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Abstract. In this paper we consider the Procrustes problem on the manifold of orthogonal
Stiefel matrices. Given matrices A ∈ Rm×k, B ∈ Rm×p, m ≥ p ≥ k, we seek the minimum of
‖A−BQ‖2 for all matrices Q ∈ Rp×k, QTQ = Ik×k. We introduce a class of relaxation methods for
generating sequences of approximations to a minimizer and offer a geometric interpretation of these
methods. Results of numerical experiments illustrating the convergence of the methods are given.
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1. Introduction. We begin by defining for p ≥ k the set OSt(p, k) of orthogonal
Stiefel matrices,

OSt(p, k) = {Q ∈ Rp×k, QTQ = Ik×k},(1.1)

which is a compact submanifold of dimension M = pk − 1
2k(k + 1) of the manifold

O(p) of all p× p orthogonal matrices and which has dimension 1
2p(p− 1).

Let A ∈ Rm×k and B ∈ Rm×p, where m ≥ p ≥ k is given. Let ‖A‖ =

(trace ATA)
1
2 denote the standard Frobenius norm in Rm×k.

The Procrustes problem for orthogonal Stiefel matrices is to minimize

P[A,B](Q) = ‖A − BQ‖2(1.2)

for all Q ∈ OSt(p, k).

Problem (1.2) can be simplified by performing the SVD of the matrix B ∈ Rm×p.
Let B = USV T , where U ∈ O(m), V ∈ O(p), and S = (diag(σ1, . . . , σp), 0(m−p)×(m−p))

T;
then

P[A,B](Q) =‖U(UTA− SV TQ)‖2(1.3)

=‖Ã − SQ̃‖2,

where Ã = UTA and Q̃ = V TQ.

Due to the fact that the last m− p rows of S are zeros we will simplify (1.3) by
introducing new notations. We denote Σ = diag(σ1, . . . , σp) and assume from now on
that the problem is not degenerate or, in other words, that all σ1 ≥ · · · ≥ σp > 0. We

define A ∈ Rp×k to be a matrix composed of the first p rows of Ã. Consequently the
Procrustes minimization on the set of orthogonal Stiefel matrices is as follows.
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For given A ∈ Rp×k and diagonal Σ ∈ Rp×p, minimize

P[A,Σ](Q) = ‖A− ΣQ‖2(1.4)

for all Q ∈ OSt(p, k).
The original formulations of the Procrustes problem can be found in [1], [2]. We

may write (1.4) explicitly as

P[A,Σ](Q) = trace(QTΣ2Q)− 2 trace(QTΣA) + ‖A‖2.(1.5)

The Procrustes problem has been solved analytically in the orthogonal case when
p = k and OSt(p, k) = O(p); see [10]. In this case Q ∈ O(p) and we have

P[A,Σ](Q) = ‖A‖2 + ‖Σ‖2 − 2 trace(QTΣA).(1.6)

Provided that the SVD of ΣA is ΣA = PΓRT , the minimizer in (1.6) is then

Q = PRT .(1.7)

The functional P[A,Σ] in (1.5) is a sum of two functionals in Q: the quadratic func-
tional trace(QTΣ2Q) and the linear functional −2trace(QTΣA). It is well known how
to minimize each of the functionals separately. The minimum value of the quadratic
functional is equal to the sum of squares of the k smallest diagonal entries of Σ. This
result is due to Fan [12]. The linear functional is minimized when trace(QTΣA) is
maximized. The maximum of this trace is given by the sum of the singular values of
the matrix ΣTA. This upper bound on the trace functional has been established by
Von Neumann in [16]; see also [10].

Separate minimization of the quadratic and the linear part are well-understood
methods. The analytical solution of the orthogonal Procrustes problem for Stiefel
matrices is to the best of our knowledge an open problem.

It will be useful to interpret the minimization (1.4) geometrically. To do that we
define an eccentric Stiefel manifold OSt[Σ](p, k) in Rp×k :

OSt[Σ](p, k) = {X ∈ Rp×k : XTΣ−2X = Ik×k} .(1.8)

The eccentric Stiefel manifold OSt[Σ](p, k) is an image of the orthogonal Stiefel
manifold OSt(p, k) under the linear mapping Q −→ ΣQ. The image of a sphere
{A ∈ Rp×k : ‖A‖ =

√
k} of radius

√
k in Rp×k under this mapping is an ellipsoid in

Rp×k of which OSt[Σ](p, k) is a subset. The eccentric Stiefel manifold is a compact
set contained in a larger ball in Rp×k centered at 0 and of radius

√
kσ1.

Clearly

OSt[Σ](p, k) = {X ∈ Rp×k : X = ΣQ, Q ∈ OSt(p, k)}.(1.9)

We note that OSt[Σ](p, 1) is a standard ellipsoid in Rp:

OSt[Σ](p, 1) =

{
x ∈ Rp :

x2
1

σ2
1

+ · · ·+ x2
p

σ2
p

= 1

}
(1.10)

and OSt[I](p, k) = OSt(p, k). Therefore if

min
Q∈OSt(p,k)

P[A,Σ](Q) = ‖A− ΣQ∗‖2,(1.11)

then a point ΣQ∗ is the projection of A onto the manifold OSt[Σ](p, k). Due to the
compactness of the manifold a projection ΣQ∗ exists. The big difficulty which we face
in the task of computing the minimizer Q∗ is the fact that the manifold OSt[Σ](p, k)
is not a convex set and a projection on a nonconvex set is in general nonunique.
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2. Notations. Elementary plane rotation by an angle φ is represented by

G(φ) =

(
cosφ − sinφ
sinφ cosφ

)
.(2.1)

Elementary plane reflection about the line with slope tanφ is

R(φ) =

(
cosφ sinφ
sinφ − cosφ

)
.(2.2)

For Q ∈ Rp×k and 1 ≤ m < n ≤ p we introduce the following submatrices of Q:

Q[m,n] ∈ R2×k consists of the mth and nth rows of Q,

Q(m,n) ∈ R(p−2)×k consists of the rows complementary to Q[m,n],

Q
[m,n]
[m,n] ∈ R2×2 consists of the entries on the intersections of the

mth and nth rows and columns of Q.

A plane rotation by an angle φ in the (k, l)-plane in Rp, p ≥ 2, is represented by
a matrix Gk,l(φ) ∈ Rp×p such that

Gk,l(φ)
[k,l]
[k,l] = G(φ), Gk,l(φ)

(k,l)
(k,l) = I(p−2)×(p−2).(2.3)

A plane reflection Rk,l(φ) in the (k, l)-plane is defined similarly by means of R(φ).
Jk,l(p) is the set of all plane rotations and reflections in the (k, l)-plane. J (p) is the
set of plane rotations and reflections in all planes. Clearly

Jk,l(p) ⊂ J (p) ⊂ O(p).

3. Relaxation methods for the Procrustes problem. The Stiefel mani-
fold OSt(p, k) is the admissible set for the minimizer of the functional P in (1.4).
This manifold, however, is not a vector space, which poses severe restrictions on how
the successive approximations can be obtained from the previous ones. Additive cor-
rections are not admissible, but the Stiefel manifold is closed with respect to left
multiplication by an orthogonal matrix R ∈ O(p). Thus RQ, where Q ∈ OSt(p, k), is
an admissible approximation. Consequently, we restrict our considerations to a class
of minimization methods which construct the approximations Q̂ to the minimizer Q∗

by the rule

Q̂ = RQ ,(3.1)

where Q and Q̂ denote, respectively, the current and the next approximations to the
minimizer.

In what follows we will consider only relaxation minimization methods which seek
for the minimizer of the functional P, according to (3.1), with

R = RN · · ·R1,(3.2)

where N ≥ M and M is the dimension of the manifold OSt(p, k). Each Ri ∈ O(p),
i = 1, 2, . . . , N, depends on a single parameter whose value results from a scalar
minimization problem. We will refer to the left multiplication by R in (3.1) as a sweep.
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Our relaxation method consists of repeated applications of sweeps which produce a
nonincreasing sequence of values of the functional (1.4).

We will choose matrices Ri to be orthogonally similar to a plane rotation or
reflection. Different choices of similarities will lead to different relaxation methods.
We set

Q0 =Q, R0 = I,

Qi =Ri−1 · · ·R0Q , i = 1, 2, . . . , N + 1,(3.3)

and define

Ri = Ri(α) = PiJi(α)PTi ,(3.4)

where Ji ∈ J (p) and where Pi ∈ O(p) may depend on the current approximation to
the minimizer Qi. It is the choice of Pi that fully determines the relaxation method
(3.1)–(3.4). The selection of the parameter α in (3.4) will result from the scalar
minimization

‖A− Σ(Ri(α)Qi)‖ = min
α̃
‖A− Σ(Ri(α̃)Qi)‖.(3.5)

The matrix Ri can be viewed as a plane rotation or reflection in a plane spanned
by a pair of columns of the matrix Pi. The indices (r, s) of this pair of columns are
selected according to an ordering N of a set of pairs D. The ordering N : D →
{1, 2, . . . , N} is a bijection, where D ⊃ {(r, s) : 1 ≤ r ≤ k, r + 1 ≤ s ≤ p}. This
inclusion guarantees that D contains at least M distinct pairs necessary to construct
an arbitrary Q ∈ OSt(p, k) as a product of matrices Ri.

It is clear that relaxation methods satisfying (3.5) will always produce a nonin-
creasing sequence of the values P[A,Σ](Qi).

If Pi = Ip×p in (3.4), then Ri = Ji and the sweep (3.1) has the following particu-
larly simple form:

Q̂ = JN · · ·J1Q.(3.6)

The relaxation method defined by (3.6) will be referred to as a left-sided relaxation
method (LSRM).

If Pi = (Qi , Q
⊥
i ) in (3.4), where Q⊥i is the orthogonal complement of Qi, then

Ri = (Qi , Q
⊥
i )Ji

(
QTi

(Q⊥i )T

)
and hence

Qi+1 = RiQi = (Qi , Q
⊥
i )Ji

(
Ik×k

0(p−k)×k

)
.

Thus by induction the sweep (3.1) has the form

Q̂ = (Q , Q⊥)J1 · · ·JN
(

Ik×k
0(p−k)×k

)
,(3.7)

where Q⊥ = Q⊥0 represents a set of orthonormal vectors which form a basis for
the orthogonal complement of the initial approximation Q0. Once the initial Q⊥0 is
selected, Q⊥i+1 is obtained from Qi and Q⊥i through the relation(

Qi+1 , Q
⊥
i+1

)
=
(
Qi , Q

⊥
i

)
Ji .
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The relaxation method defined by (3.7) will be referred to as a right-sided relaxation
method (RSRM).

Our objective is to propose a geometric interpretation of the LSRM and describe
its numerical implementation based on the geometric aspects of the method. We will
compare our LSRM with an existing method for the Procrustes problem for orthogonal
Stiefel matrices due to Park in [14]. The general description of the RSRM allows us
to formulate Park’s method as a relaxation method and compare it with the LSRM.
The method in [14] is based on the concepts introduced earlier by Ten Berge and Knol
[2], where the problem is called the unbalanced Procrustes problem and its solution is
based on an iterative solution of a sequence of orthogonal Procrustes problems called
balanced problems. For the study of other minimization methods on manifolds in the
spaces of matrices, see [13], [15], and [3].

4. Planar Procrustes problem. We will now present the LSRM. Without loss
of generality let us assume that the planes (r, s) in which transformations operate are
chosen in the row cyclic order, in the way analogous to that used in the cyclic Jacobi
method for the SVD computation [6]. For example, for p = 4 the planes (r, s) are
taken in the following order:

(1,2), (1,3), (1,4), (2,3), (2,4), (3,4).

Formally, in this case, the bijection N , N : D → {1, . . . , 1
2p(p− 1)}, D = {(r, s) :

1 ≤ p− 1, r + 1 ≤ s ≤ p}, is given by N (r, s) = s− r + (r − 1)(p− r
2 ) and Q̂ in (3.6)

has the following form:

Q̂ =

p−1∏
r=1

r∏
s=1

Jp−r,p−s+1 Q,(4.1)

where Jr,s ∈ Jr,s(p). Let Qi = QN (r,s) be the current approximation in the sweep.
The next approximation to the minimizer is Qi+1 = Ji(α)Qi. The selection of the
parameter α results from the scalar minimization

‖A− Σ (Ji(α)Qr,s)‖2 = min
α̃
‖A− Σ (Ji(α̃)Qr,s)‖2 .(4.2)

Our main goal now is to show how to find α in (4.2).
Consider the functional J −→ ‖A − Σ(JQ)‖2 in (4.2), where for simplicity of

notation we omitted all indices. Without loss of generality we assume that N−1(i) =
(r, s) = (1, 2) and hence

J = G1,2(α) = diag
(
G(α), I(p−2)×(p−2)

)
,

where G(α) is a plane rotation (the case of reflection is similar and can be treated in
a completely analogous way). The minimization in (4.2) is precisely the minimization
of

f(α) =

∥∥∥∥( a11 a12 · · · a1k

a21 a22 · · · a2k

)
−
(
σ1 0
0 σ2

)
G(α)

(
q11 q12 · · · q1k

q21 q22 · · · q2k

)∥∥∥∥2

=
∥∥∥A[1,2] − Σ

[1,2]
[1,2]G(α)Q[1,2]

∥∥∥2

.(4.3)

Let UQΓV TQ be the SVD of Q[1,2] such that Γ =
(
diag(γ1, γ2), 02×(k−2)

)
and

γ1 ≥ γ2 > 0. Thus,

f(α) =

∥∥∥∥A[1,2]VQ −
(
σ1 0
0 σ2

)
G(α)UQ

(
γ1 0 · · · 0
0 γ2 · · · 0

)∥∥∥∥2

.(4.4)
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Denote B = A[1,2]VQ. Note that the last k − 2 columns of the matrix B in
(4.4) are always approximated by zero columns, and thus the minimization of f(α) is
equivalent to a minimization restricted to the first two columns.

Introducing a new variable φ = α+ β, where β is the angle of the plane rotation
(or reflection) UQ, and setting c = cosφ, s = sinφ we obtain the following minimiza-
tion problem:

F (φ) =

∥∥∥∥B[1,2] −
(
σ1 0
0 σ2

)(
c −s
s c

)(
γ1 0
0 γ2

)∥∥∥∥2

+ ‖B(1,2)‖2.(4.5)

We may write (4.5) explicitly as

F (φ) = z2
1c

2 + z2
2s

2 − 2y1c− 2y2s+ ‖B ‖2,(4.6)

where q = (c, s)T and

z2
1 = σ2

1γ
2
1 + σ2

2γ
2
2 ,(4.7)

z2
2 = σ2

1γ
2
2 + σ2

2γ
2
1 ,

y1 = b11σ1γ1 + b22σ2γ2,(4.8)

y2 = −b12σ1γ2 + b21σ2γ1.

We now denote

Z = diag(z1, z2), Y = (y1, y2)T ,(4.9)

C = Z−1Y,

where z1 ≥ z2 > 0 and C = (c1, c2)T . By completing the squares we may represent
F (φ) in the following form:

F (φ) =

(
y1

z1
− z1 cosφ

)2

+

(
y2

z2
− z2 sinφ

)2

− ‖C‖2 + ‖A[1,2]‖2(4.10)

= ‖C − Zq(φ)‖2 − ‖C‖2 + ‖A[1,2]‖2

for q(φ) = (cosφ, sinφ)T . Thus the minimization of the functional (4.10) is equivalent
to the following problem.

For given C ∈ R2×1 and diagonal Z ∈ R2×2, minimize

P[C,Z](q) = z2
1 cos2 φ+ z2

2 sin2 φ− 2c1z1 cosφ− 2c2z2 sinφ+ ||C||2(4.11)

= ‖C − Zq‖2

for all q ∈ OSt(2, 1), q = (cosφ, sinφ)T .
Remark. If the original problem (1.4) is degenerate, that is, when the smallest

diagonal entries in Σ are zeros, then σ2 in (4.5) may be zero. In this case the mini-
mization of the functional F (φ) is still well defined, and the formulas corresponding to
(4.6)–(4.11) are simplified. Thus, the algorithm LSRM is applicable also in degenerate
cases.

The minimization problem of the type (4.11) will be called a planar Procrustes
problem. This planar problem is geometrically equivalent to projecting C onto an
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ellipse. Such a projection has to be calculated at each step of our relaxation method.
A planar Procrustes problem is a special case of a linear least squares problem with a
quadratic equality constraint. Its solution can be obtained by any of the minimization
techniques described in the literature; see [8], [9], [10]. These techniques, in general,
do not rely on the geometric properties of an ellipse. Our geometric interpretation
helps to find excellent initial approximations to the solution and provides a means
for estimating approximation errors. In the next section we outline a possible way to
take advantage of geometric properties of an ellipse when solving the problem (4.11).

5. Projection on an ellipse. The geometrical formulation of the planar Pro-
crustes problem (4.11) is very simple. Given a point C and an ellipse E = OSt[Z](2, 1),

E = OSt[Z](2, 1) =

{
(x1, x2)T :

x2
1

z2
1

+
x2

2

z2
2

= 1

}
,(5.1)

in R2 we want to find a point S ∈ E , S = Zq = (z1 cosφ, z2 sinφ)T which is a
projection of C onto E .

This can be achieved in a variety of ways. The classical projection of a point onto
an ellipse is due to Apollonius and is described next.

5.1. The hyperbola of Apollonius. Recall Apollonius’s construction of a nor-
mal to an ellipse from a point [17]; see Figure 1. With the given ellipse E in (5.1) and
with the point C we associate the hyperbola H given by

x2 =
m2x1

x1 −m1
,(5.2)

where (m1,m2) is the center of H with coordinates

m1 =
c1z

2
1

z2
1 − z2

2

, m2 = − c2z
2
2

z2
1 − z2

2

.(5.3)

To find the coordinates of the projection point S we have to intersect the hy-
perbola of Apollonius with the ellipse that is to solve a system of two quadratic
equations (5.1) and (5.2). Using (5.2) to eliminate x2 from (5.1) we obtain a fourth
order polynomial equation in x1,

(x1 −m1)2(z2
1 − x2

1)−
(
z1m2

z2

)2

x2
1 = 0.(5.4)

For any specific numerical values of the coefficients this equation can be easily solved
symbolically. A purely numerical alternative is to solve the system (5.1), (5.2) using
Newton’s method [5], [7], [8], [9].

In our implementation we have first reduced the system to a scalar trigonometric
equation. Assume that C = (c1, c2)T is in the first quadrant and that C /∈ E . Let S
be the projection of C onto E . Then setting (x1, x2) = (z1 cosφ, z2 sinφ) in (5.4) and
next substituting t = tanφ leads to the equation g(t) = 0 in t, where

g(t) = c1z1t− (z2
1 − z2

2)t(1 + t2)
− 1

2 − c2z2.(5.5)

It is easy to see that the function g(t) is convex and has one positive root. (The
geometric interpretation of (5.4) makes the problem of multiple roots in (5.5) easy to

deal with.) It can also be seen that for t0 =
z2
1−z2

2+c2z2
c1z1

we have g(t0) > 0. Thus, the
Newton method starting from the initial approximation t0 will generate a decreasing,
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FK

C

S

Fig. 1. Hyperbola of Appolonius.

convergent sequence of approximations to the root of g(t) = 0. We found this variant
of the Newton method to be very efficient, and consequently we used it in all our
numerical tests.

6. Geometric interpretation of left and right relaxation methods. Since
the notion of the standard ellipsoid OSt[Σ](p, 1) in Rp is very intuitive we will now
interpret the minimization problem (1.11) treating matrices in Rp×k as k-tuples of
vectors in Rp. Let A = (a1, a2, . . . , ak) be a given k-tuple of vectors in Rp. Let
Q = (q1, q2, . . . , qk) ∈ OSt(p, k) be the current approximation to the minimizer.
Clearly the points Σqi all belong to the ellipsoid OSt[Σ](p, 1). Thus the minimization
of P[A,Σ](Q) can be interpreted as finding points Σq∗i on the ellipsoid, where q∗i are
orthonormal vectors, that best match, as measured by P[A,Σ](Q), the given vectors
ai in Rp.

The relaxation method described in section 3 can be interpreted as follows. Pick
an orthonormal basis in Rp. In the next sweep rotate the current set of vectors qi as
a frame, in planes spanned by all pairs of the vectors from the current basis.

In the LSRM the basis is the canonical basis and is the same for all sweeps. All
relaxation steps are exactly the same, and all amount to solving a planar Procrustes
problem.

In the RSRM the basis consists of two subsets and changes from sweep to sweep.
The first subset of the basis consists of the columns of the current approximation Q
and the second subset consists of the columns of the orthogonal complement Q⊥ of
Q.

Working only with the columns of Q is equivalent to the so-called balanced Pro-
crustes problem studied by Park [14] which can be solved by means of an SVD com-
putation. The relaxation step in [14] for the balanced problem consists of computing
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the SVD of the 2 × 2 matrix (Σqr , Σqs)
T (ar , as). In our relaxation setting, the

relaxation step in the RSRM requires solving the scalar minimization problem (3.5),

min
c2+s2=1

∥∥∥∥(ar , as)− Σ(qr , qs)

(
c −s
s c

)∥∥∥∥2

,(6.1)

which leads to a linear equation in tanα and is equivalent to the 2 × 2 SVD compu-
tation in [14]. Each of these 2 × 2 steps is a rotation of vectors Σqr and Σqs in the
plane spanned by qr and qs so the rotated vectors on the ellipsoid best approximate
the two given vectors ar and as.

However, as the columns of Q do not span the whole space Rp, it will usually
be the case that span{q1, . . . , qk} 6= span{q∗1 , . . . , q∗k}, and hence it may not be pos-
sible to generate a sequence of approximations that will converge to Q∗. In order
to overcome this problem the matrix Q is extended by its orthogonal complement
Q⊥ = (qk+1, . . . , qp) so that span(q∗1 , . . . , q

∗
k) ⊂ span(q1, . . . , qp). The scalar mini-

mization subproblems in [14] involving vectors from both subsets are referred to in
[14] as unbalanced subproblems. These scalar minimizations have the following form:

min
c2+s2=1

∥∥∥∥ar − Σ(qr , qs)

(
c
s

)∥∥∥∥2

.(6.2)

That is, the unbalanced subproblem is to find a vector on the ellipsoid in the plane
spanned by qr and qs closest to the given vector ar. As the intersection of this plane
and the ellipsoid is an ellipse, the unbalanced subproblem can be expressed as a planar
Procrustes problem (4.11) and any of the algorithms discussed in section 5 can be used
to solve this unbalanced problem.

Other choices of bases may be possible but the choices leading to the left-and
right-sided relaxation methods seem to be the most natural.

7. Numerical experiments. In this section we present numerical experiments
illustrating the behavior of the left and the right relaxation methods discussed in
section 3. In addition, we compare performance of the relaxation methods with the
MATLAB routine constr.m which implements the nonlinear programming minimiza-
tion method known as sequential quadratic programming (SQP). The particular vari-
ant of the SQP method we included in our tests used analytical expressions for evalu-
ating the gradient of the function and the gradient of the constraints. For performance
evaluation of the SQP method see [11].

We will start by summarizing the left and the right relaxation methods given
below in pseudocode.

Given A ∈ Rp×k, A = (a1, . . . , ak), and Σ = diag(σ1, . . . , σp) both algorithms
construct sequences of Stiefel matrices approximating the minimizer of (1.4).

Algorithm LSRM.
1. Initialization:

set Maxstep, Q = Ip×k, n = 0, r−1 = 0, r0 = ‖A− ΣQ‖
2. Iterate sweeps:

while (rn − rn−1) > threshold and n < Maxstep
for i = 1 to k

for j = i+ 1 to p
solve planar Procrustes problem



1300 A. W. BOJANCZYK AND A. LUTOBORSKI

minα ‖A[i,j] − Σ
[i,j]
[i,j]J(α)Q[i,j]‖2

Q[i,j] ← J(α)Q[i,j]

n← n+ 1
rn = ‖A− ΣQ‖

Algorithm RSRM.

1. Initialization:
set Maxstep, Q = Ip×p, n = 0, r−1 = 0, r0 = ‖A− ΣQIp×k‖

2. Iterate sweeps:
while (rn − rn−1) > threshold and n < Maxstep

for i = 1 to k
for j = i+ 1 to k

solve minα ‖(AT )[i,j] − J(α)(QT )[i,j]Σ‖2
(QT )[i,j] ← J(α)(QT )[i,j]

for j = k + 1 to p
solve planar Procrustes problem

minc2+s2=1 ‖aTj − (c s)(QT )[i,j]Σ‖2
eTi (QT )← (c s)(QT )[i,j]

n← n+ 1
rn = ‖A− ΣQIp×k‖

We measure the cost of the two relaxation methods by the number of sweeps
performed by each of them.

A sweep in the LSRM method consists of p(p+ 1)/2 planar Procrustes problems.
Each planar Procrustes problem requires computation of the SVD of a 2× k matrix.
This can be achieved by first computing the QR decomposition followed by a 2 × 2
SVD problem. After the SVD is calculated, a projection on an ellipse has to be
determined. The cost of a sweep is approximately O(kp2) floating-point operations.

A sweep in the RSRM method consists of k(k+ 1)/2 computations of p× 2 SVD
problems. In addition, there are k(p− k) planar Procrustes problems, each requiring
computation of the SVD of a p × 2 matrix followed by computation of a projection
on an ellipse. Thus, the cost of a sweep is again approximately O(kp2) floating-point
operations.

Surely, the precise cost of a sweep will depend on the number of iterations needed
for obtaining satisfactory projections on the resulting ellipses. For each projection,
this will depend on the location of the point being projected as well as the shape of
the ellipse. Computation of the projection will be most costly when the ellipse is flat.

As can be seen, sweeps in the two methods may have different costs. However,
the number of sweeps performed by each of the methods will give some bases for
comparing the convergence behavior of the two methods.

We measured the cost of the SQP method by the number of function and gradient
evaluations as these are the most obvious units of cost for this method. The number
of function and gradient evaluations indicates the speed of convergence of the SQP
method. As all three units of cost are different, in all experiments, we also recorded
the number of floating-point operations performed by each of the three methods as
returned by the MATLAB function flops. Due to the peculiar way MATLAB counts
operations, the number of floating-point operations returned by flops can be taken
as only an approximation of the true count. However, this can serve as a reasonable
estimate.
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Table 1
Matrices Q generated by LSRM.

Sweep # Q ‖A− ΣQ‖

1 -3.166246771495053e-01 5.337233877242527e-02 6.4043e-05
-1.511766767561811e-01 -9.206530348969716e-01
-7.298295135502926e-01 3.298411857874910e-01
-5.867225130978633e-01 -2.018766329897017e-01

5 -3.166512702480902e-01 5.342031933605162e-02 1.0450e-06
-1.508477124262734e-01 -9.206997446627507e-01
-7.297521332055357e-01 3.296126838684622e-01
-5.868890566265494e-01 -2.020240784981074e-01

10 -3.166512669936927e-01 5.342030989691857e-02 4.1802e-08
-1.508494100481855e-01 -9.206948179307888e-01
-7.297545802980885e-01 3.296200876881795e-01
-5.868855792514951e-01 -2.020344537903026e-01

15 -3.166512668678573e-01 5.342030953200504e-02 8.7804e-10
-1.508494779430533e-01 -9.206946209057939e-01
-7.297546781621558e-01 3.296203837640639e-01
-5.868854401803947e-01 -2.020348687030837e-01

30 -3.166512668626163e-01 5.342030951680608e-02 5.6205e-14
-1.508494807709545e-01 -9.206946126994970e-01
-7.297546822383019e-01 3.296203960959194e-01
-5.868854343879250e-01 -2.020348859846182e-01

We begin by illustrating the behavior of the LSRM method for finding Q∗ in
the Procrustes problem with p = 4, k = 2, Σ = diag(100, 10−1, 10−2, 10−3), and
A = ΣQ∗, where

Q∗ =

 −3.166512668626158e− 01 5.342030951680499e− 02
−1.508494807711354e− 01 −9.206946126989718e− 01
−7.297546822385641e− 01 3.296203960967122e− 01
−5.868854343875571e− 01 −2.020348859857265e− 01

 .(7.1)

The initial approximation is Q0 = I4×2. Some intermediate values of Q are listed in
Table 1.

We now present comparative numerical results for the LSRM, RSRM, and SQP
methods.

Recall that the functional P is a sum of a linear and a quadratic term. We will
consider classes of examples when the functional can be approximated by its linear or
the quadratic term.

In the first class of examples the linear term dominates the quadratic term, or
in other words, ||A|| >> ||Σ||. We deal here with a perturbed linear functional. The
minimum of the functional P can be approximated by the sum of singular values of
ΣTA.

The second class of examples consists of cases when the quadratic term dominates
the linear term, that is, when ||A|| << ||Σ||. We deal here with a perturbed quadratic
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Table 2
A = ΣQ and σ1

σp
≤ 2.

RSRM LSRM SQP
p k I ops res I ops res I ops res

6 2 30 3.7e5 2.7e-7 25 4.2e5 1.5e-15 60 4.9e6 3.3e-4
3 30 5.1e5 1.7e-5 23 4.2e5 1.3e-15 60 2.7e7 2.3e-3
4 30 6.3e5 6.5e-6 30 6.1e5 1.4e-15 60 6.5e7 5.8e-2
5 30 7.2e5 1.9e-5 27 6.1e5 3.8e-15 60 1.8e8 4.6e-2

9 2 30 1.4e6 1.3e-3 19 7.8e5 2.8e-16 60 1.3e7 4.2e-2
3 30 2.0e6 2.6e-4 21 9.5e5 1.0e-15 60 6.2e7 2.7e-2
4 30 2.6e6 2.7e-4 23 1.1e6 1.6e-15 60 1.5e8 6.3e-2
5 30 3.2e6 3.2e-4 30 1.7e6 3.4e-15 60 5.3e8 1.1e-1
6 30 3.8e6 3.5e-4 30 1.9e6 1.4e-12 60 1.0e9 8.3e-2
7 30 4.4e6 1.8e-6 30 2.1e6 4.2e-10 60 2.0e9 5.3e-2
8 30 4.9e6 5.2e-4 30 2.3e6 4.7e-10 60 3.8e9 8.7e-2

functional. Then the minimum value of the functional P can be approximated by the
sum of the k smallest singular values of Σ.

The third class of examples consists of cases when the functional is genuinely
quadratic, that is, when A ≈ ΣQ for some Q ∈ OSt(p, k). The minimum of the
functional is then close to zero.

In each class of examples we pick two different matrices Σ: one corresponding to
the ellipsoid being almost a sphere, that is, when Σ ≈ I, and the other corresponding
to the ellipsoid being very flat in one or more planes, that is, when σ1

σp
is large.

The algorithms were written in MATLAB 5.0 and run on an HP9000 worksta-
tion with the machine relative precision ε = 2.2204e − 16. We restricted the maxi-
mal number of sweeps for the relaxation methods to 30 and the maximal number of
function and gradient evaluations for the SQP method to 60. We terminated itera-
tions whenever the difference between two successive approximations was less than
threshold = 5ε. As the initial approximation we took Q = Ip×k for the LSRM and
(Q,Q⊥) = Ip×p for the RSRM.

Some representative results are shown in Tables 2–5. In the tables, the number
of floating-point operations performed by each of the three methods as recorded by
the MATLAB function flops is denoted by ops, I denotes the number of sweeps in
the relaxation methods, and in the case of the SQP method I denotes the number of
function evaluations. Finally, res denotes the residual error (the value of the functional
‖A− ΣQ‖ for the computed minimizer).

Table 2 illustrates the behavior of the three methods when the ellipsoid is almost
a sphere and when there exists Q such that ΣQ = A. That is, the bilinear and
the linear terms are of comparable size. The experiments suggest that the LSRM
requires fewer sweeps to obtain a satisfactory approximation to the minimizer. The
SQP method performs less satisfactorily.

Table 3 illustrates the behavior of the three methods when the length of one half
of the ellipsoid’s axes is approximately 1.0 and the other half is approximately 0.01.
In addition, there exists Q such that ΣQ = A. In this case the convergence of the
RSRM is particularly slow. We observed that, at least initially, the RSRM fails to
locate the minimizer in OSt(4, 2), being unable to establish the proper signs of the
entries of the matrix Q∗. The LSRM, on the other hand, approximates the minimizer
correctly.

Table 4 illustrates the behavior of the three methods when the ellipsoid is almost a
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Table 3
A = ΣQ∗ and σ1

σp
≈ 102.

RSRM LSRM SQP
p k I ops res I ops res I ops res

6 2 30 3.7e5 6.6e-2 13 2.2e5 1.0e-16 60 4.9e6 1.9e-2
3 30 5.2e5 8.5e-3 30 5.7e5 1.5e-05 60 2.0e7 1.1e-2
4 30 6.3e5 7.1e-3 30 6.3e5 4.7e-05 60 5.5e7 1.5e-2
5 30 7.2e5 9.2e-3 30 7.0e5 1.9e-10 60 1.3e8 2.1e-2

9 2 30 1.4e6 1.1e-1 13 5.4e5 1.8e-16 60 1.2e7 2.4e-2
3 30 2.0e6 6.4e-2 18 8.2e5 4.1e-16 60 5.6e7 6.6e-2
4 30 2.6e6 4.5e-3 30 1.5e6 5.6e-11 60 1.8e8 9.9e-2
5 30 3.2e6 6.3e-3 30 1.7e6 1.9e-04 60 4.3e8 5.9e-2
6 30 3.8e6 6.4e-3 30 1.9e6 1.9e-06 60 5.8e8 4.1e-1
7 30 4.4e6 6.8e-3 30 2.1e6 2.8e-07 60 2.0e9 1.0e-1
8 30 4.9e6 6.3e-3 30 2.4e6 6.7e-06 60 3.1e9 1.1e-1

Table 4
‖A‖ ≈ 10−2 · ‖Σ‖ and σ1

σp
≤ 2.

RSRM LSRM SQP
p k I ops res I ops res I ops res

6 2 13 2.2e5 5.0e-1 8 1.4e5 5.0e-1 60 2.8e6 5.2e-1
3 12 2.7e5 6.9e-1 9 1.8e5 6.9e-1 60 8.6e7 9.7e-1
4 12 3.2e5 8.6e-1 15 3.2e5 8.6e-1 60 5.5e7 1.2e-0
5 8 2.5e5 1.0e-0 30 7.1e5 1.0e-0 60 3.2e7 1.3e-0

9 2 11 7.4e5 2.5e-1 4 5.4e5 2.5e-1 60 1.2e7 1.1e-0
3 19 1.7e6 6.3e-1 9 8.2e5 6.3e-1 60 5.6e7 1.2e-0
4 16 1.8e6 8.8e-1 15 1.5e6 8.8e-1 60 1.8e8 1.6e-0
5 15 2.0e6 1.1e-0 16 1.7e6 1.1e-0 60 4.3e8 1.8e-0
6 18 2.8e6 1.3e-0 30 1.9e6 1.3e-0 60 4.7e8 1.9e-0
7 30 5.5e6 1.5e-0 30 2.1e6 1.5e-0 60 2.0e9 2.0e-0
8 11 2.4e6 1.7e-0 13 2.4e6 1.7e-0 60 3.2e9 2.0e-0

sphere, but now A is chosen so ‖A‖ ≈ 10−2‖Σ‖, that is, the quadratic term dominates
the linear term. In this case the minimum of the functional can be estimated by the
minimum value of the quadratic term. The experiments suggest that the LSRM and
the RSRM perform a comparable number of sweeps but the LSRM requires fewer
floating-point operations to obtain a satisfactory approximation to the minimizer.
The SQP method does not provide a good approximation to the minimizer, at least
in its initial stages.

Table 5 illustrates the behavior of the two methods when the ellipsoid is almost a
sphere, but now A is chosen so ‖A‖ ≈ 102‖Σ‖, that is, the linear term dominates the
quadratic terms. In this case the minimum of the functional can be estimated by the
minimum value of the linear term. The experiments suggest that the RSRM requires
fewer sweeps to obtain a satisfactory approximation to the minimizer.

In conclusion, the LSRM often produces better approximations to the minimizer
than the RSRM. In cases when the ellipsoid is flat and the minimizer is on the ellipsoid,
the RSRM experiences difficulties in finding the right location of the minimizer. On
the other hand, in cases when the linear term dominates the quadratic term, the
RSRM method converges faster than the LSRM. The experiments also suggest that
the general minimization technique SQP fails to exploit the structure of the problem
and thus provides worse approximations to the minimizer than the two relaxation
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Table 5
‖A‖ ≈ 102 · ‖Σ‖ and σ1

σp
≤ 2.

RSRM LSRM SQP
p k I ops res I ops res I ops res

6 2 5 7.5e4 1.0e2 10 1.4e5 1.0e2 57 5.3e6 1.0e2
3 11 2.2e5 8.4e1 21 3.5e5 8.4e1 60 1.9e7 8.4e1
4 6 1.4e5 1.6e2 11 2.0e5 1.6e2 60 4.6e7 1.6e2
5 8 2.4e5 1.7e2 22 4.5e5 1.7e2 60 1.0e8 1.7e2

9 2 7 4.5e5 1.6e2 21 7.7e5 1.6e2 48 4.1e7 1.6e2
3 5 4.5e5 1.9e2 22 9.0e5 1.9e2 47 4.5e7 1.9e2
4 5 5.6e6 2.4e2 30 1.3e6 2.4e2 60 5.4e8 2.4e2
5 16 2.1e6 2.4e2 30 1.6e6 2.4e2 60 2.9e8 2.4e2
6 7 1.1e6 2.4e2 30 1.8e6 2.4e2 60 1.4e9 2.4e2
7 10 1.8e6 2.9e2 19 1.2e6 2.9e2 60 1.6e9 2.9e2
8 7 1.5e6 3.0e2 30 2.4e6 3.0e2 60 4.8e9 3.0e2

techniques.
An interesting open question is whether the considered relaxation methods are

guaranteed to converge to the minimizer (in other words, whether the sequence of
matrices generated by the LSRM is a minimizing sequence), and if they do converge,
with what rate?
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