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Floating-Point Numbers

● Floating-point numbers approximately represent
finite-precision real numbers inside digital computers.

● They generalize scientific notation from base 10 to base 2.

+3.1415910 × 10+0 +1.3806510 × 10-23

+1.100102 × 2+0 +1.000012 × 2-75

sign exponent fraction or mantissa



Floating-Point Formats

● Floating-point processors usually support IEEE 754
binary32 (float) and binary64 (double)

● What do we do when binary32/binary64 isn’t enough?



Why High Precision?

● Some applications demand final answers to very high precision.



Why High Precision?

● Some applications demand final answers to very high precision.

● Even when you only need the final answer to moderate precision,
you may need intermediate calculations to high internal precision.



Example: Function Optimization



Example: Function Optimization



To locate x* with 
precision p, you 
must compute f(x) 
with precision 2p.

That’s assuming no 
internal precision 
loss inside of f(x); 
worse in practice.





Complex Numerical Applications

● Combining inexact operations compounds loss of precision.
○ Insufficient numerical precision is a barrier to composability.

● How do applied mathematicians, scientists, and engineers overcome this?

● Use sophisticated numerical methods to reformulate problems
and reduce error sensitivity

○ each problem type requires its own error analysis
○ requires ingenuity and numerical analysis expertise
○ not always possible



Arbitrary-Precision Arithmetic Libraries

● Use arbitrary-precision libraries to do arithmetic at any precision level

● Mature, well-tested, proven accuracy

● CPU-only and 2,000-4,000x slower than native machine arithmetic





This is REAL code, written by REAL programmers:

2 + 2 = malloc()
They have played us for absolute fools

STOP USING ARBITRARY PRECISION



Arbitrary-Precision Design Tradeoffs

● GMP, MPFR, Arb, and CLN are excellent libraries
designed for massive numbers with thousands to millions of digits.

● In this regime, complex control structures and
memory allocation are perfectly reasonable costs.

● We often need a small increase in precision (128-bit, 256-bit, …)
without going all the way to arbitrary precision.



Floating-Point is Branchy

● Floating-point representation is defined
in terms of complex branching case analysis.

● IEEE 754:



Floating-Point is Branchy

● Native floating-point operations
are fast because this branching
is implemented in hardware.

● Even if we eliminate memory
allocation, these control
structures must remain.

● Can we leverage these circuits
to handle the logic for us?



Floating-Point Expansions

● Idea: Represent a high-precision number using a sequence
of successive machine-precision approximations.

3.14159265359

3.14159 × 10+0

     2.65359 × 10-6



Nonoverlapping Invariant

● To achieve full precision, a floating-point expansion must be nonoverlapping.



Floating-Point Expansion Arithmetic

● How do we add two floating-point expansions?

● This is easy with integers — just carry one bit.
○ Hardware support: x86 adc, arm adc

● Floating-point addition rounds instead of carrying.

  93.7
+  7.54
-------
 101.24 (rounded off)

             937
           +  75
           -----
(carry bit) 1012



TwoSum

● (s: FP, e: FP) = TwoSum(a: FP, b: FP)
○ Here, FP denotes any floating-point type (float, double, etc.)

● TwoSum computes the rounded sum s := a ⊕ b
and the exact roundoff error e := (a + b) - (a ⊕ b).

○ a + b: true mathematical sum of a and b
○ a ⊕ b: rounded floating-point sum of a and b

● Miraculously, it does this using only rounded operations.
○ must round to nearest (with any tie-breaking rule)



TwoSum Origins



TwoSum Algorithm

function TwoSum(a: FP, b: FP)
s := a ⊕ b
a_eff := s ⊖ b
b_eff := s ⊖ a_eff # a_eff + b_eff == s
a_err := a ⊖ a_eff
b_err := b ⊖ b_eff
e := a_err ⊕ b_err
return (s, e)

end



TwoSum Example

function TwoSum(a := 93.7, b := 7.54)
s := a ⊕ b = 93.7 + 7.54 = 101.24 => 101
a_eff := s ⊖ b = 101 - 7.54 = 93.46 => 93.5
b_eff := s ⊖ a_eff = 101 - 93.5 = 7.5
a_err := a ⊖ a_eff = 93.7 - 93.5 = 0.2
b_err := b ⊖ b_eff = 7.54 - 7.5 = 0.04
e := a_err ⊕ b_err = 0.2 + 0.04 = 0.24
return (101, 0.24)

end



Floating-Point Accumulation Networks

● TwoSum allows us to exactly add two floating-point numbers,
but computing with floating-point expansions requires more.

● Example: How do we add two expansions of length 2?
Need to accumulate 4 inputs into 2 outputs.
(z0, z1) := (x0, x1) + (y0, y1)

● Length-2 expansions are called “double-double arithmetic”
and have an interesting history…



Dekker’s add2 Algorithm



Dekker’s add2 Algorithm

function add2(x0, x1, y0, y1)
(s0, s1) := TwoSum(x1, y1)
v := x1 ⊕ y1
w := s1 ⊕ v
(z0, z1) := TwoSum(s0, w)
return (z0, z1)

end



Dekker’s add2 Algorithm

function add2(x0, x1, y0, y1)
(s0, s1) := TwoSum(x1, y1)
v := x1 ⊕ y1
w := s1 ⊕ v
(z0, z1) := TwoSum(s0, w)
return (z0, z1)

end

Totally incorrect!
add2 can produce
relative error > 1.



Li et al.’s ddadd Algorithm

function ddadd(x0, x1, y0, y1)
(s0, s1) := TwoSum(x0, y0)
(t0, t1) := TwoSum(x1, y1)
c := s1 ⊕ t0
(v0, v1) := TwoSum(s0, c)
w := t1 ⊕ v1
(z0, z1) := TwoSum(v0, w)
return (z1, z2)

end



Li et al.’s ddadd Algorithm

Is it correct?
A long story…



Correctness of ddadd 

● Li et al. (2000) claimed this addition algorithm to have relative error 2 · 2-106.
○ Recall that IEEE double has 53 bits of precision.

● Joldes et al. (2017) refuted this claim, giving a counterexample with relative 
error 2.25 · 2-106, conjecturing that this is the upper bound.

● This claim is also wrong; I found a counterexample where the discarded 
terms have relative error 3 · 2-106.





Formalizing Floating-Point Proofs 

● To prove the correctness of a floating-point accumulation network, you need:
○ Error bound on discarded terms (|x3| ≤ 2-106 |x0|)
○ Nonoverlapping invariant on non-discarded terms (|x1| ≤ 2-53 |x0|)

● Need to rule out invalid outputs assuming valid (nonoverlapping) inputs.

● In principle, a SAT solver can be used to prove these bounds…
…but not before the heat death of the universe.



Formalizing Floating-Point Proofs 

● We simplify the problem using our SELTZO abstraction.
Instead of the full bitwise representation of x, consider only:

○ sx: sign of x
○ ex: exponent of x
○ nlzx, nlox: number of leading zeros/ones in mantissa of x
○ ntzx, ntox: number of trailing zeros/ones in mantissa of x

● These variables suffice to express the bounds we’re interested in.
|y| ≤ 2-106 |x|   →   ey < ex - 106



SELTZO Lemmas

● TwoSum is well-behaved under the SELTZO abstraction.
Knowing SELTZO inputs, we can bound possible SELTZO outputs.



Correctness Proofs Using SELTZO 

● We set up an integer satisfiability problem (i.e., integer linear program)
in the SELTZO variables (sx, ex, nlzx, nlox, ntzx, ntox).

● We impose three kinds of constraints:
○ Consistency constraints on the validity of (sx, ex, nlzx, nlox, ntzx, ntox)
○ Execution constraints on the inputs and outputs of TwoSum
○ Counterexample constraints to describe the negation of the property we want

● If these constraints are unsatisfiable, then no counterexample exists.
○ If they are satisfiable, a counterexample may exist;

but there may be no concrete values that realize an abstract counterexample.



Example: Consistency Constraints 



madd - More Accurate Double-Double Addition 

more accurate 
than ddadd using 

lower depth.

relative error 3 · 2-106

relative error 2 · 2-106



Efficient Verification



Simpler Abstractions

● Are all six of the variables (sx, ex, nlzx, nlox, ntzx, ntox) necessary?
● What if we try using only (sx, ex) or (sx, ex, ntzx,)?

● We still get nontrivial bounds, but not precise to the last bit.


