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1. INTRODUCTION

In this paper we review the problem of fittingEuclidean distancesto data,
using a least squares loss function. This problem must be distinguished from
the problem of least squares fittingsquared Euclidean distancesto data, or
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the problem of least squares fittingscalar productsto data. A comparison of
these three different approaches to multidimensional scaling is given by De
Leeuw and Heiser de Leeuw and Heiser [1980b] and Meulman Meulman
[1986]. Recent developments in squared distance scaling are reviewed in a
nice paper by Glunt e.a. Glunt et al. [1990].

We shall prove some existence-type results and some convergence type
results. They are both derived by using a constructive proof method, the
majorization method. The method was introduced in 1977 in MDS by De
Leeuw de Leeuw [1977]. A simplified treatment of the Euclidean case was
published in 1978, with some extensions to individual differences scaling
de Leeuw and Heiser [1977]. Individual differences scaling was subse-
quently recognized to be a special scaling problem with restrictions on the
configuration, and a general approach to such restricted MDS problems was
presented in de Leeuw and Heiser [1980a]. Speed of convergence of the algo-
rithm was studied in de Leeuw [1988]. Other reviews, with some additional
extensions, are Heiser [1990] and Mathar and Groenen [1991]. Although
de Leeuw and Heiser [1980a] did use the majorization method to prove nec-
essary conditions for an extremum, this has not really been followed up in
the scaling and multivariate analysis literature.

In this paper we start with the basic results for the metric case, and then
introduce various generalizations. Most of what we discuss is a review of
results that have been published elsewhere, but some of it is new. I think the
paper illustrates the remarkable power of the majorization method.

2. THE LOSSFUNCTION

SupposeX are the coordinates ofn points ind dimensions. Then × d
matrix X is cal led aconfiguration.We writeRn×d for the space of configu-
rations, andRn×d for the centered configurations (in which the columns ofX
sum to zero). Theei are unit vectors of lengthn.Let Ai j = (ei −ej )(ei −ej )

′.

Then
d2

i j (X) = tr X′ Ai j X.

Suppose1 = {δi j } is a matrix ofdissimilaritiesandW = {wi j } is a matrix
of weights.The first basic problem we discuss in this paper is the following.

Problem P1: Find X ∈ Rn×d in such a way that the loss function

σ(X) =

n∑
i =1

n∑
j =1

wi j (δi j − di j (X))
2

is minimized.
Following Kruskal Kruskal [1964] we callσ(X) theSTRESSof a con-

figuration.
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We can suppose, without loss of generality, that dissimilarities and weights
are symmetric and hollow (have zero diagonal). De Leeuw de Leeuw [1977]
show how to partitionSTRESSin such a way that the asymmetric and
diagonal parts end up in additive components that do not depend on the
configuration. We can also suppose without loss of generality that half the
weighted sum of squares of the dissimilarities is equal to one. We finally
assume (at least for the time being) that the weights and dissimilarities are
non-negative.

In order to make the problem more managable, we introduce some extra
notation. First,

V =

n∑
i =1

n∑
j =1

wi j Ai j .

Then

σ(X) = 1 −

n∑
i =1

n∑
j =1

wi j δi j di j (X)+ tr X′V X.

Observe that rank(V) ≤ n − 1, with equality if and only ifV is irreducible,
i.e. if and only ifV is not the direct sum of two or more matrices de Leeuw
[1977].

The expression forSTRESScan be simplified even more by defining
residuals

r i j (X) =

{
δi j

di j (X)
if di j (X) > 0,

arbitrary ifdi j (X) = 0.

Usingr i j (X) we can now set

B(X) =

n∑
i =1

n∑
j =1

wi j r i j (X)Ai j ,

and
σ(X) = 1 − tr X′B(X)X + tr X′V X.

Finally we define

η2(X) = tr X′V X,

ρ(X) = tr X′B(X)X,

which implies
σ(X) = 1 − ρ(X)+ η2(X).

This is the way the loss function is written in de Leeuw and Heiser [1980a].
Most of the results in the papers by De Leeuw, Heiser, Meulman, and Mathar
are derived using this formalism. It is interesting in this formulation that
bothρ(•) andη(•) arenorms,i.e. homogeneous and nonnegative convex
functions. The functionη2(•) is also convex, and consequentlyσ(•) is
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the difference of two convex functions. Functions which are the difference
of two convex functions are often called (somewhat unimaginatively) d.c.
functions. They have been studied in considerable detail Hiriart-Urruty
[1985], Shapiro and Yohim [1982].

Some additional manipulation brings the loss function into yet another
interesting form. Define

X = V+B(X)X,

as theGuttman transformof X. This is named after Guttman, who studied
some properties of this transform in his important paper Guttman [1968].
Observe that althoughB(X) is not uniquely defined when some of thedi j (X)
are zero, the productB(X)X, and thus the Guttman transform, is unique.
Using the Guttman transformρ(X) = tr X′V X, and thus

σ(X) = 1 − η2(X)+ η2(X − X).

This is a representation we shall later use in the context of majorization
theorems and algorithms.

2.1. Reparametrization. For some purposes it is useful to reparametrize
the MDS problem. Suppose we have a number of basis configurationsZp,

and it is known (or required) thatX is in the space spanned by theZp.

Obviously this still covers the problem in whichX is unrestricted, in which
case we needd(n − 1) centered matrices for the basis. But this formalism
can also be used to impose linear restrictions on the configuration. Examples
are in de Leeuw and Heiser [1980a].

Let us writeX in the form X =
∑t

p=1 θpZp. Suppose, without loss of
generality, that theZp are chosen in such a way that trZ′

pV Zq = δ pq.

This can be enforced quite simply by applying the Gram-Schmidt process
to the Zp. Thend2

i j (θ) = tr X′ Ai j X = θ ′Ci j θ, whereCi j has elements
(Ci j )pq = tr Z′

p Ai j Zq so that
∑n

i =1
∑n

j =1wi j Ci j = I . If we renumber the
index pairs(i, j ) usingk = 1, · · · , K we can write

B(θ) =

K∑
k=1

wkrk(θ)Ck,

where

rk(θ) =

{
δk

dk(θ)
if dk(θ) > 0,

arbitrary ifdk(θ) = 0.
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Then

ρ(θ) =

K∑
k=1

wkδk
√
θ ′Ckθ = θ ′B(θ)θ,

η2(θ) = θ ′(

K∑
k=1

wkCk)θ = θ ′θ.

Of course the Guttman transform in this context is justθ = B(θ)θ.
From the mathematical point of view the basic advantage of this new

parametrization is its symmetry. We don’t have to remember that some
elements ofX belong to the same row, while others don’t. Or, to put it
differently, we do not have tovecour matrices. Another advantage is also
immediate. By adopting the parametrization we have eliminated the problem
of rotational indeterminacy of MDS solutions. For an unrestricted MDS
solution we do not used(n − 1) but actuallyd(n − 1)− d(d − 1) matrices
Zp.We can, for instance, set all upper-diagonal elements of theZp equal to
zero. From the notational point of view we gain some additional simplicity
by getting rid of the double index(i, j ) and by not having to use the trace
operator to define inner products of matrices.

Again, for completeness, we formulate a second basic problem we shall
study in this paper.

Problem P2: Find θ ∈ Rt such that

σ(θ) =

K∑
k=1

wk(δk −

√
θ ′Ckθ)

2,

is minimized.
The problem makes sense for any set of positive semi-definite matrices

Ck. That problem P2 was derived from the Euclidean MDS problem is
irrelevant for most of our results. Unless explicitly specified otherwise, we
still assume that for allk we havewk > 0 andδk ≥ 0, and we assume that∑K

k=1wkCk = I .

2.2. Use of Homogeneity.Actually, there is yet another reduction of the
problem that is useful. We do not only eliminate the rotational indeterminacy,
we can also get rid of a scale factor that tends to be in the way. Clearly, for
α ≥ 0,

σ(αθ) =

K∑
k=1

wk(δk − α
√
θ ′Ckθ)

2
= 1 − αρ(θ)+ α2η2(θ).
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Thus

min
α≥0

σ(αθ) =

{
1 − λ2(θ) if ρ(θ) ≥ 0,

1 if ρ(θ) ≤ 0,

where

λ2(θ) =
ρ2(θ)

η2(θ)
,

and where the minimum is attained for

α̂ =

{
ρ(θ)

η2(θ)
if ρ(θ) ≥ 0,

0 if ρ(θ) ≤ 0.

Observe that under our assumptions, we always haveρ(θ) ≥ 0. Thus mini-
mizingσ(•) amounts to the same thing as maximizingλ(•).Call thisProb-
lem P3. P3 in turn amounts to the same thing as maximizingρ(θ) over all
θ such thatη(θ) = 1, which is also the same as maximizingρ(θ) over all
θ such thatη(θ) ≤ 1. Call thisProblem P4. The MDS problem was first
formulated in the P3 or P4 form by de Leeuw [1977]. It leads to the problem
of maximizing a norm over a convex set, or to the problem of maximizing the
ratio of two norms. This makes it possible to use results of Robert [1967].

Thus another related problem we shall analyze in this paper is to maximize
ρ(θ) over allθ on the unit sphere (or, equivalently, over allθ in the unit ball).
As Robert and others have observed, this is a straightforward nonlinear
generalization of an eigenvector-eigenvalue or Rayleigh-quotient problem.
The only difference is that in the ordinary eigenvalue problem we maximize
a quadratic norm over the unit sphere, while in the more complicated MDS
problem a non-quadratic convex norm is maximized.

2.3. Pictures of Stress.Very few people have actually looked atSTRESS
in any detail. Usually the problem is just too high-dimensional to consider
plotting, and the parametrization in terms of configurations also does not
help. The new, symmetric parametrization is a bit more convenient in this
respect.

We consider some simple examples. We have four points in two di-
mensions, with all weights equal to one, and all off-diagonal dissimilarities
equal to1

6

√
6. This example has been analyzed in considerable detail before

[de Leeuw, 1988, Groenen and Heiser, 1991].
In the first example we takeZ1 as an equilateral triangle, with centroid, and

Z2 as a square. We apply Gram-Schmidt to orthonormalize these matrices
to Z̃1 and Z̃2, and we studyσ(θ1Z̃1 + θ2Z̃2) This results in the following
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matricesCk.

(
+.2500 −.0211
−.0211 +.0017

)
(

+.2500 +.0788
+.0788 +.0647

) (
+.2500 −.0577
−.0577 +.0878

)
(

+.0833 −.0192
−.0192 +.2278

) (
+.0833 +.1172
+.1172 +.2048

) (
+.0833 −.0980
−.0980 +.4131

)


Only the first matrix, the one corresponding withd12, is singular, the others
are non-singular.

If we look at the function from far away (Figure 1), it looks very much
like a convex quadratic bowl.

INSERT FIGURE 1 ABOUT HERE
But for our purposes Figure 1 is more or less irrelevant, because we are

really only interested inθ which are in the unit circle. If we look more
closely, concentrating on the unit circle, we see a mountain on top of the
origin, which is the only local maximum ofSTRESS.We also see, in Figure
2, valleys around the unit circle.

INSERT FIGURE 2 ABOUT HERE
But Figure 2 is still a bit misleading. The scale factor is still in the plot.

Figure 3 looks atλ(ζ ), for π ≤ ζ ≤ π, andθ1 = sin(ζ ) andθ2 = cos(ζ ).

INSERT FIGURE 3 ABOUT HERE
It is clear in Figure 3 that there is a point on the circle whereλ(•) is

not differentiable. At that point the function has a local maximum. This
corresponds with the small ridge in Figure 2, and it corresponds with the ray
for which d12(X) = θ ′C1θ = 0. The ray isθ = α(−.0841− .9965), and
obviously on that ray (as on any ray)STRESSis a convex quadratic inα.

3. LOCAL AND GLOBAL M INIMA

In the previous section we looked atSTRESSin a global way. Now we
shall pay more attention to the details, in particular to the locations where
there are stationary values. Our tools are partly classical (first and second
derivatives), but we also start using majorization to prove existence and
characterization theorems.

3.1. The Gradient and Hessian of Stress.One of the major advantages of
the alternative parametrization in terms ofθ is that formulas for the deriva-
tives of the loss function, and results based on them, become considerably
simpler.
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First the gradient, at a point where the loss function is differentiable.
Observe that we have differentiability if, and only if,dk(θ) > 0 for all k for
whichwkδk > 0. Simple computation gives

Dσ(θ) = θ − B(θ)θ = θ − θ.

Necessary Condition Theorem:If the loss function is differentiable at
θ, and has a stationary value there, thenθ is equal to its Guttman transform
θ.

Proof: Above. Q.E.D.
The second derivatives require a bit more computation. Define

H(θ) =

K∑
k=1

wkrk(θ)
(
Ck −

Ckθθ
′Ck

θ ′Ckθ

)
.

Then

D2ρ(θ) = H(θ),

D2σ(θ) = I − H(θ).

Second Derivative Theorem:SupposeSTRESSis differentiable atθ.
Then

(1) H(θ) ≥ 0.
(2) H(θ)θ = 0 for all θ.
(3) If θ is a local minimizer ofSTRESS, then H(θ) ≤ I . If the local

minimum is strict, thenH(θ) < I .
(4) Let

r+(θ) =
K

max
k=1

rk(θ).

ThenH(θ) ≤ r+(θ)I .

Proof: H(θ) is a weighted sum of positive semi-definite matrices, and
thus it is positive semi-definite. (2) is obvious. Ifθ is a local minimum,
thenD2σ(θ) ≥ 0, which meansH(θ) ≤ I . The same argument applies for
a strict (isolated) local minimum. We deduce (4) fromrk(θ) ≤ r+(θ), and

Ck −
Ckθθ

′Ck

θ ′Ckθ
≤ Ck.

Q.E.D.
Far Away Theorem: If dk(θ) ≥ δk for all k, thenD2σ(θ) ≥ 0.
Proof: The assumption in the theorem impliesr+(θ) ≤ 1,which implies

D2σ(θ) ≥ (1 − r+(θ))I ≥ 0. Q.E.D.
It is more difficult to formulate a similar, but opposite, theorem for small

configurations. No matter how closeθ is to the origin, we always have
D2σ(θ)θ = θ, i.e. the Hessian always has one eigenvalue equal to +1.
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We can get around this problem by definingκ−(θ) as the smallest nonzero
eigenvalue ofH(θ).

Near Zero Theorem: If λ ≤ κ−(θ) then ξ ′D2σ(λθ)ξ ≤ 0 for all ξ
orthogonal toθ.

Proof: H(λθ) =
1
λ

H(θ). Thus ifκ is a nonzero eigenvalue ofH(θ), the
corresponding nonzero eigenvalue ofD2σ(θ) is 1−

κ
λ
. Q.E.D.

3.2. Majorization. Consider the problem of minimizing a functionψ(•)
over a set2, which is a subset ofRp. Supposeφ(•, •) is another function,
defined on2×4, where2 ⊆ 4, with the property that

ψ(θ) ≤ φ(θ, ξ) for all θ ∈ 2 andξ ∈ 4,

ψ(θ) = φ(θ, θ) for all θ ∈ 2.

In that case we callφ(•, •) amajorization function.
Majorization functions are useful, because of the following simple result.
Necessity by Majorization Theorem: If θ̂ minimizesψ(•) over�, then

θ̂ also minimizesφ(•, θ̂ ) over�.
Proof: Supposeθ̃ 6= θ̂ ∈ �, andφ(θ̃, θ̂ ) < φ(θ̂, θ̂ ). Thenψ(θ̃) ≤

φ(θ̃, θ̂ ) < φ(θ̂, θ̂ ) = ψ(θ̂), which contradicts optimality of̂θ. Q.E.D.
The chainψ(θ̃) ≤ φ(θ̃, θ̂ ) < φ(θ̂, θ̂ ) = ψ(θ̂) which occurs in the proof

of this theorem, is sometimes called theSandwich Inequality.This is because
we have two layers ofφ(•, •) between two slices ofψ(•).

The concept of a majorization function is illustrated in Figures 4 and
5. In these figures we have plotted the functionψ(θ) = θ2

−
1
4θ

4, and
the majorization functionφ(θ, ξ) = θ2

+
3
4ξ

4
− ξ3θ. Figure 4 gives the

majorization atξ = 1, and Figure 5 gives it atξ = 2.

INSERT FIGURES 4 AND 5 ABOUT HERE
We give two more general examples of majorization, which are particulary

relevant for scaling applications. Ifψ(•) is d.c., i.e.ψ(•) = α(•) − δ(•),
with bothα(•) andβ(•) convex, then we can use

φ(θ, ξ) = α(θ)− β(ξ)− (θ − ξ)′Dβ(ξ).

In this case the majorization function is convex inθ, and in the case in which
α(•) is quadratic, the majorization function is quadratic as well. Let us call
thisType I Majorization,for ease of reference.

In the second example, supposeψ(•) is twice-differentiable, and suppose
there exists aG > 0 such thatD2ψ(θ) ≤ G for all θ. Then

φ(θ, ξ) = ψ(ξ)+ (θ − ξ)Dψ(ξ)+ (θ − ξ)′G(θ − ξ)

is a suitable majorization function, which is quadratic inθ. This isType II
Majorization.
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The Necessity by Majorization Theorem tells us that if a function has a
local minimum at a point, then the majorization function at that point also has
a local minimum at the point. We can go a bit further by using (directional)
derivatives Dem’yanov and Malozemov [1990].

We obviously have
ψ(θ) = min

ξ∈4
φ(θ, ξ).

Now supposeφ(•, •) is jointly continuous in its arguments, and suppose the
partial derivativeD1φ(•, •) exists everywhere. Also suppose4 is compact,
or at least that the minimum can always be chosen in a compact subset of
4. Let

S(θ) = {ξ ∈ 4 | φ(θ, ξ) = ψ(θ)}.

Then
∇ψ(θ, ζ ) = min

ξ∈S(θ)
ζ ′D1(θ, ξ).

Here∇ψ(θ, ζ ) is the directional derivative, i.e.ζ is a unit-length direction
vector, and

∇ψ(θ, ζ ) = lim
ε↓0

ψ(θ + εζ )− ψ(θ)

ε
.

If S(θ) is a singleton, i.e. ifψ(θ) < φ(θ, ξ) for all ξ ∈ 4 with ξ 6= θ, then

Dψ(θ) = D1φ(θ, θ).

Thus, not only do the function values coincide atθ, but so do the derivatives.
We end the section by proposing a suitable majorization function for

STRESS.
Stress Majorization Theorem: The function

τ(θ, ξ) = 1 − η2(ξ)+ η2(θ − ξ)

majorizesσ(θ).
Proof: By Cauchy-Schwartz,dk(θ)dk(ξ) ≥ θ ′Ckξ, which we can also

write as
δkdk(θ) ≥ rk(ξ)θ

′Ckξ.

Thus
σ(θ) ≤ 1 − θ ′B(ξ)ξ + η2(θ) = 1 − θ ′ξ + η2(θ),

and
σ(θ) ≤ 1 − η2(ξ)+ η2(θ − ξ).

If θ = ξ we have equality in Cauchy-Schwartz, and consequently every-
where else.Q.E.D.

This theorem was first proved in this form in de Leeuw and Heiser [1980a].
We improve it a little bit here.

Strict Stress Majorization Theorem: We haveσ(θ) = τ(θ, ξ) if and
only if ξ = θ + µ, whereµ is such thatCkµ = 0 for all k with dk(θ) > 0.
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Proof: This is simple. Ifdk(θ) > 0 we have equality in Cauchy-Schwartz
for indexk if and only if Ck(θ − ξ) = 0. If dk(θ) = 0 we have equality for
arbitraryξ. Q.E.D.

Of course this implies thatµ = 0 if all dk(θ) are positive, and we have
equality in that case only ifθ = ξ. It also implies thatdk(ξ) = dk(θ) for all
k for whichdk(θ) > 0.

3.3. Minima and Maxima of Stress. Although STRESSis not differen-
tiable at a point where some of theθ ′Ckθ are zero, it is always differentiable
in all directions.

Directional Derivatives Theorem:

∇σ(θ; ξ) = ξ ′(θ − θ)−

∑ ∑
{wkδkdk(ξ) | dk(θ) = 0}.

Proof: Simply apply the formula

∇dk(θ; ξ) =

{
d−1

k (θ)θ ′Ckξ if dk(θ) > 0,

dk(ξ) if dk(θ) = 0.

Q.E.D.
The formula can also be derived from the formula for the directional

derivative in terms of the partials of the majorizing functions. In particular,
we have

D1τ(θ, ξ)) = θ − ξ,

and
θ + µ = θ +

∑
{wkrk(µ)Ckµ | dk(θ) = 0},

if µ satisfies the conditions of the Strict Stress Majorization Theorem. The
directional derivative can be used to provide a proof of the following result,
which was first given by De Leeuw de Leeuw [1984].

Zero Distances Theorem:If STRESShas a local minimum at̂θ , thenθ̂
is stationary, anddk(θ̂) > 0 for all k such thatwkδk > 0. ThusSTRESSis
differentiable at a local minimum.

Proof: We must have∇σ(θ̂, ζ ) ≥ 0 for all ζ. This means we must also
have

∇σ(θ̂, ζ )+ ∇σ(θ̂,−ζ ) = −

∑ ∑
{wkδkdk(ξ) | dk(θ̂) = 0} ≥ 0,

for all ζ. But this implies we must havewkδk = 0 for all k such thatdk(θ̂) =

0. Q.E.D.
Again we can prove this using majorization. We need a somewhat sharper

result than the usual majorization, i.e. we need a slightly larger majorization
function.

σ(θ) ≤ τ0(θ, ξ) = τ(θ, ξ)+

∑
{wkδkεk | dk(θ) = 0},
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where theεk are arbitrary positive numbers. By the Necessity by Majoriza-
tion Theoremθ̂ must minimizeτ0(•, θ̂ ), and this can be done by minimizing
each of the two components separately.

At the Origin Theorem: STRESShas a local maximum at the origin.
STRESShas no other local maxima.

Proof: We have

∇σ(0, ξ) = −

K∑
k=1

wkδkdk(ξ),

which is clearly non-positive. Now suppose we have a local maxima at
θ 6= 0. Thenσ(θ + εθ), seen as a function ofε, must have a local maximum
for ε = 0. But σ(θ + εθ), is a convex quadratic, which does not have any
maxima.Q.E.D.

The result above tells us that local maxima cannot exist away from the
origin, becauseSTRESSis a convex quadratic on any ray. This does not
mean, of course, that we cannot have local maxima on other one-dimensional
cross-sections (for instance, remember the circle in our small example).

3.4. Special Cases.Let us now look at some special cases, in which we
can say more. In one-dimensional scaling we have

di j (x) = |xi − x j | = si j (x)(xi − x j ),

with si j (x) = sign(xi − x j ). This means

x = V+u(x),

where

ui (x) = 2
n∑

j =1

wi j δi j si j (x).

Thusx only depends on the order of thexi . There are, obviously,n! orders,
each order defines a coneKν, and a corresponding target vectorzν . Thus
we can find the global minimum by solving then! monotone regression
problems

min
x∈Kν

η2(x − zν),

and keeping the best one. Not all thesen! solutions define local minima,
however.

One-dimensional Theorem:x ∈ Kν defines a local minimum ofSTRESS
if and only if x = zν, i.e. if and only ifzν ∈ Kν .

Proof: By the Zero Distance Theorem we cannot have zero distances at
a local minimum. Thus the projection onKν cannot create equal distances,
and thuszν must already be in the cone.Q.E.D.
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Thus we do not actually have to carry out the projections in the monotone
regression. We just cycle through the permutations and compute thezν . If
it is in the correct order (i.e. in the same order that was used in generating
it), then we save it (it is a local minimum). If we are done we have all local
minima, and we select the one with the smallest loss value.

We have seen that the one-dimensional situation is quite different from
the general one. We shall now show that full-dimensional scaling (i.e. with
d = n − 1) is also special. We shall use a more convenient special-purpose
parametrization. LetH = X X′. Then

di j =
√

tr Ai j H =
√

hi i + h j j − 2hi j .

The metric MDS problem is to minimizeσ(H) over allH which are positive
semi-definite, and have rank(H) ≤ d. In the full-dimensional problem we
drop the rank constraint.

Full Dimensional Theorem: The solution to the full dimensional scaling
problem is unique: any local minimum is global.

Proof: We have to minimizeσ(H) over the convex setH ≥ 0, i.e. H
positive semi-definite. Now

n∑
i =1

n∑
j =1

d2
i j (H) = hi i + h j j − 2hi j ,

which is linear inH. Moreover

n∑
i =1

n∑
j =1

wi j δi j di j (H) =

n∑
i =1

n∑
j =1

wi j δi j
√

hi i + h j j − 2hi j ,

which is concave inH, because it is the weighted sum of square roots of
positive linear functions. Thusσ(H) is convex, and all local minima are
global. Q.E.D.

There is another situation in which we can fairly easily find the global
minimum ofSTRESS.

Simultaneous Diagonalization:Suppose allCk can be diagonalized by
a single orthonormalK . Then there are at most 2t local minima, all with the
same function value, which only differ in their sign pattern.

Proof: By applyingK to allCk we transform the problem to minimization
of

σ(θ) = 1 −

K∑
k=1

wkδk
√
θ ′�kθ + θ ′θ.
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Here�k = K ′CkK is diagonal. Defineξp = θ2
p. Then

σ(θ) = 1 −

K∑
k=1

wkδk

√√√√ t∑
p=1

ωkpξp +

t∑
p=1

ξp.

This is convex inξ,with only one minimum. This single minimum translates
back to at most 2t local minima inθ. Q.E.D.

Although simultaneously diagonability cannot be expected to hold in prac-
tice, we see that to the extent to which it hold approximately we have an
enormous number of local minima, which only differ in pattern of zeroes and
in pattern of signs (for a given pattern of zeroes). We already go in step in the
direction of this situation if we scale the problem such that

∑K
k=1wkCk = I .

We could go further and apply the simultaneous diagonalization method of
De Leeuw and Pruzansky de Leeuw and Pruzansky [1978] to approach this
condition even more.

The approach in the simultaneous diagonalization theorem can be ex-
tended. Unfortunately the result we arrive at isalmostperfect, and be-
cause of the "almost" not really useful. Suppose the eigen-decompositions
Ck = Kk�kK ′

k are used to defineξk = K ′

kθ. Then

σ(ξ1, · · · , ξK ) = 1 −

K∑
k=1

wkδk

√
ξ ′

k�kξk +

K∑
k=1

wkξ
′

k�kξk.

We have to impose the linear restrictions

K1ξ1 = · · · = KK ξK .

By reformulating the problem in this way we have created a situation in
which the loss function is convex in the parametersξ2

k ,while the constraints
are linear in the parametersξk. Unfortunately this does not really seem to
get us anywhere.

3.5. Destructive Generality. The Zero Distances Theorem is of great im-
portance. Because of it we can more or less ignore the possibility of coin-
ciding points, and the complications that arise because of that. But there are
situations in which some of the crucial assumptions on which the theorem
depends are not true any more. We could have, for instance, weights and/or
dissimilarities that are negative. This destroys most of the convexity and
majorization results we have so far. Fortunately we can save some construc-
tive theorems from the rubble by combining Type I and Type II majorization.
We present these results, which extend some earlier ones by Heiser Heiser
[1990], in this section.

Now suppose that indeed weights and dissimilarities can be negative.
We decompose them as differences of non-negative components. Write
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wk = w+

k − w−

k , andδk = δ+k − δ−k . Then we see that

σ(θ) = σ(0)−

K∑
k=1

ukdk(θ)+

K∑
k=1

vkdk(θ)+ θ ′C+θ − θ ′C−θ,

with

uk = w+

k δ
+

k + w−

k δ
−

k ,

vk = w+

k δ
−

k + w−

k δ
+

k ,

and

C+
=

K∑
k=1

w+

k Ck,

C−
=

K∑
k=1

w−

k Ck.

The next chore, moving towards necessary conditions, is to construct a
majorization function. Now obviously we can use

K∑
k=1

ukdk(θ) = θ ′Bu(θ)θ ≥ θ ′Bu(ξ)ξ.

We do not touch the termθ ′C+θ, and we use Type I majorization a second
time in the form

θ ′C−θ ≥ 2θ ′C−ξ − ξ ′C−ξ.

This means that

τ(θ, ξ) = σ(0)− θ ′Bu(ξ)ξ + θ ‘C+θ − θ ′C−ξ + ξ ′C−ξ +

K∑
k=1

vkdk(θ)

majorizesσ(θ). Moreoverτ(•, ξ) is convex for eachξ.
But maybe we are not satisfied with a convex majorant, and we want a

quadratic one. This means we still have to majorize the last term. Following
Heiser [1990], we do this by using the arithmetic-geometric mean inequality,
which is a special case of Type II majorization. First supposedk(ξ) > 0.
Then

dk(θ) ≤
1

dk(ξ)

(
d2

k (θ)+ d2
k (ξ)

)
.

This implies
K∑

k=1

vkdk(θ) ≤ θ ′Bv(ξ)θ + ξ ′Bv(ξ)ξ.

Time to collect the results in a theorem.
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General Stress Majorization Theorem : If dk(ξ) > 0 for all k, then the
function

τ(θ, ξ) = σ(0)−θ ′Bu(ξ)ξ+θ
′C+θ−θ ′C−ξ+ξ ′C−ξ+θ ′Bv(ξ)θ+ξ

′Bv(ξ)ξ

majorizesSTRESS.
Proof: Above. Q.E.D.
We now apply the Necessity by Majorization Theorem. To prevent unin-

teresting complications, we assumeC+ > 0.
General Necessary Condition Theorem:If θ̂ minimizesσ(•), then

θ̂ = [Bv(θ̂)+ C+
]
−1

[Bu(θ̂)+ C−
]θ̂ .

Proof: Follows from the above.Q.E.D.
Observe that if weights and dissimilarities are positive, thenBv(•) = 0

andC−
= 0,which means we recover our previous definition of stationarity.

3.6. On the Planes.SupposeK ⊆ {1, · · · , K }, and

2K = {θ | θ ′Ckθ = 0,∀k ∈ K}.

It is clear that2K is non-empty. In fact ifLk is the subspace of allθ such
thatCkθ = 0, then2K is the intersection of theLk, with k ∈ K.

3.7. Inverse Scaling. MDS constructs a mapping of dissimilarities to dis-
tances, defined by optimality in the least sqaures sense. This mapping is
far from simple. We have seen that there are local minima, sharp ridges,
and other irregularities. In order to understand the mapping a bit more com-
pletely, we now look at its inverse. Thus in stead of finding a configuration
optimal for a given set of dissimilarities, we now look at all dissimilarities
for which a given configuration is optimal. It turns out that this question is
surprisingly simple to answer.

The key are the stationary equations. For simplicity we assume that
dk(θ) > 0 for all k. Then we must have

K∑
k=1

wk
δk

dk(θ)
Ckθ = θ.

The next theorem tells it all.
Inverse Scaling Theorem:Supposeθ is stationary. Then

δk = dk(θ)+

R∑
r =1

ukr ,
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where theur are the linearly independent solutions of the homogeneous
system

K∑
k=1

wk
uk

dk(θ)
Ckθ = 0.

Proof: In the formulation.Q.E.D.
Thus we have a simple constructive procedure to find the inverse of the

MDS mapping. If we want to know which dissimilarities give the same
solution, we take the solution, solve the homogeneous system, and construct
the linear manifold of all solutions (which always includes the distances
themselves). We could restrict our attention to non-negative solutions for
the dissimilarities. Clearly if the distances are positive, there will always
be a neighborhood for which the optimal dissimilarities are positive as well.
If some distances are zero, it could happen that there is only one set of
dissimilarities for which these distances are optimal.

All this cries for numerical examples, which I do not have (yet).

4. A M AJORIZATION ALGORITHM FOR MDS

We start with outlining the general principles of algorithm construction
using the majorization approach. Supposeφ(•, •) majorizesψ(•). The
corresponding majorization algorithm sets

θ (s+1)
= argminφ(θ, θ (s)).

We suppose, obviously, that the minimum exists. The majorization algo-
rithm works, because of the following basic result.

Improvement Theorem: For alls = 0,1, · · · we have

ψ(θ (s+1)) ≤ ψ(θ (s)).

Proof: By the definition of the majorization functionψ(θ (s+1)) ≤ φ(θ (s+1), θ (s)),

and because of the minimizing property ofθ (s+1) alsoφ(θ (s+1), θ (s)) ≤

φ(θ (s), θ (s)). Finally, again by definition,φ(θ (s), θ (s)) = ψ(θ (s)). Combin-
ing the three results proves the Improvement Theorem.Q.E.D.

Again the proof of the theorem relies on the Sandwich Inequality. Thus
majorization algorithms minimize the majorization function to find the next
update. In Figure 4 we have our current estimatex = 1, and we update
to x =

1
2. In Figure 5 we updatex = 2 to x = 4. In general we update

x to x+
=

1
2x3. It is easy to see that in this example gives fast and stable

convergence to the local minimumx = 0 if we start with−
√

2 < x0 <

+
√

2. The algorithm stops, or stays at the same point, in the stationary
points 0,+

√
2,−

√
2. We have rapid divergence to+∞ if x0 > +

√
2, and

to −∞ if x0 < −
√

2.
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We can give a somewhat general result for Type I Majorization. Ifα(θ) =

θ ′Gθ, then the algorithm becomes

θ (s+1)
= G−1Dβ(θ (s)).

In Type II Majorization the algorithm becomes

θ (s+1)
= θ (s) − G−1Dψ(θ (s)).

4.1. Majorization for STRESS. Now apply the principles discussed above
to STRESS. In de Leeuw and Heiser [1980a] we find the following result.

Iteration Theorem: For allθ we haveσ(θ) ≤ σ(θ),with equality if and
only if θ = θ.

Proof: This is just the Improvement Theorem applied to MDS.Q.E.D.
It is clear now, I hope, what the algorithm is. We describe it formally.

(1) Start with aθ (0). Sets = 0.
(2) Computeθ

(s)
.

(3) If θ (s) = θ
(s)

go to stop.

(4) θ (s+1)
= θ

(s)
. Sets = s + 1. Go back.

Configurations which are equal to their Guttman transforms are calledsta-
tionary. Clearly if the algorithm stops, it stops at a stationary configuration.
If it does not stop, which we assume now, it generates an infinite sequence
of θ (s) andσ (s) values.

Algorithm Theorem: Suppose the algorithm generates an infinite se-
quence. Then

(1) There is aσ∞ ≥ 0, such thatσ (s) ↓ σ∞.

(2) If θ∞ is an accumulation point ofθ (s), then θ∞ is stationary and
σ(θ∞) = σ∞.

(3) All θ (s) with s ≥ 1 are in the compact set{θ | η(θ) ≤ 1}.

(4) η(θ (s) − θ (s+1)) → 0.

Proof: By the Iteration Theorem we haveσ (s+1) < σ (s), and thus we
generate a decreasing sequence, bounded below by zero, which always con-
verges. This proves part 1.

By the Sandwich Inequality

σ (s+1)
≤ τ(θ (s+1), θ (s)) = min

ξ
τ(ξ, θ (s)) ≤ τ(θ (s), θ (s)) = σ (s).

But
τ(θ (s+1), θ (s)) = 1 − η2(θ (s+1)),

which proves part 3. Also

τ(θ (s), θ (s)) = 1 − η2(θ (s+1))+ η2(θ (s) − θ (s+1)).
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It follows, again by the Sandwich Inequality, thatη2(θ (s) − θ (s+1)) → 0,
which is part 4. We have not proved part 2 yet, but it follows easily from the
general convergence theory developed in Zangwill Zangwill [1969].Q.E.D.

Part 4 of the Algorithm Theorem implies that eitherθ (s) converges, or
θ (s) has a continuum of accumulation points, all stationary, and all with the
same function valueσ∞ Ostrowski [1966]. Of course the algorithm given
above is not practical, because it will never stop. We repair this by calling
a configurationε−stationary ifη(θ − θ) < ε. The theorem now says that
the algorithm will stop at anε−stationary point after a finite number of
iterations.

Guttman Guttman [1968] derived the algorithm by setting the gradient of
stress equal to zero. He observed the convergence from any starting point,
but did not prove it.

Gradient Theorem: If STRESSis differentiable atθ (s) then the ma-
jorization algorithm can be written as

θ (s+1)
= θ (s) − Dσ(θ (s)).

Proof: Follows directly from

Dσ(θ) = θ − θ.

Q.E.D.

4.2. Speed of Convergence.The iteration we study is a single-step func-
tional iteration of the formθs+1

= F(θs), with F defined by the Guttman
transform, i.e.F(θ) = θ.

The theory of these single-step iterations Ortega and Rheinboldt [1970],Os-
trowski [1966] tells us that the speed of convergence is determined by the
size of the derivative ofF. Thus, we compute the derivative of the Guttman
transform. Of course this theory applies only if we converge to a point where
all distances are positive.

Convergence Speed Theorem:Supposeθ is an accumulation point of
the sequence generated by the algorithm. Supposeκ+(θ) is the largest
eigenvalue ofH(θ). If κ+(θ) < 1 then the algorithm converges linearly
to θ with rateκ+(θ).

Proof: We know thatDρ(θ) = θ, and thus, using the results in the
previous section,

∂θ

∂θ
= H(θ).

The results now follows from the thorems in section 10.1 of Ortega and
Rheinboldt [1970]. In fact, becauseH(θ) is real and symmetric, the rate of
convergence isκ+(θ) both in theQ1 and theR1 measure.Q.E.D.
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4.3. Fixed-step Acceleration.The basic Guttman transform iteration can
be accelerated without much extra cost. This was pointed out in de Leeuw
and Heiser [1980a], and we discuss this result more extensively here. We
also discuss Steffenson iteration and the Newton-Raphson method.

First consider a fixed-step version of the gradient method. Thus

θ+
= θ − αDσ(θ) = θ − α(θ − θ).

Relaxation Theorem: If 0 < α < 2 the fixed step gradient method
converges.

Proof: We have

σ(θ+) = τ(θ+, θ) = 1 − η2(θ)+ (1 − α)2η2(θ − θ) < τ(θ, θ) = σ(θ).

This shows that the basic Sandwich Inequality continues to apply.Q.E.D.
Optimal Rate Theorem: The optimal step size is

α̂ =
2

2 − κ+

.

The corresponding convergence rate is

κ̂ =
κ+

2 − κ+

.

Proof: The rate of convergence atθ isκ(α) = max[|(1−α)+ακ+|, |(1−

α)+ ακ−|]. Sinceκ− = 0, we have

κ(α) =

{
(1 − α)+ ακ+ if 0 ≤ α ≤

2
2−κ+

,

α − 1 if 2
2−κ+

≤ α ≤ 2.

See Figure 6. The optimum follows by simple computation.Q.E.D.

INSERT FIGURE 6 ABOUT HERE
Now supposeκ+ = 1 − ε, with ε small. Then the optimal step-size is

α̂ = 2+ O(ε), and the convergence rate isκ̂ = κ2
+ + O(ε2). This show that

in the case of very slow linear convergence we can approximately half the
number of iterations by takingα = 2.This is actually the step-size suggested
by de Leeuw and Heiser [1980a], who report some numerical experiments
to verify that indeed convergence is about twice as fast (with almost no
additional computation in each step).

4.4. Approximating Optimal Step-size. Experiments with more compli-
cated step-size procedures were reported in Stoop and de Leeuw [1983].
They can be compared with other one-parameter acceleration methods in-
troduced into psychometrics by Ramsay Ramsay [1975]. We can tailor these
methods to the MDS problem. Let us look atσ(θ − α(θ − θ)) as a function
of α. Clearly the value of the function at 0 isσ(θ), and the derivative at 0
is −η2(θ − θ). If we know the function at another valueα, then we can fit
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a quadratic with the same values and the same derivative at 0, and we can
minimize the quadratic for the step size. The result is

α̂ =
α2η2(θ − θ)

αη2(θ − θ)− (σ (α)− σ(0))
.

Observe that ifσ(α) > σ(0) thenα̂ < α. Stoop and De Leeuw suggest to
start with a generous overestimate ofα, sayα = 10, and iterate the update
formula untilσ(α) < σ(0). This leads to at the most three iterations, and
often gives big steps in the early stages. All in all, however, just usingα = 2
throughout seems more economical.

4.5. Steffenson Acceleration.We can also look at methods to obtain faster
than linear convergence. The most obvious choice is Steffenson’s accelera-
tion method Nievergelt [1991], which still works on the basis of our simple
majorization updatesθ+

= θ. Define a double sequence of iterationsθ (s,t),

with s = 0,1, · · · , and t = 0, · · · , K + 1. We setθ (s,t+1)
= θ

(s,t)
, for

t = 0, · · · , K . In order to findθ (s,0) for s = 1,2, · · · we compute

θ (s+1,0)
= θ (s,0) + (I − 0s)

−1(θ (s,1) − θ (s,0)).

4.6. Newton’s Method. Let us now look at Newton’s method for the MDS
problem. Using the results from the previous section we see that

θ (s+1)
= θ (s) − (I − H(θ (s)))−1(θ (s) − θ

(s)
) = (I − H(θ (s)))−1θ

(s)
.

Under the usual conditions this is locally convergent, with a quadratic rate.
From the expression for the Newton update we see that a suitable relaxed
version of Newton’s method is

θ (s+1)
= (I − α(s)H(θ (s)))−1θ

(s)
.

If the step-sizeαs is chosen to be equal to +1 throughout, we have Newton’s
method, if it is chosen as zero we have the majorization method. If we apply
the Sandwich Inequality we see

σ(θ+) ≤ τ(θ+, θ) = 1 − η2(θ)+ η2((I − H(θ))−1H(θ)θ).

4.7. Negative Dissimilarities. If dissimilarities (and/or weights) are nega-
tive, simple majorization does not work any more. We constructed a suitable
majorization function in the previous chapter, and we look at the algorithm
here. This case was also treated in detail by Heiser Heiser [1990]. It turns out
that standard results on multifacility location problems Francis and Goldstein
[1974] can be used in this case. The most interesting part of our previous
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majorization analysis was the function

ω(θ) =

K∑
k=1

vkdk(θ).

This is a weighted sum of Euclidean distances, which is exactly the objective
function studied in multifacility location problems.

There are two basic methods, or classes of methods, to solve multifa-
cility location problems. The first one is Weiszfeld’s method. This was
first described for a simpler location problem in Weiszfeld [1937], and it
was first described rigorously in two beautiful papers [Kuhn, 1967, 1973].
The convergence rate of Weiszfeld’s method was studied in detail by Katz
[1974], but the convergence properties of the algorithm are still not com-
pletely resolved [Chandrasekaran and Tamir, 1989]. For our purposes, the
most interesting paper on Weiszfeld’s method is Vosz and Eckhardt [1980],
where a general class of quadratic majorization methods is discussed with
Weiszfeld’s method as a special case. This class is what we have refrerred
to earlier as the Type II majorization mathods.

The majorization for the location problem discussed in Vosz and Eckhardt
[1980], turns out to be identical to the one used in Heiser [1990]. A more
general version was derived above. It leads to the following algorithm

Theorem 4.1(Generalized Majorization Theorem). If dk(θ
(s)) > 0 for all

k withwkδ
−

k > 0 then the algorithm

θ (s+1)
= [C+

+ Bv(θ
(s))]−1

[Bu(θ
(s))+ C−

]θ (s)

is a convergent majorization algorithm.

Proof. This is just the majorization result in the General Necessary Condition
Theorem. �

The remaining problem is what to do ifdk(ξ) = 0. The problem is as-
sumed away in Vosz and Eckhardt [1980], but it is discussed by Heiser. We
give a slightly different discussion, based on the algorithms for multifacility
location proposed by Calamai and A.R.Conn [1980, 1982], and by Overton
[1983].

4.8. More Type II Majorization. The technique used in the previous sec-
tion can be extended quite easily to an even more general problem. Suppose
we want to minimize

σ(θ) =

K∑
k=1

φ(δk − dk(θ)),

whereφ has a uniformly bounded second derivative.
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We use the inequality

φ((δk − dk(ξ))− (dk(θ)− dk(ξ)))

≤φ(δk − dk(ξ))− φ′(δk − dk(ξ))(dk(θ)− dk(ξ))+ G(dk(θ)− dk(ξ))
2

to construct the majorization function. In the same way we can handle the
problem of minimizingσ = φ(δ − d(θ)), whereφ is a function with a
uniform bound on the Hessian.

The majorization technique in this section can be used for various ro-
bust versions of least squares scaling, using Huber and Biweight methods
Verboon [1990].

4.9. Global Minimization.
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Figure 1. STRESS from far away.
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Figure 2. STRESS from up close.
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Figure 3. STRESS on the unit circle.
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Figure 4. Majorization at 1.
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Figure 5. Majorization at 2
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Figure 6. Optimal step-size.


