the linear system 

Ct - 2C2 + C3 = -) 
2q + C2 + 3q = 2 

-2Ct + C2- 4c3 = 1. 

The solution is c1 = 2, c2 = 1, and c3 = -1. Using Definition 11.4, for eigenvectors. 
T(X) is found by the computation 

Virtues of Symml:try 

T(X) = A(2Vt + V2- V>) 
= 2AVt +AVz- AV3 
= 2(2Vt) -1'2 -4V3 

= [2 -5 7]'. • 

There is no easy way to determine how many linearly independent eigenvectors a ma
trix possesses without resorting to using the most effective algorithms in a professional 
software package such as EISPACK or MATLAB. However, it is known that a real 
symmetric matrix has n real eig1~nvectors and that for each €:igenvalue of multiplic
ity m 1 there corresponds m J line~ll'ly independent eigenvectors. Hence every real sym
metric matrix is diagonalizable. 
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Definition 11.6 (Orthogonal). A set of vectors { V r, V 2 •..• , V n} is said to be 
oJrthogonal provided that 

(27) Vj V k = 0 whenever j :f:. k .. 

Hefinition 11.7 (Orthononmtl). Suppose 1:hat { V 1, V 2, ... , V n} is a set of orthog
onal vectors; thc~n we say that they are orthononnal if they are all of unit nonn, that 
is, 

(28) Vj V k :=o= 0 whenevc~r j :f:. k. 

for all j = l, 2, ... , n. 

Theorem 11.11. An orthonormal set of vectors is linearly independent. 

Remark. The zero vector cannot belong to an orthononnal St~t of vectors. 

Definition 11.8 (Orthogonal Matrix). Ann x n matrix .A is said to be orthogon~l 
provided that A' is the inverse of A; that is, 

(2:9) A' A= l, 

which is equival-ent to 

(30) A-1 =.A'. 

Also, A is orthogonal if and only if the columns (and rows) of A form a set of or
thononnal vectors. "-

Theorem 11.12. If A is a real symmetric matrix, there exists an orthogonal matrix K 
such that 

(31) K'AK = K- 1AK = D, 

where Dis a diagonal matrix consisting oftht~ eigenvalues of A. 

Corollary 11.1. If A is an n x n real synunetric matrix, there exist n linearly inde
pendent eigenvectors for A, and they fonn an orthogonal set. 

Corollary 11.2. The eigenvalues of a real symmetric matrix are all real numbers. 

Theorem 11.13. Eigenvectors corresponding to distinct eigenvalues of a symmetric 
matrix are orthogonal. 

Theorem 11.14.. A symmetric matrix A is positive definite if and only if all the 
eigenvalues of A are positive. 
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Estimates for the Size of Eigenvalues 

It is useful to find a bound for the magnitude of the eigenvalues of A. The following 
re:mlts will give :;orne insights. 

Dt!finition 11.9 (Matrix Nom1). Let IIX II be a vector norm. Then a corresponding 
natural matrix norm is 

(32) A _ max { IIAXII} 
II II-IIXII""l IIXII . 

For the norm II A II 00 the following formula hollds: 

(33) IIAIIoo = max {t laijl} · 
I:::C.:On }=I 

Theorem 11.15. If 'A is any eigenvalue of A, then 

(34) I'AI ~ IIAII, 

for any natural matrix norm II A 11. 

Theorem 11.16 t[Gerschgorin's Circle Theorem). Assuml: that A is ann xn matrix 
and let C j denote the disk in the: complex plane with center a jj and radius 

(3S) 
n 

r1 = L laJkl 
k=l,k#) 

for each j = I, 2, ... , n; 

that is, Cj consisrs of all compkx numbers z == x + iy such that 

(36) ci = {z: lz-anl ~ rj}· 

If S = U:'~ 1 C;, llhen all the eigenvalues of A lie in the setS. Moreover, the union of 
any k of these disks that do not intersect the remaining n - k must contain precisely k 
(counting multiplicities) of the eigenvalues. 

Theorem U.l7 (Spectral Radius Theorem). Let A be a symmetnc matrix. The 
sp~:ctral radius of A is II A 11 2 and obeys the relationship 

(37) 
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An Overview of Methods 

For problems involving mode,rate-sized symmetric matrict:s, it is safe to use Jacobi's 
method. For pmblems involving large symmetric matrices (for n up to several hun
dred), it is best to use Householder's method to produce a tridiagonal fo1m, followed 
by the QR algorithm. Unlike real symmetric matrices, real unsymmetric matrices can 
have complex eigenvalues andl eigenvectors. 

For matrices that possess a dominant eigenvalue, the power method can be used 
to find the dominant eigenvector. Deflation techniques can be used then::after to find 
the first few subdominant eigenvectors. For real unsymmetlic matrices, Householder's 
method is used ;to produce a Hessenberg manix, followed by the L R or Q R algorithm. 

.Exercises for Homogeneous Systems: The Eioenvalue Problem - t, 

1. For each of the following matrices find (i) the characteristic polynomial p(f..), (ii) the 
eigenvalues, and (iii) an eigenvector for each eigenvalue. 

(a) A = n ;J (b) A = [~. ~] (c) A = [ -; _;J 

(d) A~ -~ ! ~] (•) A~[~ ~ ~ ;] 
2. Determine the spectral radius of each of the matrices in Exercise I. 

3. Determine the IIA 112 and II A 11 00 norms of each of the matJices in Exercis'e I. 
4. Determine which, if any, of the matrices in Exercise I are diagonalizable. For each 

diagonalizable matrix in Exercise 1, find the matrices V and D from Theorem 11.8 
and carry out the matrix product in (24). 

5. (a) For any fixed&, show that 

is an 011hogonal matrix. 

R = [ ,;~sB sin&] 
- sme cos() 

Remark. The matrix R is called a rotation matrix. 
(b) Detemtine all values of 8 for which a.ll the eigenvalues of R are real. 

6. In Section 3.2 the plane rotations Rx(a), R y(/3), and R;:()t) were introduced. 
(a) For any fixed a, {3, andy, show that Rx(o:), Ry({J), and Rz(y), respectively, 

are orthogonal matrices. 
(b) Determine all values of a, {J, and y for which all1the eigenvalues of Rx(a), 

Ry({J), and R,(y), respectively, are reaL 
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7. Let A = [a? 3 ~J 
(a) Show that the characteristic polynomial is p(A) =A 2 - (3 +2a)A-I-a2 - 3a -4. 
(b) Show that the eigenvalues of A are AI =a -1-4 and >..2 =a- !. 
(c) Show that the eigenvectors of A an' V 1 = (2 1 J' and V 2 = [-I 2]'. 

8. Assume that A, V form an eigenpair of the matrix A. If k is a positive integer, prove 
that A k, V are an eigenpair of the matrix Ak. 

9. Suppose that V is an eigenvector of A that corresponds to the eigenvalue A = 3. 
Prove that A = 9 is an eig,~nvalue of the matrix A2 corresponding to V. 

10. Suppose that V is an eigenvector of A that corresponds to the eigenvalue >.. = 2. 
Prove that ).. = ~ is an eigenvalue of the matrix A -I corresponding to V. 

11. Suppose that V is an eig-envector of A that corresponds to the eigenvalue A = 5. 
Prove that A = 4 is an eigenvalue of the matrix A - I corresponding to V. 

12. Let A be ann x n square matrix with characteristic polynomial p() .. ) given by 

p(A) = det(A -AI) 

= (-l)"()..n -1- C[An-l -1- QA"-2 + · · · + C11 -LA + c,). 

(a) Show that the constant term of p(>..) is Cn = (-I)" det(A). 
(b) Show that the coefficient of ;..n-I is c1 =-(all +an+···+ a 11n). 

13. Assume that A is similar to a diagonal matrix; that is 

If k is a positive integer, prove that 

11.2 P'ower Method 

We now describe the power mc~thod for computing the dominant eigenpair. Its exten
sion to the inverse power method is practical for finding any -eigenvalue provided that a 
good initial approximation is known. Some schemes for finding eigenvalues use other 
methods that converge fast, but have limited precision. Th~' inverse power method is 
then invoked to refine the numerical values and gain full precision. To discuss the 
situation, we will need the following definitions. 

n,efinition 11.10. If A 1 is an eigenvalue of A that is larger :in absolute vallile than any 
other eigenvalue., it is called the dominant eigenvalue. An eigenvector V 1 correspond
ing to A1 is called a dominant e·igenvector. "-
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][)efinition ll.ll. An eigenvector V is said to be nom1alized if the coordinate of 
largest magnitude is equal to unity (i.e., th~: largest coordinate in the ve,~tor V is the 
111umber 1). & 

It is easy to normalize an eigenvector [ V! vz ... vn]' by forming a new vector 
V = (1jc)[v 1 v2 ... vn]'. where c = Vj and lv;l = maxt::;;::sn{lv;l}. . . 

Suppose that the matrix A. has a domimmt eigenvalue A and that there IS a umque 
normalized eigenvector V that corresponds to A. This eigenpair A, V can be found by 
the following i'terative procedure called the power method. Start with the vector 

(1) Xo =[I 1 ... 1]'. 

Generate the s<~quence {X d recursively, using 

Yk = AXk, 

{2) 1 
xk+l = --Yk, 

Ck+l 

where q 1 is the coordinate of Y k of largest magnitude (in the case of a tie_, choose 
the coordtnate that comes first). The sequences {Xk} and l[ck} will conve~ge to V and 
.lc, respectively: 

{3) lim xk = v and 
k-+oo 

lim q "'=.A. 
f<....,.oo 

.Remark. If X 0 is an eigenvector and X 0 ;;fo V, then some other starting Vl~ctor must be 
chosen. 

Example 11.5. Use the power method to find the dominant eigenvalue and eigenvector 
:for the matrix 

[ 

0 l1 
A= -2 17 

-4 26 

-5] -7 
-10 

Start with Xo = [I 1 1]' and use the formulas in (2) to generate th(: sequence nl 
vectors {X k) and constants {ckl· The first iter~1tion produces 

[-~ ~~ 
-4 26 

=~] [~] =- :] = 12[~] =CJXJ. 
-10 1 12 I 

The second iteration produces 

[l] ['7] [7] 0 11 -5 ~ 3 16 Til 

[
-2 17 -7] ~ = ~ =3 ~ =C2Xz. 
-4 26 --10 I .3 I 
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Table 11.1 Power Method Used in Example 1 1..5 to Find the Normalized Dominant 

Eigenvector V = J[ ~ § I]' and Corresponding Eigenvalue J... = 4 

AXo = [6.000000 8.000000 12.00000]' = 12.()1)()()()[0.500000 0.666667 1]' - CJ X 1 

JlX 1 = [2.333333 3.333333 5.333333]' = 5.333333[0.437500 0.625000 1)' = c2X~ 

AX2 = [1.875000 2.750000 4.500000]' = 4.500000[0.416667 0.611111 1]' = CJX3 

,u3 = [1.722222 2.555556 4.222222]' = 4.222222[0.407895 0.605263 1]' = qX4 

.4X4 = [1.657895 2.473684 4.105263)' = 4.105263[0.403846 0.602564 11' = csXs 

.4Xs = [1.628205 2.435897 4.051282]' = 4.051282[0.401899 0.601266 I]' = c6X6 

.4X6 = [1.613924 2.417722 4.025316]' = 4.025316[0.400943 0.600629 I)' = c-rX1 

.4X7 = [1.606918 2.408805 4.012579)' = 4.012579[0.400470 0.600313 I)' = csXR 

.4Xs = [1.603448 2.404389 4.006270]' = 4.006270[0.400235 0.600156 I]' = C9X9 

.4Xg = (1.601721 2.402191 4.003130]' = 4.003130[0.400117 0.600078 l)' = cwX 10 

AXw = [1.600860 2.401095 4.001564]' =4.001564[0.400059 0.600039 1)' = cuX11 

Iteration generates the sequence {Xd (where Xk is a normalized vector): 

2 16 16 9 T2 38 76 78 52 158 316 
2 5 _ I I _ _n _ 11 _ 95 

['] [7] -5] [31] [ll] [127] 
12 ~ ' 3 ~ , 2 _7 , 9 318 • 19 718 ' 39 ~ . 

The sequence of vectors converges to V = ['i ~ 1 ]', and the sequence of constant~ 
converges to A = 4 (see Table 11.1). It can Ji,e proved that the rate of convergence i~ 

linear. • 

Theorem 11.18 (Power Method). Assume that the n x n matrix A has n distind 

eigenvalues A[, Az, ... , A, and that they are ordered in decreasing magnitude; that is, 

(4) 

If Xo is chosen appropriately, then the sequences {Xk = [x?) xY> ... xAk)]'} and 

{q) generated re,;ursively by 

(5) Yk = AXk 

aJnd 

(6) 

where 

(7) and 
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will convefEe to the dominant eigenvector V 1 and eigenvalue A 1, respectively. That is, 

(8) lim Xk = V1 and lim q =A[. 
k-+oo k~oo 

~·~! Since A has n eigenvalue~, there aJre n corresponding eigenvectors v j, for 

J. - I'. 2, · ... n, that are linearly mdependent, normalized, aJnd form a basis for n

dm~ens!Onal space. Hence the starting vector X 0 can be expressed as the linear combi
nation 

(9) 

Assume that X o = [ XJ Xz . . .. Xn ]' was chosen in such a manner that b
1 

-1= 0. Also 

assume that the coordinates of X 0 Me scaled so that max 
1 

. { lx ·I} - 1 B ' 
n . :SJ::"n 1 - . ecause 

Ill j} j=l are eigenvectors of .4, the multiplication AX 0, followed by noJmalization 
produces ' 

(lO) 

aJnd 

Yo= AXo = A(b1 v 1 + bz v2 + ... + b,. V
11

) 

= b1AV1 + bzAVz + · · · + b,AV, 

=bJAJVt +b2).2Vz+···+b,).,V, 

=A] (biVJ+b2(~~)v2+···+b,(~~)v,). 

X1 = ~ (b1V1 +b2 (A2) Vz+ ···+bn (A") V). 
C[ AJ AJ n 

After k iterations we aJrrive at 

(11) 
Yk-l = AXk-1 

andl 

).,k ( (A )k-I k-1 ) 
xk = --

1
-- b1 v 1 + b2 ..2 v 2 + ... + b, (:1..,.) v CJC2 · · · q A] .'!..[ n • 
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Since we asswned that IA.jl/1"-ll < 1 for eac~h j = 2, 3, ... , n, we have 

(12) ~h j = 2, 3, ... , n. 

Hence it follows that 

{13) 
biA~ 

lim Xk = lim V1. 
k-•oo k-->oo CIC2 · · · Ck 

We have required that both X~ and V 1 be normalized and ~beir largest component be 1. 
Hence the limiting vector on the left side of (13) will be normalized, witlb its largest 
component being 1. Consequently, the limit of the scalar multiple of V 1 on the right 
side of ( 13) ex.ists and its value must be 1; that is, 

{14) 
b,l~ 

lim----= 1. 
k-.oo CJC2 · ·'Cit 

Therefore, the sequence of vf:ctors (X k} converges to the dominant eigenvector: 

(15) 

Replacing k with k - 1 in tlbe terms of the sequence in ( 14) yields 

b ).k-1 

lim --
1 

-
1
-- = 1, 

k-->oo CJCl • · • Ck-1 

and dividing both sides of this result into (14) yields 

. )q . hJA1/(CJC2 · .. C,i:) l 
hm - = hm k 1 = - = 1. 

k->oo Ck ~-oo b1A.1- /(CJC2 • • ·Ck-l) l 

Therefore, the sequence of constants { q} converges to the dominant eigenvalue: 

{16) 

.and the proof of the theorem is complete. 

Speed of Convergence 

e 

In the light of equation (12) we see that the coefficient of V j in X k goes to zero in 
proportion to (A.Jf)q)k and that the speed of convergence of (Xk} to V 1 is governed 
by the terms (;l2/ Ad. Consj~quently, the rate of convergf:nce is linear. Similarly, tlbe 
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Table 11.2 Comparison of the Rate of Convergence of the Power Method and Acceleration of 
the Power M1~thod Using Aitlren's 112 Technitllue 

c(l'k ckxk 

CJXI = 12.000000{0.5000000 0.6666667 l]'; 4.3809524{0.4062500 0.6041667 Il' = c1X1 

c2X2 = 5.3333333[0.4375000 0.6250000 l]'; 4.0833333[0.4015152 0.601010I II'= c2X2 
c3X3 = 4.5000000(0.4166667 0.6111111 1]1

; 4.0202020[0.4003759 0.6002506 I]'= c3X3 
c4X4 = 4.2222222[0.4078947 0.6052632 l]'; 4.0050125[0.4000938 0.6000625 II'= c4X4 
csXs = 4.1052632[0.4038462 0.6025641 I]'; 4.00 12508[0.4000234 0.6000156 II'= csXs 
C6X6 = 4.05I282l[0.4018987 0.6012658 I]'; 4.0003125[0.4000059 0.6000039 II'= c6X6 
c-,X7 = 4.0253I65[0.4009434 0.6006289 I]'; 4.000078I [0.40000I5 0.6000010 I]'= c1X1 
cgXg = 4.0125786[0.4004702 0.6003135 I]'; 4.0000195[0.4000004 0.6000002 I]'= csis 
c9X9 = 4.0062696[0.4002347 0.600I565 1]'; 4.0000049[0.400000I 0.600000 I II'= c9X9 
cwX 1o =4.0031299[0.4001173 0.6000782 l]'; 4.0000012[0.4000000 0.6000000 I]'= cl03r 10 

convergence of the sequence of constants {c~r.} to A.1 is linear. The Aitken fl. 2 method 
can be used ~or any linearly convergent sequence {pk} to form a new sequence 

{ 
~ (Pk-tl - Pd

2 
} 

PI<= ' 
Pk+2 -· 2Pk+l + Pk 

that converges faster. In Example 11.4 this Aitken 112 m1:thod can be applied to speed 
up convergence of tlbe sequence of constants { Ck l, as well as the first two •::omponents of 
the sequence of vectors {X k }. A comparison of the results obtained with this technique 
and the original sequences i.s shown in Table 11.2. 

Shifted-inverse Power Method 
We will now discuss the shifted inverse power method.. It requires a good starting 
approximation for an eigenvalue, and then .iteration is used to obtain a precise solution. 
Other procedures such as the QM and Given's method[ are used first to obtain the 
starting approximations. Cases involving complex eigenvalues, multiple eigenvalues, 
or the presenc:e of two eigenvalues with the same magnitude or approximately the same 
magnitude, will cause computational difficulties and require more advanced methods. 
Our illustrations will focus on the case wh,o>:re the eigenvalues are distinct. The shifted 
inverse power method is based on the following three results (the proofs are left as 
exercises). 

Theorem 11.19 (Shifting Eigenvalues). Suppose that A, V is an eig1mpair of A. If 
a is any constant, then A - 'r, V is an eige1r1.pair of the matrix A - a I. 

Theorem 11.20 (Inverse Eigenvalues). Suppose tlbat ,),, Vis an eige:npair of A. If 
), -:f= 0, then 1 /A., V is an eigenpair of tlbe matrix A -I . 
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Figure 11.2 The location of a for the shifted-inverse 
power method. 

Theorem 11.211. Suppose thaD.., Vis an eigenpair of A. If a ::P A., then 1/(A. -a), V 
is an eigenpair of the matrix CA- al)-

1
• 

Theorem 11.2l (Shifted-inverse Power Method). Assume that the n x n matrix 
il has distinct eigenvalues A. 1, A.2, ... , An and consider the eigenvalue A. j. Then a 
c:onstant a can be chosen so that J.L 1 = 1/ (A. j - a) is the dominant eigenvalue of 
(A- al)- 1• Furthermore, if Xo is chosen appropriately, then the sequences {Xk = 
[x~k) xt) x~kl]'} and {ck} are generated recursively by 

(17) 

and 

(18) 

where 

(!9) 
(k) 

Ck+l = xj 

1 
Xk+l = --Yk, 

CHI 

and 

will converge to the dominanteigenpair J.Ll• V J of the matrix (A- al)-
1
• Finally. the 

corresponding ,eigenvalue for the matrix A is given by the calculation 

1 
(20) Aj =--+a. 

ILl 

Remark. For practical implementations of Theorem 11.22, a linear system solver io;, 
used to compute Y 1c in each step by solving the linear systf:m (A - a I) Y 1c = X k. 

Proof Without loss of gene:rality, we may asswne that At < A.2 < · · · < An. Se
lect a number a· (a ::p A 1) that is closer to A j than any of the other eigenvalues ('i.e«. 
Figure 11.2), that is, 

(21) IA.j -al < lA.; -al for each i = 1. 2, ... , j -1, j + 1, ... , n. 

According to Theorem 11.21. 1/(Aj -a), V is an eigenpair of the malri~ 
{A- a/)- 1• Relation (21) implies that 1/IA.i - al < 1/IAJ - al for each i i j 
so that J.LI = 1/(AJ- a) is the dominant eigenvalue of the matrix (A- al)-

1
• Tht 

:>hifted-inverse power method uses a modification of the power method to determiYIL 
the eigenpair p, 1, v1. Then the calculation Aj = 1/J.LI +a produces thedes;r~d 
dgenvalue of tlhe matrix A. 

SBC. 11.2 POWER METHOD 

Table 11.3 Shifted-inverse Power Method for the MatJix (A - 4.21)-1 in 
Example 11.6: Convergence to the EigelllVector V = [~ ~ 1 J' and /-tl == -5 

(A-an-'x.~; = Ck+Jxk+l 

(A- al) 1 Xo = -23.18181818 [0.4117647059 0.6078431373 1]1 = CJ X 1 
(A-al)- 1Xl =-5.356506239[0.4009983361 0.6006655574 I]'= c2 X 2 
(A- al)- 1 Xz = -5.030252609 [0.4000902120 0.6000601413 I]' = c3X 3 
(A- al)- 1 X3 = -5.002733697 [0.4000081966 0.6000054644 1]' = qX4 
(A- al)- 1 X4 = -5.000248382 [0.4000007451 0.6000004967 I]' = csX 5 
(A -a I) -I X 5 = -5.000022579 [0.4000000677 0.6000000452 I]' = c6X 5 
(A- al)- 1 X6 = -5.000002053 [0.4000000062 0.6000000041 I]' = CJX 7 
(A-ai)- 1X7 =-5.000000187[0.4000000006 0.6000000004 I]'= cgXg 
(A- ctl)-l Xg = -5.000000017 [0.4000000001 0.6000000000 1]' = c9X9 
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Example 11.6. Employ the shifted-inverse power method Io find the eigenpairs of the 
matrix 

[ 0 11 -5] 
A= -2 17 -7 

-4 26 -10 

Use the fact that the eigenvalues of A are AI = 4, A2 = 2, and A3 = 1, and select an 
aJPpropriate a and starting vector for each case. 

Case (i): For the eigenvalue AI = 4, we select a = 4.2 and the starting vector 
X o = [1 1 1]'. First, form the matrix A- 4.21, compute the solution to 

[=i·2 !~.8 =~ ] Yo= Xo = [~]. 
-4 26 -14.2 1 

and get the vector Yo= [-9.545454545 -14.09090909 -23.18181818]'. Then com 
putec1 = -23.18181818andX 1 = [0.4117647059 0.6078431373 1]'. Iteration gener
ates the values given in Table 11.3. The sequence {ck} converges to J.LI = -5, which is the 
dominant eigenvalue of (A- 4.21)- 1• and (Xk] converges to V 1 = [~ ~ 1 ]'.The eigen
value AJ of A is given by the computation A1 = 1//-tl +a = 1/( -5)+4.2 = --0.2+4.2 = 
4. 

Case (ii): J<or the eigenvalue .A.2 = 2, we select a = 2.1 and the starting vector 
X o = [ 1 1 1 ]'. Form the matrix A - 2.1 I, compute the solution to 

[=i·l ~~.9 =; ] Yo= Xo = [~] . 
-4 26 -12.1 I 

and obtain the v-ector Yo = [11.05263158 21.57894737 42.63157895]'. Then c 1 = 
42.63157895 and vector X 1 = [0.2592592593 0.5061728395 1 J'. Iteration produces the 
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Table 11.4 Shifted-inverse Power Method for the Matrix (.A- 2.11)-1 in 
Example 11.6: Convergence to the Dominant Eigenvector V = [! ! 1] and 
Ill= -10 

(A- al)- 1 Xo = 42.63157895 [0.2592592593 0.5061728395 1]' = CJX 1 
(A- a/}-l X 1 = -9.350227420 [0.2494788047 0.4996525365 I]' = c2X2 

(A- al)- 1 X2 = -10.03657511 [0.2500273314 0.5000182209 !J' ""' C3X3 

(A- al)- 1X3 = -9.998082009 [0.2499985612 0.4999990408 1]' ::: qX4 

(A- al)- 1 X4 = -10.00010097 [0.2500000757 0.5000000505 ll' = c5Xs 
(A-ai)- 1Xs =-9.999994686[0.2499999960 0.4999999973 1]' = c6X6 

(A- al)- 1X6 = -10.00000028 [0.2500000002 0.5000000001 I]'= C7X7 

Table 11.5 Shifted-inverse Power Method for the MatriJl (A- 0.875/)-1 in 
EJlample 11.6: Convergence to the Dominant Eigenvector V = [ 1 ~ 1 ]' and 
/1.] = 8 

(A - al)-1 Xo = -30.40000000 [0.5052631579 0.4947368421 1]' "" c1 X 1 
(A-al)- 1Xt 8.404210526[0.5002004008 0.4997995992 J]' ""c2X2 
(A ~al)- 1 X2 = 8,015390782 [0_5000080006 0.4999919994 1]' ""C]X3 

(A- C1'1)- 1X 3 = 8.000614449 [0.5000003200 0.4999996800 1]' = qX4 
(A- al)-l X4 = 8.000024576 [0.5000000128 0.4999999872 L]' "" csXs 

(A-Q'I)-1X5 = 8.000000983[0.5000000005 0.4999999995 I]'"" C6X6 
(A- al)- 1 x6 = 8.000000039 (0.5000000000 0.5000000000 1]' "" C7X7 

values given in Table 11.4. The dominant eigenvalue of (A ~2.11)- 1 is ~ 1 = -10, and the 

eigenpairof the rnatri" A is .l..z = l/( -10) + 2.1 = -0.1 + 2.1 = 2 and V2 = (! ! 1 ]'. 
Case (iii): , For the eigenvalue A3 = 1, we select a = 0.875 and the startirig ~ector 

Xo = [ 0 I I] . Iteration produces the values given in Table. 11.5. The dominant eigen

value of (A- 0.875£)-! is ILl= 8, and theeigenpairofmatriJl A is J..3 = 1/8+0.875 = 

0.125 + 0.875 = I and V 3 = [! 1 l ]'. The sequence {Xk} of vectors with the starting 

vector [ 0 I I}' converged in seven iterations. (Computational difficulties were encoun

tered when X o = [I 1 1 ]' was used, and convergence took significantly longer.) • 

Program 11.1 (Power Method). To compute the dominant eigenvalue )q and its 
associated eigenvector V 1 for then xn matrix A. It is assumed that then eigenvalues 

have the dominance property )J..li > Pd 2:: )"AJI _:::: .. · ~ )Ani > 0. 

functlon [lambda,V]=po~erl(A,X,epsilon,maxl) 

SEC. 1!.2 PoWER METHOD 

%Input 
% 

- A is an nxn matrix 
- X is the nx1 starting vector 

Y. - epsilon is the tolerance 
% 
%Output 
% 

- maxi is the maximum number of iterations 
- lambda is the dominant eigenvalue 
- V is the dominant eigenvector 

%Initialize parameters 
lambda=O; 
cnt=O; 
err=1; 
state=1; 
while ((cnt<=max1)&(state==1)) 

Y=A*X; 

end 

%Normalize Y 
[m j]=max(abs(Y)); 
c1=m; 
dc=abs(lambda-cl); 
Y=o(l/cl)*Y; 
%Update X and lambda and check for convergence 
dv=norm(X-Y); 
err=max(dc,dv); 
X=Y; 
lambda=cl; 
state=O; 
if (err>epsilon) 

state=l; 
end 
cnt=cnt+1; 

V=X; 
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Program 11.2 (Shifted-inverse Power Method). To compute the dominant eigen
value "A J and its associated eigenvector V j for then x n matrix A. It is assumed that 

the n eigenvalues have the property A. 1 < A..z < · · · < ).11 and that a is a real number 
such that IA..j- al < I"A;- ai, for each i = 1, 2, ... , j- 1, j + 1, ... , n. 

function [lambda,V]=invpo~(A,X,alpha,epsilon,maxl) 

~Input 

% 
% 
% 
% 
%Output 

- A is an nxn matrix 
- X is the nxl starting vector 
- alpha is the given shift 
- epsilon is the tolerance 
- maxi is the maximum number of iterations 
- lambda is the dominant eigenvalue 
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r. - V is the dominant eigenvector 

%Initialize the matrix A-alpha! and parameters 
[n n] •size (A) ; 

A=A-alpha•eye(n); 
lambda=O; 
cnt"'0; 
err=1; 
state=l; 

while ((cnt<=max1)&Cstate==1)) 
%Solve system AY=X 

end 

Y=A\X; 
%Normalize Y 
[m j]=max(abs(Y)); 
cl=m; 
dc=abs(lambda-cl); 
Y=(1/c1hY; 
%Update X and lambda and check for convergence 
dv .. norm(X-Y); 
err=max(dc,dv); 
X=Y; 
lambda•cl; 
state=O; 
if (err>epsilon) 

state=l; 
end 
cnt=cnt+l; 

lambda=alpha+l/cl; 
V=X; 

Exercises for Power Method 

1. Let A, V be an eigenpair of A. If a is any constant, show thaO. -a, Vis an eigenpair 
of the matrix A - o: I. 

2. Let A, V be an eigenpair of A. lf). # 0, show that 1/A, V is an eigenpair of the 
matrix A -I. 

3. Let A, V be an eigenpair of A. If a =/= A, show that 1/(A -a), V is an eigenpair of 
the matrix (A -a I) -I. 

4. Deflation techniques. Suppose that ). 1, A2, A3, ... , An are the eigenvalues of A with 
associated eigenvectors V 1, V 2. V 3, ... , V" and that A 1 has multiplicity 1. If X is 
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any vector with the property that X'V 1 = 1, prove that the matrix 

has eigenvalues 0, A2, AJ, ... , An with associated eigenvectors V 1. W z, W 3, ... , W n, 
where Vj and Wi are related by the equation 

Vj =(A -At)Wj +AJ(X'Wj)Vt for each j = 2, 3, ... , n. 

5. Markov processes and eigenvalues. A Markov process can be described by a square 
matrix A whose entries are all positive and the column sums all equal 1. For illus
tration, let Po = [xCO) y(0l]' record the number of people in a certain city who use 
brands X and Y, respectively. Each month people decide to keep using the same brand 
or switch brands. The probability that a user of brand X will switch to brandY is 0.3. 
The probability that a user of brand Y will switch to brand X is 0.2. The transition 
matrix for this process is 

[
0.8 0.3] [xCk)] 

Pk+t = APk = 0.2 0.7 y(k) . 

If A P j = P j for some j, then P J = V is said to be the steady-state distribution 
for the Markov process. Thus, if there is a steady-state disuibution, then A = 1 must 
be an eigenvalue of A. Additionally, the steady-state distribution V is an eigenvector 
associated w1th A.= l (i..e., i'.olve (A- l)V = Q). 

(a) For the example given above; verify that)., = 1 is an eigenvalue of the transition 
matrix A. 

(b) Verify that the set of eigenvectors associated with ft. = I is {t[3/2 I]' : t E 

m. r #: O}. 
(c) Assume that the population of the city was 50,000. Use your results from 

part (b) to verify that the steady-state distribution is [ 30,000 20,000 ]'. 

Algorithms and Programs 

In Problems 1 through 4 use: 
(a) Program 11.1 to find the dominant eigenpair of the given matrices. 
(b) Program 11.2 to find the other eigenpairs. 

I. A~ [ -l; 6 -3] [ -14 -30 42] -20 24 . 2. A= 24 49 -66 . 
-6 -12 16 12 24 -32 

[ 2l 
-2.5 3.0 

051 . [ 25 
-2.0 2.5 "'] 3. A= -~:~ 5.0 -2.0 2.0 

4. A= -~:; 5.0 -2.5 -0.5 
-0.5 4.0 2.5 . 1.0 3.5 -2.5 

-2.5 -2.5 5.0 3.5 2.0 3.0 -5.0 3.0 
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5. Suppose that the probability that a user of br1md X will swiu~h to brand Y or Z is 0.4 

and 0.2, respeetively. The probability that a user of brandY will switch to brand X 

or z is 0.2 and 0.2, respectively. The probability that a user of brand Z will switch to 

brand X or Y is 0.1 and 0.1, respectively. Th'e transition matrix for this process is 

[

0.4 0.2 
Pk+r = A.Pk = 0.4 0.6 

0.2 0.2 

0.1] [x(kl] 
0.1 y<kl . 
0.8 z(kl 

(a) Verify that Jc = 1 is an eigenvalue of A. 

(b) Detennine the steady-state distribution for a population of 80,000. 

6. Suppose that the coffee industry consists of Jive brands B1. B2, 83, B4, and Bs. As
sume that each customer purchases a 3-pound can of coffee each month and 60 mil

lion pounds of coffee is sold ~~ach month. Re~gardless of brand. each pound of coffee 
represents a profit of one doBar. The coffee industry has empirically determined the 
following transition matrix A for monthly coffee sales, where aij represents the prob
ability that a customer will purchase brand B; given that their previous pun~hase was 

brand Bj. 

l
O.I 
0.1 

A== 0.1 
0.3 
0.4 

0.2 0.2 0.6 0.2] 
0.1 0.1 0.1 0.2 
0.3 0.4 0.1 0.2 
0.3 0.1 0.1 0.2 
0.1 0.2 0.1 0.2 

An advertising agency guarantees the manufacturer of brand 81 that, for $40 millmn 

a year, they can change the fi1rst column of A. to [0.3 0.1 0.1 0.2 0.3]'. Should the 

manufacturer of brand B 1 hire the advertising agency? 

7. Write a program, based on the deflation technique in Exercise 4, to find all the eigen
values of a given matrix. Your program should call Program 11.1 as a subroutine to 

determine the dominant eigenvalue and eigenvector at each iteration. 

8. Use your program from Problem 7 to find all the eigenvalw~s of the following matri

ces. 

[

I 2 -

5

1
1
] 

(a) A= I 0 
4 -4 

(b) A = [a ] where a·· = 1 1 
{
'+. 

C} , C) ij 
i == ) 

icf:.j 
and i, j = L 2, ... , 15. 
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11.3 Jacobi's M~ethod 

Jacobi's method is an easily understood algorithm for finding all eigenpairs for a sym

metric matrix. It is a reliable method that produces uniformly accurare answers for the 

results. For mauices of order up to I 0, the algorithm is competitive with more sophis

ticared ones. If speed is not a major considemtion, it is quire acceptable for matrices 

up to order 20. 
A solution is guaranteed for all real symmetric matrices when Jacobi's method is 

used. This limitation is not severe since many practical problems of apJPlied math

ematics and engineering involve symmetric matrices. From a theoretical viewpoint, 

the method embodies rechniques that are found in more sophisticated algorithms. For 

instructive purposes, it is worthwhile to investigate the details of Jacobi's method. 

Plane Rotations 
We start with some geometricf1l background about coordinate transformations. Let X 
d~mote a vector in n-dimensional space and consider the linear transforn~ation Y 
RX, where R is ann x n matrix: 

0 0 () 

0 cos¢ sin¢ 0 -t,-rowp 

R= 
0 -sin¢ cos¢ 0 ~rowq 

0 0 0 

t t 
colp colq 

Here all off-diagonal elem1mts of R are z,ero except for the values ±sin¢, and all 

diagonal elements are l except for cos¢. The effect of the transformation Y = R X 1' 

easy to grasp: 

y 1 = x J when i #: p and j ;6 q, 

YP = xp cos¢+ Xq sin¢, 

Yq = -xpsintf>+xqcos¢. 

Ti11e transformatiion is seen to be a rotation of n-dimensional space in the XpXq-plane 

through the angl'~ ¢. By selecti11g an appropriate angle ¢, we could make either y P = 0 

or Yq = 0 in the image. The inverse transformation X = R.- 1 Y rotates space in the 

same XpXq-plane through the angle-¢. Obsj:rve that R is lm orthogonal matrix; that 

is, 

R- 1 ;;:: R' or R 1 R = I. 
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Similarity and Orthogonal Transformations 
Consider the eigenproblem 

(1) AX=AX. 

Suppose that K is a nonsingular matrix and that B is defined by 

(2) B=K-1A,K. 

Multiply both members of (2) on the right side by the quantity K -l X. This produces 

BK- 1X = K- 1AKK-· 1x = K- 1AX 
(3) 

We define the change of variable 

(4) Y=K- 1X or X=KY. 

When (4) is used in (3), the new eigenproblem is 

(5) BY=H'. 

Comparing ( 1) and (5), we see that the similarity transfom1ation (2) preserved the 
eigenvalue A and that the eigemectors are diffierent, but are related by the change of 
variable in ( 4 ). 

Suppose that the matrix R is an orthogonal matrix (i.e., IC 1 = R') and that Dis 
defined by 

(6) D = R'AR. 

Multiply both tem1s in (6) on the right by R' X to obtain 

(7) DR' X= R'ARR'X = R'AX = R 1AX = :A.R'X. 

We define the change of variable 

(8) Y = R'X or X= RY. 

Now use (8) in (7) to obtain a new eigenproblem, 

(9) DY =.l..l". 

As !before, the eigenvalues of (1) and (9) are the same. However, for equation (9) the 
change of variable (8) makes it easier to convert X to Y and Y back into X becau'e 
R- 1 = R'. 

In addition, suppose that A is a symmetric matrix (i.e., A == A'). Then we find that 

(10) D' = (R' AR)' = R' A(R')' = R'AR =D. 

Hence D is a symmetric matrix. Therefore, we conclude that if A is a symmetric matri.t 
and R is an orthogonal matrix the transformation of A to D given by (6) preserves 
symmetry as well as eigenvalues. The relationship between their eigenvectors is given 
by the change of variable (8). 
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Jacobi Series of Transformations 

Start with the real symmetric matrix A. Then construct the sequence o:f orthogonal 
matrices R1. R2, ... , Rn as follows: 

(ll) 
Do=A, 

D1 = RjDj-lRJ for j = 1, 2, 

We will show how to construct the sequence {R 1) so that 

(12) 

In practice we will stop when the off-diagonal elements are dose to zero. lben we will 
have 

(I3) 

The construction produces 

(14) 

If we define 

(15) 

then R- 1 AR = D, which implies that 

(16) AR = RD = R diag{AJ, :A.z, ... , An). 

u~t the columns of R be denoted by the vectors X 1. X 2 , •.. , Xn. Then R can he 
expressed as a row vector of column vectors: 

(17) 

The columns of the products in (16) now take on the form 

(18) 

From (17) and ( 18) we see that the vector X 1, which is the jth column of R, is an 
eigenvector that corresponds to the eigenvalue: .l.. i. 
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G1eneral Step 

Each step in the Jacobi iteration will accomplish the limited objective of n::duction of 

th€: two off-diagonal elements apq and aqp to zero. Let R1 denote the first orthogonal 

matrix used. Suppose that 

( 19) 

reduces the elem;:nts apq and aqp tozero, whe:re R1 has the form 

0 ... 0 ... 0 

0 c ... s 0 <--row p 

(20) Rt= 

0 -s ... c . .. 0 +-row q 

0 0 . . . 0 ... 
t t 

colp colq 

Here all off-diagonal elements of R1 are zero except for the elements located in 

row p, column q and the element-s located in row q, column p. Also note that all 

diagonal elemems are 1 except for the element c, which appears at two locations, in 

row p column p, and in row q, column q. The matrix is a plane rotation where we 

have used the notation c = cos •P and s = sin \D. 

We must verify that the transformation ( 19) will produce a change only to rows p 

and q and columns p and q. Consider postmultiplication of A by R 1 and 1he product 

B=AR1: 

(21) 

[ "" alp a1q 

"'"] [' 
... 0 0 ... 

~] 8 = apl app apq apn 0 . . . c . .. s ... 
aql aqp aqq aqn 0 ... -s c . .. 

ani anp a,.q a,., 0 .. . 0 0 ... 

TI1e row by column rule for multiplication applies, and Wf: observe that there is no 

change to columns 1 top- I ar1d p +I to q- 1 and q + 1 ton. Hence only columns p 

and q are altered. 

(22) 

bjk = aik 

bJp = ca1p -· sa1q 

b1q =sa Jp + cajq 

whf:n k # p and k # q, 

for .i = 1, 2, ... , n, 

for j = I, 2, ... , n. 
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A similar argument shows that premultiplication of A by R; will only alter rows p 

and q. Therefore, the transformation 

(23) 

will alter only columns p and q and rows p and q of A. The elements djk of Dt are 

computed with the formulas 

djp = caiP- sa1q 

djq = sa1p + ca;q 

when j # p and j # q, 

when j # p and j # q, 

(24) dpp = c
2

app + s2
aqq - 2csapq• 

d - 2 2 2 qq- s app + c aqq + csapq• 

dpq = (c2 
- s2

)apq + cs(app - aqq). 

and the other elements of Dt are found by symmetry. 

Zeroing out d pq and dqp 

The goal for each step of Jacobi's iteration is to make the two off-diagonal elements 

dpq and dqp zero. The obvious strategy would be to observe the fact that 

(25) c =cos¢ and s =sin¢', 

where cjJ is the angle of rotation that produces the desired effect. However, some inge

nious maneuvers with trigonometric identillies are now required. The identity for cot¢ 

is used with (25) to define 

(26) 
c2- s2 

e = cot2¢ = --. 
2cs 

Suppose that apq # 0 and we want to produce dpq 

equation in (24), we obtain 

(27) 

0. Then using the last 

This can be re:arranged to yidd (c2 -s2)/(cs) = (aqq -app)/apq• which is used in (26, 

to solve fore: 

(28) 
() = aqq- app. 

2apq 
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Although we can use (28) with formulas (25) and (26) to compute c and s, less 
round-off error is propagated if we compute tan ifJ and use it in later compubLtions. So 
we define 

(29) s 
t = tanifJ = -. 

c 

Now divide the numerator and denominator in (26) by c2 to obtain 

which yields the equation 

(30) t
2 + 2tB - I == 0. 

Since t = tan ifJ, the smaller root of (30) corresponds to the smaller angle of rotation 
with lt/JI S rr/4. The special form of the quadratic formula for finding this root is 

(3l) t = -B ± ez 1 1/2 = sign(B) 
( + ) 161+(82+1)1/2' 

where sign(B) = 1 when B 2: 0 and sign(B) =' -1 when B < 0. Then c and s are 
computed with the formulas 

I 

(32) 
c----· 

- (t2 + 1)11/2 

s =ct. 

Summary of the General StE~p 

We can now outline the calculations required to zero out the element dpq· First, selecl 
row p and column q for which aP\' f::. 0. Second, form the preliminary quantities 

(33) 

B :::: aqq - app, 

2apq 

sign(B) 
t == ----=-=-'--IBI + (B2 + Jl)l/2, 

1 
c -· ---=--,....,.,. 

-· (12 + 1)1/2' 

s ='ct. 
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Third, to construct D = D h use 

dpq = 0; 

dqp = 0; 

dpp ·= c 2
app + s2

aqq - 2csapq; 

dqq o= s2
app + c2

aqq + 2csapq; 

for 
(34) 

end 

if 

j =I: N 

(j ~= p) and 

djp = ca)p- ~ajq; 

dpj = djp; 

dJq = ca1q + sa1p; 

dqj = djq; 

end 

Updating the Matrix of Eigenvectors 

(j ~= q) 
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We need to keep track of the matrix product .R1R2 · · · Rn. When we stop at the 111h 
iteration, we will have computed 

(35) 

where V n is an orthogonal matJix. We need only keep track of the current matrix V j, 
for j = 1, 2, ... , n. Start by initializing V = /. Use the vector variables XP and XQ 
to store columns p and q of A, respectively. Then for each ste:p perform the ':alculation 

for j = 1: N 

XPj = Vjp; 

XQj = Vjq; 

end 
(36) 

for j= 1: N 

Vjp = cXPj- sXQJ; 

Vjq = sXPJ + cXQj; 
end 
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Strategy for Eliminating a pq 

The speed of convergence of Jacobi's method is seen by con:>idering the swn of the 

squares of the off-diagonal elements: 

(37) 

(38) 

n 

S1 = L la;d 
j,k=l 
lr."'j 

The reader can verify that the equations given in (34) can be used to prove that 

(39) 

At each step we let S J denote the sum of tlu~ squares of th1~ off-diagonal elements 
of D J. Then the sequence {SJ} decreases monotonically and is bounded below by zero. 
Jacobi's original algorithm of 1846 selected, at each step, the off-diagonal element a PrJ 

of largest magnitude to zero out and involved a search to compute the value 

(40) max{A} = max{lapq 1}. 
p<q 

This choice will guarantee that {Sj} converges to zero. As a consequence, th:is proves 
that { D J} converg<:s to D and { l' J} converges to the matrix l' of eigenvectors (see 
Reference [68]). 

Jacobi's search can become time consuming since it requires an order of (n 2 -n)/2 

comparisons in a loop. It is prohibitive for largn values of n. A better strategy is the 
cyclic Jacobi method, where one annihilates elements in a strict order across the rows. 
A tolerance value E is selected; then a sweep is made throughout the matrix and, if an 
element apq is foulld to be larger thanE, it is z€:roed out. For one sweep through the 

matrix the elements are checked in row 1, a12, a13, .•. , at,; then row 2, a23, a24 •...• 

a2n; and so on. It has been proved that the convergence rate is quadratic for both the 
original and cyclic Jacobi methods. An implementation of the cyclic Jacob:i method 
start1; by observing that the sum of the squares o:fthe diagonal dements increases with 

each iteration; that is, if 

(41) 

and 

n " -· To= L-laii1·· 
J=l 

" Tt = Lldjjl~ 
j=l 
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Consequently, the sequence [D 1} converges to the dia~onal matrix D. Notice1~at the 

average size of a diagonal element can be computed w1th the formula (To/ n) . The 
magnitudes of the off-diagonal elements are .compared to E(To/n) 111

, wh•ere E is the 

preassigned tolerance. Therefore, the element apq is zeroed out if 

(42) Ia I> e -~ (
T )t/2 

pq J'l 

Another variation of the method, called the threshold Jacobi method, is left for the 

reader to investigate (see Reference [ 178]). 

E:~ample 11.7. Use Jacobi ito1ration to transform the following symmetric matrix into 

diagonal form. 

[ 
8 -] 3 -1] 

-1 6 2 0 
3 2 9 1 

-1 0 I 7 

The computational details are left for the reader. The first rotation matrix that will zero 

out a13 = 3 is 

[ 

0. 763020 0.000000 0.646375 
0.000000 0.000000 0.000000 

R1 = -0.646375 0.000000 0.763020 
0.000000 0.000000 0.000000 

Calculation reveals that A2 = R' 1 A 1 R 1 is 

[ 

5.45861-9 ~2.055770 

-2.055770 6.000000 
A2 = 0.000000 0.879665 

-1.409395 0.000000 

0.000000 
0.879665 

11.541381 
0.116645 

Next, the element a1z = -2.055770 is zeroed out and we get 

0.000000] 
0.000000 
0.000000 . 
0.000000 

-1.409395] 
0.000000 
0.116645 . 
7.000000 

[ 

3.6557'95 0.000000 0.579997 --1.059649] 
0.000000 7.802824 0.661373 0.929268 

A3 = 0579997 0.661373 11.541381 0.116645 . 
-1.059649 0.929268 O.ll6645 7.000000 

After 10 iterations we arrive at 

[

3.295870 
0.002521 

Aw = 0.037859 
0.000000 

OJK)2521 
8.405210 

-0.004957 
0.066758 

0.037859 
-0.004957 
11.704123 

-0.001430 

0.000000] 0.066758 
-0.001430 ' 

6.594797 
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lt will take six more: iterations for the diagonal elements to get close to the diagonal matrix 

D "" diag(3.295699, 8.407662, 11.704301, 6.5~12338). 

_However, the off-diagonal elements are not small enough, and it will take three more it

eratwns fo~ them to be less than 10·-6 in magnitude. Then the eigenvectors are the: columns 

of the matnx V = lltR2 · · · R 18, which is 

[ 

0.528779 
v = 0.591967 

-0.536039 
0.287454 

-0.573042 0.582298 o.:n0097J 
0.472301 0.175776 -0.628975 
0.282050 0.792487 -0.071235 . 
0.607455 0.044680 0.739169 

• 

'gram 11.3 ,CJaco~i Iteration tor Eigenvalues and Eigen•vectors). To compute I 

f~lls~tofetgenpatrS{A.j. Yj}j ... J ofthen >t nrealsymmc:tricmatrixA. Jacobi 

1

· 

:ttlon Is used to find all eigenpairs. . 

function [V,D]-jacobi1(A,epsilon) 

%Input - A is an nxn matrix 

X - epsilon is the tolerance 

%Output - V is the nxn matrix of eige:llvectors 

X - D is the diagonal nxn matrb: of eigenvalues 

XIni tialize V, D, and parameters 
D"'A; 
[n, n] =size (A) ; 
V=eye(n); 
stat.e=l; 

:t.Cal-culate row p and column q of the clff-diagonal element 

Xof greatest magnitude in A 
[m1 p]=max(abs(D-diag(diag(D)))); 
[m2 q]=max(m1); 
p=p(q); 

whi11~(state==1) 

%Zero out Dpq and Dqp 

t-=D(p,q)/(D(q,q)-D(p,p)); 
c==l/sqrt(t-2~·1); 

s==c*t; 
R==[c s;-s c]; 

D( [p q], :)=R'*D( [p q],:); 

D(:, [p q])=D(:, [p q])*R; 

V(:,[p q])=V(:,[p q])*R; 
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[ml p]'911a-x:(abs(D-diag(diag(D)))); 

[m2 q] =ma:~~:(ml); 

p"'fl(q); 
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if (abs(D(p,q))<epsilon*sqrt(sllln(diag(D). -:2)/n)) 

state=-0; 

end 
end 
D=diag(diag(D)); 

Exercises for Jacobi's Method 

.;-.~~-------~~--------------------------------------------
1. Mass-spring systems. Consider the undamped mass-spring system shown in Fig

ure 11.3. The mathematical model describing the displacements from static equilib

rium is 

(a) Use the substitutiom; Xj(t) = v1 sin(wt + lJ) for j = 1, 2, 3, where e is a con

stant, and show that Ute solution to the mathematical model can be reformulated 

as follows: 

kt +kz -k2 
0 V[ Vt 

mt m1 

-·kz kz +k3 -k3 =u} vz V2 
nl2 mz ffl2 

0 
-k3 k3 

V3 VJ 
m3 m3 

(b) Set).. = w2; then the three solutions to part (a) <Ire the eigenpairs AJ, Vj = 
[ vjj) vin vjJ) J. for j = I, 2, 3. Show that they are used to form the three 

Figure 11.3 An undamped mass· 
spring system. 
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fundamental solutions: 

where wJ = j):}, for j = I, 2, 3. 
Remark. These three solutions are referred to as the three principal .modes of 
vibration'. 

2. The ho.mogen.wus linear system of differential equations 

x;(t)= X[(t)+ X2(l) 

Xz(t) = -2XI (t) + 4X2(t) 

can be written in the matrix form: 

X' (t) = [x.i (t)] = [ I I] [XI (t)] = ;lX(t). 
x2 (t) -2 4 xz(t) 

(a) Verify that 2, [I 1 ]' and 3, [ 1 2 ]' are eigenpairs of thf~ matrix A. 
(b) By direct substitution into the matrix form of the system, verify that both X(t) = 

e2'[t q·· and X(t) = e31 [1 2]' are solutions of the system of differential equa
tions. 

(c) By direct substitution into the matrix form of the system, verify thai: X(t) = 
CJ e21 [ 1 I]' + c2e31 [t 2}' is the gener.al solution of the system of differential 
equations. 
Remark. If the matrix A has n distinct -eigenvalues, then it will have n linearly 
independent eigenvectors. In this case the general soiLition of a homogeneous 
system of differential equations can be written as a linear combination: that is, 
X(t) = cw'' 1VI + C2e~·21 V2 + ... + Cne"" 1 v n· 

3. Use the technique (by hand) outlined in Exc~rcise 2 to solve each of the following 
initial value problems. 

(a) 
x; =4xt +2xz 

with. 
{ Xt(O) = I 

x~ = 3xt- X2 xz(O) = 2 

(b) 
x; = 2xt - 12xz 

wilth 
{ X!(O) '= 2 

I 
x2 = XI- 5X2 X2(0) = 2 

x; =xz 1''(0)~1 
(c) J with X2(0) = 2 x 2 =XJ 

x~ = Bx1 - l4xz + 7xJ X3(Q) = 3 
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;_~~g~o_ri_~_m __ s,_a_nd __ Pro~g~r.:~._m_s __________________________ __ 

1. Use Program 11.3 to find the eigenpairs of the given matrix with a tolf~rance of E = 
w-7 . Compare your results with those obtained from the MA1LAB conunand eig 
by entering [eig(A) diag(D)] in the !l.fATLAB command window. 

(a) A = [~ ~ ; ~-] 
2 3 4 3 
1 2 3 4 

[ 

2.25 -o.:z5 
(b) A = -0.25 2 . .25 

-1.25 2.75 
2.75 1.25 

-1.25 
2.75 
2.25 

-0.25 

2.75] 1.25 
-0.25 

2.25 

{
i + j j '= j 

(c) A = [au), where aiJ = .. 
I) j "f= j 

and i, j == 1, 2, ... , 30. 

(d) A= [ar·,·), where a,·,·= {c.os(s_i_n(i +_ j)) i = j 
I +11 + J i -:j:: j 

and i, j = 1., 2, ... , 40. 

2. Use the te<:hnique outlined in Exercise 1 and Program 11.3 to find the eiigenpairs and 
the three principal modes of vibration for the undamped rnass-spring sysltems with the 
following coefficients. 

(a) kt = 3, k2 = 2, k3 =, 1, m1 = I, m2 = I, m3 = 1 

(b) kt = i.kz = !,kJ == !,mJ =4,mz =4,m3 =4 

(c) kt = 0.2, kz = 0.4, k3 = 0.3, mt = 2.5, mz = 2.5, m3 = 2.5 

3. Use the technique outlined in Exercise 2 and Program 11.3 to find the general solution 
of the given homogeneous system of difff~rential equations. 

(a) x; = 4xt + 3x2 + 2X3 + x4 

x2 = 3xi + 4x2 + 3x3 + 2x4 

x~ = 2xt + 3xz + 4x3 + 3x4 

X~ = X! + 2x2 + 3.XJ + 4X4 

(b) Xt = 5;q + 4X2 + 3.XJ + 2x4 + XS 

x2 = 4xt + 5x2 + 4.:tJ + 3x4 + 2xs 

x3 = 3xt + 4X2 + 5.rJ + 4x4 + 3xs 

x4 = 2xt + 3x2 +4x3 + 5x4 +4xs 
X~ = XI + 2x2 + Jx3 + 4X4 + 5xs 

4. Modify Program 11.3 to implement the "cyclic" Jacobi method. 

S. Use your program from Problem 4 on the symmetric matrices in Problem 1. In par
ticular, compare the number of iterations required by your cyclic program and Pro
gram 11.3 10 satisfy the given tolerance. 
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Eigenvaluf!S of Symmetric Matrices 

Householder's Method 

Each transfonn:ation in Jacobi's method produced two zero off-diagonal elemenls, but 
subsequent iterations m]ght make them nonu~ro. Hence mm1y iterations an~ required to 
make the off-diagonal entries sufficiently close to zero. We now develop a method that 
produces several zero off-diagonal elements in each iteration, and they remain zero in 
subsequent itemtions. We start by develop[ng an important step in the process. 

Theorem 11.23> (HouseholdE:r Reflection). If X and Y are vectors with the same 
norm, there exists an orthogonal symmetric matrix P such lhat 

(I) 

where 

(2) 

and 

(3) 

Y=PX, 

P = l-2WW' 

X·-Y 
W=---. 

JIX -- Yll2 

S1ince P is both orthogonal and symmetric, it follows that 

(4) p-l = P. 

Proof Equation (3) is used and defines W to be the unit vec;tor in the direction X 
h~:nce 

(5) 

and 

16) 

W'W=1 

Y=X·-rcW, 

where c = -I:X- Y![2 . Sinct: X andY ha~·e the same nmm, the parallelogram rule 
for vector addition can be used 10 see that Z = (X +Y)/2 =X+ k/2) W is orthogonal 
to vector W (sec figure 11.4) 'Ibis impiies that 

c 
W'(X + '2 Wl = 0. 

Now we can use (5) to exp~md the preceding equation and get 

W' X + ~ W'W = W' X + ~ = 0. 
2 2 
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Figure U.4 The vectors W. X. Y. 
and Z involved in the Householder 
reflection. 

The crucial Slt.ep is to use (7) and express c in the form 

(8) c = -2(W'X). 

Now (8) can be used in (6) w see that 

Y =X+ cW ==X-- 2W'X\~'. 

Since the quantity W' X is a scalar, the ia~1: equation can be written as 

(9) Y =X-- 2WW'X = (!- 2WW')X. 

Luoklng at (9), we see that P =I- 2WW'. The mattix Pis symmetric bccau-,,· 

P' := (1- 2WW')' =I- 2(WW')' 

'= I - 2 W W' = P. 

The following caJculation shows that P is orthogonal: 

P'P-== (I -2WW')(l-2WW') 

=I -4WIV' +4WW'WW' 

= /- 4WW' +4WW' =:I, 

595 

and the proof is complete. • 

It should be observed that the effect of the mapping Y = P X is to reflect X 
through the line whose direction is Z, henc:e the name Ho,useholder reflection. 

CoroUary 11 .. 3 (kth HoUSf:holder Matrix). Let A be an n x n mauix, and X any 
vector. If k is an integer with 1 ::;: k ::;: n - :2, we can construct a vector W k and matn x 
Pk =I- 2Wk w~ so that 

X) X! 

Xk Xk 
(10) PkX = PJ.: Xt..;.; -S ,= r. 

Xk-t-2 0 

Xn 0 J 
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Proof The key is to define the value S so that II X lb = II Y lh and then invoke Theo
rem 11.23. The proper value for S must satisfy 

( II ,_, sz z + 2 z = xk+I xk+2 + · · · + x,, 

which is readily v1:rified by computing the norms of X and Y: 

IIXIb ==xf +x~ + · · · +x~ 
(12) 

The vector W is found by using f:quation (3) of Theorem 11.23: 

1 
W=R(X-·Y) 

I 
= R[o ... 0 (Xk+l + S) Xk+1 ... x,]'. 

(13) 

Les:~ round-off error is propagated when the sign of S is chosen to be the same as the 
sign of Xk+J: hence we compute 

(14) S = sign(xk+J)(x}+L +xL.z + · · · +x;) 112
• 

The number R in (13) is chosen so that II W 112 == 1 and must satisfy 

(15) 

R2 = (Xk+! + S)
2 +x}+2 + · · · + x; 

= 2xk+,s + S2 + x}+1 + x}+2 + · · · -1- x,7 
= 2xk+,s + 2s2. 

The:refore, the matrix Pk is given by the formula 

(16) Pk = 1 ~2WW', 

and the proof is complete. 

Householder Transformation 
Suppose that A is a symmettic n >< n mattix. Thm a sequence of n - 2 transformations 
of the form PAP will reduce A to a symmetri.c tridiagonal matrix. Let us visualize 
the process when n = 5. The first transformation is defined to be PI A P 1, where P 1 

is constructed by applying Corollary 11.3, with the vector X being the first column of 
the matrix A. The general form of P 1 is 

(17) P, == r~ ~ ~ ~ ~J. 
0 p p p p 
0 p p p p 
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where the letter p stands for some element in P 1 . As a result, the transformation 
1' I A P 1 does not affect the element a 11 of A: 

["" 
VJ 0 0 

~]~A, UJ WI w w 
(I 8) P,APt == ~ w w w 

w w w 
w w w 

The element denoted u 1 is changed because of premultiplication by PI , and vI is 
changedbecauSl~ofpostmultiplication by P,; since A 1 is symmetric, we have UI =VI. 

The changes to the elements denoted w have: been affected by both premultiplication 
and postmultipHcation. Also, since X is the first column of A, equation (10) implies 
that u 1 = -s. 

The second Householder uansformation is applied to thf: matrix A 1 defined in ( 18) 
and is denoted PzA Pz, where Pz is constructed by applying Corollary 11.3, with the 
vector X being lhe second column of the matrix A I. The fo:rm of P 2 is 

Pz = r~ ll: ~ ~] , 
0 0 p p p 
0 0 p p p 

(19} 

where p stands for some element in Pz. The 2 x 2 identity block in th1~ upper-left 
corner ensures that the partial tridiagonalization achieved illl the first step will not be 
altered by the second transfom1ation PzA1 P2. The outcome of this transformation is 

[a" 
1Jj 0 0 

~]~A, Uj W] vz 0 
(20) P2A1 Pz == ~ uz wz w 

0 w w 
0 w w 

111e elements u2 and vz were affected by premultiplication and postmultiplication 
by Pz. Additional changes have been introdu,~ed to the other elements w by the trans
formation. 

The third Householder transformation, P3A2P3, is applied to the matrix A 2 de
fined in (20), where the corollary is used with X being the third column of Az. The 
form of P3 is 

(21) p3 = [~ ! ~ ~ ~] . 
0 0 0 p p 
0 0 0 p p 
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Again, the 3 x 3 identity block ensures 1hat P3AzP3 does not affect the elements 
of Az, which lie in the upper 3 x 3 corner, and we obtain 

(22) 

VJ 

WI 

U2 
0 
0 

~~ ! ~] =A3. 
U] W W 

0 w w 

Thus it has taken three transformations to reduce A to tridiagonal form. 
For efficiency, the transfonnation PAP is not performed in matrix form. The next 

result shows that it is more eff1ciently carried out via some clever vector manipulations. 

Theorem 11.24 (Computation of One Householder Transformation). If P is a 
Householder matrix, the transformation PAP is accomplished as follows. Let 

(23) V =ilW 

and compute 

(24) c= ~i''V 

and 

(25) Q = V·-cW. 

Then 

(26) P.4P =A- 2WQ1
- 2QW'. 

Proof First, 1orm the product 

AP = A(l- 2WW') =A- 2A WW'. 

Using equation (23), this is written as 

f27) AP =A-- 2VW'. 

Now use (27) ~illd write 

(28) PAP= (1- 2WW')(A- 2VW''). 

When this quru11tity is expanded, the term 2(2WW'VW') iis divided into two portiom 

and (28) can bf: rewritten as 

(29) PAP= A- 2W(W1 A)+ 2W(1rl''VW')- 2VW' + 2W(W'V)W' 
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Under the as~mmption that ;tis synunetric,, we can use thf~ identity (W' Al) = (W' A') =: 

V'. The tricky part is to observe that (W'li) is a scalar q:uantity; hence it can conunutc~ 

freely about in any term. Another scalar identity, W'V = (W'V)', is used to obtain 

the relation W'VW' = OV'V)W' = W'(W'V) = W'(W'V)' = ((W'V)W)' 
(W'V W)'. These results are used in the tt:rms of (29) in parentheses to get 

(30) PAP =A- 2WV' + 2W(W'VW)'- 2VW' + 2W'VWW'. 

Now the distributive law is used in (30) ar1d we obtain 

(31) PAP= A- 2W(V'- (W'VW)')- 2(V- W'VW)W'. 

Finally, the definition for Q given in (25) is used in (3I) and the outcome is equa

tion (26), and the proof is complete. " 

Reduction to Tridiagonal Form 

Suppose that A is a syrrunetric n x n mattix. Start with 

(32) Ao =A. 

Construct th€: sequence P 1, P z, ... , P n- 1 of Householder matrices, so that 

(33) 

where Ak ha.s zeros below the subdiagonal in columns I, 2, ... , k. Then An-2 is a 
symmetric tridiagonal matrix that is similar to A. This process is called Householder'!• 
method. 

Example ll.:g. Use Householder's method to reduce the following matrix to symmetric 
tridiagonal form: 

[
4 2 2 1] 
2 -3 1 1 

Ao = 2 1 3 1 · 

1 1 I 2 

The details are left for the reader. The constants S = 3 ;and R = 30112 = 5.477226 are 
used to constmct the vector 

w' = !r,[o 5 2 t] = [o.oooooo 0.912871 0.365148 0.182574]. 
·,r30 

Then matrix multiplication l' = A W is used to form 

V' = - 1 
=(0 -12 12 9] 

..j3i) 
= [0.000000 -2.190890 2.I90890 1.643168]. 
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The constant c = W'V is then found to be 

c = -0.~~-
Then the vector Q1 = V- cW = V + 0.9W is formed: 

' 1 [ Q = Mr. 0.000000 -7.500000 13.800000 9.900000] 
-v30 

= [0.000000 -1.369306 2.519524 1.807484). 

The computation A.t = Ao- 2W Q'- 2QW' produces 

[ 

4.0 -3.0 0.0 0.0] 
A -·3.0 2.0 -2.6 -1.8 

l = 0.0 -2.6 -·0.68 -1.24 . 
0.0 -1.8 -·1.24 0.68 

The final step uses the constants S = -3.1622777, R = 6.0368737, c = -1.26491 J J and 
the vectors 

W' = (0.000000 0.000000 -0.954514 -0.298168], 

lf' = [0.000000 0.000000 1.018797 0.980843], 

Q' = [0.000000 0.000000 -0.188578 0.603687). 

Thf: tridiagonal matrix A2 =At-- 2W Q'- 2QW' is 

[ 

4.0 -3.0 
-3.0 2.0 

A2 = 0.0 3.162278 
0.0 0.0 

0.0 
3.162278 

-1.4 
-0.2 

0.0] 0.0 
-0.2 . 

1.4 
• 

[P;o.nun 11.4 (Redoctlon to 1\idlogoual Fonn). To reduoe then < n 'Ymmotric I 
~1trix A to tridiagional form by using n - 2 Householder transformations. 

fWl.ction T:house (A) 

%In.put - A is an nxn symmetric matrix 
%Output - T is a tridiagonal matrix 
[n,n)=size(A); 

for k:l:n-2 
%Construct W 
s:norm(A(k+1:n,k)); 
if (A(k+l,k)<O) 

s=-s; 
end 
r"'sqrt(2*S*(A(k+1,k)+s)); 
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W(l :k)=zeros(l ,k); 
W(k+1)=(A(k+1,k)+s)/r; 
W(k+2:n)=A(k+2:n,k)'/r; 
%Construct V 
V(1:k)=zeros(1,k); 
V(k+1:n):A(k+1:n,k+1:n)*W(k+1:n)'; 
%Construct Q 
c:W(k+1:n)*V(k+1:n)'; 
Q(1:k)=zeros(1,k); 
Q(k+1:n)~V(k+1:n)-c•W(k+1:n); 

%Form Ak 
A(k+2:n,k)~zeros(n-k-1,1); 

A(k,k+2:n)~zeros(1,n-k-1); 

A(k+l,k):-s; 
A(k,k+1):-s; 
A(k+1:n,k+1:n):A(k+1:n,k+1:n) 
-2*W{k+1:n)'*Q(k+1:n)-2*Q(k+1:n)'*W(k+1:n); 

end 
T=A; 

The Q R Method 
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Suppose that A is a real symmetric matrix. In the preceding section we saw how 
Householder's method is used to construct a similar tridiagonal matrix. The Q R 
method is used to find all eigenvalues of a tridiagonal matrix. Plane rotations similar 
to those that were introduced in Jacobi's method are used to construct an orthogonal 
matrix Q 1 = Q and an upper -triangular matrix U 1 = U so that A 1 = A has the 
factorization 

(34) 

Then form the product 

(35) 

Since Q 1 is orthogonal, we can use (34) to see: that 

(36) Q~At = Q~ Q1.U1 = U,. 

Therefore, A2 can be computed with the formula 

(37) 

Since Q~ = Q! 1, it follows tha.t Az is similar to A 1 and has the same eigenvalues. In 
general, construct the orthogonal matrix Qk ar1d upper-triangular matrix U ~ so that 

(38) 
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Then define 

(39) 

Again, we have Q~ = Qk" 1 • which implies that Ak+ 1 and Ak are similar. Anim_portant 
consequence is that Ak is similar to A and hel[lce h~ the sar~e- structure. ~pecdically, 
WI~ can conclude that if A is tridiagonal then Ak 1s also tndiagonal for .111 k. Now 
suppose that A is written as 

(40) A= 
dn--2 en-2 
en--2 dn-l 

e,_, 

we can find a plane rotation I' 11 _ 1 that reduc:es to zero the element of A in location 
(n, n - 1), that is, 

(4-1) 
dn-2 qn-2 rn-2 

•~"n-2 Pn-1 qn-I 

0 Pn 

Continuing :in a similar fashion, we can construct a plane rotation P n-2 that will 
reduce to zero the element of P 11-IA located in position (n- l, n- 2). After n- l 
steps we arrive at 

(42) P1···P,.-IA= 

PI 

0 

0 0 P3 Tn-4 

qn-3 

Pn-2 
0 
0 

=U. 
Tn--3 

qn--2 'n-2 

Pn-1 qn-1 

0 Pn 

Since each plan1~ rotation is represented by a111 orthogonal matrix, equation ( 42) implies 
that 

(43) 
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Direct multiplication of U by Q will produce all zero elements below the lower 
second diagonaL The tridiagonal form of A.2 implies that it also has zeros above the 
upper second diagonaL Inv1~stigation will reveal that th1~ terms r i are used only to 
compute these zero elements .. Consequently, the numbers -[r j} do not need to be stored 
or used in the computer. 

For each plane rotation P J it is assum:d that we store the coefficients c i and s J 
that define it Then we do not need to compute and store Q explicitly; instead we 
can use the sequences {c J} and {s J} togeth(~r with the correct formulas to unravel the 
product 

(44) A2 = U Q = U P~_ 1 P~_ 2 •• • P~ _ 

Acceleration Shifts 

As outlined above the Q R method will work, but convergence is slow even for ma
l:rices of small dimension. We can add a shifting technique that speeds up the rate of 
eonvergence. Recall that if 1 i is an eigenvalue of A then 1 J - s; is an eigenvalue of 
the matrix B = A - s; I. This idea is incorporated in the modified step 

(45) Ai-sii==U;L,; 

then form 

(46) for i = l, 2, ... , k j, 

where {s;} is a :>equence whose sum is A J; that is, 1 j = s1 -t s2 + · --+ s~: i. 
At each StaJge the correct amount of shift is found by using the four el(lments in the 

lower-right comer of the matlix. Start by finding 1 1 and (:ompute the eigenvalues or 
the 2 x 2 matrix 

(47) en-1] 
dn • 

They are x 1 and x 2 and are the roots of the quadratic equation 

(48) 

The value Si in ~~quation (45) is chosen to be the root of (48) that is closest to d,.. 
Then Q R i1terating with shifting is repeated until we have en-1 ~ ()_ This will 

produce the first eigenvalue A. 1 = s1 + s2 + · · -+ Sk1• A simillar process is repeated with 
the upper n- 1 rows to obtain en-2 ~ 0, and the next eigenvalue is A2- Successive iter
ation is applied to smaller submatrices until we obtain e2 ::::: 0 and the eigenvalue 111 _ 2 . 
Finally, the quadratic formula is used to find the last two eigenvalues. Th(~ details can 
be gleaned from the program. 
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Example 11.9. Find the eigenvalues of the matrix 

[

4 2 2 
M = 2 -3 1 

2 I 3 
I I 1 

In Example ll .8, a tridiagonal matrix A I was constructed that is similar to M. We start 
our diagonalization process with !his matrix: 

[ 

4 -3 0 0 ] -3 2 3.16228 0 
A,= 0 3.16228 --!.4 -0.2 . 

0 0 --0.2 1.4 

Th~~ four elements in the lower right comer are d3 = -1.4, d4 == 1.4, and e3 =' -0.2 and 
are used to form the quadratic equation 

x 2 - (--1.4 + 1.4)x + (-1.4)(1.4)- (-0.2)(-0.2) = x 1
- 2 = 0. 

Calculation produces the roots x, = -1.41421 and xz = 1.41421. The root closest to d4 
is chosen as the first shift sr = 1.41421, and the first shifted matrix is 

[ 

2.58579 -3 0 0 ] 
-3 0.58579 1.74806 0 

AI -s1/ = 0 1.74806 -2.81421 -1.61421 . 
0 0 -1.61421 -0.01421 

Next, the factorization A1 - s,I == Q1 U 1 is computed: 

[

-0.65288 -0.38859 -0.55535 0.33814] 
Q u = 0.75746 -0.33494 -0.47867 0.29145 

1 1 0 0.85838 -0.43818 0.26610 
0 0 0.52006 0.85413 

[

-3.96059 2.40235 2.39531 0 ] 
0 3.68400 -3.47483 -0.17168 

X 0 0 -0.38457 0.08024 . 
0 0 0 ·-0.06550 

Then the matrix product is computed in the reverse order to obtain 

[

4.40547 2.79049 0 0 ] 
A = V Q = 2.79049 -4.21663 -0.33011 0 2 1 I 0 -0.33011 0.21024 -0.034()6 . 

0 0 -0.03406 -0.05595 

fhe second shift is sz = -0.06024, the second shifted matrix is Al2- s2l = Q2U1. and 

[ 

4.55257 -2.65725 0 0 ] 
A _ lJ Q _ -2.65725 -4.26047 0.01911 0 

3 - 2 2- 0 0.01911 0.29171 0.00003 . 
0 0 0.00003 0.00027 
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The third shift is s3 = 0.00027, the third shifted matrix is A 3 - s3 I = Q3U3, and 

[

4.62640 2.53033 0 OJ 
A<t = U Q = 2.53033 -4.33489 -0.()(}111 0 3 3 0 -0.00111 0.29150 0 . 

0 0 0 0 

The first eigenvalue, rounded to 5 decimal places is given in the calculation 

>.., = si +sz + s3 = 1.41421-0.06023 + 0.00027 = 1.35425. 

Next AJ is placed in the last diagonal position of A4 and the process is repeated, but 
changes are made only in the upper 3 x 3 comer of the matrix 

[

4.62640 2.53033 0 0 ] 
A = 2.53033 -4.33489 -0.00111 0 

4 0 -0.00111 0.29150 (I . 
0 0 0 !.35425 

In a similar manner, one more shift reduces the entry in the second row and third 
column to zero (to ten decimal places): 

S4 = 0.29150, 

Hence the second eigenvalue is 

A2 = AJ + S4 = 1.35425 + 0.29150 = 1.64575. 

Finally, A2 is placed on the diagonal of A5 in the third row and column to obtain 

[ 

4.26081 -2.65724 0 0 ] 
A = -2.65724 -4.55232 0 0 

5 0 0 1.64575 0 . 
0 0 0 1.35425 

The final computation requires fi111ding the eigenvalues of the 2 .x 2 matrix in the upper-left 
comer of As. The: characteristic c~quation is 

x2 - ( -4.26081 + 4.55232)x + (4.26081)( --4.55232)- (2 .65724)(2.65724) = 0, 

which reduces to 

x 2 + 0.2915lx- 26.45749 = 0. 

The roots are XI = 5.00000and x2 = -5.29150, and the last two eigenvaluesar,ecomputed 
wi1lh the calculations 

AJ = ),z + XJ = 1.64575 + 5.0000 = 6.64575 
and 

A4 = A2 + X2 = 1.64575-5.29150 = -3.64575. • 
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Program 11.5 can be used to approximate all the eigenvalues of a symmetric tridi
agonal matrix. The program folllows directly :from the previous discussion, but with 
two notable exceptions. First, the MATLAB ,;ommand eig is used to find. the roots 
of the characteristic equation (48) of each 2 x 2 submatrix (47). Second, the QR 
factorization of the matrix A1 -· s, I (45) is eKecuted using d1e MATLAB command 
[Q, R] ""qr (B), which produces an orthogonal matrix Q and an upper-triangular matrix 
R, such that B=Q*fl (readers will be asked to write their own Q R factorization program). 

!Program 11.5 (The Q R Method with Shifts). To approximate the eigenvalues of I 
l:_symmetric tridiagonal matrix A using the QR method with shifts. 

function D""qr:2(A,epsilon) 

%Input - A i:3 a symmetric tridiagonal nxn matrix 
% - epsilon is the tolerance 
%Output - D i:3 the nx1 VE~ctor of ei!~envalues 

%Initialize parameters 
[n,n]=size(A); 
m=n; 
D"'zeros(n,1); 
B=A; 

while (m>l) 
while (abs(B(m,m-1))>=epsilon) 

%Calculate shift 
S=eig(B(m-l:m,m-l:m)); 
[j ,k] =min( [abs (B(m ,m)* [1 1] '-:S)]) ; 

%QR factorization of B 
[Q, U] =qr (B-S (k) *eye (m)) ; 

%Calculate next B 
B=U*Q+S(k)*eye(m); 

end 

%Place mtb. eigenvalue in A(m,m) 
A(1 :m, 1 :m)=B; 

%Repeat process on tb.e m-1 x m-1 submatrix of A 

m=m-1; 
B=A(i:m,l:m); 

end 
D'=diag(A); 
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lll:xercises for Eigenvalues of Symmetric Matrices ,, ___ ~::::;.._..;;.;.;;.;.;...;;;.:;;.;=:.;.;;;;.:,;.;,;,;::;;,:;;:.... ___ _ 

1. In the proof of Theorem 11.23, carefully explain why Z is perpendicular to W. 

2. If X is any vector and P '= I - 2X X', show that P is a symmetric malrix. 

3. Let X be any vector and set P =I- 2XX'. 
(a) Find the quantity P'P. 
(b) What additional condition is necessary in order that P be an orthogonal matrix? 

Algorithms and Programs 
.,~----~~~-------------
In Problems I through 6 use: 
(a) Program 11.4 to reduce the given matrix to tridiagonal form. 
(b) Program 11.5 to find the eigenvalues of the given matrix. 

2. [; ! ; ~] 3 [-~:~~ -~:;; 
2 3 4 3 . -0.75 1.25 
1 2 3 4 1.25 -0.75 

[ 36 
4.4 0.8 --1.6 

-281 4.4 2.6 1.2 --0.4 0.8 
4. 0.8 1.2 0.8 --4.0 -2.8 

-1.6 --0.4 -4.0 1.2 2.0 
-2.8 0.8 -2.8 2.0 1.8 

{
i+j i=j 

5. A = [aiJ ], where a;1· = .. 
I) i ::j; j 

and i, j -= L. 2, ... , 30. 

-0.75 
1.:2.5 
2.75 

-0.25 

1.25] -0.75 
-0.25 

2.75 

6 A_ [ . ·] h _ {cos(sin(i + j)) i = j • - a,1 , w ere GIJ - . . . . 
I+IJ+J i::j;j 

and i, j = I, 2, ... , 40. 

7. Write a program to carry out the Q R method on a symmetric matrix. 

8. Modify Program 11.5 to call your program from Problem 7 as a subroutine. Use this 
modified program to find the eigenvalues of the matrices in Problems 1 through 6. 
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A~n Introduction to MA1,LAB 

This appendix introduces the reader to programming with the: software package MAT

LAB. It is assumed that the reader has had previous experience with a high-level pro·· 

gmrnming language and is familiar with the 1:echniques of writing loops, branchins 

using logical relations, calling subroutines, and editing. These techniques are directly 

applicable in the windows-type environment of MATLAB. 

MATLAB is a mathematical software package based on matrices. The package 

consists of an extensive Iibrary of numerical routines, easily accessed two- and three

dimensional graphics, and a high-level programming format The ability to quickly 

implement and modify programs makes MATLAB an appropriate format for exploring 

and executing the algorithms in this textbook. 

The reader should work through the following tutorial introduction to MATLAB 

(MATLAB commands are in typewriter typ,~). The exam piles illustrate typical inpttl 

and output from the MATLAB Command Window. To find additional information 

about commands, options, and examples, the n~ader is urged to make use of 1the on-line 

help facility and the Reference and User's guides that accompany the software. 

Alithmetic Operations 

+ Addition 
Subtraction 

* Multiplicallion 

I Division 
Power 

pi, e, i Constants 
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Ex. »(2+3•pi)/2 
ans 

5.7124 

Built-in Fundions 
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Below is a short list of some of the functions ;lvailable in M.ATLAB. The following ex

ample illust:ate~> how functions and arithmetilc operations are combined. Descriptions 

of other avmlable functions may be found by using the on-line help facility. 

abs(#) cos(#) exp(#) log(#) log10(#) c:osh(#) 

sin(#) tan(#) sqrt(#) Uoor(#) acos(#) tanh(#) 

Ex. »3*cos(:sqrt(4.7)) 
ans 

-1.15869 

The default fom1at shows approximately five significant dec:imal figures. Entering the 

command format long will display approximately 15 significant decimal figures. 

Ex. >>format long 
3*cos(sqrt(4. 7)) 

ans 
-1. €.8686892236893 

Assignment Statements 

Variable names are assigned to expressions by using an equal sign. 

Ex. »a.o3-flc,or (exp (2. 9)) 

a= 
-15 

A semicolon plac:ed at the end of an expression suppresses the computer echo (outpull. 

Ex· »b=sin(a); Note: b was not displayed. . 
»2*b-2 
ans= 

0.8457 

Dt!fining Functions 

~n MATLAB the user can define a function by constructing an M-file (a :file ending 

m .m) in the M-file Editor/Debugger. Once defined, a user-defined function is called 

in 1the same manner as built-in functions. 
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Ex. Place the function fun(x) = 1 + x- x 2 j4 in theM-file fun.m. In the 
Editor/Debugger one would enter the following: 
function y=fun(x) 
y=1+x-x .. -2/4; 

We will explain the use of". _, shortly. Different letters could be used for the variables 
and a different name could bt: used for the function, but the same forma1t would have 
to be foliowed. Once this function has been saved as an M-file named furt.m, it can be 
';ailed in the MAlLAB Command Window in the same manner as any function. 

»cos(fun(3)) 
ans= 

-0.1782 

A useful and efficient way to evaluate functions is to use the feval command. This 
c:ommand requiires that the function be called as a string. 

Ex. »feval('fun' ,4) 
ans= 

1 

Matrices 

All variables in: MAlLAB an: treated as matrices or arrays. Matrices can be entered 
directly: 

Ex. »A=[l 2 3;4 5 6;7 8 9] 

A= 
1 2 3 
4 E 6 
7 B 9 

Semicolons are used to separate the rows of a matrix. Note that, the entries of the 
matrix must be separated by a single space. Alternatively, a matrix can be entered 
row by row. 

Ex. »A=[1 2 3 
4 5 6 
7 8 9] 

A 
1 2 3 
4 5 6 
7 8 9 

Matrices can be generated using built-in fum:tions. 

Ex. >>Z=zeros(3,5); 
»X=ones(3,5); 
>>Y=0:0.5:2 
Y= 

creates a 3 x 5 matrix of zeros 
creates a 3 x 5 matrix of ones 
creates the displayed 1 x 5 matrix 

APPENDIX: AN INTRODUCTION TO MATLAB 

0 0.5000 1.0000 1.5000 2.0000 

»cos(Y) 

ans= 

creates a l x 5 matrix by taking the 
cosine of each entry of Y 

l. 0000 0. 8n6 0. 5403 0. 0707 -0. 4Hi1 

The components of matricf:s can be manipulated in several ways. 

Ex. »A(2,3) select a single entry of A 
ans= 

Ei 
»A(1:2,2:3) 
ans= 

»A ( [1 3] , [1 3]) 

ans= 
1 3 
7 9 

select a submatrix of A 

another way to select a submatrix of A 

»A (2, 2) =tan ( 7. 8) ; assign a nf:w value to an ~~ntry of A 

611 

Additi~nal commands for matrices can bf: found by using the on-line help facility or 
consulting th'e documentation accompanying the software. 

Matrix Opterations 

+ 

* 

Addition 
Subtraction 
Multiplication 
Power 
Conjugate Transpose 

Ex. >>B=[1 2;3 4]; 
>>C=B' C is the tra111spose of B 
C= 

1 3 
2 4 

»3+(B*C)-3 
ans .. 

1:3:080 29568 
291568 66840 
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Array Operations 

One of the most useful characteristics of the MATLAB package is the number of func
tions that can operate on the individual elements of a matrix. This was demonstrated 
earher when the cosine of the entries of a I x 5 matrix was taken. The malrix oper
ations of addition, subtraction, and scalar multiplication already operate elementwise, 
but the matrix operations of multiplication, division, and power do not. These three op
erations can be made to operate eilementwise by preceding them with a period!: . *, ./, 
and . -. It is imponant to underst<md how and when to use these operations. A.rray op
erations are crucial to the efficient construction and execution of MATLAB programs 
and graphics. 

Ex. >>A-(1 2;3 4]; 
»A"2 
ans-

7 10 
15 22 

>>A. "2 
ans= 

1 4 
9 16 

»cos(A./2) 

ans-

Graphics 

0.8776 0.5403 
0.0707 -0.4161 

produces the malrix product AA 

squares each entry of A 

divides each entry of A by 2, then t:t~c' 
the cosine of each entry 

MATILAB can produce two- and three .. dimensional plots of curves and surfaces. Op· 

tions and additional features of graphics in MATLAB can be found in the on .. line fa
cility and the documentation accompanying lhe software. 

The plot command is used to generate graphs of two-dimensional functions. The 
following example will create the plot of the graJPhS of y = cos(x) and y = cos2 (x) 
over the interval [0, .iT]. 

Ex. >>x=O:O.l:pi; 
>>y=cos(x); 
>>z-cos(x).-2; 
)•>plot{x,y,x,z, 'o') 

The first line specifies the domain with a step size of 0.1. The neKt two lines de:fine the 
two functions. Note that, the first tluee lines all end in a semicolon. The semkolon i~ 
necessary to suppress the echoing of the matrices x, y, and z on the command screen. 
The fourth line contains the plot command that produces the graph. The first two terms 
in the plot command. x and y, plc.t the function y = cos(x). The third and fourth 
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tenns, x and z, produce the plot of y = cos2{x ). The las! term, 'o', results in o's 
being plotted at each point (xk> Zk) where Zk == cos2(xk). 

In the third line the use of the array operation" .... is critical. First the cosine of 
each entry in the matrix x is tak·en, and then each entry in the matrix cos (x) is squared 
using the . • command. 

The graphic~• command fplot is a useful! alternative to the plot command. The 
form of the command is fplot C 'name' , [a, b] , n). This command creat·es a plot of 
the function name .m by sampling n points in the interval [a, b]. The default number 
for n is 25. 

Ex. »fplot ( 'tanh' , [ -2, 2] ) plots y ""' tanh(x) over [-2, 2] 

The plot and plot3 commands are used to graph parametri<: curves in two .. and three
dimensional space, respectively. These commands are partieularly useful ;m the visu
aliization of the solutions of differential equations in two and three dimensions 

Ex. The plot ofthe ellipse c(t) = (2 cos(/), 3 sin(t) ), where 0 .::=. t .::=. 2n, is produced 
with the following comrrumds: 

»t-0:0.2:2*pi; 
>>plot(2•cos(t),3*sin(t)) 

Ex. The plot of the curve c(t) = (2 cos(t), .r 2 , 1ft), where 0.! ::::. t ::::. 4n, is pro
duced with the following commands: 

>>t=0.1:0.1:4*pi; 
>>plot3(2*cos(t),t.~2,1./t) 

Three-dimensional surface plots are obtained by specifying a rectangular subset of the 
domain of a function with the meshgrid command and thelll using the me:sh or surf 
commands to obtain a graph. These graphs are helpful in visualizing the wlutions of 
partial differential equations. 

Ex. >>x=-pi:O.i:pi; 
>>y-x; 
»[x,y]=meshgrid(x,y); 
»z-sin(cos(x+y)); 
»mesh(z) 

Loops and Conditionals 

Rt:lational Operators 
Equal to 
Not equal to 
Less than 
Greate'r than 
Less than or equal to 
Greate:r than or equal to 
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Logical Operators 

& 

I 
Boolean Values 

Not 
And 
Or 

1 True 
0 False 

(Complement) 
(True if both operands are true) 
(True if either or both operands are true) 

The for, if, and while statements in MATLAB operate in a manner analogous to their 
counterparts in other programming languages. These statemc~nts have the following 
basic form: 

for (loop-variable= loop-expression) 
exeeutable-statem,ents 

end 

if (logical-e~.pression) 
exeeutable-statements 

else (logical- expression) 
exe,:utable-statements 

end 

while (while-expression) 
exe,~utable-statements 

end 
The following example shows how to use nested loops to generate a matrix. The 

following file was saved as a M--file named nest. m. Typing nest in the MATLAB 
Command Window produces the matrix A. Note, when viewed from the upper-left 
corner, that the entries of the matrix A are the entries in Pascal., s triangle, 

Ex. for i=1:5 
A(i,1)=1;A(1,i)=1; 

end 
for i=2:5 

for j=2:5 
A(i,j)=A(i,j-l)+A(i-l,j); 

end 
end 
A 

The break command is used to exit from a loop. 

Ex. for k=1:100 
x=sqrt(k); 
if ((k>10)&(x-floor(x)==O)) 

break 
end 

APPENDIX: AN INTRODUCTION TO MATLAB 

end 
k 

The disp command can be used to display te:xt or a matrix. 

Ex. n=10; 
k=O; 
while k<,=n 

X"'k/3; 
disp([x x-2 x-3]) 
k=k+l; 

end 

Programs 
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An efficient way to construct programs is to use user-defined functions. These func
tions are saved as M-files. These programs allow the user to specify the input and 
output parameters. They are easily called as subroutines in other programs. The fol
lowing example allows one to visualize the effects of moding out Pascal's tJiangle with 
a prime number. Type the following function in the MATLAB Editor/Debugger and 
then save it as art M-file named pasc .m. 

Ex. function P=pasc(n,m) 
%Input -- n is the rtumber of rows 
% -- m is the prime number 
%Output P is Pascal's triangle 

for j=l:n 
P(j,1)=1;P(1,j)=1; 

end 
for k=2:n 

for j=:2:n 
P(k,j)•rem(P(k,j-1),m)+rem(P(k-1,j),m); 

end 
end 

Now in the MATLAB Command Window enter P=pasc ( 5,::1) to see the first five rows 
of Pascal's triangle mod 3. Or try P=pasc (17Ei ,3); (note the semicolon) allid then type 
spy(P) (generates a sparse ma1trix for large values of n). 

Conclusion 

AI this point the reader should be able to cn:ate and modify programs based on the 
algorithms in this textbook. Additional info:rmation on commands and information 
regarding the use of MATLAB on your particular platform can be found in the on-line 
help facility or illl the documentation accompanying the software. 
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Answers to Selected Exercises 

Section 1.1 Review or Calculus 

1. (a) L = 2, (r:,.J = { 2n~l I• limn-.x €n = 0 

3. (a} c = l - ./2 
4. (a) M1 = -5/4, M2 = S 

5. (a) c = 0 

6. (a) c =I 

7. c::: 4/3 
9. (a) x 2 cos(x) 

10. (a) c = ±f13j3 
ll. (a) 2 (b) I 

15. J3:r /3, apply the Mean Value Theorem for integrals 

16. Let the n rool~ of P (x) be xo. x 1, ... , x n-l. Venfy that the hypotheses of the 
Generalized Rolle's Theorem are satisfied. Therefore, there exists c E (a, h) 

such that p(lt-l)(c) = 0. 

Section 1.2 Binary Numbers 

1. (a) The computi!r's answer is not 0 because 0.1 is not an exact binary fraction. 

(b) 0 (exactly) 

631 
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2. (a) 21 ((:) 254 

3. (a} 0.84375 {c) 0.6640625 

4. (a) 1.4140625 

5. (a) ../2-1.4140625=0.000151062 ... 

6. (a) 10 1ll•wo (c) lOIIIIOIOtwo 

7. (a) O.Ollltwo (c) O.lOllllwo 

8. (a) 0.00011,,.(1 (<") o.oof.wo 
9. (a) 0.006250000 ... 

11. L'se c = -ft and r = j; to g•:t S = ~ = ~ 

13. (a) ~ ""' O.!Ollrwo X 2--l 0.1011two x z- 1 
J 

l 
~ O.II 01two X 2·-2 0.01101two X 2·-l 

!' 
8 O.IOOOIItwo X z-0 
'3 

8 ~ O.IOOIIwo X 2"0 O.IOOltwo X 2° 15 
I 

~ O.IOII1wo X 2''2 = O.OOlOIItwo X 2-0 
6 
7 0.101 I 1 ltwo X 2 c 

Til 

14. (a) I 0 = lOllhree (c) 421 == J20121three 

15. (a) t = O.lm,= (b) t = o.Tth= 
16. (a) 10 = 20five (c) 721 == !034Ifi,e 

17. (b) I -
2 = 0.2fh'< 

Section 1.3 Error Analysis 

1. (a) X = 2. 71828182,X = 2.7182, (x - x) = OJXXJ08182, 
(x- ;· )/x = 0.00003010, fuur significant digi1s 

~ J O.ll00r..,0 ~ 

~ _I_ __I_ _1__ _ 292,807 _ O 
2 3 7 

_ ~ 
z. 4 + 4.·;3 + 4~'5(2!) -r- 477(3!)- 1,146.880- . 55· 0 4428 - p, 

p -- fi = 0.0000000178, (p - p)j p = 0.0000000699 

3. (a) P! - P2 ::o 1.414 -1- 0.09125 = 1.505, PI P2 = (1.414){0.09125) = 0. i 290 

4. The error involves loss of sigmt1cance. 
(a) 0.70711385222-0.70710678119 = 0.000007071()3 = 0 .

707103 
0.00001 0.00000 I 

5. (a) ln((x + 2)/x) or In( I + ! jx) (c) cos(2x) 
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6. (a) P(2.72) = (2.72)3 
-· 3(2.72)2 + 3(2.72)- I= 20.12-22.19-1-8.16- 1 

= -2.07- 8.16- 1 = 6.()9- 1 = 5.09 

Q(2.72) = ((2.72- 3)2.72 + 3)2.72- 1 = ((-0.28}2.72 + 3)2.72- I 

= (-0.7616 + 3)2.72- 1 = (2.238)2.72- I= 6.087- l 

= 5.087 

R(2.72) = (2.72- 1)3 = (1.72)3 =: 5.088 
7. (a) 0.498 (b) 0.499 

I h2 
9. (a) -- -- cos(h) = 2-1- h + -h3 + O(h 4) 

1 -h 2 
I h2 h3 

(b) --h cos(h) = I + h + - +- -1- O(h4) 
I- 2 2 

Section 2.1 Iteration for Sohing x = g(x) 

l. (a) g E C[O. IJ, g maps [0, I) omo [3/4.11 S:; [0,1]. and Jg'(x)· = 1- xj21 = 
x /2 :5 I ;2 < I on I 0, II. Therefore, the hypotheses of Theorem 2.2 arc satisfied 
and g has a unique fixed point on [0, I]. 

;~. (a) g(2) = 4 + 8 -- 2 = 2, g(4} = -4 t· 16- 8 = 4 

(b) PO = 1.9 Fo = 0.1 Ro ""' ll.05 
PI= 1.795 

P2 = 1.,5689875 

P3 = 1.04508911 

£1 = 0.205 

F.2 = 0.4310125 

E3 = 0.9549IOS9 

R1 == 0.1025 

R! =· 0.21550625 

R3 = 0.477455444 
(e) The sequence in pan (!J) does nor converge to P = 2. The sequence in part (c) 
converges to P =- 4. 

4. P = 2. !?'(2) = S, iteration wiil no: converge toP = 2. 

5. P = 2mr where n is any imeger, g'{l') == L Theorem 2.3 gives no informmwn 
regarding convergence. 

9. (a) g(3) = 0.50) + 1.5 = 3 

(c) Proof by mathematical induction. If 11 = I, then I P - Pll = i P -- poi/2 , 
by part (b). Induction hypothesis: Assume that jP- Pkl = ;p -- p0 ;/2k_ Show 
statement is 1true for 11 = k + I: 

IP --PH! I= IP ·- PA /2 
= (,P- Pol/2.1:)/2 

=IF-- Pol/2k+1. 

(by part (b)) 

(induction hypothesis) 
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Section 2.2 Bracketing Methods for Locating a Root 

1. /0 =(0.11+0.12)/2=0.115 

II = (0.11 + 0.115)/2 = 0.1125 

h = (0.1125 + 0.115)/2 = 0.11375 

A(0.115) = 254,403 

A(0.1125) = 246,072 

A(O.l1375) = 250,198 

3. There are many choice:> for intervals [a, b] on which j(a) and j(b) have opposite 
sign. The following answers are one such choice. 

(a) f(1) < 0 and f(2) > 0, so there is a root in {1, 2]; also j(-1) < 0 and 
f( -2) > 0, so there is a root in [ -2, - n 
(c) /(3) < 0 and /(4) > 0, so there is a root in [3, 4]. 

4. co = -1.8300782, q == -1.8409252, C2 = -1.8413854, C3 = -1.8414048 

6. CO= 3.6979549, CJ = 3.6935108, C2 = 3.6934424, C3 = 3.6934414 
. 7-2 -9 

11. Fmd N :mch that 
2

N+I < 5 x 10 . 

14. The bise:ction method will never converge (assuming that en =I= 2) to x = 2. 

Section 2.3 Initial Approximation and Convergence Criteria 

1. There is a root near x == -0.7. The interval [ -1, 0] could be used. 

3. There is a root near x ="' l. The interval [-2, 2] could be used. 

5. There is one root near x = 1.4. The interval [1, 2] could be used. There is a 
second root near x = 3. The interval [2, 4] could be used. 

Section 2.4 Newton-Raphson and Secant Methods 

PL -2 
1. (a) Pk =" g(Pk-1) = 

2 
I 

Pk-l-

(b) Po== -1.5, PI = 0.125, P2 = 2.6458, P3 = 1.1651 

3. (a) Pk =::: g(Pk-Il = iPk-1 + 1· 
(b) Po== 2.1, PI = 2.075, P2 = 2.0561, P3 = 2.0421, P4 = 2.0316 

5. (a) Pk ~== g(Pk-d = Pk-l + cos(Pk--I) 

7. (a) g(Pk-d = PLd<Pk-I- 1) 

(b) Po :::: 0.20 (c) PO = 20.0 

PI == -0.05 PI = 21.05263158 

P2 == -0.002380953 P2 = 22.10250034 

P3 '= -0.000005655 

P4 == -0.000000000 

lim Pk = 0.0 
r:t----+OC 

P3 = 23.14988809 

P4 = 24.19503505 

lim Pk =ex:: 
n->oo 

8. Po= 2.6, PI = 2.5, P2 = 2.41935484, P3 = 2.41436464 
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14. No, because f'(x) is not continuous at the root p = 0. You could also try com
puting terms with g{Pk-I) = -2Pk-I and see that the sequence diverges. 

22. (a) x
2

- a ( (x 2
- a)2)-I x(x1 + 3a) 

g(x) =x--- 1----
. 2x 2(2x)2 3x2 +a 

g(x)= 15x+x
3 

5 +3x1 

PI = 2.2352941176, P2 = 2.2360679775, P3 = 2.2360679775 

2 + 4x + 2x2 + x3 

(b) g(x)= 3+4x+2x2 

PI = -2.0130081301, P2 "'" -2.0000007211, P3 = -2.0000000000 

Section 2.S Aitken's, Steffensen's, and Muller's Methods 

2. (a) £•
2 

Pn = fl(flp,.) = fl(Pn+I -- p,.) = (Pn+2- Pn+I) - (Pn+I - Pn) 

= Pn+2 -- 2Pn+l + Pn == 2(n + 2)2 + 1 - 2(2(n + I)2 + l) 

+ 2n": +I =4 

6. Pn = 1/(4" + 4-n) 

n Pn qn Aitken's 

0 0.5 -0.26437542 
I 0.23529412 -0.00158492 
2 0.06225681 -0.00002390 
3 0.01562119 -0.00000037 
4 0.00390619 
5 0.00097656 

7. g(x)::::(6+x)112 

11 Pn 

0 2.5 
1 2.91547595 
2 2.98587943 
3 2.99764565 
4 2.99960758 
5 2.99993460 

qn Aitken's 

3.00024351 
3.00000667 
3.00000018 
3.00000001 
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9. Solution of cos(x) - 1 = 0. 

n Pn Steffensen's 

0 0.5 
0.24465808 

2 0.12171517 
3 0.007553CXl 
4 0.00377648 
5 0.00188824 
6 0.00000003 

11. The sum of the infinite serie:> is S = 99. 

n Sn Tn 

0.99 98.9999988 
2 1.9701 99.0000017 
3 2.940399 98.9999988 
4 3.90099501 98.9999992 
5 4.85198506 
6 5.79346521 

13. The sum of the infinite series is S = 4. 

15. Muller's method for f(x) = x 3 - x- 2. 

n Pn f(Pn) 

0 1.0 -2.0 
1.2 -1.472 

2 1.4 -0.656 
3 1.52495614 0.02131598 
4 1.52135609 -0.00014040 
5 1.52137971 -0.00000001 

Section 3.1 Intmduction to Vec:tors and Matrices 

1. (i) (a) (I, 4) (b) (5, -12) (c) (9, -12) 

(f) -38 (g) 2v'l465 

2. e = arccos(-16/21):::::: 2.437045 radians 

(e) (·-26, 72) 

3. (a) Assume tJ:1at X, Y -=1= 0. X · Y = 0 iff cos(tl) = 0 iff 0 = (2n + l) 1" iff X 
and Y are orthogonal. 
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{
ji j = i 

6 c a··-0 

( ) )I - j - ji + l j i= l {
ij i = j = a11· i - ij + j j I= j 

Section 3.2 Properties of Vectors and Matrices 

1. AB = [ --~~ =~~]. BA = [ =~; -~~] 

[ 2 -5] 3. (a) (AB)C = A(BC) == _
88 

_
56 

5. (a) 33 (c) The determinant does not exist because the matrix is not square. 

8. (AB)(B- 1A-1) = A(BB-1)A-1 == (Al)A- 1 == AA-1 = I. Similarly, 
(B- 1A-1)(AB) =I. Therefore, (AB}- 1 = B-1A-1• 

10. (a) MN (b) M(N·-1) 

[
. 1 ~1 2] 

14. XX'= [6], X 1 X = -1 1 -2 
2 -2 4 

Section 3.3 Upper-triangular Linear Systems 

1. x 1 = 2, x2 = ~2, XJ =I, x 4 = 3, and detA = 120 

5. x 1 = 3, x2 = 2, XJ = 1, .:q = -1, and det A= -24 

Section 3.4 Gaussian Elimination and Pivoting 

1. x1 = -3,.x2 = 2,x3 =I 
5. y = 5 - 3x + 2.x2 

10. x1 = I, x 2 = 3, x3 = 2, .q = -2 

15. (a) Solution for Hilbert matrix A: 
X)= 25,Xz = -300,XJ = J050,X4 = -1400, X5 = 630 

(b) Solution for the other matrix A: 
Xt = 28.02304,xz = -348.5887,x3 = 1239.781 
x4 = -1666.785,xs = 753.5564 

Section 3.5 Triangular Factorization 

1. (a) Y' = [-4 12 3], X'= [-3 2 l] 
(b) Y' = (20 39 9], X'= [5 7 3] 

[-5 2 -1] ~- l 0 OJ [-5 3. (a) 1 0 3 = -0.2 I 0 0 
3 1 6 -0.6 5.5 1 0 

0.~ ;_~] 
0 -10 

5. (a) Y' = [8 -6 12 2], X'= (3 --1 1 2] 

(b) Y' = [28 6 12 1 J, X' = (3 1 2 lJ 
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6. The triangular factorization A= LUis 

w- [ ~ 
0 0 

m~ 
1 0 4] 1 0 -3 5 -8 

~' 1 1 0 -4 -10 
-3 -1 -1.75 0 0 -7.5 

Section 3.6 Iterative Methods for Linear Systems 

1. (a) Jacobi iteration (b) 

P1 = (3.75, 1.8) 

Pz = (4.2, 1.05) 
P3 = (4.0125, 0.96) 
Iteration will converge to ( 4, 1). 

3. (a) Jacobi iteration (b) 

P1 = (-1, -1) 
Pz = (-4, -4) 

PJ = (-13, -13) 
The iteration diverges away 
from the solution P = (0.5, 0.5). 

5. (a) Jacobi iteration 

PI = (2, 1.375. 0.75) 
p2 = (2.125, 0.96875, 0.90625) 
p3 = (2.0125, 0.95703125, 1.0390625) 
Iteration will conver,ge toP = (2, l, 1). 

(b) Gauss-Seidel iteration 
P1 = (2, 0.875, 1.03125) 

Gauss-Seidel Iteration 
P1 = (3.75, 1.05) 
P2 = (4.0125, 0.9975) 
P3 = (3.999375, Ul00125) 
Iteration will converge to (4, I). 

Gauss-Seidel iteration 

P1 = {-1, -4) 
Pz = {-13, -40) 
p3 = (-121, -361) 
The iu:ration diverges away 
from tJhe solution P := (0.5, 0.5). 

?2 = (1.96875, 1.01171875, 0.989257813) 
p3 = (2.00449219, 0.99753418, 1.0017395) 
Iteration will converge to P = (2, ll, 1). 

9. (15): IIXJh = L:f= 1 1xkl = 0 iff Jx~:J = 0 fork= 0, 1, ... , N iff X=== 0 
(16): JJcX)1 1 = L:f= 1 Jcxkl = L:f=llcJ)xkl = Jcl L:~,Jixkl = JciiiXIII 

S'ection 3.7 lt1eration for Nonlinear Systems 

1. (a) x = 0, y = 0 (c) x = 0, y = 2mr 

2. (a) x = 4, y = -2 (1:) x = 0, y = (2n + l)rr/2 
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[ 
1- X yj4 ] 5• J(x, y) = (1- x)/2 (2- y)/2 ' 

Fixed-point iteration Se:idel iteration 

k Pk q,, Pk qk 

0 1.1 2.0 Ll 2.0 
I 1.12 1.9975 l.I2 1.9964 
2 1.1165508 1.9963984 1.1160016 1.9966327 

00 1.1165151 l. 996ti032 1.1165151 1.9966032 

7. 0 = x 2 - y- 0.2, 0 = y2 - x- 0.3 

[ 1.2] 
1.2 

[
1.192437] 
1.221849 

Solutionofthelinearsystem: J(Pk)dP = -F(Pk) 

[ 
2.4 -1.0] [-0.0075630] - - [ 0.04] 

-1.0 2.4 . 0.0218487 - -0.06 

[
2.384874 -1.0] l'-0.0001278] =- [0.0000572] 

-1.0 ~.443697 .-0.0002476 0.0004774 

(a) Th.erefore, (pt. q1) = (1.192437, 1.221849) and 
(p2. q2) = (1.192309, 1.221601). 

[ :g:~] 
[

-0.2904762] 
-0.1238095 

Solution of the linear system: J(Pk) dP = -F(Pk) 

[
-0.4 ~1.0] [-0.0904762:] [ 0.04] 
-1.0 -0.4 0.0761905 = - -0.06 

[
-0.5809524 -1.0] [0.0044128] [0.0081859] 

-1.0 -0.2476190 0.0056223 = - 0.0058050 

(b) TI1erefore, (pi,~~~)= ( -0.2904762, -0.1238095) and 
(p2, Cf.!) = ( -0.2860634, -O.ll81872). 

~39 

[
1.192437] 
1.221849 

[
1.192309] 
1.221601 

[
-0.290476: 
-0.123809. 

[
-0.286063< 
-0.118187: 

8. (b) TI1e values of tJh.~~ Jacobian determinant at tJh.e solution point~; are J J (1, 1) J = 
0 and J}(-1, -1)) := 0. Newton's metlh.od depends on being able to solve a 
linear system where the matrix is J (p11 , qn) and (p11 , qn) is near a solution. For 
tJh.is example, tJh.e system equations are ill conditionesi and tJh.us hard to solve with 
precision. In fact, for some values near a solution we have J (xo, yo) = 0, for 
example, }(1.0001, 1.0001) = 0. 

12. {a) Note: As witlh. derivatives, we have 
8
8 

(cj(x, y)) ;;:; c.!_ j(x, y). F(X) was 
X 8x 

defined as F(X) = [ft (x,, ... , Xn) · · · fm(XI, ... , Xn) ]'; tJh.us, by scal¥multipli-
cation, cF(X) = [cfR (XJ, ... , Xn) · · · cfm(Xt, ... , Xn) ]'. J (cF(X.)) = Uiklm xrt• 

where hk = .!_(cj;(xi, ... ,xn)) == c.!_Ji(xi, ... ,xn). Therefore, bytlh.edef-. ilxk ilxk 
inition of scalar multiplication, we have J(c F(X)) = c J(F(X)). 
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Sedion 4.1 Taylor Series and. Calculation ofFundioos 

l. (a) Ps(.x) =' .x- .x 3 (3! + .t5 /51 

P.,(x) == x- x 3j3! + x 5 j51- x 1 j71 

P9(x) == x- x 3 j3! + x 5(5!- x 1 j7! + x9j9! 

(b) IE9(.x)l = lsin(c)x 10(10!1 ~ (1)(1) 10/10! =O.<XXJ0002755 

(c) P5 (.x) = 2-112(1 + (.x- rr/4)- (x -- rr/4) 2/2- (x- rr/4) 3/6 

+ (x- rr/4)4/24 + (x- rr/4)5 /120) 

3. At xo = 0 th1! derivatives of f(x) are unddined. But at xo = 1 the derivatives are 
defined. 

5. P3 (x) = 1 +Ox - x 2 j2 + Ox3 = I - x2;2 

8. (a) /(2) = 2, ['(2) = ~. f"(2) = -:Ji, .r<3l(2) = 2~6 
P3(x) = 2 + (x- 2)/4- (x- 2)2/64 + (x- 2)3(512 

(b) P3(1) = 1.732421875; compare with 3112 = 1.732050808 

(c) j<4l(x) = -15(2 + x)-712 j16; the minimum of IJ<4l(x)l on the interval 
1 ~ x ~ 3 occurs when x = I and IJ<4l(x)l :::: IJ<4l(l)l :::: r 712(15/16) ~ 

(0.020046) ( 1 )4 

0.020046. Therefore, l£3(x)l < = 0.00083529 
- 4! 

13.. (d) P3(0.5) = 0.41666667 

P6(0.5) = 0.40468750 

1'9(0.5) = 0.40553230 

ln(1.5) = 0.40546511 

14. (d) P2 (0.5) == 1.21875000 

P4(0.5) === 1.22607422 

P6(0.5) '== 1.22660828 

(1.5) 112 := 1.22474487 

Section 4.2 Introduction to In~terpolation 

1. (a) Use x = 4 and get b3 == -0.02, 1)2 = 0.02, br = ~0.12, bo = 1.18. Hence 
P(4) = 1.18 .. 

(b) Use x = 4 and get d2 == -0.06, dr = -0.04, do = -0.36. Hence P'(4) = 
-0.36. 

(c) Use x = 4 and get i4 = -0.005, i3 = 0.01333333, i2 = -0.04666667, 
i 1 = 1.47333333, io = 5.8'9333333. Hem:e /(4) = 5.89333333. Simi:larly, use 
x = 1 and get I (l) = 1.58833333. 
J1

4 P(x)dx == /(4)- /(I)= 5.89333333- 1.58833333 = 4.305 

(d) Use x = 5.5 and get b3 = -0.02, bz = -0.01, ht == -0.255, bo == 0.2575. 
Hence P(5.5) = 0.2575. 
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Section 4.3 ll..agrange ApJ•roximation 

1. (a) Pr(x) = -l(x -0)/(-1- 0) +0 = x +O = x 
(b) ~(A)= _ 1 (x- O)(x- 1) + 0 + (x + l)(x- 0) 

(-1- 0)(-1- 1) (I+ 1)(1- 0) 

= -0.5(x)(x- I)+ 0.5(x)(x + 1) = O.x 2 + x + 0 = x 
(c) P:3(x) = _

1 
(x)(x -- 1)(x- 2) 

0 
(x + l)(x)(x- 2) 

(-1)(-2)(-3) + + (2)(1)(-1) 
(x + 1)(x)(x- 1) 

+8 (3)(2)(1) =x
3

+0x
2
+0x+0=x

3 

(d) P1 (x) = 1(x- 2)/(1- 2) + 8(x ·- 1)/(2- I)== 7x- 6 
(e) p (.x) = 0 + ~x)(x -- 2) + 8 (x)(x ·=-.!2. = 3 2- ,, 

2 (1)(-l) (2){]) X '"X 

5. (c) t<4J(c) = 120{c -1) for all c; thus £3(x) = 5(x + l)(x)(x- 3)(x -4)(c- l J 

10. lt<2>(c)l :::=: 1- sin(l)l == 0.84147098 == M2 
(a) h2M2/8 = h2(0.84147098)j8 < 5xl0-7 

12. (a) z=3-2x+4y 

Section 4.4 Newton Polynomials 

1. Pt (x) == 4 - {x - I) 

Pz(x) == 4- (x-I)+ 0.4(x- l)(x- 3) 

P3(x) == Pz(x) + O.OI(.x- 1)(x- 3)(x- 4) 

P4(x) == P3(x)- 0.002(x- 1)(x- 3)(x- 4)(x- 4.5) 

Pt (2.5) == 2.5, P2{2.5) == 2.2, P3(2.5) = 2.21125, P.~(2.2) = 2.21575 

5. .f(x) === 3(2)x 

P4(x) === 1.5 + 1.5(x +I)+ 0.75(x + l)(x) + 0.2~i(x + l)(x)(x- 1) 

+ 0.0625(x + 1)(x)(x- 1 )(x - 2) 

Pt0.5) == 5.25, Pz(1.5) = 8.0625, P3{l.S) = 8.53125, P4 (1.5) = 8.47265625 

7. .f(x) == 3.6/x 

P4(x) == 3.6- 1.8(x -- 1) + 0.6(x- l)(x- 2)- 0.15(x- J)(x -- 2)(x- 3) 

+ 0.03(x -· l)(x - 2)(x -- 3)(x - 4) 

Pt (2.5) == 0.9, P2(2.5) == 1.35, P3(2.5) = 1.40625, P4(2.5) = 1.423125 

Section 4.5 Chebyshev Polynomials 

9. (a) ln(.x + 2) ~ 0.69549038 + 0.49905042x- 0.14334605x2 + 0.04909073x3 

(b) lf(4)(x)l/(23(4!)) :::=:: 1- 61/(23(4!)) = 0.03125000 

11. (a) cos(x) ~ I - 0.46952087x2 

(b) i.f0 >(x)l/(22(3!)) :::=::I sin(l)l/(22(3!)) = 0.03506129 
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13. The error bound for Taylor's polynomial is 

1!(8l(x)l I sin(l)l 
-~ .s 8!- = 0.00002087. 

The error bound for the minimax apprm,imation is 

1/(Bl(x)l lsin(l)l 
P<S!) .s 27<s:!f = o.oooooot6. 

S1ection 4.6 P11de Approximations 
1 1 1 

1. 1 = p0, l + q1 =Pt.- -1- ql = 0, q1 =--,PI=-
2 2 2 

e"' ~ Rt,I (x) = (2 + x)/(2- x) 
1 2 2 1 

3. 1 = p0, J + 2q!/15 = P:l· 
15 

+ qt/3 ::0, q1 = - 5• PI= - 15 
1 

5. :~. :::,:1.:: 21 i-:I;: q: =~ 
1 q1 qz 

2.4 + 6 + 2 ;; o. 
Then = -~ = _!_ - ~ - _!_ ql 2' q2 12' Pl - 2' P2 - 12. 

I 2 
7. (a) 1 = po, 3 +q1 =PI· ls +qi/3 +q2 = P2· 

1
17 2qt qz 

. 315+15+3= 0 
First solve !he system 

62 17ql 2q2 
2im + 315 + 15 = 0 · 

4 1 1 1 
Thenq1 = -~, q2 = -, Pl = -~, P2 ==-

9 63 9 945' 

Section 5.1 Least-squares Liine 

1. (a) lOA + OB = 7 

OA +58= 13 

y = 0.70x + 2.60. Ez(/} ~:::: 0.2449 

:z. (a) 40A + OB = 58 

OA +58= 31.2 

y = l.45x + 6.24, £2(/) ~:::: 0.8958 
5 5 

3. (c) LXkJ'kj Lxt = 86.9/55 = 1.58 
k=l k=l 

y = 1.58x. Ez(/) R:' 0.1720 
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11. (a) y = 1.6866x2, E 2(f) ~ 1.3 

y = 0.5902x3, Ez(f) ~ 0.29. This is the best fit. 

Section 5.2 Curve Fitting 

1. (a) 164A + 20C = 186 

208 = -34 

20A + 4C = 26 
y = 0,875x2 - 1.70x + 2.125 = 7/8x2 - 17 /lOx+ 17/8 

3. (a) 15A + 58 = -0.8647 

5A + 5B = 4.2196 
y = 3.8665e-05084-', Er(f) R:' 0.10 

6. 
Using linearization Minimizing least squares 

(a) 
1000 1000 

1 +4.3018e-L0802t 1 +4.213le~l.0456t 

(b) 
500CI 5000 

1 + 8.9991r0.81138t 1 + 8.9987e~0.81157t 

18. (a) 14A + 158 + SC = 82 

15A + 198 + 9C = 93 

8A + 9B + 5C = 49 
A = 2.4, 8 = 1.2, C = 3.8 yields z: = 2.4x + 1.2y + 3.8. 

Section 5.3 Interpolation by SpUne Functions 

4. ho = l do = -2 

h1 = 3 dt = 1 UJ = 18 

h2 = 3 d2 = -2/3 U2 = - J0 

{
.l:i"mt + m2 = 21 

Solve !he system 2 
21 to get m 1 = Nrf and tn2 = - ni. 

3m,+ 1 m2= -~15 

Then mo = - ~ and m3 = ~~~. Ute cubic spline is 

129 230 
So(x) = lOI(x + 3)3 

-
101

(x +3)2
- (x + 3) +2 --3 ~ x ~ -2 

274 157 96 
St(x) = --(x +2)3 + -(x +2)2 - -(x +2) --2 ;:sx :51 

909 101 101 
779 3 117 2 72 

S2(x) = 
2727

(x- 1) -
101 

(x ·-I) + 
303 

(x- 1) + 3 1 .S x .s 4 
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5. ho = 1 do = -2 

h1 = 3 d1 = 1 U] = 18 

hz = 3 d2 = -2/3 u2 = -10 

{
8m, +3m2= 18 

Solve the system 82 d 134 to get m 1 = z;~ an mz = -17. 
3m,+ 12mz = -10 

Set mo = 0 =: m3. The cubi•c spline is 

41 3 215 
So(x) = ·-(x + 3) - ·-(x + 3) + 2 -3 .:0:: x ~~ -2 

87 87 

S1(x)=·-
190

(x+2)3 + 
41

(x+2)2 -
92

(x+2) -2~x:Sl 
783 29 87 

S2(x) = ·~(x- 1)3 -
61

(x -1)2 -+· 16
(x -1) + 3 1 4 

783 87 87 .:0:: X :S 

5. ho = 1 do = -2 

h1 = 3 dt = 1 U] = 18 

h2=3 d2=-2f3 U2=-l0 

{ 
ljm1 + im2 = 18 263 d s 

Solve the system to get m 1 = T26 an m 2 = -· 9. 
Om,+ l8m2 = -10 

Th - Jg7 d - 403 Th b'. I' . en mo- '6::3 an m3 - -· 126 • e cu 11. sp me IS 

37 3 187 2 841 
S0(x)=-:~2 (x+3) +

126
Cx+3) ·-

252
(x+3)+2 -3 ~X .:0::-2 

37 3 263 2 17 
St(x) = ---(x + 2) + -(x + 2) - -(x + 2) 

2.52 252 21 
37 3 5 2 125 

S2(x) = ---(x -1) --(x-I) +-(x-I) +3 
252 18 84 

Section 5.4 Fomier Series and Trigonometric Polynomials 

1. f(x) = ~ (sin(x) + sin~x) + sin~x) + sin'{")+ ... ) 

3. t<x) = ~ + L~1 (<-!}2-l) cos(jx)- ~~f=, (t-)") sin(jx) 

5. f(x) = ~ (sin(x) _ sinj?x) + sin;gx) _ sin~:ix) + ... ) 

12. f(x) = 6+ i~ 2:~1 (i=]t')cos ( .Y.) 
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Section 6.1 Approximati111g The Deriva1tive 

1. f(x) = sin(x) 

h 

0.1 
O.Ql 
0.001 

Approximate .f'(x), 
formula (3) 

0.6955461112 
0.696695100 
0.696706600 

3. f(x) = !>in(x) 

h 

0.1 
0.01 

Approximate f' (x ), 
formula {10) 

0.6%704390 
0.6%7067:10 

Error in the 
approximation 

0.001160597 
0.000011609 
o. o:xxxxn 09 

Elrorin the 
approximation 

0.000002320 
-0.000000001 

Bound fortli e 
or truncation err 

0.001274737 
0.000012747 
0.000000127 

Bound forth e 
or truncation en 

0.00000232: 
0. ()()()()()()()( 

5. f(x) = x 3 (a) f'(2) :=:::: 12.0025000 (b) / 1(2) '~ 12.0000000 

64S 

(c) For part (a): 0(h2) = -(0.05):z j<3l(c)/6 = -0.0025000. For part (b): 

O(h4) =' -(0.05)4 j(3l(c)/30= -0.0000000 

7. f(x, y) := xyj(x + y) 
(a) fx(X, y) = (yj(x + y})2, fx(2, 3) = 0.36 

Approximation to Error in the 
h fx(2, 3) approximation 

0.1 0.360144060 -0.(100144060 

0.01 0.360001400 -0.(1()()1)()1400 

0.001 0.360000000 0.000000000 

/y(x, y) = (xj(x + y)) 2, /y(2, 3) = 0.16 

Approximation to Error in the 
h /y(2, 3) approximation 

0.1 0.160064030 -0.000064030 
0.01 0.160000600 -0.00)000600 

0.001 0.160000000 0.000000000 

10. (a) Formula (3) gives l' (1.2) ;;;;! -13.5840 and E(L2) ;;;;! 11.3024. Formula (1 0) 
gives/'(1.2);;;;! -l3.6824andE(1.2);;;;! 11.2975. 
(b) Using differentiation rules from calculus, we ob1tain /'(1.2) ;;;;! -13.6793 and 
E ( 1.2) ~, 11.2976. 
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12. 

App. f'(x), Error in the Equation ( 19), total error bound 
h equation ( 17) approximation !round-off!+ jtmnc.j 

0.1 --0.93050 -0.00154 0.00005 + 0.00161 =0.00166 

0.01 -·0.93200 -O.C.J0004 0.00050 + 0.00002 =0.00052 
0.001 -·0.93000 -0.00204 0.00500 + 0.00000 =0.00500 

15. f(x) = cos(x),J(5)(x) = -- sin(x) 
Use the bound 1!(5\x)l;:::: sin(l.4):::::! 0.98545. 

App. j'(x), Error in the Equation (24), total error bound 
h e<Juation (22) approximation jround-offl + ltmnc.j 

0.1 -·0.93206 0.00002 0.00008 + 0.00000 = 0.00008 
0.01 -·0.93208 0.00004 0.00075 + 0.00000 = 0.00075 
0.001 -·0.92917 -0.00287 0.00750 + 0.00000=0.00750 

Section 6.2 Nwnerical Diffenmtiation Formulas 

1. j(x) = ln(x) 

(a) J"(5):::::! -0.040001600 (b) /"(.5):::::! -0.040007900 

(c) f"(5):::::! -0.039999833 (d) /"(:5) = -0.04000000 = -1/52 

The answer in part (b) is most accurate. 

3. f(x) = ln(x) 

(a) !" (5) :::::! 0.0000 (b) !" (5) ~ -0.0400 

(c) /"(5) ~ 0.0133 (d) f"(5) = -0.0400 = -1/52 
The answer in part (b) is most accurate. 

5. (a) f (x) = x 2 , !" ( l) :::::! 2.0000 
(b) f(x) = x4 , J"(l):::::! 12.0002 

9. (a) 

x j 1(x) 

0.0 0.141345 
0.1 0.041515 
0.2 -·0.058275 
0.3 -·0.158025 
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Section 7.1 Introduction 1to Quadrattm~ 

1. (a) f(x) = sin(rrx) trapezoidal :rule 0.0 

Simpson's rule 0.666667 

Simpson's ~f rule 0.649519 

Boole's rule 0.63616S 

(c) f(x) = sin(.Jx) trapezoidal l'Ule 0.420735 

Simpson's rule 0.573336 

Simpson's ~·rule 0.583143 

Boole's rule 0.593376 

2. (a) j(x) = sin(nx) Composite trapezoidal rule 0.603553 

Composite Simpson rule 0.638071 

Boole's rule 0.636165 

(b) f(x) = sin(.Jx) Composite trapezoidal rult! 0.577889 

Composite Simpson rule 0.592124 

Boole's rulf~ 0.593376 

Section 7.2 Composite Trapezoidal andl Simpson's R'ule 

1. (a) F(x) = arctan(x), F(l)- F(-1) = rr/2:::::! 1.57079632679 
(i): M = 10, h = 0.2, T(f, h)= 1.56746305691, Er(f. h)= 0.00333326989 
(ii): M == 5, h = 0.2, S(f, h)= 1.57079538809, Es(f, h)= 0.00000093870 
(c) F(x) =2ft, F(4)- F(1) = 3 
(i): M = 10, h = 0.375, T(f, h)= 3.04191993765, 
Er(f. h)= -0.04191993765 
(ii): M == 5, h = 0.375, S(f, h)= 3.00762208163, Es(f, h)= -0.00762208163 

2. (a) J~ ·/1 + 9x4 dx = 1.54786565469019 
(i): M = 10, T(f, 1/10) = 1.55260945 
(ii): M == 5, S(f, 1/10) = 1.54786419 

3. (a) 2rr }~ x3v'l + 9x4 dx = 3.56312:18520124 
(i): M = 10, T(f, ljlO) = 3.64244664 
(ii): M == 5, S(f, 1/10) = 3.56372816 

8. (a) Use the bound lf(2)(x)l =I- cos(x)j::: I cos(O)I = l, and obtain 
((rr/3- 0)h2)jl2::: 5 x w-9 ; then substitute h = rr/(3M) and get rr 3 /162 x 
108 ::: M2 . Solve and get 4374.89::: M; since M must be an integer, M = 4375 
and h = 0.000239359. 

9. (a) Usetheboundlf(4)(x)l = lcos(x)l::: lcos(O)I = l,andobtain 
((rr /3-0)h4)/180::: 5 x w-9 ; then substitute h = nj(6M) and ge1: rr5 /34,992x 
107 ::::: M4 ; since M must be an integer, M = 18 and h = 0.029088821. 
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10. 

M h T(J,h) Er(f. h)= 0(h2 

l 0.2 0.1~8 0. ()()()666() 

2 0.1 0.1995004 0.0001664 
4 0.05 0.1996252 0.0000416 
8 O.o25 0.1996564 0.0000104 

16 0.0125 0.1996642 0.0000026 

Section 7.3 Recursive Rules and Romberg Jlntegration 

L (a) 

R(1,2) 

(C) 

~(J,O) R(l, l) R(J,Z) 

~I 
2.88 
2.10564024 1.84752031 

2 i : .7:Bl67637 1.67368841 1.66209962 

10. (ii). Fo~ Jd ..;~ d~, Romberg integration converges slmvly because rhe higher 
dcnvauws of tne mtcgrand f (x) "" .jX are not bounded ;1ear x = 0. 

Section 7.5 Gauss-Legendre Integration (Optional) 

I. fo2 6t 5 d! = 64 (b) G(f, 2) = 58.6666667 

3. Jd sin{t)/1 dt "'=' 0.9460831 (b) G(j, 2.) = 0.9460411 

6. (a) N = 4 {b) N = 6 
' -(4)( I I (14) I 

8. If the fourth derivative does i110t change too much, then I !. __ c_J ll < .=..:!~I 
135 90 -

·n1e truncation error term for the Gauss-Legendre rule will be less than the trun
cation error 1erm for Simpsoill's rule. 

Secti10n 8.1 Minimization of a Function 

3. (a) f{x) = 4x 3 - 8x 1 - llx + 5; j'(.x) =' 12x 2
- 16x -- 11; 

local mimma at x = Jt 
(d) f(x) = e" /x 2 : /'(x) = e" (x- 2)jx 3; loca] minima at x = 2 

ANSWERS TO :SELECTED EXERCISES 

7. (a) .f(x,y)=x3 +)..l-3x-3yi-5 

j~(x, y) = 3x2 - 3, /y(x, y) = 3y2
- 3 

Critical points: (I, I), ( L -1), (-I. 1), l-1. -I) 
Local minimum at (I, 11) 
(c) f(x, y) = x 2y + xy2 - 3xy 

j~(x, y) = 2xy + l- 3y, /y(x, y) = x 2 + 2xy- 3x 
Critical poinTh: (0, 0), {0, 3), (3. 0},(1, I) 
Local minimum at ( 1 , 1) 
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11. "Reflecting" the triangle through the side BG implies that the t1~nninal poinb 
of of the: vectors W. M. a:1d R all lie on the same line segment. Thus, by the 
definition of scalar mdtiplication and vector addition, we haveR-- W = 2(M
W) orR' =2M- W. 

Section 9.1 Introduction to Differential Equations 

1. (b) f. = I 3. (b) L = 3 S. (b) L = 60 

10. (c) ~~o. because ]y(l, y) = 1 y- 213 is not continuous when r = 0, 
and limy-+0 /y(t, y) = oc. 

13. y(t) = t 3 - cos(t) + 3 
rr z1, 

15. y(t) = .lc e-s ~ ds 

17• (b} y(t) = yoe-O.OOOI2096&r (c) 2808 years (d) 6.9237 second' 
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6. h+ 1 = Pi + (0.02/\ - O.IIXX104Pf} 10 fork = l, 2, ... , 8. 

P~c 

Actual population Euler rounded at Euler with more 
Year li; atlb l'(rt) e~~.ch step digits canied 

1900 0.0 76.1 76.1 76.1 
1910 .10.0 92.4 89.0 89.0035 
1920 20.0 106.5 103.6 103.6356 
1930 :10.0 123.1 120.0 120.0666 
1940 40.0 !32.6 138.2 138.3135 
1950 50.0 152.3 158.2 158.3239 
1960 60.0 180.7 179.8 179.%21 
1970 70.0 204.9 202.8 203.0000 
1980 !10.0 226.5 226.9 227.1164 

9 .. No. For any M, Euler's method produa~s 0 < y1 < Y2 < · · · < YM· The 
mathematical! solution is y(t} = tan(t) and y(3) < 0. 

3. (a) 

lA: )'.t (h = 0.1) )'.t (h = 0.2) 

0 1 
0.1 0.99500 
0.2 0.98107 0.98000 
0.3 0.95596 
0.4 0.92308 0.92277 

7. Richardson improvement for solving y' = (t - y)/2 ov1~r [0, 3] with y(O) = 1. 
The table enuies are approximations to y(3). 

ANSWERS TO SELECTED EX!>RCISES 
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k Yk (4y,t- n;J/3 

1.732422 

1/2 1.682121 1.665354 

1/4 1.672269 1.668985 

1/8 1.670076 1.669345 

1/16 1.669558 1.669385 

1/32 1.669432 1.669390 

1(64 1.669401 1.669391 

8. y' = f{t, y) = l.Syl/3, /y(t, t) = o.sy-213. /y (0, 0) does not exist. 
The LV.P. is not well-posed on any rectangle that contains (0, 0). 

Section 9.4 Taylor Series Method 

1. (a) 

lk Yk (h = 0.1) Yk (h = 0.2) 

0 1 
0.1 0.90516 

0.2 0.82127 0.82127 

0.3 0.74918 
0.4 0.68968 0.68961~ 

3. (a) 

t~c Yk (h = 0.1) Yk (h =0.2) 

0 1 
0.1 0.99501 
0.2 0.98020 0.98020 

0.3 0.96000 
0.4 0.92312 0.92313 

6. Richaidson improvement for the Taylor solution y' = (t- y)/2 over [0, 3l with 
y(O) =: 1. The table 1mtries are approximations to y(3). 

--r 
h Yk 06Yh - Y2nl/15 

1 1.6701860 

1/2 1.6694308 1.6693805 

1/4 1.6693928 1.6693903 

1/8 1.6693906 1.6693905 



Section 9.6 Pr.w.ictor-Corredor Methods 

l. Y4 = 0.82126825, Ys = 0.78369923 

3. Y4 = 0.74832050, Ys = 0.66139979 

•t Y4 = 0.98247692, Ys = 0.97350099 

'7. Y4 = 1.1542232, Ys = 1.2225213 

Section 9.7 Systems ofDitTerentia1 Equations 

1. (a) (XJ, YJ) = (~2.5500000, 2.6700000) 

(X2, Y2) = ( ~2.4040735, 2.5485015) 

(b) (x 1, yt) = (-2.5521092, 2.6742492) 

S. (b) x' = y 

y' = 1.5x + 2.5y + 22.5e2
' 

(c) X]= 2.05,X2 = 2.17 

(d) XJ = 2.0875384 

Sec:tion 9.8 Boundary Value Problems 

2:. No; q(t) = --ljt2 < 0 for all t E [0.5, 4.5]. 

Sel:tion 9.9 Finite-difference Method 

1. (a) h 1 =0.5,xi =7.2857149 

h2 = 0.25, XJ = 6.0771913, X2 = 7.2827443 

ANSWERS TO SELECTED EXERCISES 

2. (a) h1 = 0.5,xi = 0.85414295 

h2 = 0.25, X] = 0.93524622, X2 = 0.83762911 

Section IO.ll Hyperbolk Equations 

X2 XJ X4 xs 4.~ 
0 
1 
2 

0.587785 0.951057 0.951057 0.587785 
0.475528 0.769421 0.769421 0.475528 
0.181636 0.293893 0.293893 0.181636 

5.~ t· 

0~0 
0.1 
0.2 

X2 

0.500 
0.500 
0.500 

XJ X4 xs 
1.000 1.500 0.750 
1.000 0.875 0.800 
0.375 0.300 0.125 

Section 10.2 Parabolic l~quations 

3. 
XJ = 

0.0 
0.0 
0.0 

0.0 X2 = 0.2 

0.587785 
0.475528 
0.384710 

X3 = 0.4 X4 =0.6 

0.951057 0.951057 
0.769421 0.769421 
0.622475 0.622475 

Section 10.:: Elliptic Eq1LJations 

1. (a) -4pi + P2+ P3 = --80 

PI-4P2 + P4=--10 

PI -4p3+ P4=--160 

P2+ P3-4P4=--90 

xs = 0.8 

0.587785 
0.475528 
0.3847110 

(b) Pt = 41.25, P2 ;:;;;: 23.75, P3 = 61.25, P4 = 43.75 

5. (a) uxx + uyy = 2a + 2c = 0, if a == -c 
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X6 = 1.0 

0.0 
0.0 
0.0 

6. Determine if u (x, y) = cos(2x) + sin(2y) is a solution, since it is also defined on 
the interior of R; that is, uxx + Uyy = -4cos(2x)- 4 sin(2y) = -4(cos(2x) + 
sin(2y)) = -4u. 

Section 11.1 Homogeneous Systems: The Eigenvalue Problem 

1. (a) lA- J..JI = J..2 - 3J..- 4 = 0 implies that ).. 1 "'' ~1 and A2 = 4. Substituting 
each eigenvalue into lA - HI = 0 and solving gives V 1 = [ -1 1 ]' and V 2 == 

[2/3 1 ]',respective!). 
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10. If A = 2 is an eigenvalue of A corresp011tding to the vector V, then t'l V = 2 v. 
Pre~ultiply both sides by A-1: A-1AV = A- 1(2¥) or V = 2A-·1v. Thus 
A- V = lf:tV. 

Section 11.2 Power Method 

1. (A-al)V =AV-a IV= AV -aV == AV -aV =(A- a) V. Thus (A- a), 

Vis an eigenpair of A - a! I. 

S. (a) lA- 11'1 = ~-0.2 0.31 = 0 
0.2 -0.3 

(b) [-0.2 0.3 OJ . . [--0.2 0.3 OJ 
0.2 -0.3 0 1s e:qmvalent to 0 0 0 

, thus -0.2x+0.3y = 0. 

Let Y = f, then x = 3/2. Thus the eigenvectors associated with ), = 1 are 

ft(3/2 I] : t E l!l, t -:/= 0). 

(c) The eige:nvector from part (b) implies that in the long run the 50,000 members 

of the population will be divided 3 to 2 in their preference for brands X and y 

respectively; that is, [30,000 20,000]'. ' 

Sec:tion 11.3 Jacobi's Method 

3,, (a) The eigf:npairs of A = [~ _ ;J are.S, [2 t]', and -2, [ -1/3 IJ. Thus the 

general solution is X(t) = qe51 [2 1]' -1- c2e-2t[-l/3 I]'. Set t = 0 to solve 

for c1 and c2; that is, [ 1 2]' = CJ [2 I]'+ c2[ -1/3 1]''. Thus CJ = 0. 7143 and 
cz = 1.2857. 

Se(tion 11.4 Eigenvalues of Symmetric Matrices 

1. From (3) we have W = &::h 
2 

and, from Figure 11.4, z = t(X + Y). 

Taking the dot product, 

X- Y . ~(X+ Y) = (X- Y). (X+ Y) 

IIX- Yll2 2 211X- YJI2 

_ X · X+ X · Y - Y ·X - Y · Y IIXII2 - IIYII2 

-- 2))X- YJh = 211X- Yjj 2 
= O, 

since X and Y have the same norm. 

2 .. P' = (1- 2XX')' =I'- 2(XX')' =I-- 2(X')'X' = J- 2XX' = p 

In de:~ 

A 
Accelerating Convergence 

Aitken's process, 90, 99 (#10-#14) 
Newton-Raphson, 71, 82, 88 (#23), 

176 
Steffensen's method, 90, 95 

Adam-Bashforth-Moulton method, 474, 
482 

Adaptive Quadrature, 382, 387 
Aitken's process, 90,99 (#W-#14) 
Approximate significant digits, 25 

Approximation of data 
least-sqlllares curves, 211, 257 
least-sqlllareS line, 255, 258 
least-squares polynomial, 271, 274 

Approximation of functions 
Chebyshev polynomial, 230, 233, 

238,240 
Lagrange polynomial, 207, 211, 213, 

217, 238 
least squares, 255, 257, 271 
Newton polynomial, 220, 224, 227 
Pade approximation, 243, 246 
rational functions, 243 
splines, 280, 281, 285, 293 
Taylorpolymomials, 8, 26, 31, 189 

Augmented matrix, 126, 129 

B 
Back substitution, 121, 123, 136 
Backward difference, 334 
Basis, 557 
Binary numbers, 13, 17, :19 
Binomial series, 197 (#14) 
Bisection method, 53, 54, 59 
Bolzano'.5 method, 53 
Boole's rule, 344, 372, 375, 380 (#3, #4), 

389 (#3) 
Boundary value problems, 497, 503, 505, 

510 
Bracketing methods, 51, .53 

c 
Central difference, 313, 314, 329, 340 (#7, 

#8) 
Characte:ristic polynomial, 559 
Chebyshev nodes, 232 
Chebysh,~v polynomial 

interpolation, 230, 233, 238, 240 
minimization, 233 
nodes, 234 

Chopped number, 27 

Note: Numbers in parentheses refer to problem numbers in exercises. 

6S5 
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cn[a,b], 3 
Composite Simps-on's rule, 350, 3154, 359, 

363 
Composite trapezoidal rule, 350, 354, 358, 

363 
Computer accuracy, 21 
Continuous function, 3 
Convergence 

acceleration, 82, 87 (#21--h'23), 90, 
92,95 

criteria, 62, 66 
global (local), 62 
linear, 76, 77, 90 
Newton-Raphson, 77, 82, ~17 (#21, 

#23) 
order of, 32, 75 
quadratic, 76, 77. 82, 81 (#21, #23) 
sequence,3 
series, 8, 99 (#10-#14) 
speed, 75 

Corrector formula, 475, 477 
Crank-Nicholson method, 531, 535 
Cube-root algorithm, 86 (#11) 
Cubic spline 

clamped, 284, 285, 293 
natural, 284, 285 

D 
D'Aiembert's solution, 519 
De:Aation of eigenvalues, 578 
Derivative 

definition, 5, 311 
formulas, 204, 313, 322, 32"9, 333, 

505, 517, 527,538 
higher, 329, 333, 505 
partial, 325 (#7), 517, 527, 538 
polynomials, 204, 334, 336 

Detenninant, 113, 114. 123, 151 
Difference 

backward, 334 
central, 313, 314, 329, 340 (#7, #8) 
divided. 223 
finite-difference method, 505, 510, 

514,517,527,539 
forward, 334, 341 (#13) 
table, 224 

Difference equation, 505, 517, 527, 531, 
539 

Differential equation 

Digit 

Adams-Bashforth-Moolbm method, 
474,482 

boundary value problems, 497, 503, 
505,510 

Crank-Nicholson method, 531,535 
Dirichlet method for Laplace's equa-

tion,549 
Euler's method, 433, 437, 440 
existence-uniqueness, 430 
finite-dif!erence method, 505, 510, 

514,517,527,539 
forward-difference method, 528, 533 
Hamming's method, 484 
Heun's method, 443,445, 448,465 
higher-order equations, 490 
initial value problem, 428, 430, 487, 

498 
Milne-Simpson method, 477, 483 
modified Euler method, 465 
partial diifferential equations, 514, 

516,526,538 
predictor, 474, 477 
Runge-Kutta method, 458, 461, 466, 

468,488,502 
Runge-Kutta-Fehlberg m1~thod, 466, 

469 
shooting method, 498, 503 
stability of solutions, 478, 481 
Taylor methods, 451, 452,455 

binary, 14, 17, 19 
decimal, 14, 19, 22 

Dirichlet method for Laplace's equation, 
549 

Distance betwe,~n points, 103, 162 
Divided differences, 223 
Division 

by zero, 74, 77 
synthetic, 10, 200 

Dot product, 103 
Double precision, 22 
Double root, 75, 77, 87 (#21) 

E 
Eigenvalues 

characteristic polynomial, :559 
definition, 559 
dominant, 568 
Householder's method, 594 

INDEX 

inverse power method, ~m. 515, 516 
Jacobi'si method, 581 
power method, 568, 570, 573, 576 
QR method, 601, 606 

Eigenvectors 
definition, 559 
dominant, 568 

Elementary row operations, 126 
Elementary transformations, 125 

·Elliptic equa1ions, 538 
Endpoint constraints for splines, 284 
Epidemic mcdel, 442 (#9) 
Equivalent linear systems, 125 
Error 

absolutt:, 24 
bound, 189, 194, 213 
computf:r, 21, 27, 135 
data, 36, 203, 316 
differential equations, 437, 445, 452, 

462,475,477,519 
differentiation, 313, 314, 316, 318 
integration, 344, 358, 359, 377 
interpolating polynomial, 189, 213, 

238 
loss of significance, 28 
propagation, 32 
relative, 24, 66 
root me;m square, 253 
round-o:!f, 27 
sequence, 3 
stable (unstable), 33 
subtractive cancellation, 28 
truncation, 26, 313, 314 

Euclidean nonn, 103, 162, 163 
Euler formulas, 299 
Euler's method, 433,437,440 

global e:rror, 437 
modified, 465 
systems., 488 

Even function, 300 
Exponential fit, 263 
Extrapolated value, 199 
Extrema, 400, 404 
Extreme Value Theorem, 4 

F 
False position method, 56, 60 
Final global e:rror, 437, 445, 452, 462 

6S7 

Fmite difference method!, 505, 510, 514, 
517, 527,539 

FIXed-point iteration, 42, 49, 173 
error bound, 46 

Floating-point number, 21, 22 
accuracy, 21 

Forward difference, 334, 341 (#13) 
Forward difference method, 527, 528, 533 
Forward substitution, 125 (#2) 
Fourier s•eries, 299 

discrete. 304 
Fractions, binary, 17 
Fundamental theorem of calculus, 6 

G 
Gauss-u:gendre integration, 389, 392, 394 
Gauss-Seidel iteration, 159, 161, 164 
Gaussian elimination, 125, 128, 143, 150 

back substitution, 121, 123 
computational complexity, 147 
LU factorization, 141, 143, 150 
multipliers, 127, 129 
pivoting, 127, 131 
tridiagonal systems, 140 (#1), 166 

(#3), 284, 506, 599 
Generali2:ed Rolle's theorem, 6, 198 (#20) 
Geometric series, 16, 51 
Gerschga.rin's circle themem, 566 
Golden ratio search, 401, 412 
Gradient, 412, 420 
Graphical analysis 

fixed-point iteration .. 4 7 
Newton's method, 70, 78, 79 
secant method, 80 

H 
Halley's method, 87 (#22) 
Hamming's method, 484 
Heat equation, 515 
Helmholtz's equation, 538, 548 
Heun's method, 443, 445 .. 448, 465 
Higher dc:rivatives, 329, 333 
Hilben matrix, 139 (#15) 
Hooke's law, 262 (#1) 
Homer's method, 10, 200 
Householder's method, 594 
Hyperbolic equations, 516 

I 
Ul-conditioning 
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least-squares data fitting, 134 
matrices, 133, 139 (#15) 

Initial value problem, 428,430,487, 498 

Intc::gration 
adaptive quadrature, 382, 387 
Hoole's rule, 344, 372, 375, 380 (#3, 

#4), 389 (#3) 
composite rules, 350, 354, 358, 363 
cubic splines, 296 (#12) 
Gauss-Legendre integration, 389, 

392,394 
midpoint rule, 366 (#12), 381 (#II) 
Newton-Cotes, 344 
Romberg integration, 373, 375, 377, 

378, 381 (#11) 
Simpson's rule, 344, 353 (#9), 354, 

359, 363., 370, 380 (#6), 387 
Trapezoidal rule, 344, 354, 358, 363, 

368, 377 
Intermediate Value Theorem, 3 
Interpolation 

Chebyshev polynomials, 230, 233, 
238, 240 

cubic splines, 281, 285-287, 293 
error, polynomials, 8, 31, 189, 211, 

213, 238 
extrapolation, 199 
integration, 296 (#12), 344 
Lagrange polynomials, 207, 211,213, 

217,238 
least squares, 255, 271 
linear, 207,219 (#12), 255, 277 (#17), 

280 
Newton polynomials, 220, 224, 227 
Pade approximations, 243, 246 
piecewise linear, 280 
polynomial wiiggle, 273 
rational functions, 243 
Runge phenomenon, 236 
Taylor polynomials, 8, 26, 31, 189, 

313,329 
trigonometric polynomials, 297, 303, 

306 
Iteration methods 

bisection, 53, 54, 59 
fixed point, 42, 49, 173, 544 
Gauss-Seidel, 159, 161, 164 
Jacobi iteration, 156, 161, 163 
Muller, 92, 97 

Newton, 70, 82, 84, 88 (#23), 176, 
179 

partial differential equations, 546 
regula falsi, 56, 60 
secant, 80, 84, 87 (#20) 
Steffensen, 92, 95 

J 
Jacobi iteratio11, for linear systems, 156, 

161, 163 
Jacobi's method for eigenvalues, 581, 590 
Jacobian matrix, 170, 176 

L 
Lagrange polynomials, 207, 2111, 213, 236 
Laplace's equation, 538, 549 
Least-squares data fitting 

data linearization, 266 
linear fit, 255, 258, 260 (#7), 277 

(#17) 
nonlinear 1rit, 257, 266, 271 
plane, 277 (#17, #18) 
polynomi~J fit, 271, 274 
root-mean-square error, 253 
trigonometric polynomials, 297, 303, 

306 
Length of a curve, 364 (#2) 
Length of a vector, 103, 162, 163 
Limit 

function, 2 
sequence,3 
series, 8 

Linear approximation, 219 (#12), 255, 258, 
277 (#17), 280 

Linear combination, 103, 499 
Linear convergt:nce, 76, 77, 90 
Linear independence, 557 
Linear least-squares fit, 255, 258, 260 (#7), 

277 (#17) 
Linear system, 114, 121, 128, 143, 152, 

156, 163 
Linear systems of equations 

back subs1itution, 121, 12:1, 136 
forward substitution, 125 (#2) 
Gaussian dimination, 125, 128, 143, 

150 
LU factorization, 141, 143, 150 
tridiagonal systems, 140 (#1), 166 

(#3), 284, 506, 599 

INDEX 

Linear systems, theory 
matrix fOim, 111, 114, 127,141 
nonsingu1ar, 114 

Lipschitz condition, 430 
Location of roots, 68 
Logistic rule of population growth, 276 

(#6, #7) 
Loss of significance, 28 
Lower triangular determinant, 123 
LU factorization, 141, 143, 150 

M 
Machine numl:ers, 20 
Maclaurin seri,es, 243 
Mantissa, 20, 22 
Markov process, 579 (#5) 
Matrix 

addition, 107 
augmente:d, 126, 129 
determinant, 113, 114, 123, 151 
diagonalization, 563 
eigenvalue, 559 
eigenvector, 559 
equality, 1 06 
Hilbert, 139 (#15) 
identity, 112 
ill-conditioned, 133, 139 (#15) 
inverse, 112, 114 
lower triangular, 120, 125 (#2), 143 
LU factodzation, 141, 143, 150 
multiplication, 110, 112, 143, 150 
nonsingular, 112 
norm, 566 
orthogonal, 565, 594 
permutation, 148, 150 
singular, 113 
strictly diagonally dominant, 160, 

162, 163 
symmetric, 109 (#6), 565, 581, 590, 

594 
transp<m~. 104, 108 (#5), 270 
triangular, 120, 125 (#2) 
tridiagonal, 140 (#1), 166 (#3), 284, 

506,599 
Mean of data, 260 (#4, #5, #6) 

Mean value theorems 
derivativ•e, 5, 45 
integrals, 6 
intermediate, 3 
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weighted integral, 7 
Midpointn.lle, 366 (#12), 381 (#11) 
Milne-Sim:pson method, 477, 483 
Minimax approximation, Chebyshev, 231, 

233, 238 
Minimum 

golden ratio search,~)]. 412 
gradi1:nt method, 412, 420 
Nelde:r-Mead, 405, 414 

Modified Euler method, 465 
Muller's method, 92, 97 
Multiple root, 75, 82, 87 (#21, #23) 
Multistep methods 

Adarns-Bashforth-Moulton method, 
474,482 

Hamming's method, 484 
Milm:-Simpson method, 477,483 

N 
Natural cubic splines, 284, 285 
Near-minimax approximation, 231, 233. 

238 
Nelder-Me:ad, 405, 414 
Nested Multiplication, 10, 221 
Neumann boundary conditions, 541. 545 

Newton divided differences, 223 
Newton polynomial, 220, 224, 227 
Newton S)'Stems, 176, 179 
Newton's method 

multiple roots, 75, 82,87 (#21, #23) 

order of convergence, 77 
Newton-Cotes formulas, 344 

Newton-Raphson formula, 82, 84, 88 
(#23), 176, 179 

Nodes, 203, 207, 211, 213, 234, 344, 389 
Norm 

Euclidean, 103, 162, 163 
matrix, 566 

Normal equations, 255 
Numerical differentiation, 313, 314, 320, 

329, 333 
backward differences, 334 
central differences, 313, 314, 329, 

340 (#7, #8) 
error formula, 313, 314, 316, 318 
forward differences, 334, 341 (#13) 
high4~r derivatives, 329, 333 
Richardson extrapolation, 320 

Numerical integration 
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adaptive quadrature, 382, 387 
Boole's rule, 344, 372, 375, 380 (#3, 

#4), 389 (#3) 
composite rules, 350, 354, 358, 363 
cubic splines, 296 (#12) 
Gauss-Legendre integration, 389, 

392,394 
midpoint rule, 366 (#12), 381 (#11) 
Newton-Cotes, 344 
Romberg integration, 373, 375, 377, 

378, 381 (#11) 
Simpson's rule:, 344, 353 (#9), 354, 

359, 363, 370, 380 (#6), 387 
Trapezoidal rulle, 344, 354, 358, 363, 

368.377 

0 
O(hn), 29, 32, 214, 313, 314, 329, 333, 

373, 377, 437, 445, 452, 461, 
475.477,505,517,527,538 

Odd function, 301 
Optimization 

golden ratio search, 401,412 
gradient method. 412,420 
Nelder-Mead. 405. 414 

Optimum step size 
differential equations, 466, 476, 479 
differentiation. 316, 317 
integration, 358, 382 
interpolation, 213, 234 

Ordt~r 

of approximation, 29, 32, 214, 313, 
329,333,373,377 

of convergence, 32, 75 
Orthogonal polynom~als, Chebyshev., 238 

p 
Pad€: approximation, 243, 246 
Parabolic equation, 526 
Partial derivative, 517, 527, 538 
Partial differential ·equations, 514, 516, 

526,538 
elliptic equations, 538 
hyperbolic equations, 516 
parabolic equations, 526 

Partial pivoting, 133 
Periodic function, 298 
Piec,~wise 

continuous, 298 

cubic, 281 
linear, 280 

Pivoting 
element, 127 
row, 127 
strategies, 131, 133 

Plane rotations, 115, 581 
Poisson's equation, 538, 548 
Polynomials 

calculus, 204 
characteristic, 559 
Chebyshev, 230,233,238,240 
derivative, 204, 334, 336 
interpolation, 204, 207, 210, 211, 

217,224,227,238 
Lagrange, 207, 211, 213, 236 
Newton, 220, 224, 227 
Taylor, 8, 26, 31, 189,313, 329 
trigonomeu;c, 297, 303, 306 
wiggle, 273 

Power method, .568, 570, 573, 576 
Predator-prey model, 495 (#13) 
Predictor-corrector method, 474 
Projectile motion, 73, 442 (#8), 450 (#6) 
Propagation of error, 32 

Q 
QR method, 606 
Quadratic conv~:rgence, 76, 77, 82, 87 

(#21, #23) 
Quadratic formula, 39 (#12) 
Quadrature 

adaptive quadrature, 382, 387 
Boole's ruk, 344, 372, 375, 380 (#3, 

#4), J.B9 (#3) 
composite rules, 350, 354, :158, 363 
cubic splines, 2% (#12) 
Gauss-Lege<ndre integration, 389, 

392, 394 
midpoint rule, 366 (#12}, 381 (#II) 
Newton-Cotes, 344 
Romberg integration, 373, 375, 377, 

378, 381 (#11) 
Simpson's rule, 344, 353 {#9), 354, 

359, 363, 370, 380 (#6), 387 
Trapezoidal rule, 344, 354, 358, 363, 

368,377 

INDEX 

R 
Radioactive dec::ay, 432 (#17} 
Rational function, 243 
Regula falsi method, 56, 60 
Relative error, 24, 66 
Residual, 167 (,,5), 253 
Richardson 

differential equations, 449 (#7}, 456 
(#6), 471 (#7) 

numerical differentiation, 320, 322 
numerical integration, 375 

Rolle's theorem, 5, 6, 198 (#20), 212, 219 
(#13) 

Romberg integration, 373, 375, 377, 378, 
381 (#11) 

Root 
location, 68 
multiple, 75, 82, 87 (#21, #23) 
of equation, 53, 75 
simple, 75, 77, 87 (#22) 
synthetic division, 10, 200 

Root finding 
bisection, 53, 54, 59 
Muller, 92, 97 
multiple roots, 75, 82, 87 (#21, #23) 
Newton, 82, 84, 88 (#23), 176, 179 
quadratic function, 39 (#12) 
regula falsi, 56, 60 
secant, 80 .. 84, 87 (#20) 
Steffensen, 92, 95 

Root-mean-square error, 253 
Rotation, 115, 581 
Rounding error. 27 

differentiation, 313, 314, 316, 318 
floating point number, 21 

Row operations, 127 
Runge phenomcmon, 236 
Runge-Kutta methods, 458, 461, 466, 468, 

488,502 
Fehlberg method, 466, 469 
Richardson extrapolation, 471 (#7) 
systems, 488 

s 
Scaled partial pi voting, 133 
Schur, 563 
Scientific notation, 19 
Secant method, 80, 84, 87 (#20) 
Seidel iteration, 174, 179 

Sequence, 3, 41 
convergent, 3 
error, 3 
geome:mc, 16, 51 

Sequential ilntegration 
Boole,. 372, 375 
Simpson. 370, 375 
trapezoidal, 369, 375, 377 

Series 
binomial, 196 {#10) 

661 

convergence, 8, 99 (Jr!0--#14), 189, 
194 

geome:mc, 16,51 
Maclaurin, 243 
Taylor, 8, 26, 31, 189, 313, 329 

Shooting method, 498, 503 
Significant digits, 25 
Similarity transformation, 582 
Simple root, 75, 77, 87 (#2:~) 
Simpson's rule, 344, 353 (#9), 354, 359, 

363, 370, 387 
three-c~ighths rule, 344, 353 (#9), 380 

(g'6) 

Single precilsion, 22 
Single-step methods, 474 
Slope methods, 70, 80, 84 
SOR method, 545 
Spectral radius theorem, 566 
Splines 

clamp~d. 284, 285, 293 
end constraints, 284 
integrating, 296 (#12) 
linear, 280 
natural, 284, 285 

Square-root algorithm, 72 
Stability of differential equa,tions, 478, 481 
Steepest descent, 412, 420 
Steffensen's method, 92, 95 
Step size 

differential equations, 466, 476, 479 
differentiation, 316, 318 
integmtion, 358, 382 
interpolation, 213, 234 

Stopping criteria, 58, 62 (#1.3) 
Successive over-relaxation, 545 
Surface area, 364 (#3) 
Synthetic division, 10, 200 
Systems 

differential, 487 
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linear, 114, 1:21. 123, 128, 136, 143, 
150, 156, 163 

nonlinear, 167, 174 

T 
Taylor series, 8, 26,. 31, 189, 313, 329 
Taylor's method, 451, 452,455 
Termination criterion 

bisection method, 58 
Newton's method, 84 
regula falsi mdhod, 58, 60 
Romberg integration, 378 
Runge-Kutta rnethod, 469 
secant method, 84 

Tra11sformation, elementary, 125 
Trapezoidal rule, 344, 354, 358, 363, 369, 

377 
Triangular factorization, 141, 143, 149 
Trigonometric polynomials, 297, 303, 306 
Truncation error, 26, 313, 314 

u 
Unimodal function, 402 
Unstable error, 33 
Upper-triangularization, !36, !50 

v 
Vectors 

dot product, 103 
Euclidean norm, 103, 162, 163 

w 
Wave equation, 516,519 
Weights, for integration rules, 344, 393 
Wiggle, 273 

z 
Zeros 

of Chebyshev polynomials, 232 
of functions, 53, 75 
root finding, 40, 51, 70, 90, 167, 174 




