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Abstract—The advances in convex optimization techniques have
offered new formulations of design with improved control over the
performance of FIR ﬁlters. By using lifting techniques, the design
of a length- FIR ﬁlter can be formulated as a convex semideﬁnite
matrix that must be rank-1.
program (SDP) in terms of an
Although this formulation provides means for introducing highly
ﬂexible design constraints on the magnitude and phase responses
of the ﬁlter, convex solvers implementing interior point methods
almost never provide a rank-1 solution matrix. To obtain a rank-1
solution, we propose a novel Directed Iterative Rank Reﬁnement
(DIRR) algorithm, where at each iteration a matrix is obtained by
solving a convex optimization problem. The semideﬁnite cost function of that convex optimization problem favors a solution matrix
whose dominant singular vector is on a direction determined in the
previous iterations. Analytically it is shown that the DIRR iterations provide monotonic improvement, and the global optimum is
a ﬁxed point of the iterations. Over a set of design examples it is illustrated that the DIRR requires only a few iterations to converge
to an approximately rank-1 solution matrix. The effectiveness of
the proposed method and its ﬂexibility are also demonstrated for
the cases where in addition to the magnitude constraints, the constraints on the phase and group delay of ﬁlter are placed on the
designed ﬁlter.
Index Terms—Finite impulse response (FIR) ﬁlter design,
spectral mask, convex optimization, semideﬁnite programming,
semideﬁnite relaxation, iterative rank reﬁnement.

I. INTRODUCTION

D

IGITAL FINITE IMPULSE RESPONSE (FIR) ﬁlters
have always been one of the prominent building blocks in
digital signal processing because of their assured stability and
efﬁcient implementations based on the Fast Fourier Transform
(FFT) [1]–[3]. A diverse class of FIR ﬁlter design techniques
have been proposed in the literature including the ParksMcClellan algorithm [2], [4], optimization based techniques
like METEOR [5] and peak-constrained least squares (PCLS)
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[6], [7], and Chebyshev approximation based methods [8]–[11].
Typically, techniques that are based on optimization are slower,
but capable of obtaining optimal solutions that satisfy a set of
design constraints.
With the development of the convex solvers implementing
fast interior point methods, new, optimization based FIR ﬁlter
design approaches based on convex modelling have emerged
[12]–[24]. In [12] and [14], the non-linear phase FIR ﬁlter design problem is modeled as a linear program (LP), where the
variables of optimization are the deterministic autocorrelation
sequence of the ﬁlter coefﬁcients which are obtained by applying spectral factorization to the solution of the constructed
LP. This framework is extended to linear phase FIR ﬁlter design
by using discrete cosine transform (DCT) instead of discrete
Fourier transform (DFT) in [12]. However, since the LP formulation operates on the autocorrelation sequence of the ﬁlter coefﬁcients, the incorporation of additional constraints on the phase
response of the ﬁlter is not possible. A second order cone programming (SOCP) formulation of FIR ﬁlter design that is based
on the weighted least-squares approach is proposed in [15]. Although this technique can constrain the deviation from a prototype group delay response, its convergence is highly dependent
on the initial choice of the prototype ﬁlter because of the nonconvexity of the constructed SOCP. In [17], another constrained
least-squares based design that can implement the phase and
group delay error constraints, is presented. Since the constructed
optimization problem is a semi-inﬁnite positive-deﬁnite formulation, the optimization problem is solved using the GoldfarbIdnani algorithm. Though the underlying Goldfarb-Idnani algorithm converges in a few iterations, the obtained solutions do
not possess optimality. In addition, the convexity of the proposed formulation depends on the positive-deﬁniteness of a constructed Hessian matrix. In [18], a more general, non-convex
ﬁlter design problem is cast as a convex problem and solved
using a Goldfarb-Idnani based algorithm. The constructed iterative optimization problem does not require any phase response
speciﬁcations. However, the optimality of the original -constrained error minimization problem is not guaranteed.
A semideﬁnite programming based FIR ﬁlter design technique, which makes use of spectral mask constraints, is proposed
in [23]. Since the semideﬁnite program (SDP) is constructed
using linear matrix inequalities (LMI), convex spectral mask
constraints such as magnitude mask constraints, can be implemented efﬁciently without using frequency sampling. However,
the phase and group delay constraints cannot be implemented
in LMIs since quadratic representations of these constraints
typically possess indeﬁnite constraint matrices. A more general
formulation, in which the objective and the quadratic constraints
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maximizing the energy of
along the th singular vector
of
in the next iteration will be a bounded objective. The maximization of the energy of
along the direction of can be
added to (13) as a cost function in the updated SDP form as:

Proof: Consider the relaxed convex version of (22) given
by:

(23)
(15)
If in the iterations, the preferred direction is chosen as the dominant singular vector of the previous iteration, i.e.,
, the
following facts can be proven for the iterations in (15).
Proposition 1: The cost
of the updated constructed SDP that is given in (15) monotonically decreases at each iteration:
(16)
where
and
are the optimal solutions obtained in iterations and
, respectively.
Proof: Since the feasible set of the optimization problem
remains the same for all iterations,
(17)
always holds. As given in (14),
value decomposition:

has the following singular
(18)

with

and

where the non-convex
constraint in (22) is removed. Let
be the optimal solution of (23), which is not
necessarily rank-1, with its corresponding cost
, where
are the singular values of
. Note that
always holds because of (20) and the equivalence of the
feasible sets of (15) and (23). Then, because of the coexistence
of rank-1 and higher rank solutions, which is shown in Section
4.1.1.3 of [35], there exists a rank-1 solution matrix with exactly
the same cost
, where
is the optimal
solution matrix of (22). Hence, the cost function of (15) is lower
bounded by the global optimum value of (22):
(24)
The coexistence of rank-1 and higher rank solutions can be visualized in the following way. Since
is PSD and symmetric,
can uniquely be transformed to an autocorrelation sequence
as:

. Hence,
(25)

Similarly, the cost function evaluated at
written as:

(19)
at iteration can be

where
denotes the th entry of the vector
[35]. Then,
the ﬁlter coefﬁcients
can be obtained by decomposing
via spectral factorization [35]. Hence, a rank-1 matrix
yields the same objective value
.
Next, we prove that the optimal solution of (22) is a ﬁxed
point of the iterations in (15).
Proposition 3:
, the optimal solution to (22), can be decomposed as:
(26)

(20)
with equality if and only if

. Hence,
(21)

Then, together with (17), the claim in (16) follows.
Next, we deﬁne a non-convex optimization problem whose
minimum provides a lower bound to the cost function of (15).
Proposition 2: The cost function of (15) is lower bounded
by the global optimum value of the following non-convex optimization problem:

(22)

where
and
, is a ﬁxed point of iterations in
(15).
Proof: The coexistence property dictates that, if a high rank
solution exists in the feasible set of (23), then a rank-1 solution
also exists in the same feasible set [35]. Since the feasible sets
of (23) and (15) are identical,
, which possesses the largest
singular value
in the feasible set, is also a candidate solution for (15). Hence, if
, the optimal solution of (22), can be
reached by the proposed DIRR formulation at iteration , then
the optimization problem at the
th iteration becomes:

(27)
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B. Design With Magnitude and Phase Response Constraints
Due to their constant group delay properties, the linear phase
ﬁlters are commonly used in practice. However, linear phase response requires the ﬁlter coefﬁcients to have a certain symmetry,
resulting in reduced degrees of freedom in the corresponding design. Therefore, longer ﬁlters are used to satisfy the magnitude
constraints. Hence, there is a tradeoff between the magnitude
response and the phase response linearity of the ﬁlter. To operate at a desired point in this tradeoff, additional constraints on
the phase response can be introduced on the constructed optimization problem. An exchange based method is proposed in [7]
for handling these type of constraints. However, since the constructed problem is non-convex, substantial effort is required for
the convergence of the algorithm. An approach based on least
squares and SDP is proposed in [40], where a desired ﬁlter response is used as a template. Unlike these approaches, here, the
spectral mask constraints on the phase response of the ﬁlter are
imposed in the proposed convex formulation.
Consider the following constraints on the phase response
of the ﬁlter:
(32)

In order to use the DIRR technique, (39) can be rewritten in the
form of (30) as:

(40)
C. Design With Magnitude Response and Group Delay
Constraints
Similar to the incorporation of phase constraints, group delay
constraints can also be imposed on the ﬁlter design. The following group delay mask constraints can be imposed in the optimization:
(41)
and
are the lower and the upper group
where
delay constraints on the group delay
deﬁned as:

for
. These constraints can be
where
related to the real and imaginary components of
as
(33)
is a monotonically increasing function and conSince
tinuous in the interval
, (33) can be equivalently
written as:

(42)
By using the following derivative identity for
(43)
the group delay can be written as:

(34)

(44)

Then, the squared magnitudes yields the following inequality:
(35)
where
plifying the notation:

Now, by using (36) and (37) we obtain:

. The following vectors help sim-

(45)

(36)

By using the closed form expressions of the related involved
derivatives, we obtain:

(37)
Also let
express the phase constraints as:

, and
(38)

, and
. The corwhere
responding convex SDP, which includes the constraints on both
the magnitude and the phase responses of the ﬁlter can be expressed as:

(46)
where

and

are deﬁned as:
(47)
(48)

which leads to the following form:
(39)

(49)
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Fig. 16. Singular values of

at the 4th DIRR iteration in Design 5.

TABLE I
THE COMPARISON OF MINIMUM FILTER ORDERS FOR DIFFERENT DIRR
FORMULATIONS, OPTIMAL NONLINEAR AND LINEAR PHASE FORMULATIONS
GIVEN IN [12]. 1:
; 2:
; 3:
; 4:
; 5:

shown in Figs. 14 and 15, respectively. The stop band energy is
dB. As observed, all the constraints on the magnitude and
group delay responses of the ﬁlter are satisﬁed. The resulting
singular values, shown in Fig. 16, demonstrate the dominance
of the ﬁrst singular value over the rest.
Finally, in Table I, we have compared the order of the ﬁlters designed by the proposed formulations in (30), (40) and
(54) with the linear and non-linear phase response ﬁlter design
methods in [12]. In the comparisons, we have used the spectral
mask constraints given in Fig. 1 for various values of pass band
and stop band corner frequencies ( and ). The phase constraints in Fig. 12 and group delay constraints in Fig. 15 have
been used for the designs by (40) and (54), respectively. We
have also provided a linear phase response design using (40) by
simply setting
. For the linear and nonlinear phase ﬁlter design cases, the results suggest that DIRR
achieves the same ﬁlter order provided by the optimal method
given in [12]. Moreover, DIRR formulations in (40) and (54)
provide lower ﬁlter order solutions compared to the optimal
linear phase response ﬁlter design method in [12], which is the
main advantage of DIRR over the existing mask constrained
techniques.
V. CONCLUSION
Recent advances in the optimization techniques have provided an opportunity to incorporate the phase and group delay
constraints in the optimization based formulation of the ﬁlter
design problem. However, the straightforward formulation of
such designs results in non-convex optimization problems in
terms of the impulse response . By using the lifting techniques,
where the variable of optimization is mapped to a rank-1 matrix
, the non-convex problem can be converted to a
convex problem on if we ignore the rank-1 constraint on
[24], [33], [35]. However, the relaxation of the rank-1 constraint

results in signiﬁcant degradation on the obtained results. To alleviate this issue of the relaxed convex formulation, here, an
iterative optimization technique is proposed. In the DIRR technique, a sequence of convex optimization problems are solved
to minimize an adaptively chosen cost function which steers the
solution matrix towards a rank-1 solution. It is proven that the
global optimal solution to the ﬁlter design problem is a ﬁxed
point of the proposed iterations. The design performance of the
proposed DIRR technique is extensively illustrated over design
cases under a variety of constraints. The obtained results and
comparisons have shown that the proposed DIRR technique
provides robust designs which are signiﬁcantly better than the
alternative design techniques under the phase and group delay
constraints.
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