Table for Fundamentals of Series: Part I: Basic

Properties of Series and Products

August 19, 2011

1 Binomial Identities

Remark 1.1 Throughout these tables, we assume, unless specified, that n, j, k, o and r represent
non-negative integers. Furthermore, we reserve x, and y for arbitrary real(complex) numbers.

1.1 Basic Identities

Pascal’s Formula

Committee/Chair Identity

Cancelation Identity
n\(n+r\y (n+r
r r S \n—r

—1 Transformation

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)



e ) larn) :<_1)n+r( a ) (1.8)

_71 Transformation

= 2n\ 1
2 — (_1\"
(n>—( 1) (n)_22" (1.9)
% Transformation
: 2n 1
2\ _ (_q1\n+1
(2) = () mam=n (110)

LD -006 L) an

1.2 Binomial Identities From the Gamma Function

Identities from T'(x)T'(1 — z) = ==

sin(7wx)

7r
Nl )= — 1.12
i n) sin(n + 1)m (1.12)
(0= =)t = (-1)" (1.13)
—n—)(n—)=(-1)"r :
2 2
Identities from Duplication Formula: T'(2z) = 22\;1 L) (z+ 1)
1 m(2n)!
(n—2)!= Vrn): (1.14)
2 22np)!
227 (pl)? !
() __nivr (1.15)

@n+1)!  2(n+3)!

(5)! (n_1>! _ oV (1.16)

2 2 n
n 22n+1

(%) = W (1.17)

k n—k 22n+2
007 i

k n—k

n) | 2m(asl) g

<%> =— = 5 (1.19)
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1.3

Limit Formulas

(1.20)

(1.21)

(1.22)



2 Series: The Basic Properties

2.1 Indices Properties

Remark 2.1 In this chapter, we assume a is a nonnegative integer. We also let [x] denote the floor

of x, i.e. the greatest integer less than or equal to x.

n n a—1
S FR) =D Fk) =D f(k)
k=a k=0 k=0
Em m—1 kit1
G =D > fG), 1<m<oo
Jj=ko+1 i=0 j=k;+1
(5] n n
2 FER) =R+ (=D k), n>a+l
kzﬁ%i} k=a k=a
(24 n n
2 FEE=1) = f(k) =Y (-DFf(k), n>a+1
k:ﬁ%g} k=a k=a
Z(%n 1)90% gz
o + T
2.1.1 Bifurcation Formulas
Bifurcation Formula
n (3] (241
YFk)y= > fek)+ > f(k—1), n>a+l
k=a k=[] k=["37]

Let i = \/—1 in the following two equations.

(2571

n [
SRR =D f@k) +i > fRk+1),  n>1
k=0 k

2
k=0 =0

|3

(3] (2571

Z(—1)[%uk2f(k;) =D (=DFfR) +i Y (-D)FfRk+1),  n>1

k=0 k=0 k=0

(2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)



Generalized Bifurcation Formulas

rn—1 r—1n—1
S fk)=> > f(rk+37), r>1
k=0 7=0 k=0

n =]

r—1 [
Zf(k)zz Z f(rk +3), n—a+1>r

0, ratr—1—j
J Ok_[¥]

n 2] 254 252]
WIOE FBR)+ > fBk+1)+ > fBk+2), n>a+2
k=a k=[212] k=[] k=[5]
n ) (274 [272) (73]
DRy =D fUR)+ D fUAE+ D)+ Y f(AE+2)+ Y f(4k+3),
h=a k=[242) k=[42] k=[] k=13l

wheren > a + 3.

Alternating Bifurcation Formula

n (3] (241
S(=DFfk)= > f@k)— > fRk—1), n>a+l
ha k=[] k=(252]

Generalized Alternating Bifurcation Formula
n—j ]

n r—1 [
Z(—l)kf(k) = Z Z (=)™ f(rk + 7), n>a+r—1

3=0 k:[a‘i"":l—j]

n (5] (254 (252]
SR = S0 (DGR - S (—DRBR+ D)+ S (—1F Bk +2),
k=a b=l e k=15]

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)



where n > a + 2.

n (%] [27] [272] [272]
D (=DFfk) = FAk) = > fAk+1)+ Y fAk+2)— ) f(4k+3),
k=a k=[=52] k=242 k=[] R=[3]
(2.16)
wheren > a + 3.
2.1.2 Basic Telescoping Identities
Y (k) = f(k+7) = (f(k) = f(k+n) (2.17)
k=1 k=1
Let Ay, f(k) = M Then,
1 1 ¢
= A f(k) == A f(k) (2.18)
gyt "=
2.1.3 Greatest Integer Function Identities
Zf(k‘)=§Zf<{—2 D (2.19)
k=1 k=1
n 1 2n—1 k
fR)=5) f (H + 1) (2.20)
k=1 2 2
n 1 2n—1 .
D (DR =5 Y (D (M + 1) 2.21)

2.2 Expansions of (1 + )" and (1 — )"
Remark 2.2 In Section 2.2, we let i = v/ —1.



Variation of Bifurcation Formula

D k)= D, (DR +i Y (CDMfRk-1)
k=a k:[aé»l] k‘Z[E;2]
Variation of Alternating Bifurcation Formula
n 5] (2]
> (k) = (—1)"f(2k) —i (=D f(2k 1)
k=a k=[231] k=[237]

2.2.1 Expansion of (1 + i)"

2n

S0 (5) = o

k=0

2 (-1 (;Z) = (DB (1 + (1)) 2"?

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



2n—1 4n
—1)* _
(=1) <2k + 1) 0

k=0

n—1

Z(_l)k<2k2i 1) = (-DEa-(=ym2

k=0
n 9 1 i
— 2k + 1

2n +1

S () - core

n

2.2.3 Expansions of (cos (§) +isin (%)

N—

(3]

(5]
y n 2"/3 . /nm
;(-Uk <2k—|— 1)3k = —3 sin <?>

(2.30)

2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



2.3 Index Shift Formula with Applications
2.3.1 Index Shift Formula
Index Shift Formula: Version 1

S Fk) =3 fn—k). a0

Index Shift Formula: Version 2
Y fky=> fla+n—k), a>0
k=a k=a

2.3.2 Applications of Index Shift Formula

n L, L4 (=1 (2n—1
:2271 2
> (o) =2 ()

otherwise, if n = 0, the sum equals 1.

"\ [4n 4n — 1
— 24n72
> (o) =2 (")

k=0

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



Variation of Index Shift Formula
(3]

D f(k) =) (f(k)+ f(n—k+1) +

k=1

1—gawf(m+1

n [25]
B L+ (=1) n
F) = Y (R + fn— k) + ———f ([5]).  n=1
k=0 k=1
& n 1+ (=" (n
()
o \k 4 5]
k
k=0
Application of Index Shift Formula with —1 Transformation
D m—-1—k i + 2k
> ("7 T = cor o (M .z
k=0

k=n

10

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

1), n>2 (2.55)

(2.56)

(2.57)

(2.58)

(2.59)



2.3.3 Iterated Index Shift Formula

YD ki) =) fln—kymn—j)

k=0 j=0 =0 k=0

2.4 Series Properties of Periodic Functions

In the following identity, suppose f(x) = f(m — x).

n—1 n—1
2k+1 4k +1
(COB-C S
0 0

"_1(_1)kf<2k+1 > Zof(4k+1 ) o

k=0
In the following identity suppose f(x) = —f(2m — x)

%Z‘:l(_l)f<2k+1 ) Q"Z:f(4k+1 ) .

k=0
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(2.60)

(2.61)

(2.62)

(2.63)



3 Calculus Operations on Series

3.1 Four Basic Integral Formulas

Remark 3.1 In Section 3.1, we assume a and b are nonnegative integers. We assume p is a positive
integer. Furthermore, we assume that a, < api1 < ... < ap < apy1 < Apio < an13. Lastly, recall
the [x] is the greatest integer in .

3.1.1 First Integral Formula

Zw(r) / f(x) dz = (b) / Fyde + 3 (o(r) — o(r — 1)) / f(x) da

r=b+1
3.1
Applications of First Integral Formula

d(p(M) —p(r—1))(m+1—7)=) @(r)—(n—a+1)pa—1) (32

DAY =) =+ 1) = (1) = (1) (n—a+1) (3.3)
S (1), 1) = A2 G4

() erEl) s

3 (Z)r — ponl (3.6)

> f(r)=nf(n) - Z (f(r+1) = f(r)) (3.7)
—~ f(k) nfln+1) < ftk+1)  f(k)
Z ko n+l Zk( E+1 k) (38)

k=1

12



n n—1

Zr! =nn! — ZTQT!

r=1 r=1

S fREDNE (fn+ 1)
H( f(k) ) Iy f(R)

k=1

3

(k* — (k—1)") f(k) =nPf(n+1) ka flk+1) — f(k)

fEADN _ e T (k177
(Y5?) =+ v TLw)

b
Il 3
—

3.1.2 Second Integral Formula

;AfﬂmM=Lmﬂmm

Applications of Second Integral Formula

n

2r+3 1
;(r+1)2(7‘+2)2:1_m

n

— (r+2)*(r+3)? 4 (n+3)2

2”: 2r+2a+1 1 1
(r+a2(r+a+12 a (n+a+1)?

r=0

n

3r2+9r+7 1

(r+ 130 +273 0 (et 1P

r=0

13

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



[e.9]

23T2+37‘+1 B
r3(r 4+ 1)3 N

r=0
- T 1
2 (r 1 1)! (n+1)!
“ r? 4+ 2r B 1
= (r+1)2(r!)? N ((n+1))?

14

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)



3.1.3 Third Integral Formula

i‘z(—w [ s@ e = -1

ap

apt1

An 2
f@yde+ (-1 [ f@)yde 629
An 41

Applications of Third Integral Formula

Y (1) (F(r+2) = F(r)) = (=1)* (F(b+ 1) — F(b)) + (-1)" (F(n + 2) — F(n + 1))

(3.29)
D_(=DM (R + 3k + Dkt = (=1)"(n+ D(n + 1)! (3.30)
k=0
- 1k 1 1 (—1)"
kz_;( ) (k+1)(k+3) _4+2(n+2)(n+3) (3.31)
; k+1D)(k+3) 4 (3.32)
- K + 3k + 1 nt 1
kT E3k+1 L nt 1
kz:%( g (k + 2)! = (=1 (n+2)! (3.33)
Dt Lt -

— (k+2)!

3.1.4 Fourth Integral Formula

n+3

(1) / " pa)de = 3 (1) / f (@) de + / f@de+ (0" [ f@) de

r=0 r=2 Ap 42

(3.35)
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Applications of Fourth Integral Formula

Y (1) (F(r+3) = F(r) =) (=1)" (F(r +1) = F(r)) + F(1)

+(=D" (F(n+3) — F(n+2))

3.2 Three Integration by Parts Formulas
3.2.1 First Integration by Parts Formula

S F(R)(p(k) — ok — 1)) = F(n)p(n) — FOL)p0) — 3 @(k)(F(k + 1) —

Applications of First Integration by Parts Formula

RSVIOENICESY

— k(k + 1) P E+1

o0

2k +1
k2k+1 Z/{;3k+1

— F(0)

(3.36)

(3.37)

(3.38)

(3.39)

f(k))
(3.40)

(3.41)

(3.42)

(3.43)



3.2.2 Second Integration by Parts Formula

Assume « is a nonnegative integer. Let S, = > a;.

n

> awb= > Sk (b — bey1) + Snbnt1 — Sabasr (3.44)
k=a+1 k=a+1

3.2.3 Third Integration by Parts Formula

1

n—1 n n—1 n
/ H u; du,, = H u; — Z/ <H 'u,i) — duy, (3.45)
i=0 i=1 k=1 i=1

U

3.3 Taylor’s Theorem

Remark 3.2 Let f(x) = Y1, a;z’, where the a; are independent of x. Let f*)(z) denote the k'
derivative of f(x). Let f*)(y) be the k™" derivative with respect to x evaluated at y.

Taylor’s Theorem
n ok
@) =3 ) 346
=0

Two Variations of Taylor’s Theorem

n k
faty) =3 50w (347)
k=0
fl@) =2 700 (3.48)
k=0 "

3.4 Taylor’s Theorem for Real Valued Functions of Several Variables

Let ¢ be a real valued function of n variables, say (z1, z, ..., ). Let
(with respect to the variable x;) of ¢(x1, ..., ) taken j; times. Then,

gji, be the partial derivative
z;

‘P(ml + hl, 2 + h2, ceeg Ly —|— hn) e

> 1 k! Q. g2 . QIn
Yo Y o (A Rk P(T1yeeey 1) (3.49)
= k! vio<n<k, J1tg2legn! ox, o0x, ox,,

Z?=1ji:k
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3.5 Leibnitz Formula: Generalized Product Rule for Differentiation

Remark 3.3 In Section 3.5, we assume u and v be r—times differentiable functions of x, where
r > 0 and integral.

Leibnitz Formula

d" N\ dFudto
gz (1Y) <k) dz™—F dak (3:50)

3.5.1 Applications of Leibnitz Formula

AN x" 1 (N 1+HEY
= (2n+k L o
Z( . >§_2 (3.52)

AN x” n n! = (r k! zk
S o _gn 3.53
— (r)x (1 —x)rtt o (r)x e — (k) (k—7r+n) (1 —a)kt! (3-53)

- 2n xk
_— 3.54
— (k + n> (1 — )kt (3-54)

~ (k+n\ , 1 2n\ , 2n ghtn
() mmm G- L) o

k=0 k=0

3.6 Three Versions of the Generalized Chain Rule

Remark 3.4 In Section 3.6, we will let D, represent differentiation with respect to z. Hence,
D" f(z) is the n'* derivative of f(x) with respect to z, i.e. D"f(z) = D.D.,...D.f(x), where
the product contains n factors. We will let D, represent differentiation with respect to x. We also
assume that x is a function of z, i.e. * = xz(z). Finally, we let, o, unless otherwise specified, denote
a nonnegative integer.

18



3.6.1 Version 1: Hoppe Form of Generalized Chain Rule

D f(x) =

Applications of Version 1

(e

D2 f(2)]:=atbe = binD; flx), b#£0

Remark 3.5 In the following identity, o is any real number. Also, we assume u = u(x).

Dy = zn:(—l)k(@ f:(—w‘ (’;) w® Dy

k=0 j=0

Remark 3.6 In the following identity, let x = €*. Then, D7 = (xD,)".

Gunnert’s Formula

n

D7 f(x) = (xD)"f(x) = ) D"f(:v)e“z

a=0

Derivatives of Reciprocal Functions

2 (3) -2 ()7
(7w) = ;)JZO(_ ¥ (5) GaypaD: v@r
(7@) - JZO(" "G i) e

xJ

D (f(x))

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

Remark 3.7 In the following identity, assume f(x) = > ;- a;x", with f(0) = ag # 0. Note that

all a; are independent of x. Furthermore, assume for a nonnegative integer 3,
(f(x))ﬁ = ZJ o bgﬁ)xj. Once again, all bgﬁ) are independent of x.
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T i1\ o
o Zﬁz(_”k(m 1) e (369

Remark 3.8 In the following two identities, both u and x are functions of z.

n kE  «
D (2) =" (Z) DNy (~1) ((;) #D';xﬂ' (3.65)

k=0 a=0 j=0

. . e = (k1) (<1,
nO-EQmE () o

k=0 j=0

Remark 3.9 In the following two identities, assume f is any n—times differentiable function. Also
assume a is independent of x

(a —;;)"HDZ (C{(_xl) _ 3 (a ;!x)kD];f(m) sen
a—z)" a) — flx " (a— )
( n!)+DZ(f(C)L_£( ))Zf(a)_kzzo( . ) D} f() (3.68)

Remark 3.10 In the following identity, due to G. H. Halphen, we assume [ and ¢ are n—times
differentiable functions. We also let ¢) (%) denote the k' derivative of ¢ (%) with respect to %

Dy (f<w>¢ (i)) = i(—l)’“ (Z) x—lm““’ (%) Dyt (%) (3.69)

k=0
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Remark 3.11 The following identity is a generalization of the Version I due to R. Most. He as-
sumes that both f and ¢ are (n + m—)times differentiable functions, where m is an arbitrary
nonnegative integer.

n _n+m(—1)k E(F() bl - ik k=i pn 37_j
pis =3 Shptueeen S () () e

Remark 3.12 In the following identity, due to R. Most, o and 3 are arbitrary real numbers.

o . n+m a+p—j
7=0

3.6.2 Version 2: Operator Form of Generalized Chain Rule

D f(x) =)  A7}(2)Dif(x), (3.72)

Jj=0

where A?(z) are independent of f and calculated by

1 .
Aj(z) = ﬁDi (e™**D7e) |i=o (3.73)

3.6.3 Version 3: Faa di Bruno’s Formula for the Generalized Chain Rule

" t 1 n! I\ 1\
D f(x) =) D (). > D) (D) . BT
E—1 H 1 a*

Jilgalga!

where the inner sum is extended over all partitions such that >} j; = k and Yy ;| jik; = n.
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4 Iterative Series

Remark 4.1 In this chapter, recall that x| is the greatest integer in x.

4.1 First Example of an Iterative Series

n (3] (2] n
DD A=) ) Ak (4.1)

r=0 k=0 k=0 2k

4.1.1 Applications of the First Iterative Series

5] -n[3]- 3

n n (3] 2k—1
= 5170 =13] ;f () =22 1) 4.3)
S 3] =S
i (5] 2k—1
2 (r) H = [5] 2 - 2. 2 (T) 4.5)
- [5) = [3) @

Remark 4.2 In the following identity, assume {a,}:° , is a sequence which obeys the Fibonacci
recurrence, i.e. G, = Qn_1 + Qp_o forn > 2

r—k
(k)=§mz%ﬁ—1 @.7)
0

22



3

SN T 23 ((n+ D7
g 2" cos <§> = sin | ———
r=0

Generalization of First Iterative Series

n 7] (] n
SN A => > A,

k=a i=a i=a i

where r and a are integers such that r > 1 and a > (.

4.2 Second Example of an Iterative Series

n [Vn]l n
D Z Ak =, D Au
k=1 i=1 =1 k=i2
4.2.1 Applications of the Second Iterative Series
n [Vn] n
D IVHF(R) =) f(k)
k=1 i=1 k=2

6

" VE
L QZW— o

8

k=1 i=1

23

S IV = [y (1 - VI

(4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)



4.3 Third Example of an Iterative Series

n 2t—1 2" —1 n
DD A=) D A
=1 k=1 k=1 i=1+[log, k]

4.3.1 Applications of the Third Iterative Series

on_1 n_1 n 2'—1
> logy klf(k)=n ) f(k) - f (k)
k=1 k=1 i=1 k=1
2" —1
log, k] = (n —2)2" 42
k=1
2n—1
log,(2k)] = (n —1)2" + 1
k=1
2n—1
> [logy(2k — 1) = (n—2)2" " +1
k=1
on_1
(—1)"[logy k] = 0
k=1

> (DM logy k] =n

k=1

n 2—1 2n—1 n

NS ra=Y > f6)
1=1 k=1 k=1 i=1+[log, k]

4.4 Standard Interchange Formula for Iterative Series

Remark 4.3 In Section 4.4, we assume a is a nonnegative integer with a < n.

n k n n
DD A=) ) A

k=a i=a i—a k=1

24

(4.15)

(4.16)

4.17)

(4.18)

4.19)

(4.20)

4.21)

(4.22)

(4.23)



4.4.1 Variations of Standard Interchange Formula

n n—a n—k

§ E Az k — E § A'Ln k
k=a i=a k=0 i=a
n k n n—i
E E Aip = E E A jti
k=a 1=a i=a k=0
n k n—a n
E E Ai,k = E E An—i,k
k=a i=a =0 k=n—1
n k n—a 1
E Az k= E g An—z k+n—i
k=a 1=a 1=0 k=0
n k n—a n—a
E E Az,kz = E E An—z k+n—i
k=a i=a k=0 i=k
n n  n—a
E E Azk - E E An i,k—a+n—1
k=a i=a k=a i=k—a

n k n n
Z Z Ai,kz = Z Z An—i+a,k+n—i

k=a i=a k=a i=k

4.4.2 Applications of Standard Interchange Formula

n 2n—k 2n 14
ZZAzk—ZZAZ kk — Z Z Aikk
k=0 =0 =0 k=0 i=n-+1 k=n+1

n k n n

I @ =D> @

k=a j=a j=a k=j

25

(4.24)

(4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)



~ k(k) B mn+n+m(n+1>
— \m m+ 2 m+1
where m is a nonnegative integer

4.5 Fourth Example of an Iterative Series

(4.33)

(4.34)

(4.35)

Remark 4.4 In Section 4.5, we assume a and r are integers such that 0 > a > n and r > 1.

n rk n n
D A=, > A

k=a i=a i=a k:[i""’_l]

4.5.1 Applications of the Fourth Iterative Series

S A=Y Y A

k=1 =1 i=1 f— z+1]

S A=Y Y A

k=1 i=1 i=1 p— H-?]

_ [z — 1] rn(n2— 1)

1=

2n i— [n+1]( )

ZM—Z 2 A

k=0 i=k 1+1]

26

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)



S A=Y Z]Am

k=0 i=k =0 f—[itl

S A=Y Y A

k=0 i=k 1=0 f— 122]

DD A= D Ak
k=1 i=k =1 k=0

4.6 Fifth Example of an Iterative Series

Remark 4.5 In Section 4.6, we assume p is a positive integer.

S An=3 Y Auw

k=1 i=1 =1 p= 14+[ ¥i—1]

4.6.1 Applications of the Fifth Iterative Series

n k2 n? n
2.2 Aw=) )L Au

k=1 i=1 =1 k=1+[/i—1]

n k3 n3 n
DD Aw=d D Au
k=1 i=1

=1 p=1+[{/i-1)

2.0 Aw=d >, Au
k=2 i=2k

1=2 fk=1+4[yi—1]
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(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)



4.7 Two Special Iterative Series

Remark 4.6 In the following identity, we define ! ™! as the inverse function of \. That is, x! = n if
and only if \"'n = x. Furthermore, we assum =11 = 1.

> Z Aig = Z Z Ak (4.48)

k=2 =2 =2 k=1+[1"1(i—1)]

Remark 4.7 In the following identity, we assume g(x) is a function such that x* = z if and only if
x = g(z).

ZZAM—Z Z A (4.49)

n
k=2 i=2 =2 k=1+[g(i—1)]

4.8 Iterations of the Hockey Stick Identity
Let

n k'rl

SEDID 3 3R oI

=0kyr—2=0  k1=0

(T)kl

be the r—fold iterated sum of f (k).

Iterated Hockey Stick Identity

- J _(n+T
%:(Q_(kw)? r>1  nk>0 (4.50)
4.9 Iterated Sums with Deleted Terms
SN A=) A=) ) A=) > Ay (4.51)
7j=0 2=0 1=0 7j=0 7,#0 1=0 _7;0
17 JF

28



4.9.1 Applications of Deleted Terms Identity

Remark 4.8 In the following identities, let A; ; = w,;v;.

where the left hand side is an r— iterated product, for r and n fixed positive integers.

=0 =0

]O’LO

O
j=0 i=0 =0
Aig =Y A=) > Ay
j=0 i=0 1=0 j=0 =0
i#En—j
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(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)



5 Three Convolution Formulas for Finite Series

5.1 First Convolution Formula

Z Zf(i)so(j) = (Z f(i)> (Z <p(j>)

= Zf(k)cp(k) +> D (F@eE+3d) + fFE+ D)), n>2

j=1 =1

5.1.1 Applications of First Convolution Formula

(Z AZ> (Z Bj) Z ALBy + Z Z ApBrir + Ak+er> n>1
i=0 =0

r=1 k=0

<Zf(i)) Z(f(k)) +2ZZf(k:)f(k—|—r), n > 2

r=1 k=1

n 2 n—1 n—r
Zl Z
=1

k=1

0 [ee) 1 oo k-1 1 71_4
D ) M el v
r=1 k=r+1 k=2 r=1

5.2 Cauchy Convolution Formula
Remark 5.1 In this Section 5.2, we let [x] denote the greatest integer in .

k=[5 (k—n)

(Zf(’@) Z Y. F@f(k—1i)

k02[+](k n)

30

S S\ N N R+ (R
<Zf(k)> (ZW>_ D sy (R

(5.1)

(5.2)

(5.3)

(5.4)

(5.5

(5.6)

(5.7)

(5.8)



5.2.1 Applications of Cauchy Convolution Formula

K2

> (") - (1)

where k, r, and q are nonnegative integers.

> ()= ()

Vandermonde Convolution

Companion Binomial Theorem: Let n be a positive integer

(1—x>n_z§y(k+n_1) = @m> <t

k=0
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(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



5.2.2 rt" Power of an Infinite Series

Let 7 be a positive integer. Assume f(z) = >~ aj,z". Then,

where

(f(w))r = Z ar,kwka

k

Qrf = g Qr—1,:01 k—;

=0

5.3 Third Formula Convolution Formula

Remark 5.2 In Section 5.3, we let [x| denote the greatest integer in .

(2]

Zazanz—ZZazanz—Fl—H 1)n [g], n>1

Variation of Thlrd Convolutlon Formula

1_( 1)n a?

Zaza’n i+1 — 2Za’zan i+1 + [ +1]7
2

5.3.1 Applications of Third Convolution Formula

2n

n
E a;Agp—iy1 = 2 g i A2n—i+1, n=>1

i=1 i=1

2n+1 n
2
E Ai2n 1o = 2 E @jA2p—i4+2 T Qp g, n=>1

i=1 =1

n—1

_ Qop—1
E QrQon—1—k = 9
k=1
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(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)



"o+ 1\?  1/4n+2
- 7 2\2n+1

6 Finite Products: Elementary Properties

(5.25)

(5.26)

Remark 6.1 In this chapter, we assume, unless otherwise specified, that a and p are nonegative

integers.

6.1 Basic Properties

6.1.1 Communativity Property
[I rR)e(k) = T £(k) [] e(k)
k=a k=a k=a

Applications of Communativity Property

n 2n—+1

[T 7@k fk+1) H f(k n>0
) EEACRE, P
k=0 f(2k + 1> k=0

33

6.1)

(6.2)

(6.3)

(6.4)

(6.5)



6.1.2 Exponent Property

[[o/® = aSie s

k=a

Applications of Exponent Property

6.1.3 Logarithm of Product Property

log, [ [ (f(k)" =p_ log, (k)

6.1.4 Product as an Exponential Function

H f(k) = eXk=a0f(k)
k=a

- n n oo 1 (F(R)
[T+ f(k)) = eXime /B Xiee DZCDTH0E 1 ()] < 1, a <o <
k=a

34

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

6.11)

(6.12)

(6.13)



6.1.5 Factorial as a Finite Product
H k= n! (6.14)

Remark 6.2 In the following identity, we assume b is a nonnegative integer. If the reader wants to
let b be an arbitrary complex number, then he or she must use the convention T'(b) = (b — 1)!.

k]:[ (k+b) = % (6.15)

Remark 6.3 In the following identity, we assume b is a positive integer greater than n. Otherwise,
the reader must use the fact that I'(b) = (b — 1)! whenever b is a complex number which is not a
negative integer.

(b—a)!

[[e—k) = G—n=1 (6.16)

Remark 6.4 In the next eight identities, v is any complex number for which the corresponding
factorial expression will be defined via the Gamma function (see Remark 6.2).

n Zy|
H(2j+x) :2““—(Z+ 2)", n>0 (6.17)
=0 (5 - 1)
n —z)|
12— :2n+1<”x_2)-|, n>0 (6.18)
j=0 (_5 - 1)
ﬁ(4j2 7?) = 922 (n+35)! (n—3)! ’ n>0 (6.19)
EIEESIEES
n ztl))
H(2j+1+x>—2n+l(z—+1_ 2 )|’ n>0 (6.20)
i (5 - 1)!
n —z+1Y)
H(2j+1_$):2n+1(7j:+1—z>>'-, n>0 (6.21)
o (5= - 1!
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H ((QJ ! 1)2 - $2) - <nn++x?) (nn—:?) (n+ 1>‘)27 =0
[ -5 = (590;_”{),, >0
[0+ = (N nzo

(6.23)

(6.24)

Remark 6.5 In the following identity, we assume b is a positive integer. The resulting factorial

expressions are evaluated by use of the Gamma function (see Remark 6.2).
[T +0k) nty)
e G

H(2k+1)_(2"—1'1)', n>1

n

[[26k=2"n!, n>1

[T+ kP =((n+1))
k=1

6.1.6 Binomial Coefficient as Finite Product

[ (D)L 2)- (50 nen o

k=1 k=1

k=1
& ny _ (2n)!
IE(HE) = "2l
n—1
(1 - %) = (—1)™, o >2
k=1
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(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)



Remark 6.6 In the following three identities, we assume a is a positive integer. The corresponding
factorials are evaluated via the Gamma function (see Remark 6.2).

n 1
] (1ii> _ (”iﬁ), n>1 (6.33)
ak n

k=1

1 <1 B ) _(n +.i)!_(7"f —.i)! n>1 (634)

ﬁ (1 B a21k2) - (%)!1(—1)! = Singg) (6.35)

k-1 2 k-1 7.2 k :
n (=) k <2k> (Qn) (n - j)
1 - .—) = — . : (6.36)
e ( ]2 92k n2 ]Z:; 2] k -7
ot n2\ (=1 (2n
(1) C0 ) -
o 7 2 n
6.1.7 Index Shift Formula
[[ &) =] f(n —k+a) (6.38)
k=a k=a
Applications of Index Shift Formula
[[¥#=m) n>1 (6.39)
k=1
n—1
[[kn =) =((n-1))* n>2 (6.40)
k=1

”Zl—1>:1, n>1 (6.41)



k=0 k=0 k=0 k=0
n 1 n—1 n—1 B\ (k+1)
— = —(k+1) _ 2
- I(-5) o e
k=1 k=0 k=0

6.1.8 Two Cancellation Properties
ﬁ fk+1) fn+1)

L f(k) f(a)
“ k-1 _fla-n)
e R

Applications of the Cancellation Properties

n

H(1+%>p:(n+1)p, n>1

k=1

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)



3
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(6.52)

(6.53)

(6.54)

(6.55)



Remark 6.7 In the following identity, we assume r is a positive integer such that r > n + 1,
for fixed integer n > 1. If the reader prefers to let r represent an arbitrary complex number, the
factorials must be evaluated by the Gamma function (See Remark 6.2).

nr_k_(nil)_ (r—1)!

Wes1™ ) ~ i —n—1) (6.56)

1

Remark 6.8 In the following identity, we assume v = 0 or r = 1. If the reader prefers to let r be
any complex number which is not a positive integer greater than or equal to 2, he or she should
ignore the binomial coefficient representation and evaluate the factorial by the Gamma function
(See Remark 6.2).

Sok+1l (MY (n+ DI —1)!
]Hk+1—r_ (i)  (n+l—r) nzl 6.57)

6.1.9 Three Product Identities From Identity (3.7)

n

H<1+1)k: (a=Dint D"y (6.58)

P k a®1n!

n n k2
[ =e+0"] <L> ., n>1 (6.59)
k=1 k=1 k +1

n n 1\" '
111 (1 + E) = (n+1)", n>1 (6.60)
k=1 k=1

6.1.10 Iterative Product Formula

ITII £k = T[T )™ =[] (f(n — k))EH 6.61)

i=0 k=0
Applications of Iterative Product Formula

[]## = ()", n>1 (6.62)
k=1
[[+ k=), n>1 (6.63)
k=1
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6.2 Trigometric Products

Remark 6.9 In Section 6.2, we assume the reader is familiar with the Weirstrass Factorization
Theorem. The reader may find this important theorem on the Wikkipedia website.

Product for sin(0)

0 2
sin(0) =60 ] [ (1 — k;) (6.64)
k=1

Product for cos(0)
- 462
k=1

7 Intermediate Level Calculations Involving Products

Remark 7.1 In the following chapter, we assume, unless otherwise specified, that v and n are
positive integers.

7.1 Defining n! as a Product Limit

) rn! B
i (r+1)(r+2)...(n+r) =n 7.1y

) rr B
Tlgg} n+1)(n+2)...(n+r) =n (7.2)

. 1
lim 7 [ [ —— =n! (7.3)
re g (1+%)

lim (1 n ﬁ) _ 1 (7.4)

r—00
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7.2 Products From a Recursive Sequence

Remark 7.2 In Section 7.2, we assume a such that a > 2. We assume n is a nonnegative integer.
We define the sequence (u )52, by the recursive definition (an — 1)ug, = g nt+1 with ugy = 1.

r—1

Uo i1 = Uon—rs1 | [(an — ka — 1) (7.5)
k=0
Up 1 = U0 H(an —ka—1) (7.6)
k=0

Remark 7.3 In the following four identities, we let a = 2. Also, any noninteger factorial is
evaluted by the Gamma function, i.e. I'(x + 1) = x, for all complex numbers x, except negative
integers.

n—1 .
2 F(Qn 1) a7

[Jn—2k-1)= —% (n — %)1 (7.8)

II O (7.9)
n 2n+1ﬁ

2%k +1) = 7.10

e ] o

42



7.3 Applications of Binomial Coefficient as Product Formula

2r41 r
("+T> :i<2") H—2"+2k+1, (7.11)
n 22n \ 2 o 2k+1
where 1 is a positive integer and r is a nonnegative integer.
z 2n\ 2 1
(1)~ (o
n n 2
n+3\  /2n)(2n+1)(2n+ 3) (1.13)
n ) \n 3 * 22n '
n+3\ _ (20 (2n+1)(2n+3)(2n +5) (7.14)
n n 3% 5% 220 '
n+1 2n\ (2n+1)(2n+3)(2n +5)(2n + 7)
= o (7.15)
n n R ENEY

Remark 7.4 In the following three identities, any non integer factorials are evaluated via the
Gamma function (see Remark (7.3))

n+ ¢ 2n + «a)! (e=2)!
( +2> - gn n! ) ( i—>1 !’ (7.16)
n 22nIn! (n + T)
where n is a positive integer and « is a nonnegative integer.
n+k 2n + 2k)! (24!
( . ) - e (717)
n 227(2k)!n! (n + )!

2

where n is a positive integer and k is any real number.

21
(271247—12]{) (2:) _ g2 (n :L_ k:) (n +n 5 )7 (7.18)

where n is a nonnegative integer and k is any real number.
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Remark 7.5 In the following three identities x is an arbitrary complex number, h is any nonzero

complex number and n is a positive integer.

n—1
L g1
||(x+k;h):h”n!(h+n )
n

X
lim h""n! <h> ="
h—0 n

7.4 Induction on Three Product Expansions

Remark 7.6 In Section 7.4, we let [x] denote the greatest integer in x.

7.4.1 First Product Expansion

lﬁk%l :nkl:[l(l_i_[\/g])? n>2
[vn] n
(val+ Ve TRt = Tla+ [VR). nz2

7.4.2 Second Product Expansion
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(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

(7.26)



7.4.3 Third Product Expansion

g(u%):w—lﬂ_l)n, n>2

7.5 Three Product Functions
7.5.1 First Product Function

n

[1G+2H0 2% = H (1— a9 :H _ )

i=1 j=n+1
7.5.2 Second Product Function

n 2n

H(1 — ) (1= 2P = H(1 — a7)

7.5.3 Third Product Function

n n

[T +2*)+2%) =] +2%)

i=1 j=1

7.6 The Product Functions [[_, 2 and [[7_,(1 + =)

(7.27)

(7.28)

(7.29)

(7.30)

Remark 7.7 In Section 7.6, we assume a is any nonzero real number, except 1. Also, we may
assume that x is any nonzero complex number for which the products and resulting functions are

defined.
n k a"+1—1
H v =x o1
k=0
ﬁ n 1 =z 1
o z?*)  x—1 x2"tt
n+1
ﬁ (14a*) = @ —1
r—1

k=0
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(7.32)

(7.33)



k=1

"1 ( 1) 1 1
—(1-—=)= n>1
2k 2k 2 2n+17

k:1$ A xr s
=1 1 -
Zﬁ 1_m2k = 2 ] =1
k=1

Remark 7.8 In the following four identities, we let v = 2.

n

H 22’f _ 22"+171

k=0

o0

H<1+2%):2

k=0

7.6.1 Product Identities Involving Geometric Series

n r—1 r*—1 n
_ 1—=x"
H ac“”kl:Zaﬂzl , n,r>1, *x #1
k=1 i=0 7j=0 -
n 3 1 o 3n
H(l—l—xgkl—l—xQ*%_l): 1 z , n>1, x#1
—x
k=1
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(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)



8 Relationships Between Finite Series and Finite Products

8.1 Series as a Product
J(k) = f(1 1+ == 1> > 2 (8.1)
s =so 1 (155 )

8.1.1 Applications of Series as Product Formula

"1 u 1 1
> 5T = H2 (1 + e 2) =2- 5 (8.2)

- 1
H<1+2k_2>:2 (8.3)

ECESVIE S AN = (8.4)
>y U eT) =0
ﬁ(“ : ):2 (8.5)
k2 —1
k=2
o k(k+2) 3,!_[2 <1+ (k — 1)(k:+2)(3l<;+2)) T A(n+1)(n+2) (8.6)
i a(k +1) 9
,g <1+ (k — 1)(k+2)(3k+2)) T4 (8.7)
2k (’Hl)!:H(H(kzﬂ)!—k—JZQ_M (8.8)
=1 k=2
1(: : =2 (8.9)
,!_[2(+(k+1)!—k—1>_ .
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~ k(k+2) 3¢ k(k +2) L 1
k4%+W%W_ZH(HYhHW%W—D>_1((

o k(k+2) 4
IIO+%+D%WV—D>_§

8.2 Product as a Series
k—1

[I+rk) =1+701)+) f(k) H 1+ f(3))

8.2.1 Applications of Product as Series Formula

Remark 8.1 In the following five identities, we assume r and n are positive integers.

z’"‘: k+r—1\1_1/n+r\ 1
r Er\ r r

k=1

0l &Kk 1 1
lim = —
r—oo =1 = r Jk+r nl

—

GRSy
M T4k

o =

Remark 8.2 In the following two identities, we assume 0° = 1.

z”:(1+k)’f—kk (n+1)"

prd k! n!
1
n kE_ 1k n
hm( (1+k) k:) .
k=0

48

n+1))?

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)



8.3 Schlomilch Series to Product Identity

n k+1
> ui H B
=0 1= Ouz

8.4 Schlomilch Product to Series Identity

H v; = vo + vo(v1 — 1) + vov1(va — 1) + ... + VeV1V2... V1 (Vv — 1)

=0
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Fundamentals of Series: Table II: Examples of Series

Which Appear in Calculus

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 The Binomial Theorem

Remark 1.1 In this table, unless otherwise specified, n and r are nonnegative intergers, and x
and z are arbitrary real or complex numbers. We also assume that for any real number x, [x] is

the greatest integer in x.

1.1 Binomial Theorem

1.1.1 Basic Form with Integer Power

" /n
(x+a)™ = Z <kz) x™ *a®, where a is an arbitrary real or complex number

k=0

1.1.2 Newton’s Binomial Theorem

z
14+ 2)* = a:k, where z is a real or complex number and || < 1
k
k=0

1.1.3 Applications of Newton’s Binomial Theorem

i(zk):);’f 1 o < 1
2k~ =g *
pr k /2 1—=x

(1.1)

(1.2)

(1.3)

(1.4)



i(—l)k(Z:) 2% = ? (1.5)

k=0
> [2k ¥
- <k>22’“(2/f—1): SR e
k=0
= (2k 1
2 <k>22k(2k—1) =0 (1.7)
k=0
= (2k\ (-1)F
; (k)—Q%(% 5= —V2 (1.8)

1.2 Companion Binomial Theorem

Remark 1.2 In Section 1.2, we assume p is a nonnegative integer. We also assume a and b are
arbitrary real or complex numbers.

Companion Binomial Theorem

> /n+p n_°° N\ 1
()= ()= g el < 19

n=0 n=p p

1.2.1 Applications of Companion Binomial Theorem

(a + b)P+1 = gt Z(_l) < L )J |E| <1 (1.10)
1 1 o= (k+p\tF b
(a — b)Pt1 :ap-HZ( L )ga |5’<1 (1.11)
k=0
A+ amypr Z(—Uk( k )ﬂf i<l meR (1.12)

k=0



WZZ( k )x ’ lz| <1, m € Re

k=0
L - w(k+p —m(k+p+1)
W:Z(_l)( L )x P, lz| > 1, meR
1 ° k+p mltptD)
g () el > 1 mew
k=0

1.2.2 Finite Version of Companion Binomial Theorem
- K\ 1
> ("1 ")z
k )2k
k=0
Variation of Finite Companion Binomial Theorem
n
k=0
Application of Finite Companion Binomial Theorem

i AR\ L
n 2k

k=1

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)



1.3 Binomial Theorem with Complex Exponents

Remark 1.3 The material in Section 1.3 is found in T. J. I’a. Bromwich’s Introduction to the
Theory of Infinite Series, Second Edition, 1949, Chapter 9, Article 96.

Let o, 3 € R. Leti?2 = —1. Then,
. > [a+ B
(14 x)otP = Z ( ! ):vk, (1.19)
k=0
where
a. The series is absolutely convergent for |x| < 1.

b. If a > 0, the series converges absolutely on the circle |x| = 1. Hence, the series is uniformly
convergent within and on the circle |x| = 1.

c. If =1 < a <0, the series converges on the circle |x| = 1 except at x = —1.

d. If « < —1, the series diverges everywhere on the circle |x| = 1.

1.4 Applications of the Binomial Theorem

1.4.1 Derivatives of the Binomial Series

S <n> (k) g <"> (1.20)
— k r r
(k> — on—7 (") (1.21)
T T
k) ok — gran—r <") (1.22)
T T

S0 () (1) = corara - () 123
:O<—1>k ()2 =201y (1.2



1.4.2 Expansions of (1 — x) ™2

> (Qk:) koo x 2 <1
= — x
=\ k 22k 2(1 — 3;)%
> 2k + 1 1
Z ( ) 92k at = 3 2| <1
)2

k=0
= /2k\ 2k + 1
Z( ) 93k _\/g

k=0

Bruckman’s Formula Version 1

kf% (E) (n?lk?) (2k + 1)(271 —2k+1) o +;)12 (7))

Bruckman’s Formula Version 2

Z”: (Qk) (2n —~ 2k) 1  gen
A\ k)\n—k )JQk+1)2n—2k+1)  (n+12(*7)
24n

(n+1)(2n+1)(*")

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)



1.4.3 Expansions of (1 — x)2

= (2 " .
Z<k>m——(1—l‘)2, 2] <1

XL /2k 41\ 21— (1—42): 1
Z = , |2| < =
ko )2k+1 2 4

k

144 Evaluation of Y-7_, (%)=

n k 1)+t — 1
Z(n> R , xH#O0
o \k/ k41 (n+ 1)z

2”: ny 1 21
k)k+1 n+1

k=0

2n k
(1 2n\ 281
k)Jk+1 2n+1

k=0

i( (2L ok g
k Jk+1 n+1

k=0

2n
on \ 28 o 1
2 )(k—1>k+1 n+tl 2n+1 7

k=1

(3]

w[3

n ka B (ZL’ + 1)n+1 _ (1 _ x)n+1 ) # 0
£~ \2k)2k+1 2(n+ 1)z ’

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)



[

|3

]

n\ 1 2"
(Qk:) 2k+1 n+1 (144)

k=0
(5] 2%
1 n+1 1— n+1 )
Z( " )x _ )+ f) L 240 (1.45)
=~ \2k+1)k+1 (n+ 1)z
%] n 1 ntl 9
= 1.46
kZ:O(Qk—i-l)k—i-l n+1 ( )
" /n k! Lol ((z+ 1) — 7,;:(1) (") k)
= = >1 1.47
<k> (/{:—H")!x (n+r)lar ’ v70, 72 (1.47)

_ o> (1.48)

n (n) okt ((L’ + 1)n+r _ Z:;[} (n;rr) 7t
n+r
0 ( n )

Z(-N(Z) T TT)! = (—1)T+1n!2(—1)km, r>1 (1.49)

r—1

i(—l)’(Z)ﬁ ( )t Z <k+r>xa> _ 1y (fif) Pe1 o (150)

a=

1.4.5 Expansions of (¢t — a)" ' (t — (a + nx))

Remark 1.4 In the identities related to the expansion of (t — a)" *(t — (a + nx)) , we assume,
unless otherwise specified, that x, t, and a are nonzero real or complex numbers.

Z( 1)k ( )tn—k g+ kx) = (t —a)" ' (t— (a+nx)), n>1 (151

lim (—1)* <Z> "k a4+ k) =" —nat" !, n>1 (1.52)



Z(_l) (:) (.f(w))k (a+ kx) =
(1 — f(x)" " (a — (a+ nz)f(z)),

é(—l) (}) F@)*(a = ka) =

(1.53)

(1.54)

n>1

(1.55)

1—f(@)" " (a—(a—nz)f(z)), n>1

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

(1.61)



(1.62)

(1.63)

(1.64)

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)



1.4.6 Number Theoretic Result Due to Euler
Let f(x) =Y a'.  Then, f(z)|f(z+ f(x)). (1.73)
1=0

1.5 Four Versions of the Multinomial Theorem

Remark 1.5 In Section 1.5, we will assume « is a nonnegative integer. We also assume that j; is
a nonnegative integer.

~ “ a!l . .
(Za,) = Z al’ail'...al” (1.74)

PP P | !
i=0 Vjsuch that Jo:J1:J2%--Jn’
Z?:oji:a
n (0%
al PN
E a; = E PR LG I W i (1.75)
i=1 Vjsuch that J1iJ2s-Jn
Z?:Lji:a
n ' @ N<oo ol - . .
doaw'| =) a* > ———————ay’ai’ ..y (1.76)
i=0 k=0 Vjsuch that Jo:J1:J2% - Jn:

Yo Ji=a, X, Wi=k

n o N<oo
E a;x'| = E x*x
k=0

1=0

a _ ~! o .
> ad ' ——————ala2...a¥  (1.77)

Vjsuch that
Jot+v=a, Z?:l Ji="> Z?:]_ 1j;=k

10



2 The Geometric Series

Remark 2.1 In this chapter, we will assume, unless otherwise specified, that a is a nonnegative

integer and x is an arbitrary nonzero real or complex number.

2.1 The Basic Geometric Series
2.1.1 Finite Geometric Series
>t =
k=a

xn—a—i—l -1

z—1

n

1 1amet -1
O e
Zz

v x—1
k=a

2.1.2 Infinite Geometric Series

oo ma
Z wk e ’ |m| < ]_
— 1—=x
o0 1—a
—k x
Z[E = , lz] > 1
— z—1

2.2 Derivatives of Geometric Series

n n+l _ 1™ 1
kak—l — nx (TL+ )‘T + 7 xr % 1
k=0

(z —1)
n 2 n
lim kak = non = k
rx—1 2
k=0 k=0

z”: k2 L 77/2an—&-3 _ (27’L2 4o — 1)xn+2 + (TL + 1)2xn+1 . 372 —
xr = s
— (x —1)3

k(k —1)2F = (n? — 3n 4+ 4)2"t! — 23
k=0

11

(2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)



Z k22 = (n? — 2n 4+ 3)2"* — 6 (2.9)

n 2 n+l

2.3 Integrals of Geometric Series

o0 +1
n(l+z) =Y (-1 k+1 x| < 1 2.11)
k=0
= k—ll
m2="> (-1) . (2.12)
k=1

2.4 Applications of Geometric Series

Remark 2.2 In the following two identities, let uw and v be arbitrary nonzero real or complex
numbers such that uv # 1.

(23] (232

[ 3] _
Z (wv)* +u Z (uv)kF = (u0) ! + u(uv) 1, n>1 (2.13)

uv — 1 uv — 1
k=0 k=0

Remark 2.3 The following identity can be done as a formal calculation over the ring of power
series. Otherwise, the reader may assume that appropriate condition hold so that the left sum is
absolutely convergent.

oo oo 1 k ' .
SECED IS IEII0 an
k=0 k=0 1=0
o0 2k
x 1
Z - >1 (2.15)
R =
k=0
21—932’“*1 = ll<1 (2.16)
k=0

12



3 Bernoulli-Type Series and the Riemann Zeta Function

Remark 3.1 In this chapter, we will assume p and a are, unless otherwise specified, nonnegative
integers.

3.1 Evaluationof ) ;_, kP

3.1.1 Reduction Formula

n—1 r

ka—nka ! ZZW ! p>1, n>1 (3.1

r=a k=a

3.1.2 Iteration Formulas

Remark 3.2 In this subsection, we let r be a positive integer, and define Z?T) f(k) to be the
following r—fold sum:

ks ko

SLCED IS I B WIE
(r) kr=1k,_1=1  ko=1 k=1

le<n+r—1> (3.2)
™ "

- n+r
%k— (r+1) (3.3)

Z k= @ (3.4)
(1)

- s (2n+4r)(n+r)!

%: G+ (1) G-
9 2n+1

Zk >f ) (3.6)

13



Zk3 6n? +r6n+r—1)(n+r)

B (r+3)! (n—1)!

—_
~—
[N}

Zn:kgzn n -+

(1)

Z i (12n* +12rn—r(5—71))2n+7r) (n +7)!

B (r+4)! (n—1)!
A +1)(2n + 1)(3n* +3n — 1)
Zk 30
5 +1)%(2n? +2n — 1)
Zk 12

1)

Zkﬁ n(n+1)(2n+1)(3n* + 6n® — 3n + 1)
42

3.1.3 Euler’s Expansion with Bernoulli Numbers

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Remark 3.3 In this subsection we let By, denote the k'™ Bernoulli number. The exponential gen-
erating function of (By)o2, is =*=. For values of the Bernoulli number sequence, the reader is

referred to the Online Encyclopedla of Integer Sequences (OEIS).

ka_Z(p k—l—l)'k'Bk’ n>1

3.14 G. P. Miller’s Determinant Expansion

n

Z P — det M ’
— (p+1)!

where M is the (p + 1) x (p + 1) matrix whose entry a; ; is determined by

(n+1)PH2=" — (n + 1), j=1
Qij = (fﬁ:ﬁ), j=>iand j#1
0, j<iandj#1

14

(3.13)

(3.14)

(3.15)



3.2 Evaluationof ), _, kPx*

Remark 3.4 The reader should compare the formulas in this subsection with those in Section 2.2.

3.2.1 Differential Reduction Formula
§n prigh — §n krat (3.16)
dx
k=0 k=0

3.2.2 Applications of Differential Reduction Formula

- N

§ k3xk:( e where for = # 1, (3.17)
x_

k=0

N =n*z2"™ — (3n® +3n® = 3n + 1)a" ™ + (3n® + 6n* — 4)2"™? — (n+ 1)%2" ™ +2° + 42? + o

n—1 n k-1
k = (n—1)? >1 3.18
Sh(i) oo ez 318

d ()"
H <1+”—> =n?, n>2 (3.19)

"k "k 1
T (n+1)"1 (n i

) =n? n>1 (3.20)
k=1 k=1

3.3 Evaluationof ;' , (})k?

" /n
> <T> =2 (3.21)

r=0
i n
> ( )7‘ = p2n ! (3.22)
r=0 r
—~ (n 2 _ gn-2
(r)f‘ =2""n(n+1) (3.23)
r=0



("> r3 = 232 (n 4 3) (3.24)

(”) rt =2"""n(n+1)(n® + 5n — 2) (3.25)

n—1 p n
By LR o

3.4 Riemann Zeta Function: {(p) = > 7o, 5
3.4.1 Convolution Identity

Remark 3.5 The following identity is found in “A New Method of Evaluating ((2n)”, by G.T.
Williams, Amer. Math. Monthly, January 1953, Vol. 60, No. 1, pp. 19-25.

n—1 0o k
1 1
ZQ(k)C(n—k%—l):(n+2)<’(n+1)—22@z}, n>3 (3.27)
k=2 k=1 k=1
Extension of Convolution Identity
4¢(3)—2ii21—0 (3.28)
k=1 k* j=1 i .

3.4.2 Connections with Bernoulli Numbers

Remark 3.6 Recall that B,, is the n'"* Bernoulli number. See Remark 3.3.

Bop = (=1)"" g 3¢ (2n) (3.29)

n—1

C(2K)¢(2n — 2k) = (n + %) ¢(2n), n>2 (3.30)

k=1

16



4 Finite Harmonic Series

4.1 Special Case of n!" Difference Inversion Formula

1

Z(_ )* ( >k+1 n41

IS NE WIS

k=1

n n\ e~1 1
— k-1 - = —
> (-1 (k)jzlj e n>1
4.2 Even and Odd Finite Harmonic Series
2n

1 2n+1 1 1
1_ — e+ DS — > 1
Zk: 2 kzk(Zn—kJrl) Cn+l)2 tan sy "2

k=1

3

2n—+1

3

1 1 |
1 ong2
D p=(n+) K2n—k12) ntl

k=1 k=1

4.3 Harmonic Series as Limit of Binomial Coefficient

Remark 4.1 In the following indentity, we let r be a positive integer.

17

4.1

(4.2)

4.3)

4.4)

(4.5)

(4.6)



Fundamentals of Series: Table III: Basic Algebraic
Techniques

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 Telescoping Series

1.1 Two Basic Telescoping Identities

Remark 1.1 In this chapter, we assume, unless otherwise specified, that a is a nonnegative integer.
We also assume that x and r are arbitrary real or complex numbers, unless otherwise specified.

First Telescoping Identity
Let up = f(k) — f(k +1). Then,

Y uwe=f(a)—f(n+1), n>a (1.1)
k=a

Second Telescoping Identity
Let v, = f(k) + f(k + 1). Then,

n

> (—=D)fv = (-1)*f(a) — ()" f(n+1), n>a (1.2)

k=a

1.1.1 Applications of Basic Telescoping Identities

i
L

¥ 1 1 1 (13)
(1 +7rkx)(1+ k) 2(r—1) \1+7rw 1+rz)’ '
n>a+1, r#1, x#0

b
Il

a



f: @ <
T Rl LU

i
L

1 101 1 it et
(7’+kx)(7"—|—(k—|—1)x)_gj r_i_ax 7"+TL.CE 9 n_a ’1'

a

b
I

n

1 n
2 r+ko)(r+ (k+Dz)  (r+a)(r+ (n+ 1))

k=1

Hockey Stick Identity

(k-1 n : o
Z , where m is a positive integer and n > 1
P m

= (x—k) B (x+1)
n—k) n
k=0
Remark 1.2 In the following identity, we intepret x! by the Gamma function, namely
['(x + 1) = 2!, whenever x is not a negative integer.

S(0)-01) (1) =

J=a

ek (T K k T+n
S ()

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)



Remark 1.3 The following identity, proposed by M. S. Klamkin, is Problem 4561, p. 632 of the

November 1953 (Vol. 60, No. 9) issue of Amer. Math. Monthly.

Z% (1 — ﬁ) = % (1 — ﬁ) , r and n positive integers
k=1

k k=1 k

n

~(Vot+k+Vet+k+1)/(z+k)(z+k+1) N Vitl Vrt+n+l

n

2 1 o1
e (EVEr DR LD Vel >

o0

1
;(\/E+\/k+1)\/k(k+1):1

> : ]
~(Vr+k+Vet+k+ 1)/ (e+k)(z+k+1) VT

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)



2 Summing Series by Recursive Formulas

2.1 Product Functions and Recursive Formulas

2.1.1 Product Function f(n) = [],_, —2k1+1

Remark 2.1 Note that f(n) = m For more information about double factorials, see the
Wikipedia entry.
: k “~ kkl2* 1 1
P _':_<1_—n >,n21 @.1)
2+ = 2k+1)! 2 [, (2k+1)
= ~ kRI2M 1
Z Z (2k + 1)! 9 (2.2)
k=1 H (23 +1 k=1 T

Remark 2.2 In the following two identities, we evaluate any non-integer factorials by the Gamma
function, i.e. x! = I'(x + 1), whenever x is not a negative integer.

. k 1
L . (2.3)
; 2k (k+4)! V7
i ko 2.4)
= 2k (k4 3)!
= (kD 22’“ T
= 2.5)
> e

2.1.2 Product Function h(n) = [[;_, 2k
Remark 2.3 Note that h(n) = (2n)!.

> @k—12 M k-1)l=2"nl-1, n>1 (2.6)

k=1



2.1.3  Product Function g(n) = [[,_, 5

Remark 2.4 Note that g(n) = ﬁ

n

2k — 1 1
2 = e 2! @)
k=1
~1-2k 1
2 5~ ) 8
k=0
2k —1
> g = @9
k=1

2.14 Product Function F(n) = [[;_,(2k + 1)

Remark 2.5 For F(n), we normally assume p is a nonnegative integer. However, we should note
that the first identity in this subsection holds if p is any positive real number.

n

2k -1 20+ 1)

p_ — _
" k@2k-1)! (2n4+1)! 1
— S >1 2.11
(k— D12kt~ qignit g0 "E 1D
k=1
"2k — 1\ K2(k + 1) (2n + 1)!2
T LS 212
k=1
n P P p
p S (2k—1)! (2n+1)!



2.1.5 Product Function G(n) = [[,_,(2k + 1)7?

Remark 2.6 For G(n), we assume p is a nonnegative integer.

k=1 j=1
ee] p k p
P)@mf(—ﬂz—> ~1 (2.15)
== (] (2k +1)!

2.2 Evaluationof Y, _, (Z)q

Remark 2.7 The formulas in this section can be found in Tor. B. Staver’s “Om summasjon av
potenser av binomialkoeffisienten”, Norsk Matematisk Tidsskrift, 29.Argang, 1947, pp. 97-103.

221 Letg=—1

k 1
7_23 — (2.16)

k=0 (k) k=0 k)

"1 on4+122 1

i +1 (2.17)

1 AR
7—=2Z4 = (2.18)
k=0 k:) j=1 J
"1 1) &2 S, (1 "
77:(”+> M),WMWSAU: Cﬁ:ﬂ” (2.19)
k=0 k) Snt1(1) k=1 k k=0 k
R
lim Y - =2 (2.20)
n— oo =0 k:)
N = 2k
lim — Y = =2 2.21
nl_,nc}o 2n — k ( )

@)



222 Letq= —2

1 3(n+1) - sk(2>, where S, (2) — . (n)2: (m)

n—oo

o 3n+1)?2 1 &L 2k 1
1 — =2
nioo 21+ 3 (2"+2); k )k

n+1

2.2.3 Evaluationof >, ( )

n l’k X n+1 n+1 1+£L‘k 1+$ k
2o (1) (L)
2 Trs) 2kiio\ s

1 e xk n -+ 2 xk n 1
(1+_)Z n+1 = _|_1 _+$+1+_7 337&0

= () T

=

I

o
—
=
~—

S

O

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



3 Rational Functions and Partial Fraction Decompositions

Remark 3.1 In this chapter, we assume, unless otherwise specified, that r is a positive integer.

. n 1
3.1 Evaluationof ), _, RO D) o)
Z o ! > 1 (3.1)
=—|—-— === n,r .
+ [Tizo (k+Z) r\rt [[o(n+35))° T
3.1.1 Applications of Equation (3.1)
" 1 1
Y < =1- . on>1 (3.2)
— k(k+1) n+1

3

_ (L
k:(k:+1 Wk+2)  2\2
1/1 1
— (= . on>1 (34
3\6 (m+1)(n+2)(n+3)

n>1 (3.3)

— (n+1) n—i—2)) -

1
k(k+1)(k +2)(k + 3)

k=1

i 1 Sy (=1)° > 1 (3.5)
r /. N = , n,T’ - .
P [[i_o(k+17) i il(r - Ok +1)
L r\ 1 1 - r\ 1

—1)t — = — —1)t > 1 3.6
— t:O( )(t)k:+t r n;( ><t>n+t’ ¥ = (3.6)

3.1.2 Connections to the Gamma Function

Remark 3.2 Let p and q be any real or complex numbers which are not negative integers. Then,

_(p)I(q)  (p—1)g—1)!
=T, = -1 G

is an expression for the Beta Function.



Bn+1,m+1) = Xn:(—l)k(@; (3.8)

25(7’+17’f)=%—n5(r+1,n), n>1 (3.9)

1
+1)...(k+a+r)

Remark 3.3 In Section 3.2, we assume a is any nonzero real or complex number which is not a
negative integer. Note that a! = I'(a + 1).

3.2 Evaluationof 37, ot

(k+a—1)!
ZHk+a+Z=Z(k+a+r), (3.10)

k=11:=0
1 ! !
:—< a — (n+a) ),n,’r>1
r\(a+7r)! (n+a+r) -

3.2.1 Applications of Equation (3.10)

n

1 n
Z(k+a)(k+a+1):(a+1)(n+a+1)’ nz (3.11)

k=1

3

(k+a)(k+a+1)(k+a+2) 25((a+1)(a+2) a (n+a+1)(n+a—|—2)) (3.12)

“(k+a n+a+1 a
kZ:O( r ):( r+1 )_(r—l—l) (3-13)

" (k—a n—a-+1 Sfa+T
ko( r ):( r+1 )+(_1> (r+1> .14)

(3.15)

k=1




" (k+a)! (n+a+1)

k! (a4 1Dn!
:O(kJrl) _ (n+2)2(n+1)

i(kle)(k—i-Z)— (n+3)(n—?|)—2)(n—i—1)

k=0
. (k+n>_(2n—|—1)
— k n+1
_ (k+a)_(n+a+1)
k N n
k=0
- (3n—k‘)_<3n+1)
2n N n
k=0

3.2.2 Connections to Pascal’s Formulas

- 1
N
k=1

k:(k:;l):n(n%—lg(n—i-Q)’ n>1

n

E(k+1)(k+2) nm+1)(n+2)(n+3) -
6 - 24 =

B
Il
—

Pascal’s Formula

~ (k +r— 1> (n + 7') . .
Z = , where 7 is a nonnegative integer
— k-1 r+1

10

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



3.2.3 Reciprocal Applications of Equation (3.10)

;@: (H%) <(a;n) - (n+§+r)>, n>1

11

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)



= 1 1
> g (3.35)

> 1 a
— 1 3.36
L T (330
Finite Harmonic Series Formula
"1 Rl 1
= _Z = n>1 (3.37)
j=1 J k=1 k j=1 (ﬁl; )
. n 1
3.3 Evaluationof >, __ Y

Remark 3.4 In Section 3.3, we assume a is any nonnegative integer and x is a nonzero real or
complex number for which the series are defined.

2": 1 1 1 338)
— (k—x)(k—x+1 a-—= n—x+1 '
= ( )( )
3.3.1 Derivatives of Equation (3.38)
- 2k —2x +1 1 1
kz:;(k—x)2(k—x+1)2 Sl m—zt1p (3-39)
" 2%k +1 1 1
21 @ wmrng 470 (3.40)
" 2k +3 1 1
; A2k 422 (@t1? (nt2? (341)
. n 1
3.4 Evaluationof >, _, )
" 1 1C n
_— = — _, n>1 (3.42)
;kz(k—kr) rizzlz(z—{—n)

12



3.4.1 Applications of Equation (3.42)

pPp— L i
k(k+1 n+1
- 1 1 1 1 1
I - 7 > 1
—~k(k+2) 2 2 n+l n+2
- 1 1 1+1+1 1 1 1 -
st 2 _ _ n
—~k(k+3) 3 2 3 n+l n+2 n+3)’ -

Harmonic Series Formula

Generalization of Equation (3.42)

Z— = _Z n-atl where a is a positive integer
Likktr) r&(ati-Dnti) P 8

3.5 Evaluationof } ;_, @ +k)(z+k—|—r)

Remark 3.5 In Section 3.5, we assume b is a positive integer.

n T
r n

;(b-f-k)(b—l—k—l—r):;(b+k)(b+k+n), n >

3.5.1 Applications of Equation (3.48)

n—1

n
>1
(b+k)( b+k;+1) b(n+b)’ "=

k:0

Remark 3.6 In the following identity, we assume p and q are positive integers.

n—1 n
n>1

(p + qk) p+61(k+1)) p(p+qn)’ B

]

k=0

13

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)



3.6 Evaluation of )~ 1

Remark 3.7 In Section 3.6, we assume a is a positive integer.

00 2a

1 1 1
P ) Db (3.51)
n=a+1 k=1

= 1 -3

Yo = 12l (352)

k=1

k#n

4 Pascal’s Identity in Evaluation of Series

Remark 4.1 In this chapter, we assume, unless otherwise specified, that x is an arbitrary real or
complex number. We will also assume k is a nonnegative integer, while r is a positive integer.

4.1 Iterations of Pascal’s Identity

4.1.1 Calculations Involving >"7—  (—1)*(31})

L) -(0)-v(7) o
i) -()
:(—Dt(“ ) =1y @3

4.1.2 Calculations Involving >, (—1)** (211)

S (i) = () -5 "
i“”(iii) = <k:f1) +(—1)T(kir) (4.5)

t=0



g(_1>t(x ; 1) - (—D’”(f) (4.6)

4.1.3 Calculations Involving 7 (w+t)

t=0 \k—1

r—1
SE-CE)0 e e
k-1 k k

t=0
— (n + t) _ <2n> - (n) “5)
— E—1 k k
Remark 4.2 The following identity is found in “The class of the free metabelian group with expo-

nent p*”, by S. Bachmuth and H. Y. Mochizuki, Communications on Pure and Applied Math., Vol.
21 (1968), pp. 385-399.

SOO-SOOCD e w

4.1.4 Calculations Involving ) ;'_, @i)

Remark 4.3 In this subsection, we assume p is a nonnegative integer. We also assume |x] is the
greatest integer in .

3 @2) — i (%k_ 1) (4.10)

k=1 k=1
n 2 2n 2 -1 22”_1 0
3 (22’) _ ( ”k ) _ {1 B 7_é . @.11)
k=0 k=0 ? n=
& 2n> = ( 2n ) on1
— <2k p 2k +1

2
( " ):2”1, n>1 4.13)
0

15



(2” N 1) — 2 (4.14)

“~ (2n+1 -
= (2n — 1)2*" > 4.1
<2k+1)k (2n —1)2 , n>1 (4.15)
k=0
"L (2n 41 "\ (2n+ 1 N
— = 9°n 4.1
( 2k ) <2k+1) (4.16)
k=0 k=0

4.2 Generalizations of Equation (4.1)

S e N
i(—l)j@):(—l)’”(x;l), r>0 (4.18)

é(_l)k(g - kljl (1 - %) = (—1)”(w - 1> = (n N x) (4.19)

4.2.1 Applications of Equation (4.19)

Zn:(—mk @)k = (-1)"x (Z B i) n>1 (4.20)

k=1
With the % Transformation
n X 1 _1
D2 ) =(=D)" 2 4.21
Sen(p) = () @21)

Remark 4.4 In the following identity, we evaluate any non-integral factorial value via the Gamma
function, i.e. I'(x) = (z — 1)! whenever x is not a negative integer.

1 2(—1)"
> (D = (1 ) (4.22)
(L (—1—n)!



"L [2k 1 —1/2n
ET=E 1o 429

k=0

With the ’71 Transformation

"L /2k\ 1 on+1/2n
— == 4.24
(,c)2 o () @.24)

Remark 4.5 The following two identities are the solution to Problem E995, p. 700 of the Decem-
ber 1951 American Mathematical Monthly.

,:1 (2:) 2_1;6 - % (2: j 12), n>1 (4.26)
S (Dm0 e e
; <2:> 2k_;“ - +31>Z (51?;2*2215 2 (2: ) nzl (4.28)

Two Identities using the Vandermonde Convolution

Remark 4.6 In the following two identities, we assume « is a positive integer.

Z <n+1) <n— 1) _ (271)7 w1 (4.29)
o a—1 n

a=1

n 2
n « 2n

S >1 4.30

Z(a) n—a+1 (n+1)’ "= (4.30)

17



Sparre-Andersen Formulas
Remark 4.7 Let f(x) be a given function and F (k) = z;‘f:o(—l)j (];)f(j) Then,

St () rw = () e (). e

k=0 7

where x is an arbitrary real or complex number such that x — j # 0 for 0 < j < n.

Remark 4.8 The following two identities are found in Erik Sparre-Andersen’s “Two Summation
Formulae for Product Sums of Binomial Coefficients”, Mathematica Scandinavica, Vol. 1, 1953,
pp. 261-262.

£0)( 7000
() ) ). e

for all integers n, o such thatn > 1 and 0 < a < n.

S ) () e

for all integers n, o such thatn > 2 and 0 < alpha < n — 1.

Remark 4.9 In the following two identities, assume x and z are arbitrary real or complex num-
bers, where x — j # 0 whenever 0 < j < .

SO ) (S () () e

S-S e

2 067 -20)

-
< B k) (4.36)

Saalschiitz Formula

& rea(m\1 = (k—1\1
> (=1 <k)E_Z(a—1>E’ t=asn (437

18



Derivatives Involving Identity (4.19)

Remark 4.10 For the following three identities, we refer the reader to Version 1 of the Generalized
Chain Rule provided in Section 3.6. Note that we let D" f(x) denote the n'" derivative of f(x)
with respect to x. Furthermore, we assume x, and z are real or complex numbers, while r is a real
number.

u —k—1
Drzr =3 (~1)n (;;) (T o )zr_kDgzk (4.38)

k=0
nor a pf(THEk=1\(r+n\ 1 _ .
Dz =Y (1) ( . )(n_k) i (4.39)
k=0
n —r 7+ w sfm) 1 | R
Dz :r( N ) (—1) (k)r—l—kz”kaz (4.40)
k=0

5 Reciprocal Pascal’s Identity with Series

5.1 Additive Forms of Reciprocal Pascal’s Identity
1 1 n+2 1

n + n = my (51)
") G o+
1 1 2n+2 1
Ty T ey o (5.2)
() G 2 1)
5.1.1 Applications of Equation (5.2)
2n—1 _1\k—1
Z( D _ 1 . on>1 (5.3)
= () o+l
2n—1 1\k—1
D7k n sy (5.4)
= &) n+1
2n—1 1\k—1 .
Sl ) P (5.5)

= (%)

19



(2n) _n+1’ =

QY S B G )i
Gy 2niD) 20

k=1

5.2 Subtraction Form of Reciprocal Pascal’s Identity
1 1 n—2k 1

TG T a1 ()

5.2.1 Applications of Equation (5.8)

ZnTLZk:l—nni_ll’ ’n,7'r’21
k=1 (k) <r+1)

k=1 (k)
k=0 (k:)
"L (—1)F n+1

— (1+(=1)"
2. (1+(=1)")

n+2

5.3 Generalized Additive Form of Reciprocal Pascal’s Identity

1 _zc—l—l 1 1 1. —9
@ en\Emten)

k k+1

20

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)



5.3.1 Applications of Equation (5.14)

n

k n+1

n 2k 1 (2n+1)22n+2

n+1

k=0

21

D' _ e+l 1 (_1)n> r#—1,—
St Ey) e

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)



Combinatorial Identities: Table I: Intermediate
Techniques for Summing Finite Series

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 Coefficient Comparison

Remark 1.1 Throughout this chapter, we will assume, unless otherwise specified, that x is an
arbitrary complex number and n is a nonnegative integer.

1.1 Expansions of (1 + x)"(a + x)"

Remark 1.2 In this section, we will assume a is an arbitrary complex number.

SOE e S

k=0

1.1.1 Equation (1.1) witha = 0

k; (Z) <2nn_ k) (-1 =1 (1.2)
k;(_l)k (Z> (n :; k) = (=1 (1.3)

"0(_1)k<z ) = (14

S (-1 (”“; N 1> (Z:D =1, n>1 (1.5)

b
Il



1.1.2 Equation (1.1) witha = 1

Special Case of the Vandermonde Convolution

2 (0 =) @9

1.1.3 Equation (1.1) witha = —1

2n
2n\ (4n — k 2n
~1)* 2F = (—1)" 1.7
() (" )7 =) a
1.1.4 Equation (1.1) with a = 2
Remark 1.3 The following Identity, due to Leo Moser, is Problem E799 of The American Math.

Monthly, 1948, P. 30.
" /n\ /2n —k " /n\2
3 <k)( ) ) -y (k) gn—k (18)

k=0

1.1.5 Shifted Version of Equation (1.1)

S (m 2n —k k — (n n ntl—k

k=0
Equation (1.9) witha = 1

" /n n 2n
SO () e aw

%(—1)’“(2) <n2f1_fk) —0 (1.11)



1.2 Expansions of (ax + 3)P(1 4 x)?

Remark 1.4 In this subsection, we assume o and 3 are arbitrary real or complex numbers. We
note that q is an arbitrary real number, while p is a nonnegative integer.

Remark 1.5 The following identity is found in Wilhelm Ljunggren’s “Et elemncert bevis for en
formel av A.C. Dixon”, Norsk Matematisk Tidsskrift, 29.Agang, 1947, pp. 35-38.

zp: (ZIZ) (Z) o™k = Zp: (Z) (q Z k) (a — B)P*B* (1.12)

1.2.1 Dixon Sums

Dixon’s Identity

oy

i(_l)k (2}:)3 _ i(—l)k (2;) (4712; k) (2712;1; k) (1.14)

k=0

i(_l)k (Z)g = Zn:(—l)’“ (Z) (an_ k) (n —g k) (1.15)

k=0

1.3 Expansions of (1 + x)2"(1 — x)?»
2n 2
Z(—l)k(Z:) = (—1)”<2:> (1.16)
k=0

n 2 n

2 @Z) - %(32) + <_21)‘<2:> (1.17)

k=0

—/ 2n \* 1/4n\ (-1)"/2n
<2k+1> :i(zn)_ 2 (n) n=l (1.18)




1.4 Expansions of (1 — z)"(1 + x)”

Remark 1.6 In this section, we assume r is a nonnegative integer.

r L n n B 0, if r 1s odd
1;)(_) E)\r — /) (_1)%(’;),ifriseven

1.4.1 Restatements of Equation (1.19)

First Restatement of Equation (1.19)

Second Restatement of Equation (1.19)

S ()2 - ()

where, for any real number x, we let [x] denote the greatest integer in .

1.4.2 Applications of Equation (1.21)

() (IE) e

k=0

S () o ") =30+ 52 )

> (o) (b ) =36~ S5() e

—_

B
Il

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



() - SEC) =) e
S (8 40 1) 3

Z”: dn+2\* 1/8n+4 L L(An2) 1 2 2
2k+1)  4\4n+2) 4\2n+1) 2\2n+1

k=0

1.4.3 Applications of Equation (1.19) to Expansions of (1 + x)"™(x — 1)"

i(_l)k(Z) (%n_ k) 2" =0,  ifnisodd
i(—nk(ij‘) (4”2; ’f) 2 (_Un(z:)
() = e () (7, )= e ()

5

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)



& ok (ntk 1 o
Z( 1) (k:)( n )2k—0, if n is odd

2 () e (D

k=0

1.5 Expansions of (1 — x)™(1 + x)?*~™

S () () =i () ()
Sev(3) (22 - e () (o)
S () (7)) = e (7)
é(—l)j C) (2:__;’“'> = i—TE(zk +1—xz), n>1
B ()0 -E R0

1.5.1 Applications of Equation (1.40)

EG)(2an) 5 () e (D) e

(1.36)

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)



1.5.2 Special Cases of Equation (1.40)

i(—l)k(zy = (—1)”22”(?1) = (1Bl ([7_1]) L (2_1>n (1.45)

n
k=0 2

g(_l)k@ @Z) B 24(277;) (1.46)
,i:o(_l)k (Z) @D - (3:1)! 2§1(2k +1-n), nxl (1.47)

i<_1)k<z) @Z) B kzn%(_l)k(@ (%32 k;) - ,;n%(_l)k(?;) (ffk;) (1.48)
Zn:(—l)k (n . %) (Z i i) — (_1)’122“(27};3) (1.49)

St ) (o) - By ) wemm

k=0 k= k k

0
Remark 1.7 In the following identity, we evaluate (%)' by the Gamma function, namely,

r=r )
- L L 2 2n\2 n 2
k(Mg [t _7T(2n+1)(n) o (m N\ /1 — k 1
;( 1)( k )(n—k)_ oint2 7( D, ) s (151)
B k=0
n =1 2n+l 277,”*1 3
1) 2 2) _ 2 3
k:o( Y (k)(n—k) nl 43 (2k+2>’ n=>1 (1.52)
. ( ka) (215 ) 23n n-l 3
( - 2k+ 3 1 1.53
S () on g 2k 1) (dn+1)(5)nl k0< +2)’ "= (153)



Remark 1.8 The following two identities are found in C. van Ebbenhorst Tengbergen, “Uber die
Identitdten...etc.” Nieuw. Arch. Wiskde., Vol. 18 (1943), pp. 1-7. We assume a is a nonnegative
integer.

i(_l)k(k_—zaa> (anLk) = (=1

k=a
n 9% m, + 2 (2n+2a) (n+a)
(—1>’“( ) ( ) —ntesia (1.55)
P k n—k (2 )

a

(") n>a>0 (1.54)

1.6 Expansions of (1 + x)*(1 — )%

Remark 1.9 In the following section, we assume z is an arbitrary complex number.
Mitlag-Leffler’s Polynomials

B () BN o

j=0 J

N

Il
o

1.7 Expansions of (1 + 2P)*(1 + z)"¥~P*

Remark 1.10 In the following section, we assume z and y are arbitrary complex numbers, while
p is a positive integer. A reference for these expansions is “Another Note on the Hermite Polyno-
mials” by M. P. Drazin, American Math. Monthly, Vol. 64, 1957, pp. 89-91.

OCDErOE o
D) OE o
AED-EOL e

[

0|3

£
I

NJE]

i
o

wl3

B
Il
o



(3]

w3

(z) (n _x%) = i<—1)k (i) (42 ~ zk> 3" (1.61)

k=0 k=0

1.8 Expansions of (x? + 2x)"

Remark 1.11 In the following section, we will assume k is a nonnegative integer, and vy is an

arbitrary complex number.

S-S e

1.8.1 Applications of Equation (1.62)

S ()=
> ()G =)
() (D) == (2)
>~ ()20 = ()



1.8.2 Generalizations of Equation (1.64)

" [ k ok on (2T
S0 ()
k=0

z\({z—Fk)\ 1 (27

0 ()
k=0

e\ (x—k\ o (22

OG- )
k=0
Y+k\oon " (2 Y &
()= () 1) (-7

k=0

Y ko SNE r+y—Fk

(2 =2 ) ) 7

n

Y+k\ on 2\ (2 +y—k
n—k;)2 _Z(k>( n—k ) (1.72)

k=0

Remark 1.12 The following two identities are associated with Problem 3803 [1936, P.580; 1938,
pp. 633-634] in The American Math. Monthly

i(—D’“ (i) (22 - 2’6) 9% _ (L1 (27;"‘) (1.73)

S () eco T E)

0|3

10



1.9 Expansions by L. J. Schwatt

Remark 1.13 In the following section, we assume z is an arbitrary complex number. We also let
((2™)) denote the coefficient of 2" in the power series expansion. For a reference, see “Introduction
to the Operations with Series” by I. J. Schwatt, Univ. of Pa. Press, 1924, pp. 93-94. A reprint of
this book was issued in 1962 by Chelsea Publ. Co., New York, N. Y.

[

[NIE]

J

> (2) <;__2kk> 92k — ((z))(1 + 2)* (1.75)
SN ek 11
2 (k) (n_%)w = Q—I((z”))(zz2+z+2)x (1.76)
8N e kN z
> (k) (n_%)?) = ((z")(2* + 32+ 1) (1.77)

1.10 Coefficient Comparisons Involving the Companion Binomial Theorem

Remark 1.14 [n this section, we will assume, unless otherwise specified, that a and r are arbitrary
real or complex numbers.

(a—i—k:)( r+n— ):<a—|—r—i—n—|—1) (178)
n
(r—l—k)(r—i—n—k):(Qr—l—l—l—n) (1.79)
— k n—=k n

(251 o
r+k\[(r+n—~k 1/2r4+n+1 14+ (=) /r+ [z
w0 ! " [5]
“r+k\(r+2n—k 1/2r+2n+1 1/r+n\2
~ 9 5 1.81
<k>(2n—k> 2( 2n >+2(n) (1.81)
k=0

g(_l)i@l) (n +: ) z) =1 (1.83)
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2 Linear Algebra Techniques Applied to Series

Remark 2.1 Throught this chapter, we assume, unless otherwise specified, that n is a nonnegative
integer. We let x and z denote arbitrary real or complex numbers. If x is a real number, we let [z]
denote the integer part of x.

2.1 Series Derived from M™"™

Remark 2.2 Throughout this section, we assume M is a 2 X 2 matrix of complex entries with two
distinct eigenvalues, t, and t.

n—i—l)_tg—t’; o

i oty — 1

(254
0

Z (—1)*(t1t2)*(t1 + t2)n—2z‘_1<

2.1.1 Applications of Equation (2.1)

(3]

> (-1 (ﬁ) (") = e e

1=0

n

(3 .
 (n—1\ | (22 4+ 14+4/1 F 42)™! 4 (—=1)*(22)"H!
()

= — - 2.3
pad i )° 22(2z + 1+/1 4+ 42)2 (4z + 1+/1 + 42) (23)
L (n—i\1 n+l1
io(—1)< ; )ﬁ= on (2.4)
Z(—w(" + k) 2% = (=1)"(2n + 1) (2.5)
pr n—=k
Sl o ()
( ‘ )2@:— (2.6)
— 1 3
N n+k\1 K (nt+k\1 27l
(n—k)ﬁ_ ( 2k )ﬁ_ 3% 2n @7

12



3] ,
L n—d\ (14 VB — (1 — VB
ZZ:; ( > B 2n+1,/5 = Fhn, (2.8)

where F, is the n'" Fibonacci number given by the recurrence F, = F, |+ F, 5, Fy =1, F, = 1.

7

(3] .
2 —k -1 )+l _ gn+1
(—D’“(n ) - n( il,\/_) m —,  wherei=+/—1 (2.9)
i K 2% (—14+iv/3)% (=3+iV/3)
[E] n n+1
2 —k DB+ (=lF!
(—D’“(n i ) _ e +2( ) , n=3m+a, (a=0,1,2,..) (2.10)
k=0
Limiting Case of Equation (2.1)
) n—i—1\ 1 n
i=0
n , . o+ i tantt — g2t
S (= 1) (tata) "t + tzf’( - ) G c——" 2.12)
" In+k o e t%n—i—l +t§n+1
t1 —1 tity)" N = ——=— 2.13
kz:%(mf >(1 )" (hatz) l1+ 19 13)
n . . o m4i+1 A
—1)"(tat2)" " (t1 + £ 2z+1< ) = (—1)" 2.14
;( )*(B1t2)™ (81 + t2) % 41 (—1) P—y (2.14)
S » i bt (83r — 2
—1)? t1 n—1u t t 2141 n — (—1)" 1 2 1 2.15
;( ) (tata)" " (t1 + t2) <2i—|—1 (—1) —tz—tl ( )
~(n+k 2k+1 R
t —t tits)" =1 "2 2.16
P <2k+1)(1 2) (12) t1—|—t2 ( )

i(—l)i(tltz)”"(tl + tp)* ! ((n N 1) + (” e >) = (=1)"(E2 T L2 (2.17)

prs 2i+ 1 2i + 1

13



Remark 2.3 A reference for Equation (2.18) is the Solution to Problem 4356 [1949, 479] in Amer-
ican Math. Monthly, April 1952, p. 268.

n ‘ ' ‘ + i 1 t2n+1 + 2f2n—|—1
1)ty t)" ()2 = (-t 2.18
;( Jtate)" (t + 12) (2@' i1 Ve (2.18)
Limiting Case of Equation (2.18)
n ) : 92i —1)"
S i) = (=1) (2.19)
— 2t J2i1+1 2n+1
" . . . n + Z —1 th _ t2n
S (=Dt (4 + t2>2’_1( ' ) — (-2l (2.20)
i—o 21 —1 t2 - tl
2.2 Convolutions and Determinants
Remark 2.4 For Equation (2.22), we given the following system of equations
k
ar =Y _bickj, (2.21)
j=0

where k is a nonnegative integer, and b; is independent of k. We further assume that the a;, and b;
are known sequences (with by # 0). Our goal is to solve for c,. This is done in Equation (2.22).
Note the right side of Equation (2.22) involves the determinant of an n X n matrix.

an, bl b2 b3 eee bn
Anp—1 bO b1 bz .ee b'n—l
1 Ap_2 0 bo bl eee bn—2

- bg+1 a,-3 0 0 b() cee bn—3 (222)

Cn

Qg 0 0 0o ... b()

14



Remark 2.5 For Equation (2.24), we are given the following system of equations
k
ap =Y be, (2.23)
§=0

where k is a nonnegative integer, and b;? depends on k. Please note that the superscript does not
denote a power of b, but only the dependence on k as well as j. We further assume that a;, and b?
are known (with b’g # 0). Our goal is to solve for c,. This is done in Equation (2.24). Note the
right side of Equation (2.24) involves the determinant of an n. X n matrix.

a, b* b2 b? ... b"

an—1 byt bYTD BTN L. bR,

1 n_z 0 b2 b2 ... b2
Cn=——| " L n— 2.24
[robi| @ns 0 0 by™° ... bp 5 (229

Qo 0 0 0 eee bg

2.2.1 Application of Equation (2.24)

a0 G G) ()
n e () (1) (o) - ()
Rl v W D e
w 00 0 . b

15



2.3 Application of Equation (2.24) to Reciprocal Expansions

Remark 2.6 For Equation (2.27), we are given a power series representation for f(x), namely,
f(z) =327 a’, with ag # 0. We assume « is an integer. Our goal is to calculate

1 N A
= b’ 2.26
e~ 20 (220

where the superscripts on the b's are not exponents, but just an indicator of the entry in an array
of numbers (See Remark 2.5). These calculations are done in Equation (2.27). Note the right side
of Equation (2.27) is the determinant of an n. X n matrix.

1
by = —, where the o subscript on ag is an exponent, (2.27)
ag
andifn > 1,
0 (a+n—1)a; (Qa+n—2)a; . . ana,
0 (n —1)ag (a+n—2)a; . . a(n—1)a,—
be — 1 0 0 (n — 2)ag . . a(n—2)a,_s
" aften!| O 0 0 (n—3)ag ... a(n—3)a,_3
1 0 0 . . 1

ag T n!

where D is the determinant of the following (n — 1) x (n — 1) matrix

aaq ag 0 0 0
2aas (a+ 1)ay 2ag 0 0
D = | 3aas (2 + 1)agy (v +2)ay 3ag 0

naa, ((n—1a+Dany (n—2a+2)ans (n—3a+3)ans .. (a+n—1l)a

16




2.4 Generalized Cauchy Convolution

Remark 2.7 For Equation (2.29), we are given a power series y .- a;x". Our goal is to calculate
product of this power series, namely

<i ax) = i Bog", (2.28)
=0 n=0

where « is an integer, ay # 0 if « is a negative integer, and the superscript on the B is not an
exponent (see Remark 2.5). Equation (2.29) provides a solution for B;. Note By = ag, while if
n>1,

n

B =) (‘;‘) ad* fu(n), (2.29)

k=1

where the superscript on ay denotes a power, and

fr(n) = Z Qjy Ay Q... - (2.30)
E?:ljz’:n

1<ji<n

2.5 Inverse Function Expansions

Remark 2.8 Suppose we are given a power series y = > . a;x", with a1 # 0. Our goal is to
invert this series, namely to find v = > °°_ b,y®, where b; = = = a—ll, and forn > 1,

a=1 f1(1)
f1(2)  f2(2) 0 0 0
(_1)n—1 f1(3) f2(3) f3(3) 0 cee 0
b= | 1(4) F2(4) f3(4) fa(4) .. 0 , (2.31)
1 fin) fan) Fs(n) Fa(n) oo Faa(n)

with fi(n) defined by Equation (2.30).

17



3 Annihilation Coefficients

Remark 3.1 In this chapter, we work with the series

n

> enl(m — kyrE (3.1)

k=1

where x is any real or complex number for which Equation (3.1) is defined. Our goal is to deter-
mine the cy, such that all terms in the sum, except x" and the constant term, vanish simultaneously.
All the formulas in this chapter are derived by this annihilation procedure. Also, we assume n is a
positive integer, and m is a nonnegative integer.

n

r=0

Z(—l)T (n) (z+r)""(r+ 1) =(x—-1)" (3.3)

7:0 (Z) (r+ ) (=) =1 % (3.4)
,Zj; (:) (n . T) (r+ 1) =) = (Z) (z+1)" ™ (3.5)
i (Z) Kn—k+1)"* ! =nn+1)"" (3.6)

18



4 Kummer Series Transformation

Remark 4.1 In this chapter, we start with the series Y, _ f(k), where both n and a are nonneg-
ative integers. For an arbitrary function ¢(n), we have

fm)p(h) )
Zf Z ( SD(n)f(,f)) )+ e ;s&(k) @.1)
Suppose that

i hmn_,oO ( =K#0

ii. S=75 7. f(k)coverges
iii. C'=7% > (k) converges.
Then, Equation (4.1) implies

N (1 W)
S = > (1 Kf(k)) F(k) + KC. 4.2)

Equation (4.2) is known as the Kummer Series Transformation. A reference for this material is
Konrad Knopp’s “Theorie und Anwendung der unendlichen Reihen” Fourth Edition, Berlin, 1947.
See Chapter VIII, P. 269.

4.1 Applications of the Kummer Series Transformation

=1 1 1
—=1 6 4.3
;k 1 + * Zk2k+1)(k+2)(k+3) *3)
o 1 T 1 [o.¢]
dYoo=> — Z ., or>1 (4.4)
k=1 k k=1 k? k= k +) '
=1 1 1
Z—kr :Z_— —, r>1 (4.5)
k=1 ( Z )kQ k=1 k* k=1 k
Remark 4.2 In the following identity, we assume r is a positive integer.
1 (R — KR 1
i 4.6
D D D ey T o (46)
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4.1.1 Knopp Applications of the Kummer Series Transformation

Remark 4.3 In section, we assume p is a positive integer, and « is arbitrary real or complex

number, excluding the set of nonpositive integers. Define

00 1 2
Spla) = Z ((k;_|_a)(k;—|—a+ D..(k+a+p-— 1)) '

k=0
Then,
(a+3p—1) P’
S — 2
b() 2p— D(afa+1)...(a+p—1))2 * 2(2p—1) "
2(2n — 1) 3
Srall) === 5~
w2 (2n 3 /20 w— 1
Sn+1(1):_< >_—< ) 7o o
6m!2\ n n2\ n ]Z1 (2;)]2
5 () ()
k2 n o

Limiting Case of Equation (4.11)

IR
Pk 18

k=1

20

4.7)

(4.8)

4.9)

(4.10)

(4.11)

(4.12)



S Series From Logarithmic Differentiation

Remark 5.1 Throughout this chapter, we will assume x is an arbitrary real or complex number,

while n is a nonnegative integer.

5.1 Basic Logarithmic Differentiation Formula

Assume a is a nonnegative integer. If

then

Fu(r) <~ (o)
N kzzg 1+ Uk(l‘)7

where I (1) is the derivative of F,,(x) with respect to x.

5.2 Applications of the Basic Formula

Zn: Qka’f o B 2n+1x2n+1 N 7& .
kzol—i—ka_l—m 1 — g2t
Z 1 ok — ’ |x| <1
= +x —x
n—1
ok 1 2n
= 1 >1
k:ol+x2k x 1+1—a:2"’ 7L "
D
_ 7 "
1+ 2 r—1
x x

(5.1

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)



Remark 5.2 The following identity is Problem 728 of Math. Magazine, Vol. 42, May 1969, P. 153

e N )

k:0x2k+1—x2k+1 24+ 1

|z| > 1

Remark 5.3 In the following two identities, we assume 7 is a positive integer.

n—1 r—1 .

-k n
D i G oz ria”
2" T STog 1_gm  YFL T2
k=0 i=
g 23 4 223 oz .
Z 1+ ka $2*3k - 1 — l" |£E| <
"1 Ty 1 T
- ﬁ tan (Q_k) Q—n cot <2—n> —cotxo

6 Vandermonde Convolution

6.1 Integral Version of the Vandermonde Convolution

Assume r and q are nonnegative integers. Then,

()02 = ()
pat i) \k —1 k
Equation (6.1) is known as the (integral) Vandermonde Convolution.

6.1.1 Applications of Equation (6.1)

(5.8)

(5.9)

(5.10)

(5.11)

6.1)

Remark 6.1 Throughout this section, we will assume r, q, and n are nonnegative integers. Also

recall that for real x, [x] is the integer part of x.
Zn: n\(r+q-n\ (r+gq
— 1 rT—1 B T

22

(6.2)



> (o) =) =
— k n
" /n\? ne= /n\> n/2n
() =52 () =5 (%) 69
k=0 k=0
= n2k2_22n—2 65
k " n—1 6.5
k=0

n 2 2
n\",3 n*(n+1)/2n—2
— (k) W= 2 (n— 1) 6.6)

Remark 6.2 The following two identities are from Problem 3414, proposed by B. C. Wong, in The
American Math. Monthly, March 1930, Vol. 37, No. 3.

zn: (Z)Z(n —2k)2 =2n (2;;__12) 6.7)

k=0

(23]

2
n s (2n—2
(k) (n — 2k) _n(n—l)’ n>1 (6.8)

6.2 Generalized Version of the Vandermonde Convolution

k=0

Assume x and y are arbitrary real or complex numbers. Assume n is a nonegative integer. Then,

é @ (n ’ k) N (m : y)' (69)

Equation (6.9) is the (generalized) Vandermonde Convolution.

6.2.1 Specific Evaluations of Equation (6.9) Using the _71 Transformation
“~ (2n —2k\ [2k
= 2% 6.10
2 (0 G) 610
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"\ 1 92n
= <’f) G ()

/o — 2k 2k 1 0, n>1
k0<n_k)<k>2k—1:{_1’ " — (6.12)
) (n>2;_ ool 6.13)
k=0 k (;Z)(Qk—l)_ -1, n=>0 .
2\ k)\n—k J@-D@n-2-1 | 7 "7 (6.14)
B 0, n>2
- 2%\ 1 1 /2
Z(_l)kaL) (k)27’f N 27n<:> (6.15)
k=0
- RS AL 2k 2]{:4—1_ 1 m
§< 1) (k)(k) 22k _22n(2n—1)<n> (6.16)

6.2.2 Various Applications of Equation (6.9)

Remark 6.3 For the rest of Chapter 6, we assume, unless otherwise specified, that o and r are
nonnegative integers. We also assume x, vy, and z are arbitrary real or complex numbers.

2 (62 - @0 o)

k=0

Remark 6.4 In the following two identities, we assume f(x) is a polynomial of degree n, namely

flo) =Yg am’ = 370 b;(5)-
(1) (2w =n () ()

24



kng (i)(ngk)f]”z -> bfazj:(j_())( )(y:;fa ) (6.19)

Jj=

() -5 ()(0)2

Remark 6.5 In the following identity, due to Laplace, assume u is a real or complex number,

u# —1.
n m—n—i—kz) uk 1 "($+1> j
_ . 6.21)
,;J( ko)1 +u)k (Hu)ng i)
Z (n ‘]L’ k) ((1 . :E)n+ll‘k + J}n+1(1 _ :L‘)k) =1, T 7'é 0,1 (6.22)
k=0
n o n+l _ k
(n —]: k;) (x—1) +xk (z—1)" 2" x#£0,1 (6.23)
k=0

() (") - ()
,;0 (2:) (an— k)2_2k _ (2n n+ %) 2;1 (47»;;: 1) 625)

,CZZO <:> <:) (2k —iQ:) (*¥) - (2n 42_2:) ") (w " Z " %> (6.26)
k:0<_1)k (Z) (m Z k) (2k ET) (%) - (2n EQ; (") (n - fb N %> (6.27)
k;(_l)k (D <n _kF k) (2k jzf) CH 2(;?1 (6.28)
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kZ:o@ (2"—) kz;(n—k) (nik)=%((§i)+(i)) (6.29)
(041 PRIVED >{ SRS oY

1 2x
:5 on — 1) n>1 (6.30)

Remark 6.6 The following three identities are found in H. F. Sandham’s Problem 4519 [1953, 47]
of The American Math. Monthly, April 1954, Vol. 4, pp. 265-266.

= [ R T M (630
= L GEENED o ()

-1 " = Lo on>1 (6.32)
k0< ) (nk ) 2 (%)

n—1 —7337% vl
(x+n—1)<x—|—n—1>: L G0 I (633)

—~ \n- 1-— n+k 2(2) o
r—1 > r - — J
> ( )y’“_’“‘l => ( ) (y+1)77,  r>1 (6.34)
k=0 k j=1 T

< [2\ 2" * 2=\ (z+1)Y —1
_ rly-1 > 1 6.35
];(k)r_k Z(r—j) j ’ (63

7j=1
k
k=0

i<i:>f<k>:ij;—nf(“;m)’f(“;”')f%m

k=0 k=0

r—J J+n

Z (TR e e
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OBt

(6.38)

(6.39)

Remark 6.7 The following indentity, due to H. L. Krall, is from Part 2 of Problem 783, Math.

Magazine, Vol. 44, 1971, p.41.

D e I G Y

~ MG )
(x—l—]z—i-Z) (x—l-z—i-z)

k=0
ST e
= (2)
6.3 Equation (6.9) in Reciprocal Binomial Identities

S0 (3=

=0

6.3.1 Specific Evaluations of Equation (6.44)

Sy () () (IL) - (:Z; )

=0

] e [ R G|

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)



."0 (?) (j) (:.H) a ((T;) (6.47)

J= J

ATRAR 1 (z+n+1
4:U(j)(j)j+1_n+1< n ) (6.48)

I GIRET R

Remark 6.8 The following identity is due to Harry Bateman. The reader is referred to The Harry
Bateman Manuscripit Project by Erdelyi, Magnus, and Oberhettinger. In particular, see Higher
Transcendental Functions, Vol. I, [Section 2.5.3, P. 86], McGraw-Hill, 1953.

Zn:<_1)j <;L) (—zgr?—l) = ((5)) (6.50)

7=0 7 n

(6.49)

6.3.2 Applications of Equation (6.44)

Remark 6.9 In the following two identities, we will assume x and z are not values which make the
denominator equal to zero.

- k-1 T 1« 1 B n
Z(_l) <k> (z—l—k) Z L (@ +n)?’ n>1 (6.51)

1 1
_— _ >1 (6.52
le—l—x Zj+$+z>’ "= ( )

1
—.) ) n>1 (6.53)
J

SR e e

Remark 6.10 The following identity, due to R. R. Goldberg, is found in Problem 4805 of The
American Math. Monthly, Vol. 65, 1958, P. 633.

S () () 655)

k=0 j=1
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6.4 Application of Equation (6.9) to >_;" . (—1)*(3") (1) (,,” ,.)

g;)(—l)k(?) (CD (2nw_ k) _ g(_l)k(2:> (:1: ;— k:> <a: -;nzi; k)
- () ) = GO 639

6.4.1 Specific Evaluations of Equation (6.56)

S () = ()
ST EI -Gl e
)

S (- )
: L) e
S ) o) () e

:Z;(—l)k (4712; 1) (ﬁ:j QIk) (2:) (427;__2;) %

n+1 (6n+1\ [4n+1
= (=1)" .
(=1) 2n+1( 2n )( 3n ) (069
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6.4.2 Applications of Equation (6.56)

Remark 6.11 The following identity is found in L. Carlitz’s “Note on a formula of Szily”, Scripta
Mathematica, Vol. 18 (1952), pp. 249-253.

i(_l)k(QIS ) (2:: ] ia)Q - Fl)“% (6.64

k=0

,;)( o ()(i)(nikz) = 1)n+1(_ )”(2’)( ) (6.65)
é(_l)k<z> (:> <n . k:) et 1)n — (2) ( . 1) (6.66)

g(—nk (Z> (x ka k) (x Z ﬁ; k) = (_1)#(—1)[3} ([ZO (x +n[%]> (6.67)

Remark 6.12 In the following identity, we assume x is a real or complex which is not a negative
integer. We evaulate x! = T'(z + 1).

Zn:(—l)k(Z)Q(Qj__,:) = (_1)#(—1)“” ({é) (x +n[%]) E}; (6.68)

k=0

6.5 The Index Shift Formula and Equation (6.9)

,CZ:% (Z) (k: —T— a) - (: :LL Z) (6.69)

" /n T n+x
()(e20) = (20)
k=0
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6.5.1 Applications of Equation (6.69)

Remark 6.13 For the following two identities, a reference is P. Tardy’s, “Sopra alcune formole
relativa ai coefficienti binomiali”, Battaglini’s Journal, Vol. 3 (1865), pp. 1-3. In the second
identity, we assume a is a nonnegative integer.

SEOENED-CETT) e
SN -GNy e
COOEOET ) er e
> (5) () -2 () ()
L)) @ -m o () (e e

PE()C)- S E e

§=0 a=0

Remark 6.14 The following identity is from the Mathematical Reviews, Vol. 17, No 5., May 1956,

pp. 459-460.
n 2 2
n r+k x
— 6.77
> (1) ()= () ©7)
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Remark 6.15 The following identity is from the Mathematical Reviews, Vol. 18, No 1., January

1957, P. 4.
;:0 (Z> | (x i ZZ ) k) - (x Z n) 2 (6.78)
S0
:0 (x ; n)2 <2In_ N k_ k) - (2)2 (6.80)

Remark 6.16 For the following identity see “Remark on a Note of P. Turdn” by T. S. Nanjundiah
in American Math Monthly, Vol. 65, No. 5, May 1958, P. 354.

no, _ k
S (" vy (ntrmy (e R (PN YN integeral, m >0 (6.81)
k n—k m+n m/ \n

k=0

Remark 6.17 The following identity is a special case of Saalschiitz’s Theorem. See the review by
L. Carlitz in Math Reviews, Vol. 18, No. 1. January 1957, P. 4.

ST =00
S () (7N e () e
() E -G
4" (2)2<2n22 j) - 4" (?)2<3n2; j) = (2: )2 (6.85)



(")) - GO
" (DQ(SHJ j) B <3: )2 (6.87)
> () )G -G

2 (?)2(4%2?“)( L 1 <4n+1)

27+ () " 2+ 1\ 2n
i(_l)j (?) (—xj— 1) (;ca—_2;1) (a z 2n) (z) 6.90)
(00 -0 691

(1)L - e

N z+y+n (6.92)
v ) ( +y+ )

J

(6.89)

n

Remark 6.18 The following identity solves a problem on Page 122, Vol. 29, 1947, of Norsk Matem-
atisk Tidsskrift.

o\ (D@ e
aFyFny T (wFyEn (6.93)
= (’f)(T) G

~(n\ (z\(z+n+kta r+a+n\[/z+a+n

(k)(k)( k4 o ) ( n )( nt o ) (6.94)

k=0

"\ (r\[(r+n+tr+k r4+n+r\/c+n+r

=0 <k> (kr>< n+r ) ( n )( , ) (6.95)
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6.6 The Minus One Tranformation Applied to Equation (6.9)

Z<$+k)(y+n—k):(m+y—|—n+1> (6.96)
k n—=k n

k=0

S (K (n—k n+1
(a)( B )Z(a+5+1)’ n-pfza (6.97)

k=«

7 Alternating Convolutions

Remark 7.1 Throughout this chapter, we assume, unless otherwise specified, that n and r are
nonnegative integers, while x, vy, and z are arbitrary real or complex numbers.

7.1 Evaluation of Zigo(—l)k(z) (an_k)

2n
T T T
S 04(7) (5,7 ) =0 (0) .
e n — n
Remark 7.2 In the following identity, we evaluate x! = T'(x + 1).
2n
2n 2x k+x x\ (2x
—1) = (-1)" 2
26 () - () @
k=0
7.1.1 Specific Evaluations and Applications of Equation (7.1)

QZ” (1) (2:) (427; - Qkk) _ g (2:) a3

k=0

n w2k (2n —2k\ M n\ ..
;;(_1) <k>( n—=k > n 2 (%)2 (7.4)
(;lZ) (;LZ . Zzl:) =22 (2: ) (7.5)

k=0
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n—1

Z (4k; + 2) (4n — 2k — 2) _ gtn—1 _ o2n—1 <2n>7 n>1
=~ \2k+1)\2n -2k -1 "

7.2 Evaluation of Yr_ (—1)*(%)(,.*,)

Remark 7.3 Recall that for real x, [x] denotes the integer part of .

S (2 - 5o ()
S () - () e
S )1 ()

7.2.1 Applications of Equation (7.9)

;(—U%ngk) (l’zy> - i -

=
D
~__

: —~
|

> =
vo|
Q

+

—_

N
\@
~_

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)



Remark 7.4 In the following two identities, we evaluate z! by I'(z+1), whenever z is a real(complex)
number which is not a negative integer. A reference for these two identities is H. Bateman’s, “Higher
Transcendental Functions”, Vol I, Chapter Il [editor W. Magnus].

5 (D)) e = 2
g(_l)k(@ (n i k) - (;) (22_"(;!_(2:{1)! (7.17)

=500 S () 5 719
Z_: (2k:$+ 1) (n—;k—l) :%(27:) - (_1;[3] (é})(_l)# n>1 (7.19)
e (;{)2 %(2: ) * %({%)PDT”H (7.20)

25

s <2k‘+1) _%(QD _(_17)”([20(_1)# n>1 (7.21)

7.3 Quotient Identities Involving Equations (6.9) and (7.9)

ol

Remark 7.5 Throughout this section, the reader may let x be a real or complex number. Then x!
is evaluated as I'(x + 1).

7.3.1 First Example of a Reciprocal Identity

i n+2w) f(k) = (2;)_(—27;3:) kZ:; (_mk_ 1) <_nm__k1> £(k) (7.22)

k=0 k+a: n
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Specific Evaluations of Equation (7.22)

2": () 2z4+n+1

= () e n(d)

(1) oy - e ()

x n

N N
S () = m e e e

7.3.2 Second Example of a Reciprocal Identity

S () () e () %E)) “r() e

k=0 n n

QZn 2n\ [ 2n + 2z B 4n + 2z
prt k E+x )] \2n+ax

7.3.3 Third Example of a Reciprocal Identity

Specific Evaluations of Equation (7.28)

S () gzzgz:; e ()
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(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)



7.4 Evaluation of 37" ((—1)*(,.” ,) ()

S0 -BrO6)  o
SR)-AEE)E e e

k=0
8 An Introduction to the n'” Difference Operator

Remark 8.1 Throughout this chapter, we will assume, unless otherwise specified, that n and r are
nonnegative integers, x is a real or complex number, and h is nonzero real or complex number.

8.1 Definition and Basic Properties of A} f(x)
8.1.1 Definition of A} f(x)

Apf(o) = (—1)"tk (Z)w 8.1)

Relationship to Derivative

L ()
Linearity Properties of A}
AL(f(2) +¢(2)) = A, f(2) + Ayo() (8.3)
ARALf () = A AL f () = AR f (=) (8.4)
Aj(ef(x)) = cA, f(x), c is a constant (8.5)

Two Basic Examples

Remark 8.2 In the following two examples, we assume a and o are nonzero real or complex num-

bers.
h 1 n
Ag® = g (“ - ) (8.6)

A%(1 4 ah)h = (1 + ah)ra” (8.7)
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8.1.2 Inversion of Equation (8.1)

n

f(@+mnh)=>" (Z) (—1)kAEf(x) (8.8)

k=0

8.1.3 Calculation of A¥ (‘l’;)p EP

xkp

Remark 8.3 Throughout this section, we assume p is an integer while x is a nonzero real or com-
plex number.

n \P kIp T P(n+ 1)[}7
P (k) x(k+1)p(($ k)P —aP) = (n—|— 1) i Dp 1 (8.9)
n x\ kk! T (n_+ 1ﬂ
=1 8.10
k=0 (k) ! (n + 1) grtl ( )

Remark 8.4 The following two identities are found in D. Steinberg’s “Combinatorial Derivations
of Two ldentities”, Mathematics Magazine, Vol. 31, No.4, 1958, pp. 207-9.

m ] n—k—1
szm”, form<n+1 (8.11)
p (m —k)!
n—1 | n—k—1 |
mikm LS. form >n (8.12)
c—~ (m—k)! (m —n)! ’
> kkl=(n+1) -1 (8.13)
k=0
"L 2k kk! 2n+2\ (n+1)! 1
— = — = 8.14
M(k)2k (n+1> ont2 9 @19
- —x+k—1\kk! o —z+n\(n+1)!
Z(—l)k( ) >F:x+(—1) (n+1) por (8.15)

k=0
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k=0

n
xk+1k $n+1

pr x(r — k)k'(i) N (n+ 1)!(nil)

_ k 1
2 G

k=0

8.1.4 [Euler’s Tranformation
If
(-0rarso) = Yo (-1 () £0),

k=0
then

2n+1

S (1 fm) = 3 (- A0,

n=0

8.1.5 Alternative Definition of the n*" Difference Operator

Definition of A~Z
8 =304 ) @+ ki)
k=0

Inversion of Equation (8.21)

F(o + nh) = ;:0(—1)'“(:) Kpf(x)

“ o B “ pfn+1
> 83 = 3 (1) st
CRFOES WE (e R

40

(- ()

-1

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)



Examples of Equations (8.21) and (8.22)
1< n\ 1
= () wz
-7 = kjk

g (g

J=1 J

Example of Equation (8.23) Let

Then,

> =30 (1) P

k=1

Generalization of Equations (8.21) and (8.22): The Inversion Pair Theorem

> (1) 709 = (1)79(e)

k=«

if and only if . .
> 045 )ato) = (1 5(@)
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(8.26)

(8.27)

(8.28)

(8.29)
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8.2 The Shift Operator E;’
8.2.1 Definition of E}’
Epf(x) = f(z +nh)

8.2.2 Relationships Between the Shift and Difference Operators

Arf(x) = (_hi)n zn:(—l)’“(Z) E,f (x)

k=0

A1) = o S0 () Bt

k=0

n

Bt @) =Y () )aks@)

k=0 k

BIALf(z) = ALELf(a) = L2 — Jle +

h)

h
8.2.3 Product Formula for A’,}uv

INITESS (Z) Aby ATk (Eky)

k=0

Application of Equation (8.36)

Remark 8.5 In the following example, we assume a is a nonzero real or complex number.

g sy = e 3 (1)emats (S

k=0

8.2.4 Recurrence Formula for A} f(x + h)

Apf(z +h) = hAYT f(x) + AL f(2)
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v

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)



9 Calculations Involving (—1)"A7}>|,—,

Remark 9.1 Throughout this chapter, we assume n and m are nonnegative integers. We also
assume, unless otherwise specified r, z, x, and a are real or complex numbers for which the
Gamma function is defined.

an(—l)’“(n) LoD st ©.1)

kE/k+r (n+7)!
- k(T 11
;;)( Y <k> ak +1 (”fﬁ) 9.2)

9.1 Specfic Evaluations of Equation (9.2)

~  f(ny 1 2
2 <k> 2%k+1 (2n+1)(%) ©)
n w(m 1 B N 22nn!2
§(_1) (k> okl Y (2n +1)! ©4)
. s(m\ 2%E? 1
%(—1) (k) 2k+1)  2n+1 ©-5)

& k(D 1
g( 1) (k:) (’i%) an+ 1’ a0 9.6)
™ ERVYAL 1 _om
- wmy 11
’;(—1) (k) GRS 9.8)
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>3

n=1 k=1

8
3
N\
> 3
N———
-
.
+ | =
IS
I
Sl
IS
LN
S

9.2.1 Applications of Equation (9.7)

. s o= 1 1 1
2 (1) (;g)Zm:a(l—(wm))’ netmat

= (=1)F 1 elem 1
Z k! Tk z 2435\ 41’ z#0
k=0 - F ZJZO(J)']
I (%
| |
Pt El' n+1+Ek ekzok
n—+k - - _|
k:l(k)k‘ k:()k
2, gkt > 2z z \'M
= —1)/ <1 — <1
> 5~ p () k<
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9.9)

(9.10)

9.11)

(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)



Two Restatements of Equation (9.18)

j=0 k=0
P i( ; )m S | <
— (%) — \z+1 z2+1—7’ 1+
Three Specific Evaluations of Equation (9.18)
- 1 - z
—1)* = 4
kZ:O( ) (z:k) J;O 2j+1<z +]>
- 1 - x
— =2) (—1)
2 e
(1) 1S 1
== - , x#0
N (Ger

10 Euler’s Finite Difference Theorem

(9.19)

(9.20)

(9.21)

(9.22)

(9.23)

Remark 10.1 Throughout this chapter, we assume n, j, m, p, o, and r are nonnegative integers.

We also assume zx, z, a, y, and b are real or complex numbers.

10.1 Statement of Euler’s Finite Difference Theorem

(e = (L S

k=0

10.2 Variations of Equation (10.1)

n

3 (-1 (Z) kil = (—1)"(n + 1)!%

k=0

S (1) (Z) g = (1 (o 20 "D

45

(10.1)

(10.2)

(10.3)



10.3 Polynomial Extension of Equation (10.1)

Remark 10.2 Given a polynomial Z;:o a;k? of degree r in k, with a; free of k, Equation (10.1)

implies
- = ny . . 0 r<mn
. —1)* kK =?" 10.4
3 a ,;)( ) (k) { (—1)™nla,, (10.4)

§=0

10.3.1 Applications of Equation (10.4)

En:(—w’“ (Z) (x— k) = {0’ ren (10.5)

nl, r=mn

i(—U’“(Z) (a —bk)" = {O’ ren (10.6)

n,| —
0 b"n!, r=n

Remark 10.3 Througout the remainder of this chapter, we will assume, unless otherwise specified,
that f(x) is a polynomial of degree n in x, namely f(x) =Y ., a;x".

>y (m)ﬂx ~ kz) = {0’ e (107
0 k A 2m!, n=m
> (1) (n) (m‘j) A o (10.8)
— J r (=1)"m", r =n, m not necessarily an integer
i(—l)j (n) (]) A (10.9)
— J)\r (=)™, r=mn

P n 1\ <& i
= g(—l)k(k N 1) Z(—l)’“( .)jp, p>1n>1 (10.10)

= Zp:(_1>k(k i 1) Zk:(—l)k@) G+1r, =zl (10.11)
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(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

(10.20)



Remark 10.4 The following two identities are due to the work of H. Bateman and T. Ono. For
references see Question 2221 in Nouv. Ann. de Math, Vol.4. No. 14, 1915, pp. 191-192, and
Problem 2238, Nouv. Ann. de Math, Vol.4. No. 15, 1915, pp. 56-57. Also see “Notes on Binomial

Coefficients” by H. Bateman, P. 54.

n—a . a,%Jrk ol
Z (n k a) ( Zji ) - (naj) ) a a nonnegative integer, a < n
k=0 <a+l?:) ( n2

Application of Equation (10.24)
D al = fx) =) (v +yk+y) ( )(—yk‘—y)J ta;
§=0 k=0 j=k

Abel’s Sum

n

(x+y+nz)=z) (ZL) (y+ (n—5)2)"(x+52)"""

=0

Application of Equation (10.24) to an Expansion of e**

00
kk’fl k —ykz
ezz:xZ(x—i_y) e

k!
k=0
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(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

(10.26)

(10.27)

(10.28)



Remark 10.5 The following identity is M. S. Klamkin’s solution to Problem 4489 [1952, 332] of
The American Math. Monthly, Sept. 1953, P. 485.

e k k—1 vz _ ] 1
3 (z+yk)w)™ _ e o < ——, 2 #0 (10.29)
k! wz lyle
k=1 Yy
o L k—1
3y _(ywk') _— W= ze V? (10.30)
! w
k=1
o —x kflkkfl
3 (ze )k_' ot (10.31)
k=1 ’
("
el —¢ (10.32)
L
Sy T et
Z E(xe_m)k_l =T x#1 (10.33)
k=1

o0 x o0 k _
> o i (10.34)
Application of Equation (10.33)
n n 1
—1)nk kR (k41 — 10.35
> () eh 2yt = D (1035)
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Three Applications of Equation (10.35)

Remark 10.6 The following identity is from Problem E1318 of The American Math, Monthly, Vol.
65, 1958, P. 366. Recall that for real x, |x] denotes the floor of x.

| !
Z == [‘3:! ], (10.36)
k=0
Z(-1)’f("> [ek!] = (—1)"n! + 1 (10.37)
k=0 k
n n 1 k
Z(—l)k (k) k" (1 + E) = (—1)"[en!], n>1 (10.38)
k=1
i n;ﬂ =enl—lenl], n=1 (10.39)
k=1 ( k )k‘
klek!] = [e(n + )] —n — 2, n>1 (10.40)
k=1

11 Newton-Gregory Expansions for Polynomials

Remark 11.1 Throughout this chapter, we will assume f(x) is a polynomial of degree n, namely,
f(x) = > ax’. We will also assume, unless otherwise specified, that x and y are real or
complex numbers, while n is a nonnegative integer.

Newton-Gregory Expansions

n

fetn =3 (1) AE, avy

k=0

T +y)= h) Ak Y), where h is a nonzero real or complex number  (11.2)
L)oh
k=0
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12 Recursive Formula for Functions Defined by n'" Differences

Remark 12.1 Throughout this chapter, we will assume n is a nonnegative integer. We also let, for

real x, [x| denote the floor of .

12.1 First Recursive Formula
If

then

[

I3

]

k k+1 n+2

k=0

Note that f(k) independent of n.

12.2 Second Recursive Formula

If

then

k+1 n+1

Note that f(k) independent of n.
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(_Uk(n—k) JEAD) _JO) pe g

(12.1)

(12.2)

(12.3)

(12.4)



12.3 Third Recursive Formula

Remark 12.2 Throughout this section, we assume 1 and « are integers.

Define
Fo(r+1) = i(—n’f (Z) % r>—1. (12.5)
k=0 ( k )
Then,
n+1
Rrin=""1 (f(r) Syt )R (('Zf;)”) - (126
k=0 k
Also,

Fya+1) = R (Fn+a Z (n—i-oz)f‘(?jT—}-ll)>

7=0
n+ao
a+1z n+a\ fi+1) 01 (12.7)
)= AVANEEE - .

12.3.1 ApplicatiOns of Equation (12.7)

Fu(n+1) = (—1)”"(;; > o(-1y (Qf) ! g.jjll) (12.8)

Remark 12.3 The following identity, due to H. F. Sandham, is from Advanced Problem 4519 of
The American Math. Monthly, January 1953, Vol. 60, No. 1, P. 47.

n (n 1 B 1 (n—+ 1)!2 . 92n+2\ 2
Z<_1) (k) 2k +1)(F)  4n+1) ( (2n + 2)! ) (129

k=0 k
2n+1 4n+1
2 1 2
> (= ( "t > = ()" —— (12.10)
— 2n—2k3+1 (2n+1) (%)
" 2 1 21n
" ) = (1) — (12.11)
k: 2n — 2k: +1 (2n+1)(*")
n — 0
p(nta\ (k ~|— a+ 1 " ,
Z(—l) B n =1 «isareal or complex number (12.12)
= n>2
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Combinatorial Identities: Table II: Advanced
Techniques for Summing Finite Series

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 Melzak’s Formula

1.1 Statement of Melzak’s Formula

Remark 1.1 Throughout this chapter, we assume n and o« are nonnegative integers, and x, v,
and z are real or complex numbers. Furthermore, we use the convention that f(x) represents a
polynomial of degree n.

Z. A. Melzak’s Formula from Problem 4458 of The American Math. Monthly, 1951, P. 636

Let
fl) =) aa' (1.1)
=0
Then,
;(—1)’“@:) fgj: - ) _ f;’fy%@)’), y£0,—1,..., —n. (1.2)
=0 n

1.2 Basic Examples of Melzak’s Formula
1.2.1 First Example: f(z) =1

& n\ 1 1
k=0 n



an+1 an
Z (_1>,€(om+ 1) 1 B (—1)
k a?n—anta-1,"’

o a’n—an+a—1—ak (an—i—l)( Y )

k=0 ()
zn:(_l)k 2n + 1 o 41— 2k
— k (2n+1—nk)(2n? —n —1—nk)

1
= , n>2

2n2—n—1 —

n(2n 4 1)( o )

Inversion of Equation (1.3)

u n 1 z
Z( 1 (k;> (’Hl;i) z4yn’ 7Y

an+1
pfon+1 1 1
2 (=1 ( k )(H‘ZL“)_lJra’ o=l

an+1
an+1 1 1
Z<_1)k< 2 )(kanﬂ :1—a’ o> 2

(z 4 2a)

a=0

S () =500 = (1) e

2n+1 (41 . E
B

k=0 k )
G ) 10
= (svaRy 3(™)

> (Z) n?—2n - (n— Dk e a=s

a ok k! 1
—nF(" = _9 4.
S0 () T T R

a > 2

—2n

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)



1.2.2 Second Example: f(x) = =™

i(—m’f(Z) (=" _ (@ E{)n y£0,—1,-2 ..., —n

e y+k oy

S (f) o

k=0 n

SR AL

k=0

a+1 Q

a=0 k=«

(z+1)" Qi <Z> (’“) (z— k)" Fk—a), — with0®=1

1.2.3 Third Example: f(z) = (m+n)

n

zn:(—l)k(;;‘) (x _I:L+") - Jlr - = Sgy?)) y#£0,-1,-2, ..., —n

k=0

zn:(—l)k(?;) (2nn— k)yik _ ;Q(Z{Z)) y#0,—1,-2 ... —n

n

L (0 - St veomre

2 () ) m

k=0

(e () (e g

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)



1.2.4 Fourth Example: f(x) = (m:)

2n ) — k)2 1 (y+=)?
Z(—l)k( :) ((y - ) )ng _ i(xizn;, 2 #£0,-1,-2,..,—2n (1.23)

k=0 2n

2

2n o\ (k2\ 1 @
Z(—1)k< :) (n) — = x((ﬁgn)a 2 #£0,—-1,-2, ..., —2n (1.24)

k=0 2n

1.2.5 Fifth Example: f(x) = (n:f)

Remark 1.2 For this example, we assume m is a real or complex number.

; n\ (m@—k\ 1 ("5
Z(—1)k(k>( ) )y+k_ GUR yA£0,—1,-2 .. —n (1.25)

n

zn:(_l)k(@ (—Z”Lk) - i . y((}i’)‘) . y#£0,—-1,-2,....—n (1.26)

n

mk n(_my:;"—l)
< )(n )y—i—k; (1) RGON y#0,—1,-2,...,—n (1.27)

n

= z—yk z )L n=>0
L) a2

1.2.6 Sixth Example: f(z) = (**°%)2P

Remark 1.3 In this example, we assume « is a real or complex number. We also assume r and p
are positive integers.

r+p
w(T+D\ [(2+ar—ak\(x—kP  (x4+y)P (24+ax+ay
;(_1)< k )( r ) y+k _y(yj;y)( . ) (1.29)
2n
w20\ (2 — ok (x = k)"  (z4+y)" (2+ay
;(—1)<k>< 3 )y+k —y(y;%n)( i ) (1.30)

2n
g(2n\ (z—ak\ k" 1 z+
;(_‘U (k:)( n )k+1_( b 2n+1( n ) (1.3



1.2.7 Seventh Example: f(x) = (f)p

Remark 1.4 For this example, we assume r and p are positive integers.

P —k P 1 z+y\P
Z<_1>k(rl§) (a: )y+k: y<(yr+)p), A0~ -2 - (132)

k=0 n

p p p—1
c(TP\ (P —k 1 _1 rp+7r
Z(_D (k’)( r > k’—i—?“_r( r ) (1.33)

k=0

1.3 Advanced Applications of Melzak’s Formula
1.3.1 First Application: f(x) =1

n

a = U = D g Y (e s

k=0

1.3.2 Second Application: f(x) = =™

Zn: (Z) (= k) (1 -+ k)”’“y%{ => (-1)* <Z) % (1.35)

k=0
A Variation of Equation (1.35)

n

P TSN TR SRR o VY (L PP CRL )
Z<k)( bk)" (b + bk) Utk Z::( 1) <k>b (y+k) 7 (1.36)

k=0
where b is a nonzero real or complex number.
Three Generalizations of Equation (1.35)

Remark 1.5 For the following three identities, we assume a and b are nonzero real or complex
numbers. We also assume p is a nonnegative integer.

zp: (@ (by — bk)’“(;;:y + bk XP:(_U" (i) a’ " zn:(_mk (Z) % (1.37)

k=0




p (Z) (y — bk)k(xa;g + bk * z”:(_l)n (i) o zi:<_1)k <Z> % (1.38)

k; <z) (y — bk)k(;;ky FoRpE Xp:(_n” (p) (y + ba)" 139

1.3.3 Evaluationof > | ©

1_ [ (_1);@(”)% n>1 (1.40)

e ACO R k) kf(x) -
- — f(l‘ — k) . 1 /
() @ - e, ez (1.41)
; k k — k
= per (M) (r—k\1 _ z\ < 1
;(_1) (k ( n )E =(z—n) (n) — k(x+k—mn)’ = (1.42)
- +k\ 1 "1
(—1)k1 <”) (” )— =25 =, ax1 (1.43)
; k k k e~ k
1.3.4 Fourth Application: Let f(x) = (z:%j;

Remark 1.6 The following identity is the solution to Example I1I, (A), in “Théorie des Nombres”
par Edouard Lucas, Tome Premier, Gauthier-Villars, Paris, Chapter XI, P. 187.

S <2k> (2n - %) L o) G I ) (144

2\ k )\ n—k c+k (")’ z(*T)

"L /2K /2n — 2k
k n—=k
k=0

1 2"(2x+1)(2x+3)...2z +n—1)

| (1.45)

N———

— vtk z(z+1)...(x +n)
(Qk:) (2n—2k) 1 :2n+1(2n) (1.46)
prd k n—k Jk+1 n+1\n
"L /2k\ [2n — 2k 1 94n 92n
( )(” > — = (1.47)
—~\k n—k J2k+1  (2n+1)()  ("2)



1.3.5 Evaluation of > (—1)*(}) ﬁ

Remark 1.7 The following identity is due to R. Frisch. It can by found in Eugen Netto’s “Lehrbuch
der Combinatorik”, Leipzig, 1901, Sec. Ed. 1927, reprint by Chelsea Publ. Co., New York, N.Y.

1958. This identity can also be found in R. Frisch’s “Sur les semi-invariants, etc. ”, Videnskaps-

Akademiets Skrifter, II, No. 3, Oslo, 1926.

S (W) by

k=0 b—c

provided b and c are positive integers, b > ¢, and (btk) #0fork=20,1,2,....,n.
Two restatement of Equation (1.48)

> ()

k=0 c

provided b and c are positive integers, b > ¢, and (Zf'z) #0fork=0,1,2,....,n.

il an 1 p
(_1)k( ) - = , « and (3 positive integers, o # [3.
2w

Specific Example of Equation (1.48)

> ()~

k=0 2n n

1.4 Generalized Melzak’s Formula
Remark 1.8 In the following identity, we evaluate x! = I'(x + 1).
i( 1)k<a:> 1 I'(z)I'(x+1) 1

— = = )
= k)z+k F'x+2z+1) z(m)
where Re(x) > —land z #0,—1, -2, ...

(1.48)

(1.49)

(1.50)

(1.51)

(1.52)



1.4.1 Applications of Equation (1.52)

i 2k 1 1 1
k)2 a+k  5(73)

k=0

> (Vw7 ()
i (2 42k +1) 27+ \Z

> (%) =5

k=0

1.5 Derivative Version of Melzak’s Formula

= n T — T + ;~:=()ch_¢1i T+
Z(_l)k( )f( k) Fl@e+y)diomy — wf(@+ty)

par k) (y+k)? y(".")
y#0,—1,...,—n

1.5.1 Applications of Equation (1.56)

i(—l)k (n> (@ -k (@Y i iy —n(z+y)!

p k) (y+k)? ("))
" w(n kv g il
n y+n n _1\k (n) (=k)"
Zk—lk?/ - 0 i 1)<x(+)§/y>+k)2 M
k=0
ntl 1 n (T k™ 0 _
;k:( 1) (n—i-l)kzo(_l) (l{;)(k%—l)z—i_n’ 0"=1

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

(1.61)



1.6 Melzak’s Formula for Polynomials of Degree n 4 1

Remark 1.9 In this section, we assume f(x) is a polynomial of degree n + 1, that is,

flz) = X0 ae’

- w(M\ fx—Fk)  f(z+y)

y#0,—1,...,—n, n>1

1.6.1 Examples of Equation (1.62)

n —k n+1 n+1
B e
k=0 "
rp—1 P z+y\P
S ()T iy e
= Yy

r and p are positive integers, rp > 2, y#0,—1,-2,...,1—rp

1.7 Partial Fraction Generalizations of Melzak’s Formula
1.7.1 First Partial Fraction Decompostion

Let f(z) = S aga’. Then,

- n\_fly—k) 1 fly+2)  fly+x)
Z<_1)k<k’)(k‘+x)(k+z)_(n+1)(x—2)( GRRNGH) )“é (169

k=0 n+1 n+1

1.7.2 Second Partial Fraction Decomposition

Assume u, v, and w are real or complex numbers. Let f(x) = Zig a;xt. Then,
k(" fly—k) B u—1 fly+u)  fly+w)
2.1 (k) Frokrotite)  mFDn+u—o)u—w) ( GREENGH )
B v—1 fly+ro) flytw) o,
(o D+ 2)(u = 0)(o — w) ( GO GH ) R
(1.66)



Example of Equation (1.66)

o L[ (n+1)(n+2 1 1 1
Z(_l) (k) (k+3)k+4)(k+7) 2(n+3) ("1 * 2("1)

k=0 2

1.7.3 Third Partial Fraction Decomposition

Let f(z) = > a;al. Then,

X (0o - (0 e

k=0 k

Two Applications of Equation (1.68)

First Application
Let f(x) = 22" " aga’. Then,

k+n
= k (")
Second Application
Let f(z) = >0, a;z* and assume 1 < p < n — 1. Then,
- w(m\ f(k) _
> _(-1) (k,) GOl 0.
k=0 n

Z(—l)l‘C (n) (k+n) = 0, provided p is a positive integer, 1 < 2p < 2n — 1

2 Lagrange Interpolation Formula

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

Remark 2.1 Throughout this chapter, we assume, unless otherwise specified, that n and j are

nonnegative integers, and x, v, and z are real or complex numbers.

2.1 Two Basic Forms of the Lagrange Interpolation Formula
2.1.1 Product Form
Let f(x) be a polynomial of degree n, that is, f(x) = >\, a;x". Then, forn > 1,

n n
r— x;
f(x) = g f(xk) H =", where the x; are distinct.
N L — Ly
=g

10

(2.1



2.1.2 Derivative Form

Let f(x) be a polynomial of degree n, that is, f(x) = >_1 ,a;x". Let p(z) = [, (x — x;). Then,
forn > 1,

f(x) = ¢(x) Z @ _j;(:;i )’ where the x; are distinct. (2.2)

Generalization of Equation ( 2.2 )
Let f(x) be a polynomial of degree n, that is, f(x) = >_1 ,a;x". Let p(z) = [\, (x — x;). Then,
forn > 1,

f(x+vy) = p(x) Z (@ f—(z::;g:’zl:k) , Where the x; are distinct. (2.3)

Integral Form of Equation (2.2)
Assume x is a real number. Let f(x) be a polynomial of degree n, that is, f(x) = Y i, a;x". Let

() =11y (x — x;). Then, forn > 1,

i Ei Z f n(x — xy,) + C, where the x; are distinct. (2.4)

Derivative Form of Equation (2.2)
Let f(x) be a polynomial of degree n, that is, f(x) = Y, a;z". Let p(x) = [[[_y(x — ;). Then,
forn > 1,

f(x) ) y -
— | = )" E , where the x; are distinct. (2.5)
<90(x) (z — ) ”*1 @' (1)

2.2 Partial Fraction Expansion Via Equation (2.2) and Melzak’s Formula

- k(T _ J S
Z(—l) (k:) o) jz =) Hz¢1 =)’ m a positive integer (2.6)

k=0 =1

2.3 Applications of Equation (2.3)
2.3.1 First Application: Let x; = 2

flx+y) =

kzn;( )("_x> (k +y) 2.7)

7=0
T2k

11



“(x\ (n—z\ [(k+y [Tty
(G- -00) e
k=0
2.3.2 Second Application: Let x; = 3>
Let f(x) be a polynomial of degree n, that is, f(x) = > a;x". Then, forn > 1

zn:(—nk( om )f(y+k2) =D +y) +1<2”> 1) (2.9)

e n+k) x?—k2 _Qx(x—n)(x;”) 2\ n ) x2?

Let f(x) be a polynomial of degree n, that is, f(x) =Y ., a;x". Then, forn > 1
i(_l)k (n> ( fly+k?) (—D)"f(@*+y) | fly) 2.10)

k) (22 — k2) ("+k) a 2x(x —n) (x+”) (2”) + 202

k 2n

k=0
Specific Cases of Equation (2.9)

- s 2n\ _ [(2n—1
Z(_l) (n+k)_( n )’ nzl 1D

k=0

- k(20 1 _ 1 /2n 1

2n

n

= 2n 1 1 (2n (—1)"
E _1)k S > 2 2.13
2 (n+k)n3—k2 2n3(n) R e N
2.3.3 Third Application: Roots of Unity

Remark 2.2 Throughout this subsection, we define wy, for « = 1,2,...,n, to be an n' root of

unity, i.e. w, = e, where i = \/—1. We will also assume f(z) is a polynomial of degree n — 1,
namely, f(x) = Z?:_& a;xd.

fl@) 1 flwp)wy
n(—)1:_ )W n>1 (2.14)
L M= T Wn
. 1 k\r+1
nx L= (1) = n>1, raninteger, 0 <r <n—1 (2.15)
A nc= r—wy
1 1~ wh
-1 n x —wk’ nzl (216

12



2.3.4 Fourth Application: Shifted Roots of Unity

Remark 2.3 Throughout this subsection, we define w®, for a = 1,2,...,n, to be an n'"

root of
2" =—1,ie w, = e ™ ywhere i = \/—1. We will also assume f(z) is a polynomial of degree

n — 1, namely, f(z) = 2;:01 a;al.

> kY, ok
fl) -1 (w)wn S 2.17)
41 n T — wk
k=1
r _1 n k 7‘+1
ro_ (1) , n>1, raninteger, 0 <r <n—1 (2.18)
| n xr — wk
1 —1 ¢ .
I o S S (2.19)
| n = x— wk

3 Hagen/Rothe Coefficients

Remark 3.1 Throughout this chapter, we assume n, «, and 3 are nonnegative integers. We also
assume x, y, and z are real or complex numbers. For real x, we let [x] denote the floor of x.

Remark 3.2 There are two main referencec for the material in this Chapter. The first is Johann
Georg Hagen’s Synopsis der hoeheren Mathematik, Berlin, 1891 (3 Volumes). The second is Hein-
rich August Rothe’s, Formulae de serierum reversione, etc. Leipzig, 1793.

3.1 Hagen/Rothe Coefficients of the First Type
We let Hagen/Rothe Coefficient of the First Type be denoted by A, (x,d), where,

Az, 2) = — (w + nz). 3.1)

T+ nz n

Alternative Definition of A, (z, 2)

n—1
+ kz €T
Ap(@,z) = 3 (—1)k+mHt n) (w ) , > 1 32
(z, 2) k::O( ) (k: n )zt ks n > (3.2)

13



3.1.1 Generating Function for Ax(c, 3)

- —1 —1)s1
ZAk(a,ﬁ)zk:ya, wherez:yyﬁ ,and |z| < (8 ﬁﬁ)
3.1.2 Properties of A, (z, 2)
n'" Difference Property
= — k+nz k
(") Anky2) = S (=1 = (-1)" > 1
S () At = St () () ) =0 n

Convolution Formula

> A, 2)An iy, 2) = An(z +y,2), e

k=0

Generalization of Equation (3.5): Let p and q be real or complex numbers. Then,

Z Az, 2)Ap_i(y, 2)(p + qk) = p(x +y) + nxq (x +y+ zn)’

rT+y—+zn n
Hagen Identity
Zn: x+zk\ (y— zk p+qk _plzty—z2n)+nzqz+y
— k n—k)(x+zk)(y—=zk)  (z+y)z(y —2n) n

Vosmansky Extension

2n

S (1) (%j) Aok, ) Agn (20 — k. 2) = (—1)"2 (2:) Ap(nz), e

B () () (A e
() () g - o

14

i r+kz\ (y+nz—kz x Y _(r+y+nz r+y
k n—=k v+kz y+nz—kz n r+y+nz

(3.3)

(3.4)

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)



Restatement of Equation (3.9)

zn:(—l)’“ (Z) Ay, 2) An(n — k) =

() () g o

3.2 Hagen/Rothe Coefficients of the Second Type
Remark 3.3 To form the Hagen/Rothe Coefficient of the Second Type, simply delete the fraction

factor of A, (z, 2).
3.2.1 Generating Function for Hagen/Rothe Coefficients of the Second Type

o0 k a+1 —1 -1 B-1
Z (Q t{:ﬁ ) k — ﬂ—%w’ where z = y?, and |z| < '% (3.12)

k=0

3.2.2 Properties of Hagen/Rothe Coefficients of the Second Type

i(—l)’“(Z) (x Z‘yk> — 1)y (3.13)

" (x+z+kﬁ) (y—er(n—k:)ﬁ) (3.14)
0

n" Difference Formula

First Convolution Formula

i z+kB3\ (y+(n—k)F\
k n—=k a k n—k
k=0 k=
Second Convolution Formula
(o4 k2\ (y+ (n—k)z r  [(r4+y+nz
Z( k )( n—k r+kz n (3.15)

k=0
Variation of Equation (3.15)

x4+ k2\ [y —kz I 1(zx+y
SO )

z
k=0

15



Remark 3.4 The following identity, proposed by K. L. Chung, is from Problem 4211 of The Amer-
ican Math. Monthly, 1946, P. 397. Assume d is a real or complex number. Then,

pu— > . .
Z(k‘)<n—k)dk:—1 d_1(n>7”—1ad%1 (3.17)

k=1

Variation of Equation (3.17)

n ((d—l)k) 1 d-2
Z(k) () dki—1 1-d d#1 (3.18)

k=0

3.3 Abel Coefficients

Remark 3.5 In this section, we define the Abel Coefficients, B(x, z), as

z (r4+nz)"

x + nz n!

B,(x,z) = (3.19)

The Abel Coefficients are obtained from A, (x,z) by a simple limiting process. A reference for
the material in this subsection is N. H. Abel’s, “Demonstration d’une expression de laquelle la
formule binome est un cas particulier”, Jour. reine u. angew. Math., Vol. 1 (1826), P. 159.

3.3.1 Generating Functions for By(c, 3)

— 1
ZBk(oz,ﬁ)zk —2%=e™: x=¢" z=we ", |Bwe | < = (3.20)
k=0 €
& k @ aw 1
ZBk(oz,ﬁ)zka +0 = z S cx=eY, z=we P, |fwe P < = (3.21)
pre Q 1—0Flnz 1-—pw e

3.3.2 Properties of B,,(x, z)

Remark 3.6 For the following three identities, we assume p, q, and t are real or complex numbers.

Z Bi(x,2)Bu—k(y,z) = Bu(z + v, 2) (3.22)
k=0

16



n

Z By (z,2)B,_(y,2)(p+ gk) =
k=0

p(r +y)+ qnx

B,(x+y,z
o (z +y,2)

> Bz, 3)Z J;ﬁan_k(% 5)w _

k=0 Yy

a:~|—t+ﬁk y—t+p(n—k)
ZBk LAy By — B —

3.4 Generalization of A, (x, 2)

Remark 3.7 In this section, we assume w is a real or complex number.

w (x+zn) _ (1) (27:)

w—+ zn n

Generating Function

= (a+ Bk w P L) (o —1\" _r—1
Z( k >w+ﬁk 362 %’;n)( z ) TR

k=0 n=

Remark 3.8 In the following equation, assume

n

F =30 () (7). 0 =1

k=0

Then,

i () m e e () Fw, o=

n=0

3.5 Generalized Rothe Convolutions

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Remark 3.9 In this section, given a function f(x), we assume there exists coefficients Cy(c, [3)

such that

= i Cr(a, B)2", where z = @
k=0

B

17
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Using convolution theory, we show that

Zok Coi(7, 8) = Cula +7, ). (3.30)

A reference for this material is J. G. Van der Corput’s Over eenige identiteiten, Nieuw Archief voor
Wiskunde, Series 2, Vol. 17, 1931, pp. 17-27.

3.5.1 Applications of Equation (3.30)

. n—1
BE\ (Bn—pkY 1 28(Bn 1
1<k)(n—k)k(n—k)_7(n);m> n=2 (3.31)

n—1

i ( )k’“ Yn— k)" 1t =2(n—1)n"2, n > 2 (3.32)

k=1

n

b
Il

3.6 Generalized Difference Series
3.6.1 Differential Series

Remark 3.10 Throughout this subsection, we use the convention that D" f(x) is the n'" derivative
with respect to .

Taylor Series
oo

f@) =3 = [Drf®)],, (3.33)
n=0
Abel Series - »
F@)=>_ % (D f®)] s, (3.34)
n=0 :
Generalized Differential Series
oo + n
Z T+ yn g nf'y”) [D?f(mt:—yn (3.35)
n=0 ’

18



3.6.2 Difference Series

Remark 3.11 Throughout this section, we let A}, f(t) denote the nth difference of f(t), namely,

AP f(t) = Z(—1)"+k (Z) flx+k). (3.36)

k=0

Remark 3.12 The material in this section can be found in N. E. Norlund’s

Vorlesungen iiber Differenzenrechnung, Berlin, 1924. (Reprinted by Chelsea Publ. Co., New York,
N. Y, 1954.) Also see N. Nielsen’s Handbuch der Theorie der Gammafunktion, Leiptzig, 1906. We
also refer the reader to R. C. Buck’s “Interpolation Series”, Trans. Amer. Math. Soc., Vol. 64,
1948, pp 283-298.

Newton-Gregory Series

HOEDY (:) anse)] (3.37)
n=0
Stirling Series
f@)=fO+> = (x - 5) (A7 £, (3.38)
n=1

Generalized Difference Series: Two Versions

f(z) = i x (a: + yn> [Agl f(t)} (3.39)

x4+ yn n t=—yn

n=0

0 /utfn
flaty)=) ( bt )x - R Gt )) P (3.40)
n=0

4 Jensen’s Formula

Remark 4.1 In this chapter, we assume u, v, o, 3, and v, are real or complex numbers, while n and
p are nonnegative integers. We also note that a different variation of Equation (4.1) is found in J.
L. W. V. Jensen’s “Sur une identité d’Abel et sur d’autres formules analogues”, Acta Mathematica,
Vol. 26, 1902, pp. 307-318.

" [a+ Bk\ [y — Bk _" oa+y—k\
Z( k )(n—k)_kz:o( n—k )ﬁ @D

k=0

Jensen’s Formula
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4.1 Specific Evaluations of Equation (4.1)
i <2k> (2n - 2k> o
k n—k
k=0
~ (2k\ (n—=2k\ .
> () () -
k=0
(a o k) (p ce s k) = E-1)" T 0<psn—1
~ (a+ Bk (n—a—pBk\ /-1
()T e

P/ (n— Yk un L gntl
v (k)(n—k:):T vAD et

(597 - ()" (5) 5 (589" ).

k n—k

k=0

where Fy =0, Fy =1, F,,.1 = F,, + F,,_1 are the Fibonocci Numbers

4.2 Limiting Case of Equation (4.1)

=~ (a+BE)F (v =BR)"* K (a+)F
2 k! (n — k)! =82 Brk!

k=0 k=0
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5 Lagrange Inversion Theorem

Remark 5.1 Throughout this chapter, we assume t, h, x, y, and z are real or complex numbers,
while n is a nonnegative integer. We also let D} f(t) denote the n'" derivative of f(t) with respect
tot.

5.1 Basic Statement of the Lagrange Inversion Theorem

Let x =t + hp(x). Then,

f@) =3 T Dr (PO ). 5.1

Remark 5.2 For an analytic proof of the Lagrange Inversion Theorem, also known as Biirmann’s
Theorem, we refer the reader to three sources. The first is Modern Analysis, Fourth Edition, by
Whittaker and Watson, 1927, P. 133. We also suggest

An Introduction to the Theory of Functions of a Complex Variable by E. T. Copson, Oxford Uni-
versity Press, First Ed. 1935, reprint 1944, pp. 123-125. The third source is T. W. Chaundy’s
“The Validity of Legrange’s Expansion”, Quarterly Journal of Mathematics, Oxford Series, Vol. 2,
1931, pp. 284-297.

5.2 Derivative Formulas Associated with the Lagrange Inversion Theorem

Remark 5.3 The formulas in this section are given as exercises in
Recueil d’Exercises sur le Calcul Infinitésimal, Second Edition, by Frederic Frenet, Paris, 1866,
Page 15 and Pages 75-76.

Let z = x + yf(2). Let D" f(x) denote the n'" derivative of f(x) with respect to x. Furthermore,
assume F'(z) is any continuous, differentiable function. Let z = x + y f (x). Then,

D,z = f(2)Dyz (5.2)
D,z = o (5.3)
1—yf'(z)
Dyz = Dt ((f(x)" Daz) (54)
Duhamel’s Theorem

DyF(z) = Dy~ (F'(2)(f(2))" Ds2) (5.5)

Lagrange Inversion Formula
F(z) = Y 2oDi7 (F'(@)(£(2)") 56)

n=0 """
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6 Basic Operators

Remark 6.1 Throughout this chapter, we assume n and p are nonnegative integers. We also assume
x is a real or complex number, while h is a nonzero real or complex number. We also let D, denote

the derivative with respect to x.

6.1 The Operator (zAp)"

Remark 6.2 Recall that

flz+h) - f(x)
h ,

Apf(z) =

is the (first) difference operator.

@an@ =3 (17T wals@ é(—lw (7)%"

=0

6.1.1 Specific Evaluations of Equation (6.2)

(A fx) =3 (7o Datse 1y (1)

J=0

(xAp)"2? = Z <h +j, )B;Lj Z (p> a?""h" B} ;, where
9. /r'l 9,

22
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(6.2)

(6.3)

(6.4)

(6.5)

(6.6)
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6.2 The Operator (rEp)"
Remark 6.3 Recall that E}, is the shift operator, that is E, f(x) = f(x + h).

(@) f(x) = h™n '( *Z‘l)ﬂwnh)—h" '( +Z_1>E2‘f(x) (6:8)

6.3 The Operator ("D, )"
6.3.1 The Operator (zD,)"

Grunert’s Formula
Let S be function of x. Then,

(xD,)"S = ii( 1)J+k< )kz"m’D”S. (6.9)

7=0

6.3.2 The Operator (2D, )"
Let S be function of x. Then,

Uin— 1\
(z2D,)"S = Z" (Tf l)mnﬂD;S. (6.10)
it \j -
7j=0

6.3.3 The Operator (XD,)"
Let S be function of x. Then,

n n | _ k—2n
(épx) S = (—1)"—’CL<2" k>x DFs. (6.11)

k=0

6.3.4 Recursive Formula for (z"D,)"
Let S be afunctlon of x. Let r be any real number. Define T, 0 = 1. Assume Ty = 0, forn > 1;
Also define T'; = 0 for j > n. Then,

(2" D,)"S = Z eI DIS, where TrrY = ((r— Dn+ 5+ 1D)T0,, + 0. (6.12)

23



Specific Evaluations of Equation (6.12)

n

k=0

()

Generalization of Equation (6.13)

k=0

p!

Specific Evaluations of Equation (6.15)

k=0
n

k=0

> (1)(

6.4.1 Operator (D, x)"
Let S be function of x. Then,

Z (i) RITE =70l

S () (7 )z

2 ()G

n _..n
Tr—l—l,k =r n'<

(

24

n—1
n

) , where p is a real or complex number

+n—1
n

B n
n—=k _om 5
(n+ k) n

B P e &

6

6.4 The Operator (D,x")"

7=0 k=0

(_1>k+j+1

(4 1)!

24

)

(

J+1
k

)k;"“ij;s.

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)



6.4.2 Recursive Formula for (D, x")"

Let S be a function of x. Let r be any real number. Define Tgo = 1. Assume 17}y = 0, forn > 1.
Also define T}'; = 0 for j > n. Then,

r,J+1 rJ+1

(Dya”)"S = > T a0 DIS where TiHY = ((r— Dn+j + 1)I7, + T0. (6.21)
j=0

6.4.3 Combined with "D,
(Dpx — aD,)" f(z) = f(z) (6.22)
(Dya” — 2" D))" f(x) = r"z"= V" f () (6.23)
6.5 The Operator (xD,x)"
Let S be a function of x. Then,

"ol
(zD,z)"S = —'<">xk+"pk5. (6.24)

6.6 The Operator (zD?)"

Let S be a function of x. Let r be any real number. Define TP,O =L T, =0forn>11T" =0
for 37 > n. Then,

(@D2)"S =Y Ty a/ DS, where Tptly = ((p—Vn+j+ DT, + T (6.25)
=0

7 Intermediate Operator Techniques

Remark 7.1 Throughout this chapter, we assume n and « are nonnegative integers, while x and z
are real or complex numbers. We also use the convention that D" f(x) denotes the n'" derivative
of f with respect to x.

7.1 Change of Variable Formula

Assume vy is a function of z and v = e*. Then,

n! /D,
Dly=e™D,(D,—1)...(D, —n+1)y = —( )y (7.1)
"\ n
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7.2 The Operator (xD,)"

Grunert’s Formula
Let y be function of z. Assume v = e*. Then,

(xDz)"y = D7y = Zn: i(—l)“’“ (D k"™ (D.z>y (7.2)

j=0 k=0 J

7.3 The Operator (1D,)"

Let y be a function of z. Assume x = e*. Then,
1 " NS e Nl = e ,
j=0 Jj=0
where C7 is the coefficient of ¥/ in (2), ie. (i) = Z?:o C']’-"”xj.

7.3.1 Application of Equation (7.3)

Assume C7' is the coefficient of 27 the series expansion of (i) Define aj(n) as
(-1 § AP
ay(m) = <= (-1 )
k=0

Let S be a function of x. Then,

(EDI) S=nl> ") ak eI ay(5) DS (7.4)
t k=0 j=k
7.4 The Operator ("D} )

Remark 7.2 A reference for the formulas in this section is “On a Class of Finite Sums” by Leonard
Carlitz, The American Math. Monthly, Nov. 1930, Vol. 37, No. 9, pp. 472-479.

Assume S is aﬁmclion OfZE Then,
n(a—1)+1 _ _
J]kJrn 1Dk+n 1S

(z"Dp)* S =n* ) (k+n—1)

k=1

k+n—1 N\ &
=3 (—1)J(k+?_1>(k+";1_‘7) La> 1. (7.5)

J=0
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7.4.1 Specific Evaluations of Equation (7.5)

i“”’“(? ) - 2SS G

7.5 The Operator (Dx™)®

Let S be a function of x. Assume naw < m. Then,

m k o a K
(Dra™)s = n1* SN (1) (j) (k i* ") %D’;S.
k=0 j=0 ’

7.6 The Operator DP-

(Df”) flx) = f: Z—|DZ (—=1)"*Dk f(x), where z = e*

(02 1) =330 3 () i s,

J

where C”' is the coefficient of x’ the series expansion of ( )
n

7.7 Derivatives of a Class of Transcendental Funtions

Remark 7.3 For this section, we define Ey(x) = x, B\ (1) = €%, Ey(z) = e, and
E,(x) = 1), We define a;(n) as namely,

(—1)?
;!

a5(n) = Z(_l)k(i) w

0

Finally, for this section only, we assume r is a nonnegative integer.

Dy E,(z) = E,(z) g, (ki) @ > 2 b, =

(7.6)

(7.7)

(7.8)

(7.9)

(7.10)

(7.11)



7.7.1 Specific Examples of Equation (7.11)

Dpe” = e aj(n)e’” (7.12)
j=0
Dpe” =e" Y ap(j)e ) an(k)e™ (7.13)
k=0 a=0
e® e® n . J ﬂ x
Dre®” = e a;(n)e’™ Y ag(j)e’ Z aq(B)e™ (7.14)
7=0 £B=0 a=0

7.8 Derivatives of x*

Remark 7.4 In this section, we define the sequence {F,(k)};—, by Fo(z) =1, Fi(z) = 1, and

Fi(z) = =D, Fj_1(x) + kgle_g(x), whenever k > 2. We assume T is nonzero.

D" (z%) = 2" Z(—N(Z) (14 Inz)" % Fy(x) (7.15)

k=0

8 Advanced Operator Techniques

Remark 8.1 Throughout this chapter, we assume n and r are nonnegative integers, while x is a
nonzero real or complex number. We assume, unless otherwise specified, that y is a function of x.
We will use the convention that D"y = D™y is n'" derivative of y with respect to .

8.1 The Non-Linear Operator (z + D)"
8.1.1 Definition of (x + D)™

(z+D)"y=Dyy=[[(=z+ D)y, D=1 (8.1)

k=1
8.1.2 An Expansion of DY

Diy = (?) [(z + D)y ~'a] D"y, (8.2)

Jj=0
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8.1.3 Alternative Expansion for D7

Diy=>" (7;) Aj(x)D Ty, (8.3)
=0

where the A;(x) are polynomials of degree j in = such that

Apia(z) = 2A,(z) + nA,_1(2), Ap(z) = 1. (8.4)

8.1.4 Properties of A,,(x)

DI Ay (z) = 7! (:) Apr(2) (8.5)
Ay() =n /0 " Ay 1(2)dz + A(0) (8.6)
Dre” = (V2)"e" A, (V2) (8.7)
8.1.5 Explicit Formulas for A,,(z)
An(z) = n (Z) 2% A, (0) (8.8)
pa

Remark 8.2 Ror real z, let [x] denote the floor of x.

(3]

Ay =Y (Z) (" . k) S—im”_2k (8.9)

An(z) = (i\/1§)” i:(—nk(Z) (n B k) Kl(iv2e)" 2, i=+/—1 (8.10)
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8.1.6 Properties of (x + D)™
Order Property

(x+ D)ty = (x + D)(z + D)"y = (x + D)"(z + D)y
Product Property: Assume u and v are functions of x. Then,

(z + D)"uwv = i (Z) D*v(z + D)™ *u.

k=0

8.2 The Non-Linear Operator (x — D)™
8.2.1 Definition of (x — D)™

n

(@—D)"y=Dy=[[@—D)y, D=1
k=1

8.2.2 An Expansion of D7

B , 1 .
Dyy = Z(—l)J (n) [—(QZ — D)"_ka} D’y, a any nonzero constant

j=0 7/ L4

8.2.3 Alternative Expansion for D7
" n In\ = .
D3y =317 () vyt Dy
— J
j
where the A;(x) are polynomials of degree j in x such that

A1 (z) = 2A,(x) — nA,_1 (), Ap(z) = 1.

8.2.4 Properties of A,,(x)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)



8.2.5 Explicit Formulas for A, (z)

8.2.6 Properties of (x — D)™
Order Property
(z = D)™y = (z = D)(z — D)"y = (x — D)"(z = D)y

Product Property: Assume u and v are functions of x. Then,

n

(¢~ D)y'uv =" (Z) D*u(z — D) *u.

k=0

8.3 Advanced Properties of A,,(z) and A,,(x)
8.3.1 Addition Properties

31

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)



8.3.2 In the Expansion of "

o = :O (Z) Ap_i(2) A,(0)
Sy (Z) Ay () A(0)

32

(8.27)

(8.28)

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)



8.4 The Linear Operator (D + a)”

Remark 8.3 Throughout this section, we assume a and b are nonzero real or complex numbers.
We will also assume v and v are functions of .

8.4.1 Definition of (D + a)™

n _ " n n—k Nk
(D + a) u—;(k>a DF*u (8.35)
8.4.2 Product Rule

(D +a)"uv = <Z) D¥v(D + a)* *u (8.36)

k=0
(D+a—>b)"uv = <Z) (D + a)*u(D — b)"*v (8.37)

k=0
D" (uv) = (Z) (D + a)*u(D — a)" *v (8.38)

8.4.3 Polynomial Operator f(D + a)

Remark 8.4 Throughout this section, we assume f(x) is a polynomial of degree n, namely,
f(x) = 3"1_, ara®. We will also use the notation f*)(z) to denote DY f(x).

n k
f(D+a—buw=>»" (DJ;#N)(D — b (8.39)
k=0 ’
n k
F(D)uv = (DZ# FO(D — ayo (8.40)
k=0 ’
Exponential Shift Theorem

f(D—a+b)e* v =ef(D+ b (8.41)
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Applications of Equation (8.41)

f(D)(e*v) = e f(D + a)v (8.42)
D™(e™v) = *(D + 1)"v = ¢" kz_o (Z) Dv (8.43)

Remark 8.5 An alternative derivation for the exponential shift theorem and generalized Leibniz
formula are given by C. J. Coe, “The Generalized Leibniz Formula”, The American Math. Monthly,
Sept. 1950, Vol. 57, No. 7, pp. 459-466.

9 Shifted Legendre Polynomials P, ()

Remark 9.1 In this chapter, we assume n and r are nonnegative integers, while x and a are real
or complex numbers. If © is a real number, we use [x| to denote the floor of x.

9.1 Definition of P, (x)

Py = (1)t =3 (1) ()@ -1y .1

k=0

9.2 Expansion of P, (x)

P, (z) = i(_l)jxa’ zn:(_nk (Z) (2”71_ k) (lj) (9.2)

9.2.1 Applications of Equation (9.2)
& —k\ [k (n\”
()0 - )
]; ) )G ) = 93)

Bor (e e
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S-S0 e
Sl SO e

2n+1

2 1
Z (—1)k< nl;l— ) =0, where p is an integer (9.7)
k=0

B
+ Il 3
o o
I M:
o
VR
=~

k ; ]
n+k—1) Z(_l)j<2n~+1)(3n_3+k) <n—1—3+k’>,n21 (9.8)
n = J " "

2 k—1 . . 2

2 k (4 3\ (/6 3— k\ (2n — k 4 2
S () S () () = 9.9)
. 2n+1 : 7 2n+1 2n+1 2n+1

j=

2 () o e ©10
S BT R o
SO EOEE 0 o

; <?)22j:- 1= ;(—1)‘“(2) (%n_ k) ﬁ 9.13)




o B\ =k () —\j/) j+r = :

-:0 (DQ(nik) - (Z) (nzk) - @ <2nn_ k) 0<k<n (915

J

Remark 9.2 The following identity, due to E. T. Bell, is Problem 3457 of the American Math.
Monthly, 1930, pp. 507-508.

kzn;(_l)k (Z> (n Z k) (2:) 2 = # (éf])Q 9.16)

9.3 Expansion of 153(:1:)

2n k—[%}(k—n)

2 2
Piz) =Y a* (n> ( " ) 9.17)
(x) ;x j[n%k_n) j k—j

9.3.1 Applications of Equation (9.17)

S0 SO R ) e

kio (Z)4 = z;(—l)j (ZL) (an_ j) kzi;(_mk(zy (é) (9.20)
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9.4 Three Expansions of (x — 1)2" Py, (x)
9.4.1 First Expansion of (z — 1)2" P, (x)

4in k— [Zk-:—ll}(k_Qn) m 2 m
(= )™ P z) = Y 2™ Y (—1)k—j< , ) ( ) (9.21)
k —
k=0 j=l55](b-2n) / /

9.4.2 Second Expansion of (zz — 1)2" P, (x)

(z — 1) Py (2) = i(_1)1+2”xj i(_nk (2:> (4”2; k) (2” N k) m>4n  (9.22)

j=0 k=0 J

Applications of Equations (9.21) and (9.22)
2n 3 2n
w20\ ok [(2n+ kY (2R (An — K
2er() - R i) () e
k=0 k=0
&l 2n\* 2n) (3
Z(—l)k(:) _(—1)“<:> (2Z> (9.24)
Z( k_2_3 Z 2k: '3k'3 7 (9.25)
=0 k=
& k[ 2n 2 on B - vknf 21 n—k\ (3n+k
S (0) () e () (M ) () e

S ()£ e

SO () S ) e



9.4.3 Third Expansion of (z — 1)2"P,,,(x)

(z — 1) Py (z) = 2Zn (2;)2 Z <Z> 2HZH(—1)2"+M (2”; J ) 2" (9.29)

i=0 =0
Application of Equation (9.29)

i(—l)k<2£>3 = QEH (2;)2 i(—l)j (j) <2"2: j) (9.30)

k=0

9.5 Expansion of (a + )" Py, (x)

k
4n k“_[Qn-:»ll (k—2n)

N 2\2/ 2 .
(a+a) Py (z) =Y Y ( 77) (k " ) a7 a£0 (931
k=0 j:[2nk+1](k_2n) / /

9.6 Expansion of P2 (x)

in k_[21j;11](k_2n)

P =Y Y (2;)2(16271 .)2 9.32)

=0l k2 Y

9.6.1 Application of Equation (9.32)

BN E(20)
BN e

9.7 Expansions of (x — 1)"P,(x)

(z — 1)"Py(z) = i(—l)kmk 2§(—1)j (S‘)Q (2n _”k - j) (9.34)

(z —1)"By(z) = i;(—l)’“:v’“ Z:;(—n”ﬂ' (?) (Q”n_ j) (" ;”) (9.35)

38



9.7.1 Application of Equations (9.34) and (9.35)

() ) - 2o OT)R) e

J=0

S () i) B )0 e

J 7=0

10 Legendre Polynomials P, ()

Remark 10.1 In this chapter, we assume n and r are nonnegative integers, while x, y, and t are
real or complex numbers. If x is a real number, we use [x| to denote the floor of x. We also use the
convention that D" f(z) is the n'" derivative of f(x) with respect to x.

10.1 Three Ways to Define P, (x)
10.1.1 Generating Function for P,,(x)

ST P(@)tt = (1 - 2at +17) 7z (10.1)
n=0
10.1.2 Rodrigues Formula
Pu(z) = —— D2 — 1) 10.2
\(2) = 5 D — 1) (10.2)

10.1.3 Explicit Summation for P, (x)

2n — 2k\ "2k
(10.3)

(5]
n
P,(x) = —1)k
@=> () (" )%
k=0
10.14 Two Alternative Summations for P,,(x)

- (VS e

k=0
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- SOEET

10.2 Binomial Identities from the Basic Definitions of P,,(x)

3]

(-1)’*(2) (2'“;%) = on (10.6)
k=0
(—1)k<Z) (2n—2k—2> T n>2 (10.7)
0
e(mY (20 =2\ 1 1\’ L= (n)[2n—k\.,
=) @( n )27—27 (k> ’ ‘ﬁz(kx " )2 e
k=0 k=0 k=0

k; (Z) (an_ k) - :O (Z)22k = (;)n kzo(—l)"”(Z) (Qn ; Qk)g—lk (10.9)

- 2n —k\ 1
ZQHZ(Z)(”TL )2—k (10.10)

Remark 10.2 The following two identities, due to L. Carlitz, are the solutions to Problem 352 of
The Math. Magazine, Vol. 32, No. 1, Sept.-Oct. 1958, pp. 47-48. We use the convention that
(™)) f(x) is the coefficient of x™ in the power series expansion of f(x).

@na-arn () =3 (1) o

- (m ()Y =3 (3) 10.12)
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10.3 Connections to Shifted Legendre Polynomials P, (x)

Pn(:c):<x;1)nl5n<zi—i>, r#1

P,(t) = (t—1)"P, (%) . t#£1

10.3.1 Expansions of P, (x) Using Equation (10.14)

(3]

- B () (v

n
k=0

n

i S (5) (5

k=0

Applications of Equations (10.15) and (10.16)

é(_l)k@z)?’ _ 2% kio(_l)k(zl;z) <4n2—n2k) ji(_l)j (%;%) (

(1) -~k (O

dn—2k

k=0

() - S e

10.4 Laplace Integral for P,(x) and Various Applications
10.4.1 Laplace Integral for P, (x)

1
P,(x) = / (x + Va? — 1cos2nmt)" dt
0
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(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

(10.20)



10.4.2 Good’s Formula for P, (x)

Remark 10.3 The following formula is found in “ A new finite series for Legendre polynomials”,
by L. J. Good, Proc. Cambridge Philosophical Society, Vol. 51, 1955, pp. 385-388.

Good’s Formula
r—1

1 2k
P,(x) = " Z (a: + Va2 —1cos %) , forintegral r > n, r #0 (10.21)
k=0
Identities from the Proof of Good’s Formula

"L n\ 2k (22— 1)%(z — (a2 — 1)2)"k

Py(z) =) (k) (k) o (10.22)
k=0
(5] _
n\ [(2k\ 2" 2% (22 — 1)*

P,(z) = 10.23
(z) £ <2k> (k:) o2k (10.23)

[

|3

n—J3\(n—k\ n_ox [(2n—2j
[ R s B

10.4.3 A Convolution Identity

k=j

Remark 10.4 The following identity is from “Inverse Elliptic Functions and Legendre Polynomi-
als” by R. P. Kelisky in The American Math. Monthly, Vol. 66, 1959, pp. 480-485.

om ny (THTTYN = (2K (20— 2k %_22"“/5 5 . o .
2 SL’Pn< 5 )_Z<k T L i (x*sin”t 4 cos” t)" dt (10.25)

k=0

Applications of Equation (10.25)

(—=1)"z"P, (x Zx ) - ( k?) <n _Qk)x% (10.26)
k=0
- 4z O NIAVIEE
e (=) =2 () (0

)
D)) S ()

k=0

2%k (10.27)

(nn_jj ) , (10.28)

gintegral, 0 < 5 <n
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10.5 Derivatives of P, (x)

(3]

D' Py(x) = ; (—1)" (Z) (2n - Zk:) (n ) Qk) -

D} Py (2)]a=0 = 1! (‘121 <£T) <n + r) #

3 n

NIE

<

\)

10.5.1 Applications of Equation (10.30)

e e

S ()= £() 5 =5 ()

k=0

10.5.2 Grosswald’s Formula

(10.29)

(10.30)

(10.31)

(10.32)

Remark 10.5 The identities of this section are found in Emil Grosswald’s “On Sums Involving
Binomial Coefficients”, American Math. Monthly, Vol. 60, No. 3, March 1953, pp. 179-181.

Grosswald’s Formula

D7 Po(2) oo = ;(’Z) :Zj(—l)k (n - r) (n +§ + r)2_1k

0

Applications of Equation (10.33)

S (T (g i (L) ()

(10.33)

(10.34)

(10.35)

(10.36)



—_

S () (M) = (M) ok 1037)

é(—l)k (2;1) <6n4—7§ k>2_1k = (=" (4:) (SZ) 2%%2) (10.38)
i(—l)’“ (3: ) (5714:; k)Q—lk =(-1)¥ 23n1(4:) (g) (5:) # (10.39)

Extensions of Equation (10.34)

Remark 10.6 The following two identities are from T. S. Nanjundiah’s “On a Formula of Gross-
wald”, American Math. Monthly, Vol. 61, No. 10, December 1954, pp. 700-702.

Z(—2)k (’Z) (25 : Zk> = (_1)# (/;f) : u a real number (10.40)
2

k=0
- 2p —k (1) +1
Z(—2)k K a :(—1)5u K , u a real number (10.41)
k)\n—k 2 2
k=0 2
10.5.3 Double Summation Formula for P,,(x)
"L /n) 27 < n—r\(n+k+r\1l
P,(z) = — N (1) — 10.42
50 3 (G R

10.5.4 Extensions of Equation (10.29)
, mgr (M (TN 7!
Dy (2) Pa(2)]o=t1 = (£1) = (10.43)
L r r 27"
Identities from the Proof of Equation (10.43)

(3]

p(m\ (2n—2k\ .. ("
ko(—l) (/{;)( ot ) =2 <r) (10.44)
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[

w3

J

g 2n\ [4n — 2k\ (2n — 2 2
() = ()G
k 2n n n 2n
k=0
Application of Equation (10.44)

2 () 3w () ()

Generalization of Equation (10.44)
(3]
2 2x — 2k
> () o) =2
— k n — 2k n
(5]

n+x\ (2n + 2x — 2k r+n
—1)* =2"
() = ()
k=0
10.6 Differential and Difference Recurrence Relations
10.6.1 Differential Recurrence Relations
nP,(z) —xP, + P, _,(z) =0, n>1
nP,_1(z) — P,(z) +zP, ,(x) =0, n>1

/

2n+1)P,(z) = P, ,(x) + P,_,(x)=0, n>1
nP,_1(z) + (2> = 1)P.(z) — nzP,(x) = 0, n>1
(1 — 2P, (z) — 22P,(z) + n(n+ 1)Py(x) =0

’ n

P (x) = 5 (Paoi(x) — 2P, (2)), n>1

1—=x
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(10.45)

(10.46)

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

(10.54)

(10.55)



10.6.2 Difference Recurrence Relation
(mn+1)Pia(x) — (2n+ DaP,(x) +nP,_1(z) =0, n>1

10.6.3 Christoffel’s Identity

(10.56)

Remark 10.7 A reference for Christoffel’s Identity is Fourier Series and Orthogonal Polynomials

by Dunham Jackson, 1941. The reader is also referred to E. B. Christoffel’s, “Uber die Gaus-
sische Quadratur und eine Verallgemeinerung derselben”, Journal fiir die reine und angewandte

Mathematik, Vol. 55, 1858, pp. 61-82.

Christoffel’s Identity

n

(@ =) Y 2k + D Pi(2) Pe(y) = (0 + 1) (Posa (2) Pa(y) — Pa(2) Pasa(y))

k=0

10.7 Evaluation of [*, P,(z)P,(x) dz

/1 P, (x)P,(x) dx = {O’Zn ;éfn,r— r
-1 2n+1° -

| 2= (DRSS )\
/_1 Fol@) P () de n+r+1 k=0 (n;ﬂ) j;() <‘7) <k _j)

46

(10.57)

(10.58)

(10.59)

(10.60)

(10.61)



10.8 Evaluation of f_ll x" P, (x) dx

1 () 1snr r>n>0

1 1
/ 2" Py(x)de = ¥ () et
-1 0, n>r>0

1 >1
/ P,(x)dx = {0’ "=
—1

2, n=20
1 2n—|—1
/ a:"Pn(a:) dr = VoSN
-1 (n)(2n —|— 1)

10.8.1 An Indefinite Integral

TPy (z)—Pr_1(x) > 1
/Pn(ili) dr = { il ’ "=
x, n=20

10.9 Polynomial Expansions via Legendre Polynomials

If f(x) is any polynomial of degree n in «,

10.9.1 Examples of Equation (10.66)

o Z”: (n) (2k+1)(1 + (—1)"") Pu(x)

k n+k+1

24 (n—k+1)( 2 )

x2n — ( )(n+k) 22kP2k (I)

o 2n+2k+1) (QZiZk)

(2n + 2k + 1) (>34

2k:1

k=0
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(10.62)

(10.63)

(10.64)

(10.65)

(10.66)

(10.67)

(10.68)

(10.69)



RS i €4 R R 0 [ CLE ) B

Py ()
(r 2y 2n+ 2k +1)(2n+2k+3)"

(10.70)
k=0

[%} n—k
=Y I e 2P, () (10.71)

(3]

e (5] n
(277, — 4k + 1)( kk) Zn,gk _ Z (2n — 4k + 1) (k) n—2k _ 1

2n — 2k + 1) (*"2F) (2n — 2k +1)(*" 29

(10.72)

k=0 ( k=0

Remark 10.8 An equivalent form of Equation (10.72), namely,

3] 1 12
T (n—k+3)n-FkK" r
;2 (2n —4k+1) El(2n — 2k +1)12  2npl’

is found in N. Arley, “ Om summation av en raekke”, Mat. Tidsskr. B. Kpbenhaun, 1937, pp. 42-44.

Remark 10.9 The following identity, due to René Lagrange, [Acta Mathematica, Vol. 52, 1929],
is a generalization of Equation (10.72).

i (w+y+1-2k)) (1))

B Ank) (10.73)
k=0 ($+y+1—k)( +i k)

Applications of Equation (10.73)

N @2n—4k+ 1)) onon
2 (2n — 2k + 1)(2"5%) Z

n—k

(10.74)

k=0

(20— 4k + DG) sy g (10.75)
(2n — 2k +1) (1 2F)

k=

I3
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10.9.2 Application of Equation (10.66) to Integration
If f(z) is any polynomial of degree n in x such that f(x) = > _, apPy(x), then

1 n 9
*(z)de = . 10.7
/1f(:p)x ’;%Hak (10.76)
Applications of Equation (10.76)
n 2
2k +1)(1 + (—1)nt* 1
() ey o)
k=0 () 2%+ (n—k+1)? "
" 20\’ 4k +1 1
> ( n) D = (1078)
0 2]{3 (n+2]€k+§) 24k(2n o Qk + 1)2 4n + 1
n 2 2 )
— (2niik) 2n+2k+1)2 4n+1

11 Hermite Polynomials H,, ()

Remark 11.1 In this chapter, we assume n and r are nonnegative integers. We assume x, v, z, and
t are real or complex numbers. We use the convention that D', f(z) is the r'" derivative of f(x).
Finally, if x is a real number, we let [x] denote the floor of x.

11.1 Three Definitions for H, (x)

11.1.1 Exponential Generating Function

= tn 2

ZHH(:{;)H:@” t (11.1)
n=0
11.1.2 Operator Definitions
22 2

th <%) = (=1)"(V2)"e7 Dye = (11.2)
H,(z) = (—1)"e* D"~ (11.3)
H,(z) = (—=1)"(D, — 22)"1 (11.4)
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11.1.3 Explicit Formula for H,,(x)
[3]
n\ /n—k
H,(x) = —1)k k!(2x)" 2k
@ =0 () (" e

11.2 Derivatives of H,,(x)

r | ! E(T n—k 1on—2k n—2k n—2k—r
DiH,(z) =r) (-1) L L L)
k=0

n—r ' ]_ _]_ n—r
DL Hy(@)]omy = (~1)"F2r 1D

11.2.1 Taylor’s Formula for H,,(x)

n _ 5ok _ 1\n—k
Hyfe) = S C T 20 1 (1)
11.3 Operator Analysis with Hermite Polynomials

e (= Do) (¢ (1)) = (~1)"(Ds — 20)"f(2)

11.3.1 Recurrence Relation for H,,(x)

H,1(x) =22H,(x) — 2nH, 4 (x), n>1
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(11.8)

(11.9)

(11.10)
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11.4 Additional Properties of H,, ()

Xz
e~tDign — nff, (2—t> (11.12)
4] ol
(22)" = 2 mHn_zk(as) (11.13)
D2H, (z) — 2D, H,(x) + 2nH,(z) =0 (11.14)
m /Z e H,(z)Hy,(z) dz = <n E k) (11.15)
e nl e
H,(z)=(-1)" o /c EE dz, C'is a simple closed contour around x  (11.16)

12 Bernstein Polynomials

Remark 12.1 Consider the function f defined on 0 < x < 1. The expansion

BJ(z) = Zn: (Z) (1 — x)* f (%) , n>1 (12.1)

k=0
is the Bernstein Polynomial of order n for f. A reference for these polynomials is Bernstein’s

“Démonstration du théoréme de Weierstrass, fondeé sur le calcul des probabilités”, Commun.
Soc. Math Kharkow (2), Vol. 13, 1912-13, pp. 1-2.

12.1 Connections with Difference Operators

Remark 12.2 For this section, we assume 1 is a nonnegative integer. We also use the convention
that D" f () represents the r'" derivative of f(x). Finally, recall the definition of A}, namely

310 = Sy () L

n—r

DIB!(z) = 1! (’;) 3 (" . r) 21— 2)" kAT f (%) (12.2)

k=0

Bf(x) =) &’ (?) Al f (%) J (12.3)

J=0
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12.1.1 Examples of Equation (12.3)
Let f(x) = a". Then,

Let 7(1’) = €. Then,

Bl (x) = i (Z)xk(l — gy hen = i (Z) (e% - 1)kxk - (1 + (e% - 1)) x)n (12.5)

k=0 k=0

13 A Property Catalog for Special Functions

Remark 13.1 In this chapter, except for Section 13.7, we assume n and k are nonnegative integers.
We always assume x, t and z are real or complex numbers. We also use the convention that D}
denotes the n'" derivative with respect to x.

13.1 Laguerre Polynomials L,,(x)

Generating Function

ei-t >
= L, (x)t", tl <1 13.1
- go (z) t] < (13.1)
Operator Definition
Lo(z) = %DZ(@‘%”) (13.2)
Explicit Formula
- L (Y o
Ln(w) = (=D, )3 (13.3)
k=0 ’
Orthogonality Property
o 0
"Ly (z) Ly (v) do = 13.4
/0 e (2)Ly(z) dx (n—k) (13.4)
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13.2 Generalized Laguerre Polynomials L% (z)

Remark 13.2 Throughout this section, we assume « is a real or complex number independent of
n. If « = 0, we obtain L, (z), the Laguerre polynomial of the previous section.

Generating Function

—xt 00

el—t
TR oL@y, <1 (13.5)
n=0
Operator Definition
L@(z) == nf D (e~go*™) (13.6)

Explicit Formula

n k
L) (z) = Z(—l)’“(ﬁf,‘i‘) o (13.7)

k=0

Remark 13.3 Recall that, for nonnegative integers p and q, we define

s (a1>k<a2)k; ooy (ap)k k
Fylay,as,...,a,,b1,b, ...b0y; 2] = ; 13.8
pFylar, as, ... ap by, b, . by 2] ; K (b1)k(b2) k.. (bg)k ‘ ( :

where (a), = (a)(a+1)(a+2)...(a+ k — 1) whenever k is a positive integer. Otherwise (a)y = 1.
Note that

(a)p = (—1)’“(_]{“) k. (13.9)

Hypergeometric Series

L (z) = (1;—,@)" 1Fi[=n; 1+ ;2] (13.10)
Recurrence Formula
(n+ 1)L (2) = (= + 2n+ a+ DL (z) — (n+ )LV (2), n>1, (13.11)
L) =1, @) =—z+a+1
Contour Integral
LM (z) = eg;fr: /C (jfc;e)nﬂ dz, x # 0, (13.12)

C a simple closed curve around z = x, not containing z = 0
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13.3 Tschebyscheff Polynomials
13.3.1 Tschebyscheff Polynomials of the First Kind 7, (x)

Explicit Formula
1
To(x) = ST €08 nf, where v = cos 6
Orthogonality Property
/1 T (2) Ty () p 0, k#n
—_—_— x o

1 V1—2a? 55T kE=n

Operator Definition

o) = g (1= D3 -

13.3.2 Tschebyscheff Polynomials of the Second Kind U, ()

Explicit Formula

1 sin(n +1)0
DT = D

UH(J;) =

- , where x = cos 0
sin ¢

Orthogonality Property

/1 Up(2)Up(2)V1 — 22dx = {O’ k#n

1 , k=n

vl

13.4 Gegenbauer Polynomials P\?) (x)

(13.13)

(13.14)

(13.15)

(13.16)

(13.17)

Remark 13.4 Throughout this section, we assume -y is a real or complex number independent of
n. We also let, whenever x is a real number, [x] denote the floor of x. Finally, we use the I function

to evaluate noninteger factorials.

Generating Function

(1—2at+t*)"=> " PO (x)t"
n=0
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Explicit Formulas

27 (v = Dn+2y - 1) _1 _1
P = 20 B SR (M) (M TR o e 1y
2y =Dln+y=3)! &=\ n—k k
(13.19)
& vy+n—k—1\/n—k
P (1) = _1)* v - n—2k .
O =Y o (T (M e (1320
k=0
Hypergeometric Series
2 —1 11—
PO@) = (7T SR 0 2y + sy 4 (13.21)
n 2 2
13.4.1 Connections to Other Special Functions
Legendre Polynomials P,(x)
Py(z) = P (2) (13.22)
Tschehyscheff Polynomials U, (x)
Uy (z) = PV () (13.23)

13.5 Jacobi Polynomials P{*") (z)

Remark 13.5 Throughtout this section, we assume « and (3 are real or complex numbers indepen-
dent of n.

Operator Definition

PP (z) = (;Lg‘n(l — ) *(1+2)7°Dr (1 — 2)*t(1 + )" (13.24)

Explicit Formulas

n n—k k
revm =3 (") 0D () (5 ()

_ 1yn plaf) z+ 1\ " /n+a n+ 6\
(z—1)"P; <z—1)_ ( I )(n_k>z (13.26)




13.5.1 Connections to Other Special Functions

Legendre Polynomials P,(x)

Ultraspherical Polynomials: The Ultraspherical Polynomials are Péa’a) (x) = P,ﬁ“).

Tschebyscheff Polynomials

Pu(@) = P (a)

T n! (3:3) T
T(x) (%)nPn (z)
Un(x) _ (TL(;_)l)'Pr(Lé’

13.6 Bessel Polynomials y,,(x)

Generating Function

Operator Definition

Explicit Formula

Recurrence Relation

Yni1(2) = (20 + Dayn () + Yo (2),

Orthogonality Property

1

211

j2=1

o0

1—(1—201) t"
€ ® = E yn—1<x)_‘
n:

n=0

Yn(2)yn(2)e % dz = {

56

0, n#k

2(_1)n+1
2n+1

9

n>1

k=n

(13.27)

(13.28)

(13.29)

(13.30)

(13.31)

(13.32)

(13.33)

(13.34)



Expansion Properties

n

pnl(2n — 2k + 1)

no__ _ 2"y, 13.
g k:O( S e —hr ) el (13.39)
o — i (@ﬂ (13.36)
- — Yn—1 nl .
13.6.1 Generalized Bessel Polynomials y,,(x, a, b)
Explicit Formula
"L (n\ (n+k+a—2) fz\k
ol 0,) = > (k> e () (13.37)
k=0 '

a and b are nonzero real or complex numbers

Un(2) = yn(2,2,2) (13.38)

13.7 Ordinary Bessel Functions .J,,(x)

Remark 13.6 For this section, the subscript of the Bessel Function can be an arbitrary real or
complex number. We will specify any restrictions on the subscripts as necessary. We evaluate any
noninteger factorials by the I" function.

13.7.1 Generating Functions

e3t-1) — > Tyt (13.39)
(0.) t"

Jo(Va? = 2at) =) In(@) — (13.40)
n=0 ’
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13.7.2 Explicit Formulas

YOEDY k,é;—f;), (g)mk

k=0

J_n(z) = (=1)"Jp(x), n an integer

27+« 1 s
Jn(z) = / cos(nt — xsint)dt = — / cos(nt — xsint) dt, n an integer
e 0

™

™ . ()" b 1
Jn(2) = —/ ST Sin® g dy = — 2 / e (1 —t*)" 2 dt
(=) (T +3) Jo LT +3) Jo =

13.7.3 Recurrence Formulas
2nd,(z) = v Jp1(x) + 2 ()
zD,J,(x) = ndy(x) — xJpi1(x)
xD,J,(x) = —nJ,(x) + xJ,_1 ()
13.7.4 Operator Properties
D, (" Jp(x)) = 2" Jp_1(2)

D, (27" Jo(z)) = —2 " Jpsa (2)
—n—a o 1 ¢ -n ..
x nta(z) = (—1) <—Dm> (z7"Ju(2)), « anonnegative integer

T

13.7.5 Orthogonality Properties

x L k=n,n>0

o)

/OO Jol@) ) {o, k#n, k+n>0
0

Let ~; be the positive roots of J,,(x) = 0. Then,

1 )\ T ) dr = 0 17
/O VI (VT I (52) d {%(J;(%))27 s
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(13.41)

(13.42)

(13.43)

(13.44)

(13.45)
(13.46)

(13.47)

(13.48)

(13.49)

(13.50)

(13.51)

(13.52)



13.7.6 Convolution Properties

S n+m+ 2k (%)n+m+2k

; ( ) (n+ k) (m +k)! (13.53)

(z + ) Z Ji(z (13.54)
k=—o0

Remark 13.7 The following identity is from Harry Bateman. Please see Proc. of the London Math.
Society, (2), 111 (1905), p. 120.

Jm-l-n(z)
m

) / Jm(t)Jz(z ~ it for Re(m) > 0 and Re(n) > —1 (13.55)
0

13.7.7 Connections to Other Special Functions

Legendre Polynomials P,(x)
e Jo(tV'1 — 22) ZP (13.56)
Laguerre Polynomials L, (z)

et Jo(2v/xt) = ZL t— (13.57)
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Combinatorial Identities: Table III: Binomial Identities
Derived from Trigonometric and Exponential Series

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 Basic Trigonometric Series

Remark 1.1 Throughout this chapter, we assume n and a are nonnegative integers. We assume x
and y are real or complex numbers.

1.1 Telescoping Trigonometric Series

N 2k+1 ~ 1z —
Zsiﬂ + . cos(n + )a: COS:L’) n>1 (L.1)
2 —2sin %
k=1 2
" 9k+ 1 osin oG
Zsin * T = 2 - 2 n>1 (1.2)
— 2 sin 5
" 2k + 1 i 1)z — si
Zcos + . sin(n + )mm smx7 w1 (13)
2 2sin £
k=1 2
"L 2k4+1  cosim2r . gipne
ZCOS * T = 2 — z n>1 (1.4)
— 2 sin 5
n sin ﬁﬂf
— —— = tanz — tan g n>1 (1.5
£~ €08 3 - €08 oy (n+1)!



© Sin =7
> © tan z (1.6)
£~ cos 77 + €O iy
i tan 2z tap omH] o 2 > 1 (1.7
————— =tan r — tan 2x n .
— cos 2kt g ’ -
- t Dx—t
Zsec(k + 1)z - seckx = an(n + : )z anx) n=>1 (1.8)

ST
k=1

3

sin(x + “51y) - sin 2

i k-1 , > 1 1.9
2 sin(z + ( )y) = sin n > (1.9)
sin DT gy ne
Zsmk‘x— 2 2 n>1 (1.10)
— sin £
n )
Y sin(2k - Dz = "0 n>1 (1.11)
sinx
Z (2k —|— 1)z _ (n+1)sin(n + 1)z - Sll’lg — sin ("+22)z - sin ("J;l) (1.12)
— 2 sin? 3
~ cos(z + 21y) - sin
cos(z + (k — 1)y) ( 2 y) 2 n>1 (1.13)
p sin ¥
u cos —("gl) - sin 2
Zcosk‘x: — , n>1 (1.14)
k=1
n . 2
Zcos(Zk — 1z = S;;mn;, n>1 (1.15)

- 3 _ cos(3x + ) sin(w) 3cos(z + %) sin @
Z cos”(z + ky) = 3 + :
4 sin % 4sin &

(1.16)



1.2 Sums and Products Based on Double Angle Formulas

s 2n+lgin ¢
n
T sin —
HCOS 2k 9ngin 2 "
k=1 2n

k=1

n 1 . .

Zsin2 e cos(n + )x Slnm:7 n> 1
2 2sinx

k=1

- n  cos(n+ 1)z -sinnz
ZCOS2]€I:—+ ( +,) , n>1
— 2 2sinx

1.3 Sums Based on Half Angle Formulas

n
x
Z cse 287 = cot 5~ cot 2" 1, n>1
k=1

n
T x
g csc — = cot —— —cotx

p 9k on+1
"1 T 1 T
Z 1 tan SET = a1 cot o1 2 cot 2z, n>1

= 1 z 1
Z T tan Tl 2cot 2z

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



1.4 Miscellaneous Trigonometric Series

k.3 T _ 1 n .: L a . L
g—a?) sin S ] <3 smg—n — 3%sin @) , n>1 (1.26)
- T 1 T T
ka(—?))k cos® Fre=ialy] ((—3)“ CoS 57 — (—3)" cos 3—n> ; n=>1 (1.27)

2 The Exponential Function with Trigonometric Series

Remark 2.1 Throughout this chapter, we assume n and r are nonnegative integers. We let x, 1,
and z denote real or complex numbers. Furthermore, we reserve i = \/—1. Finally if x is a real
number, we let x] denote the floor of x.

2.1 Limit Definition for e

1\" - 1\"
e = lim (1+—) = lim ) (n) (—) @.1)
n— oo n n—o0 —o T n

2.2 The Exponential Series and Various Applications

2.2.1 The Exponential Series

. z
er=3 = 2.2)
— !
2.2.2 Series from e** = cosx + isinx
00 L2k
Z(—l)k oh] = COST (2.3)
k=0 ’
i(—nkﬂ = sinx (2.4)
— 2k +1)! '



= 2" cos ny
g ————— ="V cos(xsiny)

n!
n=0

= z"sinny
E ———= =" *Ysin(zsiny)

n!
n=0

(2.5)

(2.6)

Remark 2.2 The following identity is from Problem 415 of The Mathematics Magazine, May 1960.
Solutions to this problem are found in The Mathematics Magazine, Vol. 34, No. 3, 1961, P. 178.

n

Z (Z) coskz - sin(n — k)z = 2" 'sinnx

k=0

3]

cos" x Z(—l)k (272) tan®* x = cosnz

k=0

(23]

cos” x Z (—1)k (2]{7:_ 1) tan®**! ¢ = sinnz, n>1
k=0

2.3 Expansions of (e"*+1)"

2.3.1 Expansions of (¢® 4 1)™

n

Z (n) cos kx = 2" cos nr (cos £>n
k 2 2

k=0
Z (Z) sin kx = 2" sin % (cos §>n

k=0

2.3.2 Expansions of (e** — 1)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)



i(—l)k(Z) sin kx = (—2)" sin M <sin g)n (2.13)

k=0
Inversion of Identity (2.12)
n Eok - 1
Z(—l)k_IZk (sin g) Ccos w +n = Z(—l)k_l (Z I 1) cos kx (2.14)
k=1 k=1

2.3.3 Applications of Equations (2.10), (2.11), (2.12), and (2.13)

(27;) coskx = 2"1 (cosn (%) coS (%) + (—1)" sin” (%) coS (%T + %C)) (2.15)

(23]
kgo (ka 1) cos(2k + 1)a = 2" ' cos™ (g) cos (%)

_ 9nl(_1)msin® (f> cos (M) . on>1 (216

k=0

2 2
() s =27 (cost () sin (%) (st (§)sin (%5 4 77)) - 2

kz: <2k7:— 1) sin(2k + 1)z = 2" cos” (g) sin (%)

_ 9nl(_ 1) sin® (g) sin <M) L oa>1 (218)

2.4 The Geometric Series Y, (ye‘®)k

- "2 cosnx — y" L cos(n + 1)z + ycosx —y

k Y
kr = >1 2.19
kz:;y COS R y?2 — 2ycosx + 1 ’ "= @19

n+2 o; n+1 .3 .
k- oy smnr —y sm(n—i—l)x—i—ysmx
E Yy sinkx = 7 — 2ycost 1 , n>1 (2.20)




0 2

& YycosT —y
kx = <1 221
Zy cos kx V2 — 2ycosa 41 || (2.21)

k=1
Y yfsinke = 5200 <1 (2.22)
— y? —2ycosx +1
ok
y“coskr 1 1
= =_1 , <1, 2.23
; k 2 n1—2ycosm+y2 g (2.23)

if y is a complex number, use the prinple value of In y

oo k .: .

y"sin kx ysinx
E T = arctan ]._ym, |y‘ <1 (224)
k=1

3 Advanced Trigonometric Series Expansions

Remark 3.1 Throughout this chapter, we assume n and j are nonnegative integers, while x and y
are real or complex numbers. We also let [z] denote the floor of x (for real x).

3.1 Two Identities Associated with Coefficients in Trigonometric Expan-
sions

3.1.1 First Identity

[3]

BaO=rCr) sl e

k=j
n+1
= on 2
(52) 62

(”+1)k=(n—1)2n—2, n>1 (3.3)

N (An+ 1\ (k+n\ .. (3n
k0(2n—2k)( n >_2 <n> (34)

Applications of Equation (3.1)



3.1.2 Second Identity

) n\ [k (n—7 m—1—3 n
2 () G) =2 ("57) - (7 7) 9] e
pay 2k/) \J 7 ] 2

Restatement of Equation (3.5)

n\ (k\  n2"%7 (n—j o[ 26
.(2k)(j)_ n—j ( j ) ”—H G0

[3]
=j

k

Applications of Equation (3.5)

n
—on-1 3.7
(Qk) (3.7)
(5]
n n—2
<2k)k::n2 , n>2 (3.8)

Applications of Equation (3.6)

- 4n k+n 22+l /3p
kZO(Zn—Qk)( n ): 3 (n) (39

(3]

|3

—k k 14+ vax+1)" + (1 — 4z + 1)"
" v _(U+viaz+ 1)+ DT sy (3.10)
k n—=k n2r
k=0
Applications of Equation (3.10)
n—ky_1 _(1+vH)+( \/3), n>1 (3.11)
k Jn—k n2n

k=0

Remark 3.2 The following identity is equivalent of Example 44, p. 445 of Hardy’s Pure Mathematics.

(3]

(—1)k(n_k> 1 {(—1)"‘1%, if n is not a multiple of 3 (3.12)

p k Jn—k (—1)"%7 if n is a multiple of 3



— k n—=k n
(3] 1y n— k\ 4k gl o+l
P EJk+1 n42
3.2 Expansion of sin(n+l)z
sinx

sin(n 4+ 1)z

(3] n—k
o = Z(—l)k( L >(2 cos x)" 2k
k=0

3.3 Expansion of cos nx

(5]

n—k n—k—1
COS NT — Z(_l)k cos™ 2k 1 <2n—2k( ) i 2n—1—2k(
k=0

k k

(3]

—k 2 n—2k
COS NL = E Z(_l)k(n ) ( COS w) , n>1
2= k n—k

3.4 Expansions of cos 2n«x

3.4.1 Using sin®* x

Zk: 2n\ (n—j\ 2% lﬁ(HQ_,g)_ n (n+k o2k
2 \2)\k—j) ~ @R T TR 2
Restatement of Equation (3.19)

™ k
cos2nx = Z(—l)k n (n + )22"c sin?* x, n>1
P n+k\ 2k

N}

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



3.4.2 Using cos?* x

= n (n+k
cos 2nx = Z(—l)"‘k ( )22’“ cos®* z, n=>1
pr n+k

(3.22)

3.4.3 Binomial Identities Resulting From the Coefficient of cos?* x in Equation (3.22)

- k n [(n+k n (n+j 4
—1)* 2%k — (—1)" 2% >
2 )(j)mk(zkz) ( )n+j(2j) B

k=j

- n n+k "

n 22k k—1

(n? — %) = (=" -1, n>1
k=1 =0

Generalization of Equation (3.20)
S () (T 8) = g e =y = 3 (7
i \2k/\n —k (2n)! - x4+ n\ 2n

3.4.4 Applications of Equation (3.26)

i(_1>k(n2_nk> (2n +22kk + 1) (1) (0t 1)22

10

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



k=0
n" Difference of the Harmonic Series
n

S (1) =g ey 2

k=1

Inversion of Equation (3.31)

k=1

sin(2n+1)x

3.5 Expansions of :
sin T

3.5.1 Using sin®* x

n k
2 1 .
sin(2n + 1)z = E )Fsin? gy E (2711 1) (n
J

k=0 7=0

2k2n+1 n—i—k:
2k +1

k . k—1
2n+1 n—=k+j 2n+1
= (2 1
Z(2k—2j+1)( j ) 2k + 1)1 H "
2k2n+1 n+k:
2k +1

Restatement of Equation (3.33)

& o (n) 2% 1
2. (k)k(%):QZ}_ZE’ et

J
J

— (25 + 1) )

)

e

k . k—1
2n+1\ (n—y 2n +1
2 1 (2 1
Z(2j+1>(k;—j> 2k + 1)1 H n+ 1) = (27 +1))

2 1 k
sin(2n + 1)z = Z(—l)kZan——i_k ( n ) sin? 1
n —

2k +1

11

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)



3.5.2 Using cos?* x

. n k .
sin(2n + 1)z k. ok 2n+1\/n—k+y
AT ) 1)

sinz D (1) cos x;;2k—% j

k=0
. n k .
sin(2n + 1)z k ok 2n+1\ (n—7j
i St M —1)"
Sinz ;;( )" cos x?; 2j ) \k—
3.5.3 Binomial Identities Resulting From Coefficient of sin®* x in Equation (3.36)

S () () = o () (00

k=j r=0

paok2n +1 [ n+k "
S () -

Generalization of Equation (3.34)
" /2x+1 rz—k 22 + 1 n—1 .
((2 1) — (2k + 1)2
,;(2’64-1)(71—]@) (2n+1)|H (2z 4+ 1)* — (2k + 1)?))

22:1:—|—1< >
2n +1

3.5.4 Product Expansion for W
sm(2‘n + 1)z (2n+1 H 81211 i | n>1
sin x Pl sin® 57

3.6 Series for cos™ x

2] n 1/ n\(-1)"+1

2" cos" x = cos(n — 2k)r — = ~——~——coszw
k 2\ [2] 2
k=0

12

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)



3.6.1 Applications of Equation (3.43)

> (1) =2 +a(m)

1 <= (2n+1\sin(2n +1 —2k)x
2n+1 o
/cos rdr = — ( ) ST +C

o 1 Zl 20 os(2n — ke + (2 -
COS™ ¥ = —/— COS(2n — X - n
22n—1 p k 22n n 9 =

n—

1 :
1 2n\sin(2n —2k)z 1 [2n
2n E
/COS xdm_ZQ"*1 (k)ijﬁ(n)gH—c’ nzl

k=0

(2
sin n—|— —QZcos2kaﬁ—1

sinx

3.7 Series for sin”

(3]

=3 (1) on (10 =200 - 2570) -5 (1 )

k=0

3.7.1 Applications of Equation (3.50)

)_l

n—1
. om )" sin(2n —2k)xr 1 (2n
/sm Jid$—22n ( >w+27n n +C, n>1

k=

[e=]

13

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)



—1)n < 2n + 1
sin®" !y = (=1) (—1)’“( n]:— ) sin(2n + 1 — 2k)x
0

/sin2"+1 dp — (—1)" & (e (2n + 1> cos(2n + 1 — 2k)x
0

22n

k 2n+1—2k

k=

4 Advanced Trigonometric Product Expansions

(3.53)

(3.54)

Remark 4.1 For this chapter, we assume n is a nonnegative integer, while x, vy, and z are real or
complex numbers. We also assume, that whenever x is a real number, [x] denotes the floor of .

4.1 Product Expansion of cos nx — cos ny

_— s 2k
COSNT — cos Ny = 2 H cost —cos|(y+ —) |,
n

k=0

4.1.1 Applications of Equation (4.1)

n—1
2k +1
Cosnx+1:2”_1H(cosa7—cos i 7T>, n>1
k=0 "

2

km (—1)" — cos2ny
kli[g cos (y + 7) = S2n1 , n>1

2n
2k 2 1
Hcos (y + T ) = —COS< ;:_ )y

14

Hcos (y+ %Tﬂ) _ ! ((—1)[3]ﬂ — (=" cosny) : n>1

(4.1)

4.2)

4.3)

4.4)

(4.5)

(4.6)



2n+1 22n
4ﬁ1 km 1
COS = ——
4n
P 2n +1 2

4.1.2 Product Expansion of sin nx

n—1
kr
sinnx = 2™ ! H sin (w 4+ —) ,

k=0 n
Applications of Equation (4.9)
ny 0 y  km
i 2 2n—2 c 2
2 _9 | | AN
- 2 P S (2 n ) ’

ﬁ sin km+x sin x
1 =
n 2n—1’

k=0

n—1

k=1

2n
km (—=1)"
Hcos = n>1
2n
Py 2n + 1 2
o kr n
sin — = , n>2
n 2n—1
k=1

n>1

_1)[3] —(=1)"
Hcoskl:( Dl (ol ) ; n>2
n 2n—1 2

4.7)

(4.8)

(4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



n—1

k
ncotnr = E cot (m + —W) , n>1 “4.17)
k=0 n
n—1 k‘ﬂ'
n?csc® ne = E csc? (x + —) ) n>1 (4.18)
n
k=0

4.2 Various Product Expansions Involving Equations (4.11) and (4.14)
4.2.1 Expansions Involving Equation (4.14)

n—1 k

k Ve XL
H (sin —W) = n(?_l) ) n>2 (4.19)
k=1 n 272

Remark 4.2 The following identity, proposed by J. E. Wilkins, Jr., is found in Problem E1044 of
The American Math. Monthly, Vol. 59, No. 10, December 1952.

n—1 k

H (2 sin k—ﬂ> =v/n", n>2 (4.20)
n

k=1

4.2.2 Expansion Involving Equation (4.11)

n—1 k . n
km — k 1
H sin T sin T = — ﬁ , n>2 “4.21)
n n on(n=1) \ sin z

k=1

Applications of Equation (4.21)

n—1 2k n\ "
(cos k_ﬂ> — &(_1)71[%1 (ﬂ) 7 n>2 (4.22)

x k x km—x
n?cotr —ncot = = E k (cot Trr_ cot T ) , n > 2 (4.23)
n n n
k=1
n—1 T 2
k km — ncot £ —n”cotx
E k csc 7T+I~csc T e , n > 2 (4.24)
p n n sin =~

16



4.2.3 Product Expansion for tan x

2n—1 (=1)F
km + 2x
t = i >1 4.25
anx kli[() (sm ™ ) , n > ( )

Applications of Equation (4.25)

2n—1
k 2 2
S (oot R sy (4.26)
— 2n sin 2z
2n—1
2k +1
(=1)*cot ;szzm n>1 (4.27)
n
k=0
pla 3k+1_ 4nV3
(—1)* cot = : n>1 (4.28)
— 6n 3
2n—1
k 2
Z (—1)* csc? % = 4n® csc 2z - cot 2, n>1 (4.29)
n
k=0
2n—1
4k + 1
Z cot 4+ T = 2n, n>1 (4.30)
n
k=0
o 4dk+1
> cot LoT=n n>l (4.31)
n
k=0

Remark 4.3 The following identity is Problem 4220 of The American Math Monthly, Vol. 58, No.1,
May 1952.

—_

3

2k+1
n

(—=1)F tan
0

7= (=-1)""n, n>1 (4.32)

B
Il

n—1
4k +1
Eﬁm ;‘w:@mwm, n>1 (4.33)
n
k=0

17



4.3 Expansions of cot z

1 z
cot
2n +1 2n +1

n < 1 z+ km 1 z—kﬂ')
—|—Z cot + cot
Pt 2n +1 2n +1 2n +1 2n +1

cot z =

1« 1 1
COtZ:;+kZ(z+k7r+z—k7r>’ z not a multiple of ™
1 (1 1 _
Wcoth:;+;(z+k+z_k), 2 not integral

4.3.1 Applications of Equation (4.36)

o0

TCSCTMZ = — —i— Z k:2’ z not integral
- 1
n?esci Ty = Z [PIATE z not integral
—~ (z=k)
- 1
o cot Tz esc? Tz = Z W7 z not integral
Z —
k=—
2 oo
mt (csc4 T2 — = csc 7TZ) Z 2 not integral

TZ 4z

t — = -
TR §(2k+1)2—z2

oo

2k + 1
TSeCTe = Z(_l)ka—&-l—QQ
k=0 (%57) -2

18

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)



4.4 Expansions of z cot z via the Bernoulli Numbers

Remark 4.4 In this section, we let B,, denote the n'" Bernoulli number:

it N
zcotz = —1) =2z, zl <
— (2k)!
Ny |
zcotz:l—QZEZﬁ, |z| <
j=1 k=1

4.4.1 Applications of Equations (4.43) and (4.44)

19

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)



5 Series Associated with the Beta Function

Remark 5.1 We assume m, n, k, and r are nonnegative integers, while x, vy, and t are real or
complex numbers. If necessary, we use the Gamma function to evaluate x! as I'(x) = (z — 1)\.
Finally, recall that [x] denotes the floor of x (for real x).

5.1 Formulas from f0§ sin® t cos? t dt

/g in” ¢ cosY t dt zly! 5.1)
sin® t cos = .
. 251 (3)1 (5)! (559
jus 2k\ (2n
/2 sin?* ¢ cos® v dx = M (5.2)
0 92n+2k+1 (n:k>

3 . 3 " T [n
/ sin” z dx :/ cos" xdr = SIS (E) (5.3)
0 0 2

5.2 Applications of Equation (5.2)
= on\ (2k\ 1
Z<—1>’“(k)(k) L (5.4)
= (":")

2L (2n) [~ 2

> () e 62

2 3\ [2k 3n

k —

> (re) () = () 6

2n 1

> ) ()2 = () e

k=0

> (D))= ()

k=0

20



n 2% omt+1 %
Z(—l)k (Z) (2:) (j,jk) = 72r(2m) /0 (1 —42*sin*2)" cos®™ z dx

m

n n 2%k 2k 92m+1 3
(—1)k( ) ( ) =~ / (1 —42* cos* 2)" sin®™ z dx
I CoRE Y.

m

S 1 () () e -

k=0

s

2n
om 2k 1 22n+2r+1 bl . .
Z(—l)k( k) (k) () = ) /0 cos® x (cos 37)*" dx

n+r

g(_l)k () () e - 2() [ e
S () () - ()
kzn%(_wk(;l) <2kk> = (=" :0(—1>’“(Z) <2kk> gk

S0 (1) () sy =

k=0 m

5.3 Generalization of Equation (5.12)

2n+1

Z 2n + 1 2%k 1 92n+2r+1 %
( ) ( k ) ( k ) (n+r+k) 7r(2”+27") ; COS x (cos x) T

k=

0

jus

k n—+r

21

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



5.3.1 Various Applications of 5.17 and 5.12
Qi“( 1y (Qn + 1) (Qk:) 1 .
- nrltky
- VANV e
2&“(_1)k(2n+1) (ka) 1 n+2
k k (”+i+k) 2(2n + 3)
2n+1
2 1\ /2 1
Z(_l)k( n]:_ )(:) n+k =-1
pr (")
)i 2n n+1
k n+1+k 2n+ 1
2k 3+ 1)(n+2)
k) (PR 2(2n+ 1) (20 + 3)
(5 (s 2

2n
2 1\ /2 5 2
(”*) k) _ 2y
k;:

)
(

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)



5.3.2 Application of Equation (5.21)

2n
2n\ (2n + 2k 32—k 2n
—1)k _— = 5.29
S () e () 529
5.3.3 Application of Equation (5.20)

S ow

k=0 k

6 Complex Roots of Unity in Series

Remark 6.1 Throughout this chapter, we let i = \/—1. We assume, unless otherwise specified,
that n and k are nonnegative integers, while x, y and z denote real or complex numbers. We also
let [x] denote the floor of x (x real).

6.1 Definition of w,, and Basic Orthogonality Relations

6.1.1 Definition of n!" Roots of Unity

Let
™
w,, = cos — + ¢ sin 27wn. (6.1)
n
The n'" roots of unity are
& 2k | | 27wk
w,, = COS + ¢sin —, k=0,1,2,....,n — 1. (6.2)
n n
6.1.2 Orthogonality Relations
1 n—1 1 _
— Z wff = ’ rean n > 2, T and o integers (6.3)
n— o0, r # an,
n—1 . .
0, ifniseven,n > 1
Z(—l)kwgc = { 2f o - r an integer (6.4)
— Trar if nis odd
Applications of Equation (6.3)
> ZL’kn 1 L zwk
S aset e o3
k=0 k=0



Remark 6.2 Let z be a complex number. We let Z denote the conjugate of z.

0
—Zwka kﬁ—( )7n22,0§a,ﬁ§n—1
a—f

« and 3 are nonnegative integers

Let f,(z) = 2;:11 a;xl. Then,

6.2 Complex Roots of Unity in Evaluation of Series
6.2.1 Evaluationof > ;"  f(kr)

(6.6)

(6.7)

Remark 6.3 In this section, we assume r is a positive integer. We also assume f is a real or

complex valued function whose domain contains the set of nonnegative integers.

Zf (kr) ZZw]kf

k 0 j=1
n 1 ™ T 2 k
Z fkr)=— Z Z cos 2 f(k), f real valued
r r
k=0 k=0 j=1

S1E

n T 2
( ) i E ( )COS 7Tjkf(k:), f real valued
ke

k=0 j=1

Jj=

6.2.2 Applications of Equation (6.8)

(7

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)



n\ 2" i\ nmj
(rk') = Z (cos 7“) coS . (6.13)

k=0 7=1
5] n 1 nm
=~ (2" 4 2cos — 6.14
M(‘sk) 5 (2200 5) (©.14)
"\ /3n 1
= (2% +2(—1)" 6.15
(5¢) =32+ 21 .15
k=0
il n 1 nm
= (2" +25 % cos — 1
£ (4k:) 4< ereos 4) (6.16)
- 4” _ 1 4n no2n+1
(4k)_4(2 + (=1)m22n ) (6.17)
k=0
i mk\" n
Z( 1)k (0057> = S n>1 (6.18)
k=1
L. .
2= = (14 zwf)" (6.19)
2 (W) =7

2 (afk‘r) :%

k=0
0<a<n, a<r—1, aaninteger

25

' n o 2
(2 cos W—k) CoS w, (6.21)

r T
k=1



=
n 1 (n—2)m

3 — — (27 4 2cos 22T >1 6.22

k0(3k+1) 3( acosT ) "= (6.22)

(%]

no\  2n 4 2(-1)"
2 (Sk; - n> R (29

k=0

Remark 6.4 The following identity is W. J. Taylor’s Problem 4152 Page 163 of The American
Math. Monthly, 1945.

2n

1 " k 2
— (2 cos W—) cos T _ ( " ), n and o integers, n > 1,—n < a <n (6.24)
2n — 2n n n—a

2n 20 2n
2— Z (COS k—W) = (Qn)’ n>1 (6.25)
k=1

- Er\ 2" n 2n
Ccos — = - +2], n>1 (6.26)
— n 2°m n

- 2k —1Dr\*" n [(2n
Z((:OST) :ﬁ((n)—Q), n>1 (6.27)

k=1

6.2.3 Convolution Formula via Equation (6.8)

Remark 6.5 In this section, we assume ¢ is a real or complex valued function whose domain
contains the set of nonnegative integers. We will also assume r is a nonnegative integer.

Soakf) Y alg() =D f(k)g(j — k) (6.28)
k=0 Jj=0 j=0 k=0
) o [4] |
e —1) = ) Y — > 2 6.29
e (e 1) ;“T nFRIG k)l T (2%



Combinatorial Numbers and Associated Identities:
Table 1: Stirling Numbers

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 Notational Conventions for Table 1

Throughout this table, we assume n and k are nonnegative integers. We let B,, denote the n'" Bell
number. This is a fairly standard notation for the Bell numbers. However, there are many notations
for Stirling numbers of the first and second kinds. The following table lists equivalent notations
for Stirling numbers of the second kind.

Notation Author Source
S(n, k) John Riordan Combinatorial Identities, 1968
S(n, k) L. Carlitz numerous papers, mainly that of 1971
So(k,n — k) H. W. Gould various papers circa 1956
{ Z } Donald Knuth Art of Computer Programming

I G. Polya Notes on Combinatorics,1978
[ ;{Lk(k:)} J. G. Hagen Combinationen mit Wiederholungen, 1891
¢y Niels Nielsen 1906
Gfl Charles Jordan 1939
SS{“) Karl Goldberg and Tomlinson Fort Bureau of Standards, 1959
%AkO” Differences of zero actuarial work
Hq(zk) Goldberg, Leighton, Newman, Zuckerman 1976
%BZ & H. W. Gould private notation of the seven notebooks

Table 1: Equivalent notations for S(n, k), a Stirling number of the second kind



As implied by the last line of Table 1, all of the identities in this volume will use Gould’s original
notation By ;. The reader is urged to remember that By, = k!S(n, k).

The next table lists equivalent notations for Stirling numbers of the first kind.

Notation Author Source

s(n, k) John Riordan Combinatorial Identities, 1968
Si(n, k) L. Carlitz numerous papers, mainly that of 1971
(=) *Si(n—1,n—k) H. W. Gould various papers circa 1956
(—1)"_k Z Donald Knuth Art of Computer Programming
(—1)"kSp G. Pélya Notes on Combinatorics,1978
(—1)"_k [Ch—k(n —1)] J. G. Hagen Combinationen ohne Wiederholungen, 1891
(—1)n=kCn=Fk Niels Nielsen 1906

Sk Charles Jordan 1939

Sy(Lk) Karl Goldberg Bureau of Standards, 1959
(—1)”7]“] Y(Lk) Goldberg, Leighton, Newman, Zuckerman 1976

n!C} H. W. Gould private notation of the seven notebooks

Table 2: Equivalent notations for s(n, k), a Stirling number of the second kind

As implied by the last line of Table 2, all of the identities in this volume will use Gould’s original

notation C}!. The reader is urged to remember that C}} = @

2 Stirling Numbers of the Second Kind B}, = k!S(n, k)

Remark 2.1 Throughout this chapter, we assume r and j are nonnegative integers. We assume ,
y, and z are real or complex numbers. We also let [x] denote the floor of x for any real .

2.1 Basis Definition for B,

noy (m> B @.1)
" = ko .
o \K
2.1.1 Applications of Equation (2.1)
— (—1)k! 0, n>2
y BV ,3 By = 22)
Pt 1, n=1



(=) 1 [0, n>3
( )B;?,k 32{ _ (2.3)

— kK p 1, n=2
;n%(_l)kBﬁk = (=" 2.4)
ki;(_”k (x i Z B 1> By, = (—1)"2" 2.5)
;(—1)kk32,k =(=1)"2" 1) (2.6)
;(—1)’“ (2:) %B};k = % @.7)
Bji = g(—l)“"“ (f _ D By) (2.8)

2.2 Explicit Formulas for By

k (kK
By = (—1)’“2(—1)’( .)j”, 0°=1 (2.9)
=0 J
i (k
By = Z(—l)’( ) (k—3)" (2.10)
=0 J
2.3 Applications of Equation (2.9)
2.3.1 Evaluations of A}x*
A= EUTy (—1)’“(") (z 4+ kh)" = r (r>xT_’“hk_”Bk (2.11)
=T e 2 o :
k=0 k=0
A2 |,o = Bl (2.12)



2.3.2 Evaluationof >} (—1)*(})k*

Z(—l)k(Z")kr e (m;f; 1) (:)B;’k, r>1, n>1 (213
k=0 k=0

Applications of Equation (2.13)

n r—1 n—1
BorQeE(DE ) e e e
k=0 k=0 Jj=0

kz;(—l)k (i) k= (-1)"z <i : ?) + (=D)"z(z — 1) <7x1 : 3), n>2 (2.15)

S () = (23 w0 (25)

Tl - -2 <Z _ g) n>3 2.16)
S (e = Cama( ) e (37)

F6(—1)"2(x — 1)(x — 2) (Z - ?‘5) + (=) 2z — 1)(z — 2)(x — 3) (2 - 2) n>4 (2.17)

" (r+k\,, " (r+E\ (r+n+1\
Z( N )k: :Z( N )( i )BM (2.18)
k=0 k=0
Z (:c—i—k) _ <n—i—x+1) (2.19)
k n
k=0
" n+ kY, N mAk\ 2n+ 1\ .
T 0T ERr) A
k=0 k=0
Z <n+k> _ (Qn—l— 1) 221)
k n
k=0

4



" In+k o+ 1
— > .
k_o( N >k (n+1)<n_1), n>1 (2.22)

C("T e e () e (M 7)) w2 e
‘ k

n—1 n—2
k=

no (" ' k) B = (n+ 1) (2:_+11) +3(n+2)(n+1) <2:_+21)

k=

on + 1
+(n+3)(n+2)(n+1)(:_+3>, n>3 (2.24)
Sk QEf_)l _ (2.25)
— ( ! ) n+l
2K\ KT 24120 «— /0 1
No_anTa B 2.26
k0<k>22k 22n (n>§<k>2k+1 ik (2.26)

Remark 2.2 The following identity is Problem 4551, P.482, of the American Math. Monthly, 1953.

n—1
. a—k k[ Q) 1
A 2 W= 227

where « is real number which is not a nonnegative integer, and k is a positive integer.

n r k
> (=1 (i) (z+yk) =) (;) RS (—1y (x) (” N 9?) BfY, (228
k=0 k=0 j=0 J/ A\
2.3.3 Evaluation of ) o 2
i N ey 2 g (2.29)
=€ T Pk :
= n! i k!

Applications of Equation (2.29)

> prtlgn "\ = nkgk
Z = 0(k>z o (2.30)




— k" cos k - k k
Z % = 087 (Cos(sin x) Z By, COZ' : — sin(sinz Z By sin x)
k=0

k=0

. k"sinkr .. _ . sinkx COS kx
Z ¢ (cos(sm x) Z By y—— o + sin(sin Z )
k=0 k=0 k=

2.4 Grunert’s Formula

Grunert’s Formula
Let S be a function of . Let 5 denote the j™* derivative of S with respect to x. Then,

d ™
(m%) 5= Z ’“’“kvdmk'

2.4.1 Applications of Grunert’s Formula

Zk” ’“—ZBM e 2| < 1

n

Z krak = i By i (é) )
k=0 =0

k=0

n T n+ 1
k?" — B'f‘
k=0 k=0 <k T 1) o
n T k
> k= (—1)7""“(Z+1>B};k, r>1
k=0 k=0 -
. L+ (=1)"
(-1 =
k=0 2

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)



2
SO (1) = (-1 (2.40)

2
k=0
n 3 2 _ _1\n
Z(—l)kk’3 _ (4n° +6n° —1)(—1)" +1 2.41)
k=0 8
n 4 3
S (1R = (1) M# (2.42)
k=0

zn:(—l)’““k" - z:: ((ZI 1) — ot (%j;)) By, (2.43)
)

n T k
n rok __ n n Z T N
(k)k o = (1+2) (k T B @ 41 (2.44)
k=0 k=0
. n T n - 1 n T
k=0 k=0
"L /n\ 4 n 3nn—1) n(n—1)(n—2)
=" = 2.4
k=0 <k)k <2 * 4 " 8 (2-46)

n (n> I (g Tn(n—1)  6n(n—1)(n—2) n(n—1)n—2)(n— 3>) (2.47)

= 2k + 1) (nz) 2+t < , km\ .,
Z(_1>k< <2k)—£ 1)‘) = E 2Fnk sin <nx + 7) By i (2.48)
k=0 ’ k=0
- 2k)" (nx)? . km
> (—1 #(2R) (ne) 7 _ > afnk — ) B; 2.49
k:()( ) (Qk)! kzo:c n-cos | nx + 5 ek ( )



2.5 Properties of B,

2.5.1 Recurrence Formulas for By,

S~ n\
B = (-1) (—1)k(k,>] "Bl (2.50)
k=0
n+1 _ . n n
Bi =0 +1) (Bj+1,j+1 + Bj,j) (2.51)

Remark 2.3 For the definition of A1, we refer the reader to Volume 2, Book 1, Chapter 8,
Equation (8.1).

(=" By = G+ D) (1B — (F1YB] =[G+ DAL (1) B}, (2.52)

[H(j FRAL | (1B = (B, r2] (2.53)
k=1
- (_1)] n r pn—1 apn—1

> TBM =(-1)'B = (=1)'BrY,  n>1l, a>0 (2.54)

j=a+1
L/

By, =Y (k)k!B;L_,fm_kH, i>1, n#j (2.55)

k=1

2.5.2  Convolution Property for By

(") B, Byt = By 2.56
Z k e 3d T T rtgrtg (2.56)
k=0
Applications of Equation (2.56)
n J
n — zZ—n ndq
k=0 k=0
n 2 .
S () (Z) (2 — k)l = 22 “n+ 1) (2.58)
k=0
= n . 3n? +n+122% — 12z2n
> (=1)F (k> (2 — k)"t = o0 (n+2)! (2.59)



2.6 Expansions of (<-1)"

Remark 2.4 In this section, we assume D" f(x) is the n'* derivative of f(x) with respect to .

et —1 n:in—i-n xk
x (k4 n)!

k=0

Dr e’ —1 ‘ | _ n! Bn—i—k
T x =0 — (n—i—k)' k,k

() e (VS O

j=0

2.7 Polynomial Expansions from By

Remark 2.5 Throughout this section, we assume f(x) is a polynomial of degree n.

@ =3 ;) gko(—l)f (%) st =)

k=

2.7.1 Applications of Equation (2.63)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)



2.8 Polynomial Series via B |

Remark 2.6 Throughout this section, we assume f(x) is a polynomial of degree n.

n

LIRS SE) SEstY (’;) F(k - 4)

=0

2.8.1 Applications of Equation (2.70)

Dobinski’s Formula

3 Bell Numbers B,

()= )

k=0

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

Remark 3.1 Throughout this chapter, we assume r and j are nonnegative integers. We assume x,

y, and z are real (complex) numbers. We also let [x] denote the floor of x for any real x.

3.1 Definition of B,

Stirling’s Formula

3.1

(3.2)



3.2 Properties of Bell Numbers

3.2.1 Bell Number Recurrences

" /n
B =) (k)Bk By =1 (3.3)
k=0
- n
B, = Z(—l)”"“ (k) Biia (3.4)
k=0
3.2.2 Exponential Generating Function
ok
. T
et =) B (3.5)
k=0 °

3.3 Schafli’s Modified Bell Number Recurrence

Remark 3.2 The identities of this section are found in L. Schlifli’s “On a generalization given by
Laplace of Lagrange’s Theorem”, Quarterly Journal of Pure and Applied Mathematics, Vol. 2
(1858), pp. 24-31. The reader is also referred to Oliver A. Gross’s, “Preferential Arrangements”,
American Math. Monthly, Vol. 69 (1962), pp. 4-8.

Schldfli’s Recurrence

n—1
n
AHZZ(IC)A,C, n>1, Ay=1 (3.6)

k=0

3.3.1 Alternative Forms of Equation (3.6)

24, =Y (Z) A, n>1 (3.7)

k=0

A, =Y By, (3.8)



3.3.2 Exponential Generating Function

Let An(z) = ) _o B w2, Then,

1 - tk
T 2@ D - > Ax(w) 5 (3.9)
k=0
1 N
= A (3.10)
k=0
" — (k) e (e' = 1)"
> = 2T, = (3.11)
] k.k —_ (ot — 1
—nl = \r (1— (et —1)x)+
3.4 Dobinski Numbers D,
3.4.1 Definition of D,,
n Bn
D, =Y (=1)* k’j;’“ (3.12)
k=0 )
Dobinski’s Formula
D :ei(—m’fk—n (3.13)
" k! '
k=0
3.4.2 Properties of Dobinski Numbers
Recurrence Relation
. n
(—1)"'D, = (—1)* <k> Dii1,  Do=1 (3.14)
k=0
Exponential Generating Function
1 =k
=D D (3.15)
k=0



3.5 Functional Bell Number Recurrence

Remark 3.3 In this section, we assume f is a real or complex valued funtion over the nonnegative

integers. We also assume p is a positive integer.

S ("3 rre= =003 (s - w0 (5 1) s

k=1 k=

4 Shifted Stirling Numbers of the Second Kind A;,,

(3.16)

Remark 4.1 Throughout this chapter, we assume r and j are nonnegative integers. We assume x,

y, and z are real or complex numbers. We also let [x] denote the floor of x for any real .

4.1 Definition of A;,,
n - T+ '7 -1
T = Z ( n )Aj’n

j=0

4.2 Explicit Formulas for A;
j
Ajn =3 04" G-
k=0 k
j
Ajn = Z(_l)j+k (n * 1) k™
k=0 J - k

4.3 Relationships Between A;, and B,

Ny | ,
Bj,j:Z(n_j)Ak,m OS]S”

k=0

(4.1)

4.2)

(4.3)

4.4)

4.5)

(4.6)



4.3.1 Applications of Equation (4.4)

Xn: Ajp = nl 4.7)

Jj=0

Remark 4.2 The following two identities are found in Robert Stalley’s “A Generalization of the
Geometric Series”, American Math. Monthly, May 1949, Vol. 56, No. 5, pp. 325-327

[e.e] n k

X
an ko ZWA’“"’ lz| <1, n>1 (4.8)

k=1 k=1

n k _ k+1 n+1 - " I
Zk ZZ ( 1)(] k+1)—(1_$)n+1, lz| <1, n>1 (4.9

7=1 k=1

Remark 4.3 The following identity can be found in T. M. Apostol’s “On the Lerch Zeta Function”,
Pacific Journal of Mathematics, Vol. 1, No. 2, June 1951, pp. 161-167.

e DD e e 2 Zy A <L el<l @10y
k=0

4.4 Properties of A; ,,
4.4.1 Indice Equivalence Property

Aj,n - Anf]#l,n = { ; . (411)

4.4.2 Recurrence Relation
Ajpii=+2—7)A 1, +JA ., Jj=>1 (4.12)

4.4.3 Grunert’s Formula

Let S be a real or complex valued funtion over the set of nonnegative integers. Let S denote the
k" derivative of S with respect to x. Then,

j—1\2*dks

14



4.4.4 Evaluationof ) ' k"

r_ n+j
Zk Z(T+1)Am n=0,r=1 (4.14)

5 Worpitzky/Nielsen Numbers B |
Remark 5.1 Throughout this chapter, we assume r, q, m, and j are nonnegative integers. We

assume x, y, and z are real or complex numbers. We also let [x] denote the floor of  for any real
x.

5.1 Definition of B{{q

B = Z(—l)’“(Z) (r—k)" (5.1)
k=0
5.1.1 Connection to A; ,,
+1
Aj,n _7 n—|—1 Z( l)k(n ) (.7 - k)n (52)

5.2 Properties of B} |
5.2.1 Index Shift Property

0 m>n>1
By + (=1)mt-tpe =< 53
km+1 ( ) n—k+1,m+1 {(_]_)]g(m;ﬂ)7 m>n— ( )
5.2.2  Relationships to B},
(k-1
COLAEDS (m B j) B,  m>n (5.4)
k=0
L m—k
B;%j: Z (m_J>BI7ch+17 mZn (55)
k=0



By = 0N (M) B ez 56

j=0
Applications of Equation (5.4)

Remark 5.2 The following identity is a formula given by N. Nielsen in
Traité élémentaire des nombres de Bernoulli, Paris, 1924, pp. 26-30.

Nielsen’s Formula

m—+1
r+k—1
(—1)™Fngn = Z ( - )B;’c‘erl, m>n (5.7)
k=0

Recurrence Relation

Bl =(m—-k+1)B;,,, +kBy,,, m>n+1>1 (5.8)

5.2.3 Grunert’s Formula

Let S be a real or complex valued funtion over the set of nonnegative integers. Let S denote the
3§t derivative of S with respect to x. Then,

d\" m+nm“ k—1\al diS
(x@> = ZBkaZ< j)ﬁ%’ m>n (5.9)

V

5.3 Polynomial Expansions from Nielsen’s Formula

Remark 5.3 Throughout this section, we assume f(x) is an arbitrary polynomial of degree < m,
namely, f(x) = >, arz”.

Nielsen’s Polynomial Expansion

s@ = oS (TR S e (M s n s

k=0 7=0

5.3.1 Applications of Equation (5.10)

Remark 5.4 Throughout this subsection, we assume p is a positive integer.

16



D rp—r+1 . k—1 o B P
z\" _ x+k 1) (_1)].(7"]9—‘1—1)(16 Jj+r 1) > 1
r — rp — J r

An n'" Difference Application of Equation (5.10)
Assume f(x) is a polynomial of degree < m. Then,

n m k

—1k(n>fk:—1m+” (k—l) —1j<m—,i_1)f'—k:.
;()k()();m_njzo()j (J—Fk)
Applications of Equation (5.17)

zn:<_1)k (Z) (f)p _ 1y n zk:(—l)j (njl) (k: —j —: r— 1>p7 rp<n

k=0 k=0 7=0

17

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)



N v I 9 520
S (o) e (- Q)E)) o

k=0

Z(—l)’“(?)g(?)% = ((32%)2 (5.22)

2n 2 2n 2
p(2n) (3n—k\" p(2n\ (n+k\" _ [2n
2 () () - ne (0 -G) e
k=0 k=0
5.4 Generalized Nielsen Expansions

Remark 5.5 Throughout this section, we assume f(x) is an arbitrary polynomial of degree n,
namely, f(x) = > ,_, arz”.

Nielsen’s First Generalized Polynomial Expansion: Assume n < m. Then,

m+1 k
+k—1 . +1 .
flx+y)=(-1)m) (w ) > (1) (m . )f(a —k+y). (524
k=0 m 7j=0 J
Nielsen’s Second Generalized Polynomial Expansion
n T k . k '
flet+y) =) ( ) > (1) ( .)f(k —ji+y) (5.25)
o \k/ =5 J

5.4.1 Applications of Equation (5.24) and (5.25)

Remark 5.6 In this subsection, we assume p is a positive integer.

r@) = (" Ym0 asm 629

k=0

18



P EC g () e

k=0 7=0

m+1

_ rp-‘rmZ( —l—k—l)
k . p
B AT

=0 /
SRR A k—j—y”—l)p 5.29
. Z(_ . 5 (5.29)

k . p
<x+k—1)z (rp+1)(k—9+7@{+7“—1) (5.30)

j=0

J— p P - o '
B [ B

k=0

Z(—l)k(rpl:r 1) (Tp _rk ’ 1)p =0, r=1 (5.32)

rp—r+1 _ p
1 (T’pl;f- 1> (rpr k?) _ (5.33)
k=0
. 2
(_1>k(2n]:— 1> <2nn— kr) _1 (5.34)
k=0
& on 2n — k 2 1 _ 1
Z(—l)(k>< n >2n+1—k;_2n—|—1 (3

19



3

k=

0

DO

2n

k=0

3n

k=0

-

n

()

k=0

n-+1
k

)

1

—k 1
n n+1—k

3n—2k+1
n

20

-3 () v ()
m + 1)

)zk:(_l)j( J

n

e ()

)£

¥

(2n+1)(*")

Z(—l)k(gn;: 1) <3nn— k)2 _,

Z(—U’f(m; 1) (4nn— k)2 _,

n

pk — pj + py)

i — pk
(pj P +py)’ n<m

, m—l—l) (pk—pj—py—i—n—l

n

)

n<m

2k—2j—2y—|—n—1>

L,
0,

n

n

3n—2k—2y—1

)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)



zn:(—l)k (n_/g 1) (?m —ik — 1) _ (i) (5.45)

k=0

zn:(—l)’“(n;:l) <2n—zk+y> _ (n—i+1> o)

k=0

n

Z(_l)k(bz 1> (Zn - 2k) i 547

k=0

Remark 5.7 The following identity is the solution of B. C. Wong’s Problem 3399 of The American
Math. Monthly, Vol. 36, No. 10, December 1929.

(~1)* (”Z 1) (2” i} %) —n+1 (5.48)

n

(3]

[NE]

k=0

- p(n+1\ [(2n—2k+1\
() () < 549

Remark 5.8 The following identity is the solution of B. C. Wong’s Problem 3426 of The American
Math. Monthly, May 1930.

[

0|3

J

(_1)k<n+1><2n—2k—1):1’ . 5.50)

k n
k=0

(_1)k(n;—1)(2n—2k—1):(n;li—Q) (5.51)
k=0
(3]

pf(n+1\(2n—2k—-1Y\
()T )

n (_1>k(n+1)(pn—pk+r):<n—r+p—1> (5.53)
— k n n

21
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T (5.52)
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3
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1)77,]

S [y R B

(") (M) - () o

k=0

5.5 Nielsen Numbers 3" ()

Remark 5.9 Throughout this section, we assume p is a nonnegative integer while « is a real or
complex number.

5.5.1 Definition of 55"(«)
- 1
gpmie) = 04" @ p -y 556
k=0

Remark 5.10 This definition is found on Page 31 of Traité élémentaire des nombres de Bernoulli,
by Niels Nielsen, Gauthier-Villars, Paris, 1923.

5.5.2 Relationship to Worpitzky Numbers

By™M(0) = By i1 (5.57)
grn(a) =3 (Z) a"FBE (5.58)
k=0

5.5.3 Polynomial Expansions via Nielsen Numbers

Remark 5.11 This identity is found on Page 28 of Traité élémentaire des nombres de Bernoulli by
Niels Nielsen.

m+1
SUMCEIVEDY (m +:2_ 1) P (e),  m>n (5.59)
k=0

22



6 Stirling Numbers of the First Kind C} = s(nk)

n!

Remark 6.1 Throughout this chapter, we assume r, q, m, and j are nonnegative integers. We
assume x, y, and z are real or complex numbers. We also let [x] denote the floor of © for any real

Z.

6.1 Basis Definition of Cj;
xT n
= Crx*
(o) =2

6.1.1 Derivatives of ()

Remark 6.2 For this subsection, we let DP denote the p'"* derivative with respect to .

” 1 ” 1
2() - () : |0
n n ~k+r—n —~ (k+x—n)
2 z 2 nnill n
D;v |w*0__(_1) ZE:2027 n =2
k=1

6.2 Properties of C
6.2.1 Recurrence Formula

(n+1)Cptt =Cp, —nCp, k21

6.2.2 Convolution Formula
. T n—r n k + j
r=0 J

23

6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)



6.2.3 Orthogonality Properties

3

. 0
. OBMC = (n B k) (6.8)
1=
iC’?Bj — 0 (6.9)
g Tkk n—k ’
j=0

Remark 6.3 The following identity is a formula of Frank R. Olson from The American Math
Monthly, October 1956, Vol. 63, No. 8, p. 612.

ZCTBTH_J 1 {O, k<r

6.10
rnl k=r (6.10)

6.2.4 Inversion Formulas

Assume by, is independent of n, and a,,

(6.11)
k=0

= By by Then, by =Y Cray.
k=0
Let r > n. Assume by, is independent of n, and a,, = Z Bﬁ’nbk. Then, b, = Z C’Sak. (6.12)
k=0

6.2.5 Alternating Sum Formulas

f (6.13)

3

Z% =Y (-)"MRCE, k=1

> (6.14)
k=1 k=1
6.3 Functional Expansions Involving C}

6.3.1 Expansions of [[}_;(1 + kx)

H (1+ kz) _mz e

n>1 (6.15)
n! _ - k+n, k
T ) => Bt onx1 0 o< - (6.16)
k=0

24



6.3.2 Expansions of (*[")

n

I <x ’ n) S gt then, Cp = 3“1y (r)
k=0

6.3.3 Expansions of (7)) Involving B;

X
n

(6.17)

(6.18)

Remark 6.4 For this subsection, we define, for arbitrary real or complex x, the generalized Stirling

number of the second kind B7 ; as follows.

By (1)

k=0

Note that Equation (6.19) implies

25

(6.19)

(6.20)

6.21)

(6.22)

(6.23)

(6.24)



Two Orthogonality Relationships

Let B} ; = Z <z) Ej’?, where Ef
k=0

Then,

J=0

and

J=0

6.3.4 Fractional Binomial Sum Expansions

r=0

J J=1\ @k —
d (Ci+CiY) Bl _(n_k>,

>ectray=(,°,)

1
g( D Em = @
- 1\k (i) _ z? +2
;( 2 ERY T @t 2@+ )
> G 622 + 6
;(_”k(ﬂﬁ%) CEDCECESY
i(_l)k () _ xt 4 3522 + 24
P (Izk) (x+4)(x+3)(x+2)(x+1)

26

— Zj:(—l)w' <i) (r — 1)k

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)



6.3.5 Expansion of (1 + z)=

Remark 6.5 The following identity is found in “ On the Expansion of (1 —1—1:)% in Ascending Powers
of x”, by Percival Frost, Quarterly Journal of Mathematics, London: Vol. 7, No. 28, Feb. 1866.

(1+2):=> 2> C, where (6.33)
j=0 k=0
N R R AW AN G R CL
Cr-j = k! p— jg—r)\g+r 7! ;< 1 S s 6.34)

6.4 A Derivative Expansion Involving C}!

Remark 6.6 Throughout this subsection, we let D" f(x) denote the n'" derivative of f(x) with
respect 1o x.

! n
D f(Inz) = % S CpDEf(z),  wherez = Inw (6.35)
k=0

6.4.1 Applications of Equation (6.35)

. ol 1 .
D (nz) = — ZH (nz)*Cr ), (6.36)
k=0
o 2(=D)m (e —1) 1
D? (Inz)” = - Inz— R n>2 (6.37)
z k=1
Z B;;%D (In2)" = n! (6.38)

6.4.2 Inversion of Equation (6.35)

cr = (_?)jzn > (-1)F (J) (Inz)? ™" D" (In 2)* (6.39)

27



Applications of Equation (6.39)

1 .
C?=——D7(Inz)" |.o1 (6.40)
7!n!
(In(z+ 1)) =41y CFF, |2 <1 (6.41)
k=j
(z+1)"=> 2> i (6.42)
k=0  j=0
o 13l
(+1)"=> > " (6.43)
j=0 k=0
=gy (e =nter, et <1 (6.44)
k=0

6.5 Explicit Formulas for C}! using Bernoulli Polynomials and B},

Remark 6.7 Let t be a real (complex) number. We define B,(Cn) (t) as the general Bernoulli polyno-
mial of order n and degree k by the generating function relation

> k n  tx
BW() = % or. 6.45
kZ; k ( )]{3' (ex _ 1)n’ ‘37| <zarm ( )

An excellent reference for properties of B,(Cn) (t) is Calculus of Finite Differences by Charles Jor-
dan, Second Edition, Chelsea Publishing, New York, 1947.

1

cr_, = mB,(;“fl)(1) (6.46)
. 1 N x n+1
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Cok = li;z( > ( 1)”“ |2=0

J

k
n—l k+1 k! i
1O = gk

:O

<.

Inverse of ldentity (6.49)

k .
1 k+n k:—l—l j )
_BkJrn: 1) Cjn

J . .
J + 1 ]' j+sn+s
Cn == —Bj
n—k TL — lkl Z ( ) Z (8—|— 1) (] —|—8n+s)! sn+s,sn+s

s=0

J

j + 1 J 1 j+sn+s
CTL - i B]
n—k n _ lkl Z ( ) s+1 ( ) (sn + 8)!<g+sn+s) sn+s,sn+s

s=0 j

n n—l—l—l—j

. S:O(_1>S (J> FoEs, 1 5 Bits

k N , :

1 k\ (n+j N\n+j5+1 1 ,

C” :—E —1)% i BJ+S
"ET (n— k) = (J)( J ) O( )<s)n+s+1s!(ﬂj)

s=

MQ
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(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)



6.6 Schlifli’s Formulas for C}

Remark 6.8 The identities of this section can be found in the following two papers, both written
by L. Schlifli: “Sur les coefficients du développement du produit

1(1+ 2)(1 + 22)...(1 + (n — 1)z) suivant les puissances ascendantes de x”, Jour. reine u. ag-
new. Math., Volume 43, 1852, pp. 1-22: “Ergdnzung der Abhandlung iiber die Entwickelung des
Prudukts 1(1 + z)(1 + 22)...(1 + (n — D)) = [["(x)”, Jour. reine u. agnew. Math., Volume 67,
1867, pp. 179-182.

k k k+n 1 .
+k
B Z( )(k+J)le§’j (69

J=

k .
n _ _1\J ]+
Gk = — ]Z;( 1) (n—kz—l) (nﬂ)ij (6.56)

6.6.1 Inverse Relations of Equation (6.55)

k
Bl pn = (=1 =k (’; 1 j) (’Z f ") (k+j)C5t (6.57)

J=0
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7 Appendix A: Contour Integral Formulas for Stirling
Numbers

Remark 7.1 Throughout this appendix, we assume 1 = \/—1. We also let y denote a simple closed
curve around the origin, namely, the unit circle.

7.1 Contour Integrals for By

n—1\kl(n—k)! [e*(e?— 1)1
B}, = 7.2
ik (k - 1) omi L o dz (7.2)

7.2 Contour Integrals for C}

cp = % 7 (2) 2k1+1 dz (7.3)
Cp = % /0 " (ent) e~k dt (7.4)
kIO — 2% 7 (m(;—tlmk dz (7.5)
pop— L[ 2, (7.6)

2mi L (e# = 1)t

k Zk—l
EICE = d 7.7
R onmi [r (e —1)n : (7.7)
n—1\ k! P
o — L 7.8
M- ( k )27?2'/7(62—1)” : (7-8)
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7.2.1 Extension of Identity (7.7)

Remark 7.2 In the following identity, assume « is a complex number with R(«) > 1.

1 /°° zol u =1
dz=mn Ccr _— (7.9)
IoF AR PED P S

j=

8 Appendix B: Asymptotic Approximations for Stirling
Numbers

Remark 8.1 Many of the identities in this appendix are found in Charles Jordan’s “On Stirling’s
numbers”, Tohoku Math. Journal, Vol. 37, 1933, pp. 254-278.

8.1 Approximations Involving By

Bn+1
lim B’j;’“ =k (8.1)
n— o0 k. k
B’I’L-‘rk 1
lim — " = (8.2)

n—00 (n + k‘)zk K12k

8.2 Approximations Involving C!

ek—i—n

C" < : n>1, k>0 (8.3)

n |

n!

. nl|C ] 1

Jim == 84

Cr 1
lim | kil where 7y is Euler’s constant (8.5)

n—00 (1nn—|—7)C’,’§| Tk

Remark 8.2 The following identity, due to H. W. Becker, is found in the American Math. Monthly,
Vol. 50, 1943, Page 327.

AL+ DICET 1
lim : =

— 8.6
A DICT] e (8.6)
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9 Appendix C: Number Theoretic Definitions of Stirling
Numbers

9.1 Kramp-Ettinghausen Definitions of Stirling Numbers
Si(n —1,k) = Z n(n—1)(n —2)...(n — v+ 1)

al!az!ag!...2°‘13°‘24°‘3
where the summation is over all possible integers g > 1 such that oy + 20 + 3as + ... = k, and
y=ar+as+asg+..+k

Sz(n,k):Z(n+k:)(n+k:—1)...(n+k:—'y—|—1)

; 9.1

9.2
aqlaglag!... (21 (31)oz(4])es &2
where the summation is over all possible integers ag > 1 such that oy + 20 + 3as + ... = k, and
y=a;+as+asg+..+k
9.2 Iterated Definitions of S;(n, k) and S2(n, k)
n—k+1 n—k+2 n—k+3 n—1 n
Si(n,k) = > Gk Y. Fk—1 D, de—2ee >, J2 Y. d1 (93)
Je=1 Jrk—1=Jk+1 Jk—2=Jk—1+1 Jj2=js+1  ji=j2+1
k n—i+1
Sitnk)=T[ > dgn  withjra =0 94
i=1 ji=Jit1+1
n n n n n
Sa(myk) =D Jr > Je-1 Y. Ju—zew D J2 D di 9.5)
Je=1  Je—1=Jk Jk—2=Jk—1 j2=js  Jj1=j2
k n
So(n k) =[] D g with jipr =1 (9.6)
=1 ji=Jji+1
9.2.1 Restatements of Equations (9.3) and (9.5)
Si1(n, k) = Z T1T2T3...T,, Where T; is a positive integer 9.7)
1<ri<r2<rz<...<rp,<n
Sa(n, k) = Z T172T3...T,, Where 7; is a positive integer (9.8)

1<r1 <r2<rz<...<r,<n
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9.2.2 Application of Equation (9.5)
k ]1+1 1

Si(n,n — k) =n!]] Z - with e =n+ 1 (9.9)

=1 j;=1

9.3 Properties of S;(n, k) and Sz(n, k)

Si(n —1,k) = (—=1)*n!C"_, (9.10)

Sa(n, k) = %B;‘;’“ 9.11)

Si(n, k) =Si1(n—1,k) +nSi(n— 1,k —1), n>1 k>1 (9.12)
So(n, k) = Se(n — 1,k) + nSa(n, k — 1), n>1 k>1 (9.13)

k

\(n—1,k) Z;(kﬂ) (“”)SQ(J,k) (9.14)

9.3.1 Generalization of Sx(n, k)

Remark 9.1 In the following identity, we assume z is an arbitrary real or complex number.
L (k +2) (k-
Sa(z, k) = S, 9.17

9.3.2 Basis Expansions Involving S;(n, k) and Sx(n, k)

Remark 9.2 In the following two formulas, we assume x is a real or complex number.

n—1
H1+k:x ZSln—lk: n>1 (9.18)
k=0
;—ism S 9.19)
[lim (1= kz) & 2 ’ 7 n '
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9.3.3 Hagen Recurrences

Remark 9.3 The following identities are found in Hagen’s Synopsis der hoeheren Mathematik,

Berlin 1891, Volume I, Page 60.
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Table for Combinatorial Numbers and Associated
Identities: Table 2

From the seven unpublished manuscripts of H. W. Gould
Edited and Compiled by Jocelyn Quaintance

May 3, 2010

1 Bernoulli Numbers B,

Remark 1.1 Throughout this chapter, we assume n and p are nonnegative integers. We assume x
is a real or complex number. Furthermore, for any real x, we let [x] denote the floor of x.

1.1 Generating Function Definition of 1B,,

S8 - " | < 2 (L.1)
—_— = xXr 7T .
o kk:! er —1’

1.2 Alternative Definition for B,

n—1 P

1 1

§ kP — ——" (p+ )np"'l_kBk, n>1 (1.2)
- p -

k=0 k=0

1.3 Explicit Formulas of B,,

Bom > i(—nk(”)# (13)
j=o0J +1 k=0 k

9 7HJ(—1V_1 ) k 1 k . k
B, = Bt ~, where B}, = -1 ( ) E— )" (1.4)
n+1]; k1l T ok JZ:;( P

p—



n+k
Bk k

B, :”!;(_Dk(zﬂ)m (1.5)

1.3.1 Alternative Formulations of Equation (1.3)

B, = i (_1)an (1.6)
n P k + 1 k,k .

g, =5 =L (j )Aj,n, where A;,, = Z(—nk(” . )(j — k)" (1.7)

n—k
k=0

i
o
.
Il
=)

B,=(-1)"Y App——tr, > 1 (1.8)
-y kz:; ' (n+1)(,",) "
& Akn
B,=) (-1)F'——"— n>1 (1.9)
1 (n+1)()

1.4 Vandiver’s Formulas for 5,,

Remark 1.2 The formulas in this section are the work of H. S. Vandiver. The pertinent papers are
“On generalizations of the numbers of Bernoulli and Euler”, Proc. of the National Academy of
Sciences, Vol. 23, 1937, pp. 555-559 (also see Proc. of the National Academy of Sciences, Vol. 25,
1939, pp. 197-201), and “Explicit expressions for generalized Bernoulli numbers”, Duke Math.
Journal, Vol. 8, No. 3, Sept. 1941, pp. 575-584.

- n+1 1 k
_ _1\k 30
B.=> (-1) (k:+1>k:+1z‘7 (1.10)

k=0 =
n k+1
n+1 1
= —1)F S i > 1 1.11
O B (S =D S (L
k=0 j=0
n! ol n 1 F
B, = (—-1)"— —1)k — " > 1 1.12
( )n+1+;( )<k+1>k+1;]’ "= ( )



1.5 Properties of B,,

1.5.1 Recursive Relation

1.5.2 Parity Properties

—~ k+1
(D o
B2n+1_zk+13kk 0, n>1
k=0
2n - 2n
e 2n+1)(%)
Bont1 = %il(_l)k Ak’2n+21n+1 =0, n=1
—0 (2”+2)( k )

2n m
Z(k)skzsm

k=0
n—1
2
<QZ) BQ/C n, n>1
k=0
" /2n+1 1
Boy, = =, >1
ko( o ) o = N + 7 n

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)



- 2 1
( " )ngz——b’gn, n>1 (1.22)
k=1

2k — 1 2
" /on+1 1
== >
(%_1)8% 5 n=l (1.23)
k=1
2n 2n
Z(—l)’“( . )Bk = Bon + 2n, n>1 (1.24)
k=0

2 Bernoulli Polynomials B,,(x)

Remark 2.1 Throughout this chapter, we assume n, r, and p are nonnegative integers. We assume
x,y,a,b, and t are real or complex numbers. Furthermore, for any real x, we let x| denote the

floor of .

2.1 Definition of B,,(x)

S temt

tk
Z Bu(z) = .|t <2 2.1
2 B@ = <2 —

2.1.1 Relationship to B,,
B, = B,(0) (2.2)

2.2 Alternative Definitions of B,,(x)

p—1
Z kn — Bn-‘rl(p) Bn—i—l’ n’p 2 1 (2.3)
pr n+1

n k k
Bnii(z) = (n+1) (k j_ 1) By + Buy1, where By = Z(—l)k( ) (k—j5)" (24
0

k= =0

2n
Bani1(x) = (2n + 1) Z (k: j_ 1) B, n>1 (2.5)

k=0



2.3 Explicit Formulas for B,,(x)

B.(x) = zn; 174%1 g(—l)’“ @) (z+ k)" (2.6)
B (x) = é (Z) 2" By, 2.7)

2.3.1 Application of Equation (2.7)

n—1 n

n _ . T n
B, ;= m Z CHB,", where 1 < j < n,and (n) = ZCkxk (2.8)
37 k=j-1 k=0

2.4 Properties of B, (x)
2.4.1 Shift Property

B,.(1—x) = (—1)"B,(x) 2.9)
Applications of Equation (2.9)
B, (1) = (=1)"Bx (2.10)
ntl (_1)k—1
By=(-1")_ " B! (2.11)
k=1
2.4.2 Addition Property
" /n
B.(x+y) = Z <k>wn_k8k(y) (2.12)
k=0
Application of Equation (2.12)
1By = 1) = S0} ) Bl @.13)
k=0



2.4.3 Appell Derivative Property

dx
Applications of Equation (2.14)
Remark 2.2 Recall that D', f(z) is the r'" derivative of f(x) with respect to x.

iBn(a:) _ {an_l(:c), n>1
0, n=20

n

D' B, (ax) = r!( )aan_T(aa;)

,
D.B,(ax +b)=a-n-B,_1(ax +b)
2.4.4 Integration of B,,(x)

1
B.(r)de = ——B, C
[ Bu@)de = ——Bun(@) +
Applications of Equation (2.17)

/Bn(aa:) de = ——— B, 1(ax) + C, a#0

2.4.5 Other Integrals Involving B,,(x)

[ e <<;+13; > (e

1 " n
B, (x)dz )"
/0 (@) O(k> m) k+J+ 1)

1 n n)
' B, ( =
/0 — k k:+j + 1
1
B

_ (_q\nt1Zntl

/0 B, (z)dx = (1) m 1

1
/0 B, (2)B,.(z) = (—=1)"* ?::; = (—1)"! (BTZZS, r>1, n>1

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)



2.4.6 Convolution Properties

> (-1)F (Z) Bi(2)Bo_i(z) = (=1)" ' (n — 1)B, (2.25)
k=0
S (- <Z) By(2)Bui(z) = (1 — n)B, (2.26)
k=0
> (=1)F (Z) BB = (1 —n)B, (2.27)
k=0
" /2n
(Qk;) BopBan—or = (1 — 2n) By, n>2 (2.28)
k=0
L /o
( %) BouBop_or = —(2n + 1)Bon,  n>2 (2.29)

T

1

2.4.7 A Binomial Expansion

Remark 2.3 In the following identity, we let 3(x) denote the Bernoulli Polynomial, and assume

<B (x)) =Y OBy (). (2.30)
" k=0
Then,
B(z)+n\ wf(nta) 1
( n >_k2:%( 2 (n—k‘)k—l—l' @2.31)
Also,
B+n 1
( . ):n+1' (2.32)



2.5 Formulas Involving ‘" Differences

n i .
> (=1 (Z) B;(k) = (=1)" @ BBy (2.33)
k=0 k=0
Ap1Bu(z) =Bu(z+1) = B,(z) =na™!, n>0, 2#£0 (2.34)

2.5.1 Applications of Equation (2.34)

= (” Z 1) Bi(z) (2.35)
0

r

Z(—n’%”*l = % ((—1)T8n(r — B, +2Z VB ( ) n>1 (2.36)

k=0

2.6 Polynomial Expansions Involving B,,(x)

Remark 2.4 Throughout this section, we assume f(x) is a polynomial of degree n, namely,

n

fl) =" aa*. (2.37)

k=0

2.6.1 Basic Expansion Formulas

Remark 2.5 The following expansion is equivalent to the formula given by Charles Jordan on
Page 248 of Calculus of Finite Differences, Chelsea Publishing, New. York, 1947.

k k
f(@) = ZB(:E)Z( st 2.3
) :ZBk(x)C’k, where Cj = /0 f(z)dx, Cp = EAMD’“ LF(2)|a=o (2.39)



2.6.2 Raabe’s Theorem

Remark 2.6 The identities in this section are found on Page 252 of Charles Jordan’s
Calculus of Finite Differences.

r—1

B.(z) ="'y B, (x i k) . or>1 (2.40)
k=0 "
r—1 k

B.(rz) =r""! B, (x + ;) , r>1 (2.41)
k=0

Applications of Equation (2.40)
r—1 L
B,=r"'Y B, (;) . or>1 (2.42)

k=0

1 1
1 2 1
B, (g) + B, (g) = — (1 - ﬁ) B, (2.44)

2.6.3 Generalizations of Equation (2.39)

Remark 2.7 Two excellent reference for the formulas found in this subsection are Konrad Knopp’s
Theorie und Anwendung der unendlichen Reihen, fourth edition, Berlin, 1947, and N. E. Norlund’s
Vorlesungen iiber Differenzenrechung, Berlin, 1924 (Chelsea Reprint, New York 1954).

Let w be a nonzero real or complex number. Then,

[t "L wk _
where A, f(z) = fo+ wu)) — /(@)
Applications of Equation (2.45)
f(x+z):/x+1f(t)dt+zn:8k—(z)-A DR f(x) (2.46)
. £ ]{' z, 1y .
n—1 B (Z)
Dof(z+2) =) = AuaDif(x) (2.47)
k=0



2.6.4 Euler-Maclaurin Formula

Remark 2.8 For this subsection, we define B, (x) to be the periodic real valued function which
agrees with B,,(x) on the interval 0 < x < 1. Furthermore, we do not require f(x) be a polyno-

mial, only that f(x) be sufficiently smooth.

Euler-Maclaurin Formula

"’ f(0) + f(n)
:/ f(z)dx + —

B - —
+XI% (D2 f ()]s — D2 f(2)]am0) + Ry,
where,

- 1 " A . D2+l
B = Gy [ Baale)- DE (@) e

Applications of Equation (2.48)

1
logI'(2) = (z—§> log z — z 4+ log V2 —i—Z

_ ‘1 /OO B2j+1(i§) dr
27 +1 ), (z2+x)%H

2k( 2k )22’“*1

1
logn!:< +§)logn—n—i—logv +Z2l{; 2/{:—1)n2k T

10

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)



3 Eulerian Polynomials E,, (x) and Eulerian Numbers E,,

Remark 3.1 Throughout this chapter, we assume n, r, m, and p are nonnegative integers. We
assume x,y, and t are real or complex numbers. Furthermore, for any real x, we let [x] denote the

floor of .

3.1 Definition of E,,(x)

S Bl = 2 (3.1)
L T e
3.1.1 Relationships Between E,,(x) and B,,(x)
B i(z) = % (Bn (m ; 1) _B, (g)) . n>1 32)
Eni(z) = % <Bn(a:) _ 2B, <§)) ., n>1 (3.3)

3.2 Properties of E,,(x)

3.2.1 Appell Derivative Property
Remark 3.2 Throughout this chapter, we let D, f (x) denote the r'* derivative of f(z).

D, E,(z) = {gEn_liwl ) n>1 3.4)
Applications of Equation (3.4)
DI E,(z) = 7! (:) By () (3.5)
E o En—i—l(x>
b
/ En(z)dz = E”“(b:l:rf”“@ 3.7)
1 1
B (_1)n+ -1

11



3.2.2 Addition Property

n

En(z+y) =) (Z) 2 Eni(y)

k=0
Applications of Equation (3.9)

3.2.3 Shift Property
En(x) = (—1)"En(1 — )

3.2.4 Difference Equation
E,.(z)+ E,(x + 1) = 2z"
Application of Equation (3.13)

- kpp _ (CL"Ep(n+1) + Ey(0)
S (-1 :

k=0

3.2.5 An Integral Property

(_1)m + (_1)n . Em+n+1(0)
m+n-+1 (™)

/01 By (2) Eo(z) do = —

Application of Equation (3.15)

S (1) Bl Bualo) = (-1 = 1) a0
k=0
3.3 Explict Formula for E,, (x)

B@) =) ,; g(—l)k(i) (@ + k)"

=0

12

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)



3.3.1 Calculations of E,,(0) and 1,,

1 =~ /n+1 i P
E(0) ==Y d (=1t m>1 (3.18)
2 —\n— k e
1 <& i n+1
En(0) = 5 D (=1)FAg,, where Ay, = Z(—1)J’( ; >(k — )" (3.19)
k=0 Jj=0
1 n
En(0) = o ;(—1)%4,%, n>1 (3.20)
- (_1)k n n : (kK AN
E,(0) = S5 Bix where Byl = > (—1y ; (k — 7) (3.21)
k=0 Jj=0

Bn+l = (2n+1 1) ok+1 Bl’ril,k (322)
k=0
_ n+1 - k41
Bunt = goigr =y 227D Ak (3.23)
k=0
3.4 Definition of F,,
1 > ikz’“ T
=Y E——, i=v-1, |z<~< (3.24)
cosz  — k! 2
3.4.1 Relationship Between E,, and E,,(x)
1
E,=2"E, (5) (3.25)

13



3.5 Properties of E,,

3.5.1 Parity Properties

3.5.2 Explicit Formula for E,,(x)

n

E.(z) = Z

k=

()

[ z — —
2k 2

3.5.3 Eulerian Numbers in Various Trigometric Expansions

> o

k:O

mwseCcCTweLZ = T E

> i

k=0

(_1)nﬂ_2n+1 2n

k

2n+1

EQk

B (_1>n22n+2(2n)!

2k 2k

2n+1
m E2n

1

2k+1 on+1

(2n!)

14

22n+2+j

J

> _(-1)

o Al<g

1
2

J (‘;) (2k +1)*"

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)



4 Generalized Bernoulli Polynomials B ’gn) (x)

Remark 4.1 Throughout this chapter, we assume n, r, m, and p are nonnegative integers. We
assume x,y,a,b, and t are real or complex numbers. Furthermore, for any real x, we let [x]

denote the floor of x.

4.1 Definition of B\ (x)

n,rz

(m) (2 _ 2
ZB ( ) (ez 1)'n

ozl < 2w
Bi(e) =B (x),  B;”(0) = Bi(0) = By
4.1.1 The Reciprocal Generating Function of Equation (4.1)

k

(4.1)

4.2)

— 1" X gk & Bitn k Lk _
=y gy e () g where = S0 () e
k=0 J

Jj=0 Jj=0

4.1.2 Generating Function for B,(ck_nﬂ) (t): Formula 2247 Volume 5

o0

(14 )t 1zm

0+ )7 le(k "

4.2 Derivative Definition of B\ (z)

4.4)

Remark 4.2 Throughout this section, and the remainder of this chapter, we let D, f(x) denote the

r'" derivative of f(x) with respect to x.

B (z4+1) = k!DQ"“(z>
n

15

4.5)



4.2.1 Applications of Equation (4.5)

n . 1 (n+1) T - . n _k
Cn—k = mgk (1), where (n> = ch,ilf

k=0

BU (2 4 1) = nl (’Z)

n

4.3 Generalized Bernoulli Numbers B = B{™ (0)
4.3.1 Relationships with C"_,

m _ "
B, = a1 Cnk
(")
RICnH = gy
4.3.2 [Exponential Generating Function
In(1+ x))n =t B,(Cn+k)
=ny — : > 1, lz| <1
(") =S hoen
’ = i x—kB(k) lz] <1
(1+z)In(l+xz) = Fk! ko

4.3.3 Relationships with BZ:';L”

k+ 1) Brtin

k
B(n) — (_1)j( . . jn’jn'n
=26 ) G

I

(
B = Gy P

16

(4.6)

(4.7)

4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)



g
k=0 J:

4.3.4 A Generalization of Generalized Bernoulli Numbers B,(f)

i <z+k)(z+j—1)Bg{7?Z
i Jie)

Applications of Equation (4.17)

k ) j+k
(n) _ Atk (n+j—1\ Bjj
B =2 (- (k — j) ( i )i

j=0 AN
k j+k
_ Z k—n\[-n+j—1\ Bj;
j=0 k—J J j'(Jj
RN (k - ) () B’
2 k- 3) U)o

17

S vt ()i = o - g

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



4.4 Properties of B\ (z)
4.4.1 Addition Property

B+ =3 ()5 @y

j=0

Application of Equation (4.24)

By 4 1) = Z ( >xg kZ < ) i <J+ 1> Bl
’ = = 1) () ()
4.4.2 Appell Derivative Property
DB™M(x) = kB (x), k>1
Application of Equation (4.26)

k!
(k—7)!

DIB (z) = B, (x)

4.4.3 n'' Difference Formula

kBU (), k> 1

B = (B,
.

[z +w) - f(x)

where A, , f(z) =

Applications of Equation (4.28)

AT B (@) = 1) (’“) BE(a)

r

NEANE 1 (n)
Ax,ng; (n) = —(n — ]{; — 1>!Bn_,€_1(x + 1)

Newton Expansion

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



4.4.4 Difference Relation
kB (1) = nBM (t) + kB, (1) — nBUTV(t +1),  k>1
Applications of Equation (4.32)

k
B (1) = (1 - E) B". n>1

4.4.5 An Integral Involving B\ (t)

x+1 1
/ (Z) dz = —B™(x +1)
. n n!

Applications of Equation (4.37)

u z \1 & 1 .
Z(n_k>ﬂB,(€)(z+1):anl)(z—i—ijl)

“ (n\ 1
CURSEEDS (k) B

4.4.6 Convolution Property

k

k
B (et y) =Y (J) B (2)B). ()

j=0
Applications of Equation (4.40)

=3 (f) BO ()8 (y)

Jj=0

19

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)



SR o Bk
ok Z < ,>B,§_’j () ( ]fﬂ) (4.42)

k
K\ om0l
=3 ( .)B,i_j)(n%)cnj (4.43)

4.5 Polynomial Expansions Using Generalized Bernoulli and Euler
Polynomials
Remark 4.3 The identities of this section are found in Chapters 6 and 9 of N. E. Norlund’s

Vorlesungen iiber Differenzenrechnung, Berlin, 1924 (reprinted by Chelsea Publ. Co., New York,
1954).

Remark 4.4 Throughout this section, we assume, unless otherwise stated, that f(z) is a polyno-
mial of degree m, namely, f(x) =", apzr.
4.5.1 Definition of General Euler Polynomials E,in) (t)

2netw

i B = 2 (4.44)
— k! (e + 1)»

4.5.2 Generalized Bernoulli and Euler Expansions

Remark 4.5 Throughout this section, we will use the averaging operator </, ., f (x) = w
m n 1
Dy f(V)limri= = f (2 +2) = 3B (2) AL, DLf (@) (4.45)
k=0 :
m " 1
FP(@+2) =Y B (2) v, DEf(a), (4.46)
o k! ’

where f(z) is a polynomial of degree n + m

20



4.5.3 Newton Series Involving B2

Recall that the Newton Series for f(x + y) is

flx+v) :Z

m
k=0

N
RN

s

Alternate Form of the Newton Series

fern =3 (7)o

Derivative Applications of Equation (4.48)

m — k
Dyf(x+y):Z(yz>sz ! A f(z+ 2), m>1

k=1 Y Jz
m—1
f(z) = )k kz A (e +2),  m>1
k:o 741
) m—1 Zk
flo)y=) BN @ z),  m=1
k=0
m—1 »
fla) =S DA @), mz
k=0
. m—J ,zk
Dif(w) =3 BTN f(a )
k=0
. sy Zk (k4+5) A k
Dif@) =3 Y B A ), 21

i

0

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

Remark 4.6 For the remaining identities of this section, we do not require that f(x) be a polyno-

mial.
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LR - VRV G A1) B Speavs
O g R >0 e
1 o (k By + k)
PR (n> T Dt @ik ) > Re)

k=0 k!< k )’
1 1 i B(k 1)
log (1 + 1») B E :L' + 1 ; klx(g;+k) RG(CL’) >0
I'(z) 0 (k)
() =logx — — + Z k k‘(”k) Re(z) >0
F/(a:) _ 1 s (_1)k B}(ﬂkfl)
o) 877 2 T G- ey >0
o (T(2) _ =iy, _ > B k4n—1
’ (F(:c))_( RN I 1)( A )
B(k+n+1)
REESE: +k2)...(;1: Y ktn) Re(x) >0
" F/(q;) — nl k+n—1
2 () = - 'Z (Y
(k+n)
B’“k+ Re(z) > 0

2+ D@ +2).(z+k+n)k+n)

22

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

4.61)

(4.62)

(4.63)

(4.64)



4.5.4 Functional Expansions Involving Generalized Bernoulli Polynomials

Remark 4.7 For the identities of this section, we do not require f(x) to be a polynomial.

" 7z " x4+ bn "
Fotn) =30 St (T ) ALy 669
n=0
= 2" r+bn+b
flaty) —fy) =z B+ (—) AP )zt (4.66)
“—~ (n+1)! 2
/ > niny (OO
Fly)=> S — ) AL ) lmyins (4.67)
n=0 ’

5 Catalan Numbers c,,

Remark 5.1 Throughout this chapter, we assume n is a nonnegative integer.

5.1 Definition of c,,

1 2n
Ccn = ( ) 5.1
n+1\n
5.2 Shifted Catalan Numbers a,,
1/2 1 1 2n —1
a, =" _ " oa>1 (5.2)
2\n/2n—1 2n-1 n
5.2.1 Properties of a,,
Ap = Cp—1, n>1 (5.3)
n—1
ap = Zakan_k, n>2 a=a=1 (5.4)
k=1
Remark 5.2 Recall that for x real, [x] denotes the floor of x. We also define ay = —1
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n

Zakan_k =0, n> 2
k=1

n
E Aplp—f = —Qp, n > 2
k=0

n [ngl}
14 (—=1)"
S i =23 apan+
k=0 k=0

n—1

E ArAon—f =

k=1

(agn—ai), n>1

| —

5.2.2 Generating Function

- — (2k\ 2 s 1
k_ _ ES
kglakz —g <k)2k—1_1_(1_4z)2’ |Z’<é_l

k=1

6 Fibonacci Numbers F,,

Remark 6.1 Throughout this chapter, we assume n is a nonnegative integer.

6.1 Recursive Definition for f,,
F, = n—1+Fn—29 7123, F1:F2:1a Fo =0

6.2 Properties of F),

6.2.1 Summation Formulas

Y Fu=Fup—1, n>1
k=1

Y F=F,Fop, n>1
k=1
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6.2.2 Power Recurrences

F2 . —F2 ,=4F,F, ,, n>3 (6.4)
F2n+1 = Fi + F3+17 n Z 1 (65)
By, =F +F—F}, n > 2 (6.6)

6.2.3 Determinant Property
FoFyi3— Fop1Fopg = (1" n>1 (6.7)
FoiiFyy — F? = (1", n > 2 (6.8)

6.3 Explicit Formulas for F;,

1 1++v5\ [(1—=+5\"
() e

- k
Fani1 =) (n;k ) (6.10)

k=0

6.4 Limit Calculations Involving F;,

Remark 6.2 Throughout this section, we assume r, a, and b are nonnegative integers.

F, 1y
lim =y = 2) (F,ﬁ_1 —VBE, + FTH) 6.11)
=00 Lty

F, 1y
lim =y, = 2) (2F,ﬂ_1 (V5 1)FT> (6.12)
=00 Lnyr
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6.4.1 Properties of u,

k=2

6.5 Shifted Fibonacci Numbers f,,

6.5.1 Recursive Formula
fn+1:fn+fnfl7 f():fl:l

fn = L'nt1

6.5.2 Explicit Formula

Remark 6.3 Let x be a real number. Recall that [x] denotes the floor of x.

(3]

n=3 ()

26

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)



