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2 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZCompany in the Applied Math Dept. Olvi needed a special Theorem of theAlternative for his work on a CQ. Stan went digging into the Math Libraryat Berkeley and came up with exactly what was needed: Motzkin's Theoremof the Alternative. The end result of this was the MF CQ.I have followed Olvi's work very closely throughout my career. His work ismarked by many beautiful and important results in various areas. Some ofthe ones I am aware of are: condition numbers for nonlinear programs; gen-eralized convexity; complementarity problems; matrix splittings; solution oflarge scale linear programs.It is a pleasure and an honour to be able to contribute to this special issue.Henry1. INTRODUCTIONEuclidean distance matrices have received a lot of attention in recent years bothfor their elegance and for their many important applications. Two other researchareas of high interest currently, are semide�nite programming and interior-pointmethods. In this paper we solve the Euclidean distance matrix completion problemby generalizing the completion problem to allow for approximate completions, i.e.we �nd a weighted, closest Euclidean distance matrix. In particular, we introduce aprimal-dual interior-point algorithm that solves an equivalent (quadratic objective)semide�nite programming problem.An n�n symmetric matrixD = (dij) with nonnegative elements and zero diagonalis called a pre-distance matrix (or dissimilarity matrix). In addition, if there existpoints x1; x2; : : : ; xn in <r such thatdij = kxi � xjk2; i; j = 1; 2; : : : ; n; (1)then D is called a Euclidean distance matrix (EDM). The smallest value of r iscalled the embedding dimension of D. Note that r is always � n � 1. Given apartial symmetric matrix A with certain elements speci�ed, the Euclidean distancematrix completion problem (EDMCP) consists in �nding the unspeci�ed elementsof A that make A a EDM. Alternatively, for the approximate EDMCP, let A be apre-distance matrix, H be an n� n symmetric matrix with nonnegative elements,and let kAkF = ptraceAtA denote the Frobenius norm of A: Consider the objectivefunctionf(D) := kH � (A�D)k2F ;where � denotes Hadamard product, e.g. [19]. The weighted, closest Euclideandistance matrix problem is(CDM0) �� := min f(D)subject to D 2 E ;



EUCLIDEAN DISTANCE MATRIX COMPLETION PROBLEMS 3where E denotes the cone of EDMs.Applications of EDMs abound: e.g. molecular conformation problems in chem-istry [9], [31]; multidimensional scaling and multivariate analysis problems in statis-tics [25], [26]; genetics, geography, and others, [1]. Many of these applicationsrequire a low embedding dimension, e.g. r = 3:Theoretical properties of EDMs can be found in e.g. [7], [11], [15], [16], [21],[24], [34]. This includes characterizations as well as graph theoretic conditions forexistence of completions. More information can be found in the recent survey articleby Laurent [24]. (Generalizations of EDM arise in [36].)An interesting discussion on algorithms for EDMCP appears in [41]. The pointis made that there is no de�nitive general algorithm for EDMCP, i.e. one cannotprovide an e�cient decision rule for the question of whether a completion exists ornot. However, there are many algorithms that �nd approximate completions. In[41], [39], [40], the author presents results on �nding EDM completions based onspectral decompositions. In particular, the computationally hard problem of �xingthe rank (the embedding dimension) is discussed. Some work on �nding the closestEDM to a given symmetric matrix appears in [12], [47], [2]. Another approachbased on global optimization and allowing for intervals for the distances is givenin [28], [29] and also in [48]. We build a convex (tractable) model by relaxing theconstraint on the embedding dimension (rank).Semide�nite programming, SDP, is an extension of linear programming wherenonnegativity constraints on vector variables is replaced by positive semide�nitenessconstraints on matrix variables. This area has attracted a lot of interest recentlybecause of the many applications as well as the elegant mathematics involved,see e.g. the survey papers: [13], [43], [42], [5]. A lot of the interest in SDP isfrom the interior-point community who have completed so much successful work onlinear programming. At the moment, interior-point methods are the most successfulalgorithms for general SDP problems, see e.g. the above survey articles as well asthe books [30], [46] and the recent theses [4], [1], [22], [35], [17], [32], [33]. The abovereferences provide some evidence of the current high level of research activity inthese areas.The main contribution of this paper is a new approach to solving EDMCP. Thisapproach is di�erent than those in the literature in two ways. First we change theEDMCP into an approximation problem. This latter problem is a convex problem,i.e. our model is a tractable (polynomial time) model. Moreover, we further relaxthe original problem since we do not �x the embedding dimension. Thus, we do notsolve problems that require a given dimension, though, we hope that this approachcould be used as a �rst approximation to such problems. (A discussion on reducingthe dimension is given in the conclusion, Section 5.) Our randomly generated testsconsistently resulted in optimal solutions with low dimension, e.g. r � 3; whena completion did not exist. This is in contrast to the case where completions doexist, where the interior point method found the completion of maximumrank, sinceinterior-point methods �nd optimal solutions in the relative interior of the optimalface. Second, we use a semide�nite programming formulation and a primal-dual



4 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZinterior-point algorithm to solve the approximation problem. And, we prove thatthe Slater constraint quali�cation holds for our model if and only if the graphof the matrix of weights is connected, see Corollary 1. Usually, the lack of theconstraint quali�cation results in numerical di�culties due to unbounded optimalsets. However, in our case we can take advantage of a disconnected graph to replacethe original problem by two smaller simpler problems.As a side issue, we point out that our algorithm uses a new search directionfor semide�nite programming introduced in [23]. This search direction is basedon applying a Gauss-Newton approach to the optimality conditions. Our purposeis not to compare di�erent search directions, and other public domain packagesmay be used for the problems that we have solved; though our tests show thatour approach is comparable. We use this approach, rather than the more standardapproaches already in the literature, since it is very well suited for our particularapplication. And, we think that having a program that is speci�c for this problemhas many advantages for e.g. exploiting structure. Moreover, the details of thealgorithm are self-contained in this paper; and, we provide a MATLAB programfor those interested in our tests. Numerical results are included which illustrate thee�ciency and robustness of the interior-point approach.The paper is organized as follows. In Section 2 we introduce the basic resultsof EDM's. In Section 3 we present the optimality conditions for the problem. InSection 4 we derive the algorithm and the Slater constraint quali�cation result. Weconclude with several remarks and numerical tests in Section 5. In addition, weinclude Section 5.1 with some technical details on the SDP algorithm.2. DISTANCE GEOMETRYIt is well known, e.g. [34], [15], [16], [38], that a pre-distance matrix D is a EDM ifand only if D is negative semide�nite onM := �x 2 <n : xte = 0	 ;the orthogonal complement of e, where e is the vector of all ones. Thus the set of allEDMs is a convex cone, which we denote by E : We exploit this result to translatethe cone E to the cone of semide�nite matrices in Sn�1; the space of symmetricmatrices of order n� 1:De�ne the n� n orthogonal matrixQ := � 1pne j V � ; QtQ = I: (2)Thus V te = 0 and V tV = I. Moreover, the subspace M can be represented as therange of the n� (n� 1) matrix V andJ := V V t = I � eetn (3)



EUCLIDEAN DISTANCE MATRIX COMPLETION PROBLEMS 5is the orthogonal projection onto M .Now de�ne the centered and hollow subspaces of SnSC := fB 2 Sn : Be = 0g;SH := fD 2 Sn : diag(D) = 0g; (4)where diag(D) denotes the column vector formed from the diagonal of D. Following[10], we de�ne the two linear operators acting on SnK(B) := diag(B) et + e diag(B)t � 2B; (5)and T (D) := �12JDJ: (6)The operator �2T is an orthogonal projection onto SC ; thus it is a self-adjointidempotent.Theorem 1 The linear operators satisfyK(SC) = SH ;T (SH ) = SC ;and KjSC and TjSH are inverses of each other.Proof. See [15], [21]. 2It can easily be veri�ed thatK�(D) = 2 (Diag(De) � D) (7)is the adjoint operator of K; where Diag(De) denotes the diagonal matrix formedfrom the vector De. In addition, a hollowmatrixD is EDM if and only if B = T (D)is positive semide�nite, denoted by B � 0. (We denote positive de�niteness byB � 0:) Equivalently, D is EDM if and only if D = K(B); for some B withBe = 0 and B � 0. In this case the embedding dimension r is given by the rank ofB. Moreover, if B = XXt, then the coordinates of the points x1; x2; : : : ; xn thatgenerate D are given by the rows of X and, since Be = 0; it follows that the origincoincides with the centroid of these points. For these and other basic results onEDM see e.g. [15], [16], [21], [24], [34].We now introduce the composite operatorsKV (X) := K(V XV t); (8)and TV (D) := V tT (D)V = �12V tDV; (9)where V is de�ned in (2).



6 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZLemma 1KV (Sn�1) = SH ;TV (SH ) = Sn�1;and KV and TV are inverses of each other on these two spaces.Proof. This immediately follows from Theorem 1 and the de�nition of V:2From (7), we get thatK�V (D) = V tK�(D)V (10)is the adjoint operator of KV . The following corollary summarizes the relationshipsbetween E , the cone of Euclidean distance matrices of order n, and P, the coneof positive semide�nite matrices of order n � 1, which we will need for our modelproblem.Corollary 1 Suppose that V is de�ned as in (2). Then:KV (P) = E ;TV (E) = P:Proof. We saw earlier that D is EDM if and only if D = K(B) with Be = 0and B � 0. Let X = V tBV , then since Be = 0 we have B = V XV t. Therefore,V XV t � 0 if and only if X � 0; and the result follows using (8) and Lemma 1.2Note that the n � (n � 1) matrix V as de�ned in (2) is not unique. In our codewe useV := 2666664 y y : : : y1 + x x : : : xx 1 + x : : : x::: ::: . . . :::x x : : : 1 + x 3777775 ; (11)where x = �1n+pn and y = �1pn . With this choice, it can be easily veri�ed thatV te = 0, V tV = I, and V V t = J as required by (2).2.1. Program FormulationsSince diag(A) = diag(D) = 0, we can assume without loss of generality that diag(H)= 0. Note that Hij = 0 means that Dij is free, while Hij > 0 forces Dij to beapproximately equal to Aij. i.e., Aij is approximately �xed. If we want Dij = Aijexactly, then we can add a linear constraint to the program. (See below.) Recall



EUCLIDEAN DISTANCE MATRIX COMPLETION PROBLEMS 7that the graph of H is connected if for all indices i 6= j there is a path of indicesi1; i2; :::; ik such that Hi;i1 6= 0;Hi1;i2 6= 0; : : : ;Hik�1;ik 6= 0;Hik;j 6= 0; see e.g. [8].Thus, we can assume that the graph ofH is connected or the problem can be solvedmore simply as two smaller problems, see Lemma 1 below. In particular, we canassume that H does not have a row (hence a column) of all zeros; otherwise thecorresponding row and column in A and D are free (independent) and the problemcan be posed in a lower dimensional space.By abuse of notation, let the functionf(X) := kH � (A �KV (X))k2F = kH � KV (B �X)k2F ;where B = TV (A). We now apply Corollary 1 and get the following problem,equivalent to (CDM0):(CDM ) �� := min f(X)subject to AX = bX � 0:We allow for an additional constraint using the linear operator A : Sn�1 �! <m,i.e., b 2 <m: The addition of this linear operator could represent some of the �xedelements in the given matrix A, e.g. adding the constraint (KV (X))ij = Aij �xesthe ij element of D: Also, note that X 2 Sn�1. It is in this lower dimensional spacethat we solve the problem. We can recover the optimal distance matrix using theoptimal X and the relationD = KV (X):Using �nite precision, we can never solve the approximation problem exactly.In addition, we need to calculate the embedding dimension. The following lemmashows we lose little in the objective function if we choose a small embedding dimen-sion using a numerical rank approach, i.e. if we only discard very small eigenvalues,then the objective function changes very little.Lemma 2 Suppose that X� solves (CDM). Let �X be the closest symmetric matrixto X� with rank k, i.e. we set the smallest n � k eigenvalues of X� to 0, �k+1 =: : :�n = 0: Then,qf( �X ) �pf(X�) + 2
 �pn+ 1�vuut nXi=k+1�2i ; (12)where 
 := maxijHij:Proof. By the Cauchy-Schwartz inequality,qf( �X ) �pf(X�) + 
jjK(V (X� � �X)V t)jjF :



8 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZThe result now follows from the de�nition of K: More precisely, let B = V (X� ��X)V t: ThenjjK(V (X� � �X)V t)jjF = jjK(B)jjF� 2jjBjjF + 2jjdiag(B)etjjF� 2jjBjjF + 2pnjjBjjF : 23. DUALITY and OPTIMALITYWe now derive the optimality conditions and duality theory needed for a primal-dual interior-point approach.For � 2 Sn�1 and y 2 Rm, letL(X; y;�) = f(X) + hy; b� A(X)i � trace �X (13)denote the Lagrangian of (CDM). It is easy to see that the primal program (CDM)is equivalent to�� = minX maxy��0 L(X; y;�) = minX�0maxy��0 L(X; y;�): (14)We assume that the generalized Slater's constraint quali�cation,9X � 0 with A(X) = b;holds for (CDM). Slater's condition implies that strong duality holds, i.e.,�� = maxy��0 minX L(X; y;�) = maxy��0 minX�0L(X; y;�); (15)and �� is attained for some y and � � 0, see e.g. [44]. Since the semide�niteconstraint on X can be treated as redundant, the inner minimization of the convex,in X, Lagrangian is unconstrained and we can di�erentiate to get the equivalentproblem�� = maxrf(X)�A�y=���0 f(X) + hy; b �A(X)i � trace �X: (16)We can now state the dual problem(DCDM) �� := max f(X) + hy; b �A(X)i� trace�Xsubject to rf(X) � A�y � � = 0� � 0; (X � 0): (17)



EUCLIDEAN DISTANCE MATRIX COMPLETION PROBLEMS 9We keep the semide�nite constraint onX in brackets to emphasize that it is a hiddenconstraint in the dual, though it is a given constraint in the primal. The above pairof primal and dual programs, (CDM) and (DCDM), provide an optimality criteriain terms of feasibility and complementary slackness. This provides the basis formany algorithms including primal-dual interior-point algorithms. In particular, wesee that the duality gap, in the case of primal and dual feasibility, is given by thecomplementary slackness condition:traceX(2K�V (H(2) � KV ( �X �B)) � A��y) = 0; (18)or equivalentlyX(2K�V (H(2) � KV ( �X �B)) � A��y) = 0;where H(2) = H �H:Theorem 1 Suppose that Slater's condition holds. Then �X � 0, and �y, �� � 0solve (CDM) and (DCDM), respectively, if and only if the following three equationshold. A( �X) = b primal feasibility2K�V (H(2) � KV ( �X � B)) �A��y � �� = 0 dual feasibilitytrace �� �X = 0 complementary slacknessIn the case that there is no linear operator A; we get a simpli�ed variationalprinciple. The statement that no feasible direction is a descent direction translatesinto the following characterization of an optimal solution �X of (CDM):rf( �X) 2 (P � �X)+; (19)where P is the cone of positive semide�nite matrices andS+ = fP : traceQP � 0; ; 8Q 2 Sgis the polar cone of the set S. This yields the following characterization of optimal-ity.Theorem 2 Suppose that (CDM) has no linear constraint A: The matrix �X � 0solves (CDM) if and only iftraceK�V (H(2) � KV ( �X � B)) (X � �X) � 0; 8X � 0: (20)Proof. Note that the gradient acting on the symmetric matrix h, ishrf(X); hi = 2 trace (H(2) � KV ( �X � B))KV (h)= 2 traceK�V (H(2) � KV ( �X �B))h: (21)Therefore the gradient of the objective function isrf(X) = 2K�V (H(2) � KV ( �X �B)): (22)The result follows upon replacing h by the direction X� �X , forX � 0, and applyingthe so-called Pshenichnyi condition (19). 2



10 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZ4. PRIMAL-DUAL INTERIOR-POINTALGORITHMWe now derive a primal-dual interior point method using the log-barrier approach[18]. This is an alternative way of deriving the optimality conditions in Theorem1. For simplicity, we treat the unconstrained problem. i.e., we consider (CDM)without the linear equality constraint AX = b. In this case, the Slater constraintquali�cation holds for both primal and dual problems, as can be seen from thefollowing lemma. (In the case that some of the elements of A are de�nitely �xed,then one needs to rederive the algorithm and include the constraint AX = b.)Lemma 1 Let H be an n � n symmetric matrix with nonnegative elements and 0diagonal such that the graph of H is connected. ThenK�V (H(2) � KV (I)) � 0;where I 2 Sn�1 is the identity matrix.Proof. A simple calculation shows that KV (I) = 2(eet � I). Thus H(2) �KV (I) = 2H(2) and K�V (H(2) � KV (I)) = 4V t(Diag(H(2)e) � H(2))V . Note thate is an eigenvector of Diag(H(2)e) � H(2) with zero eigenvalue. We show that 0is a simple eigenvalue. Assume to the contrary that there exists another nonzeroeigenvector u, i.e. u is not a multiple of e. Thenut(Diag(H(2)e) �H(2))u =Xi<j H2ij(ui � uj)2 = 0:From this and since the graph of H is connected, it follows immediately that ui=constant for all i; a contradiction. Since V is full column rank and V te = 0; weconclude that the columns of V form a basis for the range of (Diag(H(2)e)�H(2)),i.e. 4V t(Diag(H(2)e)�H(2))V is full rank. 2Strict primal feasibility follows since every X � 0 is feasible. Strict dual feasibility,i.e. � � 0; follows in the case of a connected graph, since � > 0 can be chosen suchthat X = B + �I � 0; (23)we can then apply the previous Lemma 1 to getK�V (H(2) � KV (X � B)) � 0: (24)Corollary 1 Slater's constraint quali�cation holds for the dual problem (17) ifand only if the graph of H is connected.Proof. Su�ciency follows directly from the above Lemma 1.To prove necessity, suppose that the graph is not connected. Then (CDM) canbe solved as two smaller disconnected problems where the distances joining points



EUCLIDEAN DISTANCE MATRIX COMPLETION PROBLEMS 11for these two smaller problems are completely free, i.e. the set of optimal distancesmatrices for (CDM0) is unbounded. Therefore, the set of optimal solutions X of(CDM) is unbounded. This implies that Slater's condition cannot hold in the dual,see e.g. the proof of [14], Theorem 4 or [27]. In our case, it is rather simple to provethis result and we include it for completeness, i.e. we prove that Slater's conditionfor the dual implies that the optimal set for the primal is bounded.Suppose that Slater's condition holds for the dual, i.e. there exists �� � 0 and�X � 0 such that rf( �X) � �� = 0: Equivalently, this means that rf( �X) � 0: LetX� be optimal for (CDM). Then convexity of f implies that
rf( �X); X� � �X� � 0:Therefore, we get
rf( �X); �X� � 
rf( �X ); X��� �min(rf( �X))traceX�� �min(rf( �X))�max(X�);i.e. the norm of X� is bounded by n�min(rf( �X)) 
rf( �X); �X� : 2The log-barrier problem for (CDM) isminX�0B�(X) := f(X) � � logdet(X);where � # 0. For each � > 0 we take one Newton step for solving the stationarityconditionrB�(X) = 2K�V (H(2) � KV (X �B)) � �X�1 = 0: (25)Let C := 2K�V (H(2) � KV (B)) = 2K�V (H(2) �A): (26)Then the stationarity condition is equivalent torB�(X) = 2K�V �H(2) � KV (X)� � C � �X�1 = 0: (27)By equating � = �X�1; and multiplying through by X; we get the optimalityconditions, F := � FdFc � = 0;Fd := 2K�V �H(2) � KV (X)� �C � � = 0 dual feas.Fc := �X � �I = 0 perturbed compl. slack.; (28)and the estimate of the barrier parameter� = 1n� 1trace �X: (29)



12 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZFollowing, we present the p-d i-p framework we used. This is a common frameworkfor both linear and semide�nite programming, see e.g. [45]. We include a centeringparameter �k (rather than the customary predictor-corrector approach) and let F0denote the set of strictly feasible primal-dual points; F 0 denotes the derivative ofthe function of optimality conditions.Algorithm 1 (p-d i-p framework:)Given (X0;�0) 2 F0for k = 0; 1; 2 : : :solve for the search direction (in a least squares sense)F 0(Xk;�k)� �Xk��k � = � �Fd�kXk + �k�kI �where �k centering, �k = traceXk�k=(n� 1)(Xk+1;�k+1) = (Xk;�k) + �k(�Xk; ��k); �k > 0;so that (Xk+1;�k+1) � 0end (for).We use two approaches for solving the least squares problem. First we solve thelarge least squares problem; we call this the Gauss-Newton (GN) method. In thesecond approach, we restrict dual feasibility and substitute for ��k in the secondequation; we call this the restricted Gauss-Newton (RGN) method. The numericaltests show that the second approach is signi�cantly more e�cient.5. CONCLUSION and COMPUTATIONAL RESULTSIn this paper we have presented an interior-point algorithm for �nding the weighted,closest Euclidean distance matrix; this provides a solution for the approximateEuclidean distance matrix completion problem. The algorithm has been extensivelytested and has proven to be e�cient and very robust, i.e. it has not failed on anyof our test problems. In addition, an important observation is that the ranks ofthe optimal solutions X; for sparse problems where no completion existed, weretypically between 1 and 3, i.e. a very small embedding dimension was obtainedwithout any original rank restrictions.However, when a completion existed, then typically the embedding dimension washigh. In this case, we can apply the technique presented in [3] to \purify", i.e. toiteratively move to an optimal solution of smaller rank on the optimal face. (Seealso Pataki [32].)We discuss more details of the Gauss-Newton approach in Section 5.1. The pro-gram was written in MATLAB. The tests were done on randomly generated prob-lems; we used s SPARC 20 with 64 megs of RAM and SPECint 65.3, SPECfp 53.1.



EUCLIDEAN DISTANCE MATRIX COMPLETION PROBLEMS 13The documented MATLAB code, as well as ongoing test results, can be obtainedwith URL (or anonymous ftp)ftp://orion.math.uwaterloo.ca/pub/henry/software/distance.d, orhttp://orion.math.uwaterloo.ca/~hwolkowi/henry/software/distance.d.In Table 1 we present a sample of test results. These results include problemswith matrices up to dimension n = 42: We would like to emphasize that theseare just preliminary test results. For example, we do not use a predictor-correctorapproach, which has become the standard approach in interior-point methods, butrather use a centering parameter. Using the predictor-corrector approach shouldreduce the number of iterations from 20-30%. Tests with larger sized matrices arein progress.Table 1. data for closest distance matrix: dimension; tolerance forduality gap; density of nonzeros in H; rank of optimal X; numberof iterations; cpu-time for one least squares solution of the GN andrestricted GN directions.dim toler H dens. rank(X) iterations lss cpu-timeGN RGN8 10�13 .8 2 25 .16 .19 10�13 .8 2 23 .24 .1310 10�13 .8 3 25 .34 .1812 10�9 .5 3 17 .73 .3215 10�9 .5 2 20 2.13 .7918 10�9 .5 4 20 6.15 1.920 10�9 .3 2 20 11.35 3.324 10�9 .3 2 20 34.45 8.430 10�9 .3 4 20 138. 31.535 10�9 .2 3 19 373. 77.38 10�9 .2 3 19 634. 12740 10�8 .1 2 20 845.9 181.742 10�8 .1 4 18 1118. 232.02We conclude with a speci�c example and its graph: the dimension is 11 generatedwith sparsity 0:5; the optimal value is 0:9256; the rank of X is 3; and the number ofiterations is 25 to get 13 decimals accuracy. The matrices H and A and the optimaldistance matrix D corresponding to the graph in Figure 1 are, respectively:matrix H =0 0 0 0 0 5 2 5 0 7 00 0 0 3 4 4 0 0 1 0 50 0 0 0 0 0 1 0 0 0 20 3 0 0 0 1 0 0 3 0 30 4 0 0 0 2 7 0 3 0 05 4 0 1 2 0 2 0 0 0 7



14 A. ALFAKIH, A. KHANDANI, H. WOLKOWICZ2 0 1 0 7 2 0 6 0 1 25 0 0 0 0 0 6 0 0 0 00 1 0 3 3 0 0 0 0 3 07 0 0 0 0 0 1 0 3 0 00 5 2 3 0 7 2 0 0 0 0--------------------------matrix A =0 0 0 0 0 4 0 0 6 6 20 0 0 8 4 0 2 0 0 0 00 0 0 5 6 0 6 0 0 0 70 8 5 0 0 4 1 4 5 4 00 4 6 0 0 0 0 0 5 0 04 0 0 4 0 0 1 0 0 0 00 2 6 1 0 1 0 0 0 0 30 0 0 4 0 0 0 0 0 0 06 0 0 5 5 0 0 0 0 0 06 0 0 4 0 0 0 0 0 0 02 0 7 0 0 0 3 0 0 0 0--------------------------matrix D =Columns 1 through 70 6.9200 7.2655 6.9713 0.7190 3.9912 0.59896.9200 0 8.1310 6.6123 3.8224 0.6523 3.53817.2655 8.1310 0 9.3511 5.9827 6.4399 6.00006.9713 6.6123 9.3511 0 3.7085 3.6117 4.74590.7190 3.8224 5.9827 3.7085 0 1.4994 0.07753.9912 0.6523 6.4399 3.6117 1.4994 0 1.49810.5989 3.5381 6.0000 4.7459 0.0775 1.4981 00.1684 4.9773 6.4452 5.6419 0.2296 2.5198 0.13218.9782 0.4804 9.0262 5.0302 4.8968 0.9976 4.93945.9737 0.3183 7.3517 4.0355 2.7767 0.1996 2.78975.2815 1.0844 7.0000 2.3417 2.1414 0.2465 2.3892Columns 8 through 110.1684 8.9782 5.9737 5.28154.9773 0.4804 0.3183 1.08446.4452 9.0262 7.3517 7.00005.6419 5.0302 4.0355 2.34170.2296 4.8968 2.7767 2.14142.5198 0.9976 0.1996 0.24650.1321 4.9394 2.7897 2.3892
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Figure 1. Approximate Completion Problem5.1. Gauss-Newton DirectionThe linear system for the search direction in Algorithm 1 is overdetermined. There-fore, it is not clear what is meant by solving this system. There are many di�erentsearch directions that have been used for SDP, see e.g. [37]. Our problem is not astandard SDP since it has a quadratic objective and no constraints. Therefore, thestandard public domain packages do not apply directly. 2 In our approach we usethe Gauss-Newton direction introduced in [23], i.e. we linearize (28) and �nd theleast squares solution of the resulting overdetermined linear system. This direction
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