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Preface 

This text is intended for use in senior/first-year graduate courses on linear systems and 
multi variable system design in electrical, mechanical, chemical, and aeronautical departments. 
It may also be useful to practicing engineers because it contains many design procedures. The 
mathematical background assumed is a working knowledge of linear algebra and the Laplace 
transform and an elementary knowledge of differential equations. 

Linear system theory is a vast field. In this text, we limit our discussion to the conventional 
approaches of state-space equations and the polynomial fraction method of transfer matrices. 
The geometric approach, the abstract algebraic approach. rational fractions, and optimization 
are not discussed. 

We aim to achieve two objectives with this text. The first objective is to use simple 
and efficient methods to develop results and design procedures. Thus the presentation is 
not exhaustive. For example, in introducing polynomial fractions, some polynomial theory 
such as the Smith-McMillan form and Bezout identities are not discussed. The second 
objective of this text is to enable the reader to employ the results to carry out design. 
Thus most results are discussed with an eye toward numerical computation. All design 
procedures in the text can be carried out using any software package that includes singular
value decomposition. QR decomposition, and the solution of linear algebraic equations and 
the Lyapunov equation. We give examples using MATLAB®, as the package 1 seems to be the 
most widely available. 

This edition is a complete rewriting of the book Linear System Theory and Design, which 
was the expanded edition of Introduction to Linear System Theory published in 1970. Aside 
from, hopefully, a clearer presentation and a more logical development, this edition differs 
from the book in many ways: 

• The order of Chapters 2 and 3 is reversed. In this edition. we develop mathematical 
descriptions of systems before reviewing linear algebra. The chapter on stability is moved 
earlier. 

• This edition deals only with real numbers and foregoes the concept of fields. Thus it is 
mathematically less abstract than the original book. However, all results are still stated as 
theorems for easy reference. 

• In Chapters 4 through 6, we discuss first the time-invariant case and then extend it to the 
time-varying case. instead of the other way around. 

I. MATLAB is a registered trademark of the Math Works. Inc .• 24 Prime Park Way, Natick, MA 01760-1500. Phone: 
508·647·7000. fax: 508·6-!7·7001, E-mail: info@mathworks.com, http://www.mathworks.com. 

xi 
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• The discussion of discrete-time systems is expanded. 

• In state-space design, Lyapunov equations are employed extensively and multivariable 
canonical forms are downplayed. This approach is not only easier for classroom presentation 
but also provides an attractive method for numerical computation. 

• The presentation of the polynomial fraction method is streamlined. The method is equated 
with solving linear algebraic equations. We then discuss pole placement using a one-degree
of-freedom configuration, and model matching using a two-degree-of-freedom configura
tion. 

• Examples using MATLAB are given throughout this new edition. 

This edition is geared more for classroom use and engineering applications; therefore, many 
topics in the original book are deleted, includi~g strict system equivalence, deterministic iden
tification, computational issues, some multivariable canonical forms, and decoupling by state 
feedback. The polynomial fraction design in the input/output feedback (controller/estimator) 
configuration is deleted. Instead we discuss design in the two-parameter configuration. This 
configuration seems to be more suitable for practical application. The eight appendices in the 
original book are either incorporated into the text or deleted. 

The logical sequence of all chapters is as follows: 

[ 
{

Chap. 8 
Chap. 1-5 => Chap. 6 => Chap. 7 

Sec. 7.1-7.3 =>Sec. 9.1-9.3 
=>Sec. 7.6-7.8 => Sec. 9.4-9.5 

In addition, the material in Section 7.9 is needed to study Section 8.6.4. However, Section 8.6.4 
may be skipped without loss of continuity. Furthermore, the concepts of controllability and 
observability in Chapter 6 are useful, but not essential for the material in Chapter 7. All minimal 
realizations in Chapter 7 can be checked using the concept of degrees, instead of checking 
controllability and observability. Therefore Chapters 6 and 7 are essentially independent. 

This text provides more than enough material for a one-semester course. A one-semester 
course at Stony Brook covers Chapters I through 6, Sections 8.1-8.5, 7.1-7.2, and 9.1-9.3. 
Time-varying systems are not covered. Clearly, other arrangements are also possible for a 
one-semester course. A solutions manual is available from the publisher. 

I am indebted to many people in revising this text. Professor !min Kao and Mr. Juan 
Ochoa helped me with MATLAB. Professor Zongli Lin and Mr. T. Anantakrishnan read 
the whole manuscript and made many valuable suggestions. I am grateful to Dean Yacov 
Shamash, College of Engineering and Applied Sciences, SUNY at Stony Brook, for his 
encouragement. The revised manuscript was reviewed by Professor Harold Broberg, EET 
Department, Indiana Purdue University; Professor Peyman Givi, Department of Mechanical 
and Aerospace Engineering, State University of New York at Buffalo; Professor Mustafa 
Khammash, Department of Electrical and Computer Engineering, Iowa State University; and 
Professor B. Ross Barmish, Department of Electrical and Computer Engineering, University 
of Wisconsin. Their detailed and critical comments prompted me to restructure some sections 
and to include a number of mechanical vibration problems. I thank them all. 

Preface xiii 

I am indebted to Mr. Bill Zobrist of Oxford University Press who persuaded me to 
undertake this revision. The people at Oxford University Press, including Krysia Bebick, 
Jasmine Urmeneta, Terri O'Prey, and Kristina Della Bartolomea were most helpful in this 
undertaking. Finally, I thank my wife, Bih-Jau, for her support during this revision. 

Chi-Tsong Chen 



LINEAR SYSTEM 
THEORY AND DESIGN 



Chapter 

Introduction 

l . l Introduction 

The study and design of physical systems can be carried out using empirical methods. We can 
apply various signals to a physical system and measure its responses. If the performance is not 
satisfactory, we can adjust some of its parameters or connect to it a compensator to improve 
its performance. This approach r~lies heavily on past experience and is carried out by trial and 
error and has succeeded in designing many physical systems. 

Empirical methods may become unworkable if physical systems are complex or too 
expensive or too dangerous to be experimented on. In these cases, analytical methods become 
indispensable. The analytical study of physical systems consists of four parts: modeling, 
development of mathematical descriptions, analysis, and design. We briefly introduce each 
of these tasks. 

The distinction between physical systems and models is basic in engineering. For example, 
circuits or control systems studied in any textbook are models of physical systems. A resistor 
with a constant resistance is a model: it will burn out if the applied voltage is over a limit. 
This power limitation is often disregarded in its analytical study. An inductor with a constant 
inductance is again a model: in reality, the inductance may vary with the amount of current 
flowing through it. Modeling is a very important problem, for the success of the design depends 
on whether the physical system is modeled properly. 

A physical system may have different models depending on the questions asked. It may 
also be modeled differently in different operational ranges. For example, an electronic amplifier 
is modeled differently at high and low frequencies. A spaceship can be modeled as a particle 
in investigating its trajectory: however, it must be modeled as a rigid body in maneuvering. 
A spaceship may even be modeled as a flexible body when it is connected to a space station. 
In order to develop a suitable model for a physical system, a thorough understanding of the 
physical system and its operational range is essential. In this text, we will call a model of a 
physical system simply a system. Thus a physical system is a device or a collection of devices 
existing in the real world: a system is a model of a physical system. 

Once a system (or model) is selected for a physical system, the next step is to apply 
various physical laws to develop mathematical equations to describe the system. For ex
ample, we apply Kirchhoff's voltage and current laws to electrical systems and Newton's 
law to mechanical systems. The equations that describe systems may assume many forms: 
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they may be linear equations, nonlinear equations, integral equations, difference equations, 
differential equations, or others. Depending on the problem under study, one form of equation 
may be preferable to another in describing the same system. In conclusion, a system may 
have different mathematical-equation descriptions just as a physical system may have many 
different models. 

After a mathematical description is obtained, we then carry out analyses-quantitative 
and/or qualitative. In quantitative analysis, we are interested in the responses of systems 
excited by certain inputs. In qualitative analysis, we are interested in the general properties 
of systems, such as stability, controllability, and observability. Qualitative analysis is very 
important, because design techniques may often evolve from this study. 

If the response 0f a system is unsatisfactory, the system must be modified. In some 
cases, this can be achieved by adjusting some parameters of the system; in other cases, 
compensators must be introduced. Note th~ the design is carried out on the model of the 
physical system. If the model is properly chosen, then the performance of the physical system 
should be improved by introducing the required adjustments or compensators. If the model is 
poor, then the performance of the physical system may not improve and the design is useless. 
Selecting a model that is close enough to a physical system and yet simple enough to be studied 
analytically is the most difficult and important problem in system design. 

l .2 Overview 

The study of systems consists of four parts: modeling, setting up mathematical equations, 
analysis, and design. Developing models for physical systems requires knowledge of the 
particular field and some measuring devices. For example, to develop models for transistors 
requires a knowledge of quantum physics and some laboratory setup. Developing models 
for automobile suspension systems requires actual testing and measurements; it cannot be 
achieved by use of pencil and paper. Computer simulation certainly helps but cannot replace 
actual measurements. Thus the modeling problem should be studied in connection with the 
specific field and cannot be properly covered in this text. In this text, we shall assume that 
models of physical systems are available to us. 

The systems to be studied in this text are limited to linear systems. Using the concept of 
linearity, we develop in Chapter 2 that every linear system can be described by 

y(t) = Jr G(t. r)u(r)dr 
to 

(1.1) 

This equation describes the relationship between the input u and output y and is called the 
input-output or external description. If a linear system is lumped as well, then it can also be 
described by 

x(t) = A(t)x(t) + B(t)u(t) 

y(t) = C(t)x(t) + D(t)u(t) 

( 1.2) 

( 1.3) 

Equation ( 1.2) is a set of first-order differential equations and Equation ( 1.3) is a set of algebraic 
equations. They are called the internal description of linear systems. Because the vector x is 
called the state, the set of two equations is called the state-space or. simply, the state equation. 

1 .2 Overview 3 

If a linear system has, in addition, the property of time in variance, then Equations ( 1.1) 
through (1.3) reduce to 

and 

y(t) = L G(t- r)u(r) dr 

x(t) = Ax(t) + Bu(tl 

y(t) = Cx(t) + Du(t) 

(l...l) 

11.5) 

( 1.6) 

For this class of linear time-invariant systems, the Laplace transform is an important tool in 
analysis and design. Applying the Laplace transform to ( 1.4) yields 

)'(s) = G(s)u(s) ( 1.7) 

where a variable with a circumflex denotes the Laplace transform of the variable. The function 

G(s) is called the transfer matrix. Both ( 1.4) and ( 1.7) are input--output or external descriptions. 
The former is said to be in the time domain and the latter in the frequency domian. 

Equations ( 1.1) through ( 1.6) are called continuous-time equations because their time 
variable t is a continuum defined at every time instant in ( -cc. cc). If the time is derined 
only at discrete instants, then the corresponding equations are called discrete-time equations. 
This text is devoted to the analysis and design centered around ( 1.1) through ( 1.7) and their 
discrete-time counterparts. 

We briefly discuss the contents of each chapter. In Chapter 2. after introducing the 
aforementioned equations from the concepts of lumpedness, linearity. and time invariance. 
we show how these equations can be developed to describe systems. Chapter 3 reviews linear 
algebraic equations, the Lyapunov equation, and other pertinent topics that are essential for 
this text. We also introduce the Jordan form because it will be used to establish a number of 
results. We study in Chapter 4 solutions of the state-space equations in ( 1.2) and ( 1.5). Different 
analyses may lead to different state equations that describe the same system. Thus we introduce 
the concept of equivalent state equations. The basic relationship between state-space equations 
and transfer matrices is also established. Chapter 5 introduces the concepts of bounded-input 
bounded-output (BIBO) stability, marginal stability, and asymptotic stability. Every s:- stem 
must be designed to be stable: otherwise, it may bum out or disintegrate. Therefore stability 
is a basic system concept. We also introduce the Lyapunov theorem to check asymptotic 
stability. 

Chapter 6 introduces the concepts of controllability and observability. They are essential 
in studying the internal structure of systems. A fundamental result is that the transfer matrix 
describes only the controllable and observable part of a state equation. Chapter 7 studies 
minimal realizations and introduces coprime polynomial fractions. We show how to obtain 
coprime fractions by solving sets of linear algebraic equations. The equivalence of controllable 
and observable state equations and coprime polynomial fractions is established. 

The last two chapters discuss the design of time-invariant systems. We use controllable 
and observable state equations to carry out design in Chapter 8 and use coprime polynomial 
fractions in Chapter 9. We show that, under the controllability condition, all eigem·alues 
of a system can be arbitrarily assigned by introducing state feedback. If a state equation 
is observable, full-dimensional and reduced-dimensional state estimators, with any desired 
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eigenvalues, can be constructed to generate estimates of the state. We also establish the 
separation property. In Chapter 9, we discuss pole placement, model matching, and their 
applications in tracking, disturbance rejection, and decoupling. We use the unity-feedback 
configuration in pole placement and the two-parameter configuration in model matching. In our 
design, no control performances such as rise time, settling time, and overshoot are considered: 
neither are constraints on control signals and on the degree of compensators. Therefore this 
is not a control text per se. However, all results are basic and useful in designing linear time
invariant control systems. 

2.1 Introduction 

Chapter 

)
. 

f . 

;~m/ 

Mathematical 
Descriptions of Systems 

The class of systems studied in this text is assumed to have some input terminals and output 
terminals as shown in Fig. 2.1. We assume that if an excitation or input is applied to the input 
terminals, a unique response or output signal can be measured at the output terminals. This 
unique relationship between the excitation and response, input and output, or cause and effect 
is essential in defining a system. A system with only one input terminal and only one output 
terminal is called a single-variable system or a single-input single-output (SISO) system. 
A system with two or more input terminals and/or two or more output terminals is called 
a multivariable system. More specifically, we can call a system a multi-input multi-output 
(MIMO) system if it has two or more input terminals and output terminals, a single-input 
multi-output (SIMO) system if it has one input terminal and two or more output terminals. 

"i')l 
~ u(r) 

u~[·J 
4 5 

0 I 2 3 k 

u[k) 

Figure 2.1 System. 

Black 
box 

y(t) 

y[k) 

y(r) i 
~ 

y[k] 

0 12345k 

5 



6 MATHEMATICAL DESCRIPTIONS OF SYSTEMS 

A system is called a continuous-time system if it accepts continuous-time signals as 
its input and generates continuous-time signals as its output. The input will be denoted bv 
lowercase italic u(t) for single input or by boldface u(t) for multiple inputs. If the system h;s 
p input terminals, then u(l) is a p x 1 vector or u = [III u2 · · • up]', where the prime denotes 
the transpose. Similarly, the output will be denoted by y(t) or y(t). The timet is assumed to 
range from -oo to oo. 

A system is called a discrete-time system if it accepts discrete-time signals as its input 
and generates discrete-time signals as its output. All discrete-time signals in a system will 
be assumed to have the same sampling period T. The input and output will be denoted by 
u[k] := u(kT) and y[k] := y(kT), where k denotes discrete-time instant and is an integer 
ranging from -oo to x. They become boldface for multiple inputs and multiple outputs. 

2. 1. 1 Causality and Lumpedness 

A system is called a memol)·less system if its output y(to) depends only on the input applied 
at to; it is independent of the input applied before or after t0 . This will be stated succinctly as 
follows: current output of a memory less system depends only on current input: it is independent 
of past and future inputs. A network that consists of only resistors is a memory less system. 

Most systems, however, have memory. By this we mean that the output at t0 depends on 
u(t) fort < to, t = t0 , and t > t0 . That is. current output of a system with memory may depend 
on past, current, and future inputs. 

A system is called a causal or nonanticipatory system if its current output depends on 
past and current inputs but not on future input. If a system is not causal, then its current output 
will depend on future input. In other words, a noncausal system can predict or anticipate what 
will be applied in the future. No physical system has such capability. Therefore every physical 
system is causal and causality is a necessary condition for a system to be built or implemented 
in the real world. This text studies only causal systems. 

Current output of a causal system is affected by past input. How far back in time will the 
past input affect the current output? Generally, the time should go all the way back to minus 
infinity. In other words. the input from -::x:J to timet has an effect on y(t). Tracking u(t) 
from t = -oo is. if not impossible, very inconvenient. The concept of state can deal with this 
problem. 

Definition 2.1 The state x(to) of a system at time t0 is the infonnation at to that. together 
with the input u(t), fort ::: t0• determines uniquely the output y(t) for all t :0: t0 . 

By definition, if we know the state att0 • there is no more need to know the inputu(t) applied 
before to in determining the output y(t) after t0 . Thus in some sense, the state summarizes the 
effect of past input on future output. For the network shown in Fig. 2.2, if we know the voltages 
XI (to) and x2Uol across the two capacitors and the current x3 (10 ) passing through the inductor, 
then for any input applied on and after 10 , we can determine uniquely the output for t ::: to. 
Thus the state of the network at time to is 

2.2 Linear Systems 7 

Figure 2.2 Network with 3 state variables. 

+ 

[

XI (to)] 
x(to) = x2 (to) 

XJ (to) 

It is a 3 x I vector. The entries of x are called state variables. Thus, in general, we may consider 
the initial state simply as a set of initial conditions. 

Using the state at to, we can express the input and output of a system as 

x(to) } 
u(t), t :0: to __.. y(t), t :0: to (2.1) 

It means that the output is partly excited by the initial state at to and partly by the input applied 
at and after to. In using (2.1 ), there is no more need to know the input applied before to all the 
way back to -oo. Thus (2.1) is easier to track and will be called a state-input-output pair. 

A system is said to be lumped if its number of state variables is finite or its state is a 
finite vector. The network in Fig. 2.2 is clearly a lumped system; its state consists of three 
numbers. A system is called a distributed system if its state has infinitely many state variables. 
The transmission line is the most well known distributed system. We give one more example. 

EXAMPLE 2.1 Consider the unit-time delay system defined by 

y(t) = u(t - 1) 

The output is simply the input delayed by one second. In order to determine [y(t), t ::: to) 
from {u(t), t :0: to). we need the information [u(l), to- 1 ::;: t < t0 ). Therefore the initial state 
of the system is {u(t), to- 1 ::::= t < to). There are infinitely many points in {to- I ::;: t < t0 ). 

Thus the unit-time delay system is a distributed system. 

2.2 Linear Systems 

A system is called a linear system if for every to and any two state-input--Dutput pairs 

fori= 1, 2, we have 

xJto) } 
__.. Yi(l), t :0: to 

ui(t), t ::: 10 
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and 

aX! (to) } 
au 1 (t). t ::': to 

_,. ay1 (t), t ::>: to (homogeneity) 

for any real constant a. The first property is called the additivity property, the second, the 
homogeneity property. These two properties can be combined as 

a1xi (to)+ a2x2Ctol } 
_,. a1Y1 (t) + a2yz(t), t ::':to 

alui(t)+a2uz(t), t::>:to 

for any real constants a 1 and a 2, and is call~d the superposition property. A system is called 
a nonlinear system if the superposition property does not hold. 

If the input u(t) is identically zero fort::>: t0 , then the output will be excited exclusively 
by the initial state x(t0). This output is called the zero-input response and will be denoted by 

Y:< or 
x(to) } _,. Y:< (t), t ::': to 
u(t) = 0, t ::>: to 

If the initial state x(t0 ) is zero, then the output will be excited exclusively by the input. This 
output is called the zero-state response and will be denoted by y :s or 

or 

x(to) = 0 } 
_,. Yzs(t), t ::':to 

u(t), t ::': to 

The additivity property implies 

Output due to { 
x(to) 

u(t), t ::>: to { 
x(to) 

output due to 
0 u(t) = , t ::': to 

{ 
x(to) = 0 

+ output due to 
u(t), t ::>:to 

Response = zero-input response + zero-state response 

Thus the response of every linear system can be decomposed into the zero-state response and 
the zero-input response. Furthermore, the two responses can be studied separately and their 
sum yields the complete response. For nonlinear systems, the complete response can be very 
different from the sum of the zero-input response and zero-state response. Therefore we cannot 
separate the zero-input and zero-state responses in studying nonlinear systems. 

If a system is linear, then the additivity and homogeneity properties apply to zero-state 
responses. To be more specific, if x(t0 ) = 0, then the output will be excited exclusively by 
the input and the state-input-output equation can be simplified as {u; _,. y, }. If the system is 
linear, then we have { u 1 + u2 _,. y 1 + y2 } and {au; _,. ay;} for all a and all U;. A similar 
remark applies to zero-input responses of any linear system. 

Input-ilutput description We develop a mathematical equation to describe the zero-state 
response of linear systems. In this study, the initial state is assumed implicitly to be zero and the 
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output is excited exclusively by the input. We consider first SISO linear systems. Let 8"' (t- t1) 

be the pulse shown in Fig. 2.3. It has width 6. and height 1/6. and is located at time t 1• Then 
every input u(t) can be approximated by a sequence of pulses as shown in Fig. 2.4. The pulse 
in Fig. 2.3 has height 1/ 6.; thus 8-"'(t- t;)6. has height 1 and the left-most pulse in Fig. 2.4 
with height u(t;) can be expressed as u(t;)8"'(t- tJ)6.. Consequently, the input u(t) can be 
expressed symbolically as 

Let g"'(t, t;) be the output at timet excited by the pulse u(t) = 8,(t- t;) applied at timet;. 
Then we have 

8"'(t- t;) _,. g"'(t. t;) 

8-"'(t- t;)u(t;)6. _,. g,:,.(t. t;)u(t,)6. (homogeneity) 

L)-"'U- t;)u(t;)6. _,. Lg,:,.(t,t,)u(til6. (additivity) 

Thus the output y(t) excited by the input u(t) can be approximated by 

y(t)""' Lg,:,.(t, t,)u(t;)6. 

Figure 2.3 Pulse at t1. -1 

r, r, + t. 

I' 
U(tl) I I I 

Figure 2.4 Approximation of input signal. 

(2.2) 
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Now if D. approaches zero, the pulse 8"' (t-t;) becomes an impulse att;, denoted by 8(t-t;), and 
the corresponding output will be denoted by g(t, t;). As D. approaches zero, the approximation 
in (2.2) becomes an equality, the summation becomes an integration, the discrete t; becomes 
a continuum and can be replaced by r, and D. can be written as dr. Thus (2.2) becomes 

y(t) = i: g(t, r)u(r) dr (2.3) 

Note that g(t, r) is a function of two variables. The second variable denotes the time at which 
the impulse input is applied; the first variable denotes the time at which the output is observed. 
Because g(t, r) is the response excited by an impulse, it is called the impulse response. 

If a system is causal, the output will not appear before an input is applied. Thus we have 

Causal ¢===> g~lt, r) = 0 fort< T 

A system is said to be relaxed at to if its initial state at to is 0. In this case, the output y(t), 
for t ::: to, is excited exclusively by the input u (t) for t ;::: to. Thus the lower limit of the 
integration in (2.3) can be replaced by t0 . If the system is causal as well, then g(t, r) = 0 for 
t < r. Thus the upper limit of the integration in (2.3) can be replaced by t. In conclusion, 
every linear system that is causal and relaxed at to can be described by 

y(t) = 1' g(t, r)u(r) dr 
ro 

(2.4) 

In this derivation, the condition of lumpedness is not used. Therefore any lumped or distributed 
linear system has such an input-output description. This description is developed using only 
the additivity and homogeneity properties; therefore every linear system, be it an electrical 
system, a mechanical system, a chemical process, or any other system, has such a description. 

If a linear system has p input terminals and q output terminals, then (2.4) can be 
extended to 

where 

y(t) = 1' G(t, r)u(r)dr 
ro 

[

gll(t,r) 

g21(t, r) 
G(t. r) = . 

gql(t, T) 

g!2(t, T) 

g22(t, r) 

(2.5) 

glp(t,r)l 
gzp(t, <) 

gqp(t. T) 

and giJ (t, r) is the response at time t at the i th output terminal due to an impulse applied at 
time r at the jth input terminal, the inputs at other terminals being identically zero. That is, 
giJ(t, r) is the impulse response between the jth input terminal and the ith output terminal. 
Thus G is called the impulse response matrix of the system. We stress once again that if a 
system is described by (2.5), the system is linear, relaxed at to, and causal. 

State-space description Every linear lumped system can be described by a set of equations 
of the form 
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x(t) = A(t)x(t) + B(t)U(I) 

y(t) = C(t)x(t) + D(t)u(t) 

(2.6) 

(2.7) 

where x := dxjdt. 1 For a p-input q-output system, u is a p x I vector andy is a q x 1 vector. 
If the system has n state variables, then x is an n x I vector. In order for the matrices in (2.6) 
and (2.7) to be compatible, A, B, C, and D must ben x n, n x p, q x n, and q x p matrices. 
The four matrices are all functions of time or time-varying matrices. Equation (2.6) actually 
consists of a set of n first-order differential equations. Equation (2. 7) consists of q algebrai~ 
e~uat10ns. The set of two equations will be called an n-dimensional state-space equation or, 
Simply, state equation. For distributed systems, the dimension is infinity and the two equations 
in (2.6) and (2. 7) are not used. 

The input-output description in (2.5) was developed from the linearity condition. The 
development of the state-space equation from the linearity condition. however, is not as simple 
and Will not be attempted. We will simply accept it as a fact. 

2.3 Linear Time-Invariant (LTI) Systems 

A system is said to be time invariant if for every state-input-output pair 

x(to) } 
u(t). t::: to ~ y(t), t::: to 

and any T, we have 

x(to + T) } 
u(t- T). t 2: to+ T -> y(t- T), t 2: to+ T (time shifting) 

It means that if the initial state is shifted to time t0 + T and the same input waveform is applied 
from to + T instead of from to. then the output waveform will be the same except that it starts 
to appear from time to + T. In other words, if the initial state and the input are the same, no 
matter at what time they are applied, the output waveform will always be the same. Therefore, 
for time-invariant systems, we can always assume, without loss of generality. that to = 0. If a 
system IS not time invariant. it is said to be time varying. 

Time invariance is defined for systems, not for signals. Signals are mostly time varvina. 
If a signal is time invariant such as u(t) = I for all t, then it is a very simple or a trivial si~nal. 
The characteristics of time-invariant systems must be independent of time. For example, the 
network in Fig. 2.2 is time invariant if R,, C;, and L, are constants. 

Some physical systems must be modeled as time-varying systems. For example, a burning 
rocket is a time-varying system, because its mass decreases rapidly with time. Although the 
performance of an automobile or a TV set may deteriorate over a long period of time, its 
characteristics do not change appreciable in the first couple of years. Thus a large number of 
physical systems can be modeled as time-invariant systems over a limited time ;eriod. 

l. We use A := B to denote that A. by definition. equals B. We use A =: B to denote that B. by definition, equals A. 
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Input-output description The zero-state response of a linear system can be described by 
(2.4). Now if the system is time invariant as well, then we have' 

g(t, T) = g(t + T, r + T) = g(t- r, 0) = g(t- r) 

for any T. Thus (2.4) reduces to 

y(t) = 1' g(t- r)u(r) dr = 1' g(r)u(t- r) dr (2.8) 

where we have replaced t0 by 0. The second equality can easily be verified by changing the 
variable. The integration in (2.8) is called a convolution integral. Unlike the time-varying case 
where g is a function of two variables, g is a function of a single variable in the time-invariant 
case. By definition g(t) = g(t- 0) is the output at timet due to an impulse input applied at 
time 0. The condition for a linear time-inv.iuiant system to be causal is g(t) = 0 fort < 0. 

EXAMPLE 2.2 The unit-time delay system studied in Example 2.1 is a device whose output 
equals the input delayed by I second. If we apply the impulse 8 (t) at the input terminal, the 
output is o(t- 1). Thus the impulse response of the system is o(t- 1). 

EXAMPLE 2.3 Consider the unity-feedback system shown in Fig. 2.5(a). It consists of a 
multiplier with gain a and a unit-time delay element. It is a SISO system. Let r(t) be the 
input of the feedback system. If r(t) = 8(t), then the output is the impulse response of the 
feedback system and equals 

X 

gf(t) = ao(t -1) +a28(t- 2) +a38(t- 3) + ... = 2.:>i8(t- i) 
t=l 

Let r(t) be any input with r(t) = 0 fort < 0; then the output is given by 

y(t) = 1' gf(t- r)r(r)dr =fa; 1' 8(t- r- i)r(r)dr 
0 i~l 0 

= ;air(r{~r-i = ;b(t- i) 

Because the unit-time delay system is distributed, so is the feedback system. 

(a) 

Unit-time 
delay 

element 

Figure 2.5 Positive and negative feedback systems. 

(b) 

Unit-time 
delay 

element 

(2.9) 

ylt) 

2. ~ote that g(r. r) and g(t- r) are two different functions. However. for convenience. the same symbol g is used. 
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Transfer-function matrix The Laplace transform is an important tool in the study of linear 
time-invariant (LTI) systems. Let y(s) be the Laplace transform of y(t), that is, 

y(s) =lax y(t)e-5'dt 

Throughout this text, we use a variable with a circumflex to denote the Laplace transform of 
the variable. For causal systems, we have g(t) = 0 fort < 0 or g(t- r) = 0 for r > t. Thus 
the upper integration limit in (2.8) can be replaced by oo. Substituting (2.8) and interchanging 
the order of integrations, we obtain 

}(s) = 100 (fx g(t- T)u(r)dr) e-su-ne-"dt 
t=O r=O 

= !"' (!"' g(t- r)e-s(r-ndt) u(r)e-srdr 
r=O t=O 

which becomes. after introducing the new variable v = t - r, 

}·(s) = 1: (1~-r g(v)e-st' dv) u(r)e-sr dr 

Again using the causality condition to replace the lower integration limit inside the parentheses 
from v = -r to v = 0. the integration becomes independent of rand the double integrations 
become -

y(s) = 1: g(v)e-sr dv 1: u(r)e-sr dr 

or 

.v(5) = g(5)u(5) 
(2.10) 

where 

g(s) = 1"' g(t)e-"dt 

is called the transfer function of the system. Thus the transfer function is the Laplace transform 
of the impulse response and. conversely, the impulse response is the inverse Laplace transform 
of the transfer function. We see that the Laplace transform transforms the convolution integral 
in (2.8) into the algebraic equation in (2.1 0). In analysis and design. it is simpler to use algebraic 
equatwns than to use convolutions. Thus the convolution in (2.8) will rarely be used in the 
remainder of this text. 

or 

For a p-input q-output system, (2.10) can be extended as 

l
.~l(s)ll~ll(S) 
Y2(s) g21 (s) 

. . . . . . 
S·q(s) gqr(s) 

812(5) 

gn(s) 

y(s) = G(s)u(s) 

glp(s)llul(5)l 
~2~(s) :2:(5) 

gqp(S) Up(S) 

(2.11) 
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where giJ(s) is the transfer function from the jth input to the ith output. The q x p matrix 

G(s) is called the transfer-function matrix or, simply, transfer matrix of the system. 

EXAMPLE 2.4 Consider the unit-time delay system studied in Example 2.2. Its impulse 

response is o(t- 1). Therefore its transfer function is 

g(s) = L[o(t- 1)] = 1C<) o(t- 1)e-"dt = e-''ir=l = e-s 

This transfer function is an irrational function of s. 

EXAMPLE 2.5 Consider the feedback system shown in Fig. 2.5(a). The transfer function of 
the unit-time delay element is e-s. The transfer function from r toy can be computed directly 

from the block diagram as } 
ae-s 

gf(s)=~ 
(2.12) 

This can also be obtained by taking the Laplace transform of the impulse response, which was 

computed in (2.9) as 
00 

g1 (t) = 2::>jo(t- il 
i=l 

Because L[o(t- i)] = e-is, the Laplace transform of gf(t) is 

"' 00 

g
1

(s) = L[g1(t)] = L:a'e-is = ae-s L(ae-')' 

Using 

i=l i=O 

00 . 1 
'"'r' =
L..., 1-r 
i=O 

for [r I < !, we can express the infinite series in closed form as 

which is the same as (2.12). 

The transfer function in (2.12) is an irrational function of s. This is so because the feedback 
system is a distributed system. If a linear time-invariant system is lumped, then its transfer 
function will be a rational function of s. We study mostly lumped systems; thus the transfer 

functions we will encounter are mostly rational functions of s. 
Every rational transferfunction can be expressed as g(s) = N(s)/ D(s), where N(s) and 

D(s) are polynomials of s. Let us use deg to denote the degree of a polynomial. Then g(s) can 

be classified as follows: 

• g(s) proper 9 deg D(s) ::': deg N(s) 9 g(oo) =zero or nonzero constant. 
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• g(s) strictly proper 9 deg D(s) > degN(s) 9 g(oo) = 0. 

• g(s) biproper? deg D(s) = deg N(s) 9 g(oo) =nonzero constant. 

• g(s) improper 9 deg D(s) < deg N(s) 9 [g(x)[ = oo. 

Improper rational transfer functions will amplify high-frequency noise, which often exists in 
the real world; therefore improper rational transfer functions rarely arise in practice. 

A real or complex number A is called a pole of the proper transfer function g(s) = 
N(s)/ D(s) if [g(A)[ = oo; a zero if g(A) = 0. If N(s) and D(s) are coprime, that is, have 
no common factors of degree I or higher, then all roots of N(s) are the zeros of g(s), and all 
roots of D(s) are the poles of g(s). In terms of poles and zeros, the transfer function can be 
expressed as 

g(s) = k (s- ~!)(s- Z2) ... (s- Zml 
(s - p!)(s - P2l · · · (s - p,) 

This is called the zero-pole-gain f0rm. In MATLAB, this form can be obtained from the transfer 
function by calling [ z, p, k] = tf2zp (num, den). 

A rational matrix G(s) is said to be proper if its every entry is proper or if G( oo) is a zero 

or nonzero constant matrix: it is strictly proper if its every entry is strictly proper or if G(:x:J) is 

a zero matrix. If a rational matrix G(s) is square and if both G(s) and(;.-! (s) are proper. then 

G(s) is said to be biproper. We call A a pole of G(s) if it is a pole of some entry of G(s). Thus 

every pol~ of every entry of G(s) is a pole of G(s). There are a number of ways of defining 

zeros for G(s). We call A a blocking zero if it is a zero of every nonzero entry of G(s). A more 
useful definition is the transmission zero, which will be introduced in Chapter 9. 

State-space equation Every linear time-invariant lumped system can be described by a set 
of equations of the form 

x(l) = Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 
(2.13) 

For a system with p inputs, q outputs, and n state variables, A, B, C, and Dare, respectively, 
n x n. n x p, q x n. and q x p constant matrices. Applying the Laplace transform to (2.13) 
yields 

which implies 

sx(s) - x(O) = Ax(s) + Bu(s) 

J(s) = CxCs) + Du(s) 

x(s) = (sl- A)- 1x(O) + (sl- A)- 1Bu(s) 

J(s) = C(sl- A)- 1x(O) + C(si- A)- 1Bu(s) + Du(s) 

(2.14) 

(2.15) 

They are algebraic equations. Given x(O) and u(s). x(s) and :Y(s) can be computed algebraically 
from (2.14) and (2.15). Their inverse Laplace transforms yield the time responses x(t) and 
y(t). The equations also reveal the fact that the response of a linear system can be decomposed 
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as the zero-state response and the zero-input response. If the initial state x(O) is zero, then 
(2.15) reduces to 

Y(s) = [C(sl- A)- 1B + D]u(s) 

Comparing this with (2.11) yields 

' I G(s) = C(sl- A)- B + D 

This relates the input-output (or transfer matrix) and state-space descriptions. 

(2.16) 

The functions t f 2 s s and s s 2 t f in MATLAB compute one description from the other. 
They compute only the SISO and SIMO cases. For example, [num, den]= ss2 tf (a, b, c, 
d, 1) computes the transfer matrix from the first input to all outputs or, equivalently, the first 

column of G(s). If the last argument 1 in ss2 tf (a, b, c, d, 1) is replaced by 3, then the 

function generates the third column of G(sl. 
To conclude this section, we mention that the Laplace transform is not used in studying 

linear time-varying systems. The Laplace transform of g(t, r) is a function of two variables 
and L[A(t)x(t)] f. L[A(t)]L[x(t)]; thus the Laplace transform does not offer any advantage 
and is not used in studying time-varying systems. 

2.3.1 Op-Amp Circuit Implementation 

Every linear time-invariant (LTI) state-space equation can be implemented using an operational 
amplifier ( op-amp) circuit. Figure 2.6 shows two standard op-amp circuit elements. All inputs 
are connected. through resistors, to the inverting terminal. Not shown are the grounded 
noninverting terminal and power supply. If the feedback branch is a resistor as shown in Fig. 
2.6(a), then the output of the element is -(ax1 +bx2 +cx3). If the feedback branch is a capactor 
with capacitance C and RC = 1 as shown in Fig. 2.6(b ), and if the output is assigned as x, then 
.~ = -(av, +bt·2 + cv3). We call the first element an adder; the second element, an integrator. 
Actually, the adder functions also as multipliers and the integrator functions also as multipliers 
and adder. If we use only one input, say, x1• in Fig. 2.6(a), then the output equals -ax,, and 
the element can be used as an inverter with gain a. Now we use an example to show that every 
LTI state-space equation can be implemented using the two types of elements in Fig. 2.6. 

Consider the state equation 

-0.3] [x' (t)] + [ -2] u(t) 
-8 X2(t) 0 

(2.17) 

Ria R 

::~/b 
R/c 

x
3 

- -(ax1 + bx~ + cx3) 

:::~R;: C RC=l 

R/c x 
l'~ -

-i = av1 + bvz + ( V3 

(a) (b) 

Figure 2.6 Two op-amp circuit elements. 
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[
x 1(t)] 

y(t) = [ -2 3] + Su(t) 
X2(t) 

(2.18) 

It has dimension 2 and we need two integrators to implement it. We have the freedom in 
choosing the output of each integrator as +x; or -x;. Suppose we assign the output of the 
left-hand-side (LHS) mtegrator as x, and the output of the right-hand-side (RHS) integrator 
as -x2 as shown in Fig. 2.7. Then the input of the LHS integrator should be, from the first 
equation of (2.17), -x, = -2x, + 0.3xz + 2u and is connected as shown. The input of the 
RHS mtegrator should be -~2 = x, - 8x2 and is connected as shown. If the output of the adder 
IS chosen as y, then its input should equal -y = 2x1 - 3x2 - 5u, and is connected as shown. 
Thus the state equation in (2.17) and (2.18) can be implemented as shown in Fi11. 2.7. Note that 
there are m_any ways to implement the same equation. For example, if we as;ign the outputs 
of the two mtegrators m F1g. 2.7 as x, and Xz, instead of x 1 and -x2, then we will obtain a 
different implementation. 

In actual operational amplifier circuits, the range of signals is limited, usually 1 or 2 volts 
below the supplied voltage. If any signal grows outside the range, the circuit will saturate or 
bum out and the circuit will not behave as the equation dictates. There is. however, a way to 
deal wnh th1s problem. as we will discuss in Section 4.3.1. 

2.4 Linearization 

Most physical systems are nonlinear and time varying. Some of them can be described bv the 
nonlinear differential equation of the form • 

R 

R 

c 

x, R -x2 u 
.'" 

R/8 

R 

RC =I 

t~ 

R 
R 

R -II 

Figure 2. 7 Op-amp implementation of (2.17) and (2.18). 
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x(t) == h(x(t), u(t), t) 

y(t) == f(x(t), u(t), t) 

(2.19) 

where hand fare nonlinear functions. The behavior of such equations can be very complicated 
and its study is beyond the scope of this text. 

Some nonlinear equations, however, can be approximated by linear equations under 
certain conditions. Suppose for some input function U 0 (t) and some initial state, X0 (t) is the 
solution of (2.19); that is, 

(2.20) 

Now suppose the input is perturbed slightly to become U0 (t) + ii(t) and the initial state is also 
perturbed only slightly. For some nonlinea,f equations, the corresponding solution may differ 
from X0 (t) only slightly. In this case, the s'olution can be expressed as X0 (t) + x(t) with x(t) 
small for all t .3 Under this assumption, we can expand (2.19) as 

X0 (1) + x(t) == h(x0 (1) + x(t), U 0 (t) + ii(t), I) 

ah _ ah _ 
== b(X0 (1), Uo(t), t) + OXX + OU U + · · · (2.21) 

They are called Jacobians. Because A and Bare computed along the two time functions X0 (t) 
and u0 (t), they are, in general, functions oft. Using (2.20) and neglecting higher powers of x 
and ii. we can reduce (2.21) to 

x(t) == A<tJx(tJ + BCtJii<tJ 

This is a linear state-space equation. The equation y(t) == f(x(t), u(t), t) can be similarly 
linearized. This linearization technique is often used in practice to obtain linear equations. 

2.5 Examples 

] 

In this section we use examples to illustrate how to develop transfer functions and state-space 
equations for physical systems. 

EXAMPLE 2.6 Consider the mechanical system shown in Fig. 2.8. It consists of a block with 
mass m connected to a wall through a spring. We consider the applied force u to be the input 

3. This is not true in general. For some nonlinear equations, a very small difference in initial states will generate 
completely different solutions, yielding the phenomenon of chaos. 
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and displacement Y from the equilibrium to be the output. The friction between the floor and the 
block generally consists of three distinct parts: static friction, Coulomb friction, and viscous 
fnct10n as shown in Fig. 2.9. Note that the horizontal coordinate is velocity j· == dyjdt. The 

fnctlon .Is clearly not a linear function of the velocity. To simplify analysis, we disregard 
the static and Coulomb fnctwns and consider only the viscous friction. Then the friction 
becomes linear and can be expressed as k 1 j·(t), where k1 is the viscous friction coefficient. The 

~haracteristics of the spring are shown in Fig. 2.10: it is not linear. However, if the displacement 
IS luruted to (YI, Y2l as shown, then the spring can be considered to be linear and the spring 
force.equals k2y, where k2 is the spring constant. Thus the mechanical system can be modeled 
as a lmear system under linearization and simplification. 

Figure 2.8 Mechanical system. y=O 

Force Force 

Static Viscous friction 

Velocity 

Coulomb 

(a) (b) 

Figure 2.9 Mechanical system.( a) Static and Coulomb frictions. (b) Viscous friction. 

Figure 2.10 Characteristic of spring. Force 

Break 

f-

Y1 

Displacement 
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We apply Newton's law to develop an equation to describe the system. The applied force 
u must overcome the friction and the spring force. The remainder is used to accelerate the 
block. Thus we have 

(2.22) 

where y == d 2y(t)/dt 2 andy == dy(t)fdt. Applying the Laplace transform and assuming zero 
initial conditions, we obtain 

which implies 

I , 
jl(s) == u(s) 

ms 2 + k1s + kz 
i 

This is the input-output description of the ~ystem. Its transfer function is l/(ms 2 + k1s + kz). 
If m == I, k1 == 3, k2 == 2, then the impulse response of the system is 

g(t) == r 1 [ I ] == £.._ 1 [-1- __ 1_] = e-1 _ e-21 

s2 + 3s + 2 s + I s + 2 

and the convolution description of the system is 

y(t) == 11 

g(t- r)u(r) dr == 11 

(e-(l-r)- e-Z(t-r))u(r) dr 

Next we develop a state-space equation to describe the system. Let us select the displace
ment and velocity of the block as state variables; that is, x 1 = y, xz == y. Then we have, using 
(2.22), 

They can be expressed in matrix form as 

[xi(I)] [ 0 
xz(t) == -kdm 

I ] [XI (t)] [ 0 ] ( ) 
-k 1 jm xz(t) + 1/m u 

1 

y(t)==[l O][xJ(r)] 
xz(t) 

This state-space equation describes the system. 

EXAMPLE 2.7 Consider the system shown in Fig. 2.11. It consists of two blocks, with masses 
m 1 and m2, connected by three springs with spring constants k,, i == I, 2. 3. To simplify the 
discussion, we assume that there is no friction between the blocks and the floor. The applied 

Figure 2.11 Spring-mass system. 

<! 
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force u 1 must overcome the spring forces and the remainder is used to accelerate the block, 
thus we have 

or 

mLYi + (k1 + kzlY1 - kzyz = u1 

For the second block. we have 

They can be combined as 

[ mi O][~I]+[k1+kz -kz J[y1]==[u 1 ] 
0 mz Yz -kz k1 + kz Yz Uz 

(2.23) 

(2.24) 

This is a standard equation in studying vibration and is said to be in normal form. See Reference 
[18]. Let us define 

Xi :== Yi Xz :== YI X3 := Y2 X~ :== Y2 
Then we can readily obtain 

["] [ -(k, o+k,J 
0 

~Wll~' ; 1 [:;] 
0 

kz 
X2 - mt ml 
x3 - 0 0 0 
. k, -(k1 + kz) X4 _::. 0 

mz ml mz 

[ Y1] [I 0 0 OJ y :== == 
0 1 0 X Yz 0 

This two-input two-output state equation describes the system in Fig. 2.11. 

To develop its input-output description, we apply the Laplace transform to (2.23) and 
(2.24) and assume zero initial conditions to yield 

m1s 2.vi(s) + Ck1 + kzl.\·1(s)- kzSz(s) == tt1(s) 

mzs
2
yz(s)- kzy1(s) + (k1 + kz)yz(s) == ttz(s) 

From these two equations, we can readily obtain 

[ 

mzs 2 + k1 + kz 

[ .~I(s)] == d(s) 
Yz(s) kz 

d(s) 
where 

d(s) :== (m 1s2 + k1 + kz)(mzs2 + k1 + kz) - k~ 

This is the transfer-matrix description of the system. Thus what we will discuss in this text can 
be applied directly to study vibration. 
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EXAMPLE 2.8 Consider a cart with an inverted pendulum hinged on top of it as shown in Fig. 
2.12. For simplicity, the cart and the pendulum are assumed to move in only one plane, and the 
friction, the mass of the stick, and the gust of wind are disregarded. The problem is to maintain 
the pendulum at the vertical position. For example, if the inverted pendulum is falling in the 
direction shown, the cart moves to the right and exerts a force, through the hinge, to push the 
pendulum back to the vertical position. This simple mechanism can be used as a model of a 

space vehicle on takeoff. 
Let H and V be, respectively, the horizontal and vertical forces exerted by the cart on the 

pendulum as shown. The application of Newton's law to the linear movements yields 

d2y 
M- =u-H 

dt 2 

dz I .. . ? • 

H = m-(y +I sin B)= my +mlBcosB- m/(8)- sm8 
dt2 

d2 •• • 2 
mg- V = m-(1 cos8) = m/[-8 sin8- (8) cos8] 

dt 2 

The application of Newton's law to the rotational movement of the pendulum around the hinge 

yields 

mgl sin 8 = mliJ ·I+ m_Vl cos 8 

They are nonlinear equations. Because the design objective is to maintain the pendulum 
at the vertical position, it is reasonable to assume 8 and e to be small. Under this assumption, 
we can use the approximation sin 8 = 8 and cos 8 = 1. By retainin~_only the linear terms in 8 
and e or, equivalently, dropping the terms with t! 2

• (0)2
• ee' and (!8' we obtain v = mg and 

which imply 

My= u -my -mliJ 

g8 = IiJ + y 

My= u -mg8 

MliJ = (M + m)g8 - u 

Figure 2.12 Cart with inverted pendulum. 

(2.25) 

(2.26) 

r 
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Using these linearized equations, we now can develop the input-Dutput and state-space 
descriptions. Applying the Laplace transform to (2.25) and (2.26) and assuming zero initial 
conditions, we obtain 

Ms 2y(s) = u(s)- mgB(s) 
2 A A 

Mls 8(s) = (M + m)g8(s) - u(s) 

From these equations, we can readily compute the transfer function gyu (s) from u toy and the 
transfer function §ou (s) from u to 8 as 

A s2 - g 
g yu (s) = -

2
::c:-c--::----=--

s [Ms 2 - (M + m)g] 

A -1 
ggu (s) = -~---

Ms2- (M +m)g 

To develop a state-space equation, we select state variables as x 1 = y, xz = v. X3 = 8, 
and X4 = (}.Then from this selection, (2.25), and (2.26) We Can readily obtain . 

[ ~~] = [~ ~ -m~/M ~] [;~] + [ l/

0

M l u 
XJ 0 0 0 I XJ 0 

i 4 0 0 (M +m)g/Ml 0 x4 -1/Ml 
y = [I 0 0 O]x (2.27) 

This state equation has dimension 4 and describes the system when 8 and B are very small. 

EXAMPLE 2.9 A communication satellite of mass m orbiting around the earth is shown in 
Fig. 2.13. The altitude of the satellite is specified by r(t), 8(t), and ¢(t) as shown. The orbit 
can be controlled by three orthogonal thrusts u,(t), u0 (t), and u<l>(t). The state, input, and 
output of the system are chosen as 

r(t) 

r(r) [u,(t)] [ r(t)] 8(t) 
x(t)= 

B(t) 
u(t) = u0 (t) y(t) = 8(t) 

</J(t) 
U¢(1) ¢(t) 

tP(t) 

Then the system can be shown to be described by 

; 

rB 2 cos2 ¢ + r¢2 - kjr 2 + u,/m 

8 
-2rB jr + 28¢ sin¢/ cos¢+ u0 jmr cos¢ 

(2.28) x = h(x, u) = 

¢ 
"2 . 

-8 cos¢sin¢-2r¢/r+u<t>/mr 
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Figure 2.13 Satellite in orbit. 

One solution, which corresponds to a circular equatorial orbit, is given by 

U 0 = 0 

with r;w; = k, a known physical constant. Once the satellite reaches the orbit, it will remain 
in the orbit as long as there are no disturbances. If the satellite deviates from the orbit, thrusts 
must be applied to push it back to the orbit. Define 

X(l) = X0 (t) + X(t) u(t) = U 0 (t) + ii(t) y(t) =Yo+ y(t) 

If the perturbation is very small, then (2.28) can be linearized as 

0 0 0 0 0 

3w; 0 0 2w0 r0 0 0 

0 0 0 0 0 
x(t) = 

0 
-2W0 

0 0 0 0 
x(r) 

ro 

0 0 0 0 0 

0 0 0 0 ' 0 -(J)~ 

0 0 0 
1 

0 0 
m 

0 0 0 
+ 0 

I 
0 

ii(t) 

mr0 

0 0 0 
I 

0 0 
mr0 
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0 0 0 0 

jU)~ k 0 0 0 :J '"' (2.29) 

0 0 0 

This six-dimensional state equation describes the system. In this equation, A, B, and C happen 
to be constant. If the orbit is an elliptic one. then they will be time varying. We note that the 
three matrices are all block diagonal. Thus the equation can be decomposed into two uncoupled 
parts. one involving r and e, the other</>. Studying these two parts independently can simplify 
analysis and design. 

ExAMPLE 2.10 In chemical plants, it is often necessary to maintain the levels of liquids. A 
simplified model of a connection of two tanks is shown in Fig. 2.1..\. It is assumed that under 
normal operation, the inflows and outflows of both tanks all equal Q and their liquid levels 
equal H 1 and Hz. Let u be inflow perturbation of the first tank, which will cause variations 
in liquid level XI and outflow YI as shown. These variations will cause level variation x2 and 
outflow variation y in the second tank. It is assumed that 

X] -Xz 
}'I=--

R! 
and 

Xo 
y = --=

Rz 

where R; are the flow resistances and depend on the normal height H1 and H2 • They can also 
be controlled by the valves. Changes of liquid levels are governed by 

A1 dx1 = (u- yi) dt and Az dxz = (YI- y) dt 

where A; are the cross sections of the tanks. From these equations. we can readily obtain 

. U X!- X2 
XJ =-----

AI AIR! 
. X] -X., X., 

X; = ---- - ----
- A2R1 A2R2 

Thus the state-space description of the system is given by 

[·:~] = [ ~~~~~~2 
y = (0 l/R2]x 

Figure 2.14 Hydraulic 
tanks. Q +u 
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Its transfer function can be computed as 

• 1 
g(s) == ' 

A1A2R1R2s- + (A1R1 + A1R2 + A2R2)s + 1 

2.5.1 RLC networks 

In RLC networks, capacitors and inductors can store energy and are associated with state 
variables. If a capacitor voltage is assigned as a state variable x, then its current is C x, where 
C is its capacitance. If an inductor current is assigned as a state variable x, then its voltage is 
Lx, where L is its inductance. Note that resistors are memory less elements, and their currents 
or voltages should not be assigned as state variables. For most simple RLC networks, once 
state variables are assigned, their state eqJations can be developed by applying Kirchhoff's 
current and voltage laws, as the next example illustrates. 

EXAMPLE 2.11 Consider the network shown in Fig. 2.15. We assign the C;-capacitor voltages 
as x;, i == I, 2 and the inductor current as x3• It is important to specify their polarities. Then 
their currents and voltage are, respectively, C1 x~o C2x2, and Lx3 with the polarities shown. 
From the figure, we see that the voltage across the resistor is u - x1 with the polarity shown. 
Thus its current is (u- xi)/ R. Applying Kirchhoff's current law at node A yields C2x2 == x3; 
at node B it yields 

Thus we have 

• X1 X3 U 
X] == ----- + --

RCI c1 RC1 

I 
X2 ==-X) c2 

Appling Kirchhoff's voltage law to the right-hand-side loop yields Lx3 == x1 - x2 or 

The output y is given by 

. X1- X2 
X3 == --L-

y == Lx3 == x1 - x2 

Figure 2.15 Network. 

1 
I 
[ 

They can be combined in matrix form as 

0 
0 

-1/L 

y == [I - 1 O]x + 0 · u 

2.5 Examples 

-1/CI] [l/RC1] 
l/C2 X+ 0 u 

0 0 

This three-dimensional state equation describes the network shown in Fig. 2.15. 
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The procedure used in the preceding example can be employed to develop state equations 
to describe simple RLC networks. The procedure is fairly simple: assign state variables and 
then use branch characteristics and Kirchhoff's laws to develop state equations. The procedure 
can be stated more systematically by using graph concepts, as we will introduce next. The 
procedure and subsequent Example 2.12, however, can be skipped without loss of continuity. 

First we introduce briefly the concepts of tree, link, and cutset of a network. We consider 
only connected networks. Every capacitor, inductor, ·resistor, voltage source, and current source 
will be considered as a branch. Branches are connected at· nodes. Thus a network can be 
considered to consist of only branches and nodes. A ·loop is a connection of branches starting 
from one point and coming back to the same point without passing any point twice. The 
algebraic sum of all voltages along every loop is zero (Kirchhoff's voltage law). The set of all 
branches connect to a node is called a cutset. More generally, a cutset of a connected network 
is any minimal set of branches so that the removal of·the set causes the remaining network 
to be unconnected. For example, removing all branches connected to a node leaves the node 
unconnected to the remaining network. The algebraic sum of all branch currents in every 
cutset is zero (Kirchhoff's current law). 

A tree of a network is defined as any connection of branches connecting all the nodes but 
containing no loops. A branch is called a tree branch if it is in the tree, a link if it is not. With 
respect to a chosen tree, every link has a unique loop, called the fundamental loop, in which 
the remaining loop branches are all tree branches. Every tree branch has a unique cutset. called 
the fundamental cutset, in which the remaining cutset branches are all links. In other words, a 
fundamental loop contains only one link and a fundamental cutset contains only one tree branch. 

~ Procedure for developing state-space equations' 

1. Consider an RLC network. We first choose a normal tree. The branches of the normal 
tree are chosen in the order of voltage sources, capacitors, resistors, inductors, and current 
sources. 

2. Assign the capacitor voltages in the normal tree and the inductor currents in the links as 
state variables. Capacitor voltages in the links and inductor currents in the normal tree are 
not assigned. 

3. Express the voltage and current of every branch in terms of the state variables and, 
if necessary, the inputs by applying Kirchhoff's voltage law to fundamental loops and 
Kirchhoff's current law to fundamental cutsets. 

4. The reader may skip this procedure and go directly to Example 2.13. 
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4. Apply Kirchhoff's voltage or current law to the fundamental loop or cutset of every branch 
that is assigned as a state variable. 

EXAMPLE 2.12 Consider the network shown in Fig. 2.16. The normal tree is chosen as shown 
with heavy lines; it consists of the voltage source, two capacitors, and the J.Q resistor. The 
capacitor voltages in the normal tree and the inductor current in the link will be assigned as 
state variables. If the voltage across the 3-F capacitor is assigned as x 1, then its current is 3:( 1. 

The voltage across the 1-F capacitor is assigned as xz and its current is iz. The current through 
the 2-H inductor is assigned as x3 and its voltage is 2x3. Because the 2-Q resistor is a link. we 
use its fundamental loop to find its voltage as u 1 - Xt. Thus its current is (u 1 - x 1)/2. The 
1-Q resistor is a tree branch. We use its fundamental cutset to find its current as x 3 . Thus its 
voltage is I · X3 = x3 . This completes Stel? 3. 

The 3-F capacitor is a tree branch and its fundamental cutset is as shown. The algebraic 
sum of the cutset currents is 0 or 

UJ -XI . 
--- - 3xl + Uo - XJ = 0 2 -

which implies 

it = -ixl - !x3 + iu1 + ~uz 
The 1-F capacitor is a tree branch, and from its fundamental cutset we have i 2 - x3 = 0 or 

The 2-H inductor is a link. The voltage along its fundamental loop is 2i3 + X3 - Xt + xz = 0 
or 

Figure 2.16 Network with two inputs. 

Fundamental 
cutset of@ 

/ / 

Fundamenlal 
cutset of Q) 

/ 
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They can be expressed in matrix form as 

'~ [ ~~ ~l (2.30) 

If we consider the voltage across the 2-H inductor and the current through the 2-Q resistor as 
the outputs, then we have 

Yt = 2i3 = Xt- xz- X3 =[I - I - 1]x 

and 

Yz = 0.5(ui - xt) = [ -0.5 0 O]x + [0.5 O]u 

They can be written in matrix form as 

y = [ -~.5 -I 

0 
-1] [0 OJ 0 X+ 0.5 Q U 

Equations (2.30) and (2.31) are the state-space description of the network. 

(2.31) 

The transfer matrix of the network can be computed directly from the network or using 
the formula in (2.16): 

We will use MATLAB to compute this equation. We type 

a=[-1/6 0 -1;3;0 0 1;0.5 -0.5 -:.S];b=[l/6 1/3;C 0;0 GJ; 

C=[1 -l -1;-0.5 0 O];d=[O 0;0.5 0]; 

[N:,d1]=ss2tf(a,b,c,d,1) 

which yields 

Nl= 

dl= 

0.0000 0.1667 -0.0000 -0.0000 
0.5000 0.2500 0.3333 -0.0000 

1.0000 0.6667 0.7500 0.0833 

This is the first column of the transfer matrix. We repeat the computation for the second input. 
Thus the transfer matrix of the network is 

[ 

0.1667s2 

G(s) = s3 + 0.~667s 2 +
2
0.75s + 0.083 

O.Ss + 0.25s + 0.3333s 

s3 + 0.6667s2 + 0.75s + 0.083 

0.3333s
2 l 

s3 + 0.6667s2 + 0.75s + 0.0833 
-0.1667s 2 - 0.0833s- 0.0833 

s3 + 0.6667s2 + 0.75s + 0.0833 
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EXAMPLE 2.13 Consider the network shown in Fig. 2.17(a), where T is a tunnel diode with 
the characteristics shown in Fig. 2.17(b). Let x 1 be the voltage across the capacitor and x2 be 
the current through the inductor. Then we have u = XI and 

x 2(t) = Ci1 (t) + i(t) = Ci1 (t) + h(xi (t)) 

Liz(t) = E- Rxz(t)- x1 (t) 

They can be arranged as 

. -h(xi(t)) xz(t) 
XJ(t)= c +c 
. -xi(t)- Rx2(t) E 
xz(t) = I L + L 

I 

(2.32) 

This set of nonlinear equations describes the network. Now if XI (t) is known to lie only inside 
the range (a, b) shown in Fig. 2.17(b), then h(x1 (t)) can be approximated by h(."!:J (t)) = 
XI (t)/ R1. In this case, the network can be reduced to the one in Fig. 2.17(c) and can be 
described by 

[ it]=[-1/CRt 1/C ][XI]+[ 0 ]E 
i 2 -1/L -R/L x 2 1/L 

-1/Rz Ft- Li1 -:I 
L Xz 

-T + 
Rx2 R 

~ y 
v Xi 

L L C.ii 

(a) (b) 

L x, L x1 

~ 
1+ 

Xi C i• 
___h_ 

L 

R r R 

t+c 
Xi v Ri 

L 

(c) (d) 

Figure 2.17 Network with a tunnel diode. 

-R, 

1 
I 
I 

i 
i 
i 
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This is an LTI state-space equation. Now if x1 (t) is known to lie only inside the range (c, d) 
shown in Fig. 2.17(b). we may introduce the variablesi1 (t) = x1 (t) -u0 , andi2 (t) = xz(t)-i0 

and approximate h(x1 (t)) as i0 - i1 (t)j Rz. Substituting these into (2.32) yields 

[.tJ] [l/CR2 1/C ][x1 ] [ 0 ]-
lz = -1/L -R/L x2 + 1/L E 

where E = E- U0 - Ri0 • This equation is obtained by shifting the operating point from (0. 0) 
to (u 0 , i 0 ) and by linearization at (v 0 , i 0 ). Because the two linearized equations are identical 
if -Rz is replaced by R1 and E byE, we can readily obtain its equivalent network shown in 
Fig. 2.17(d). Note that it is not obvious how to obtain the equivalent network from the original 
network without first developing the state equation. 

2.6 Discrete-Time Systems 

This section develops the discrete counterpart of continuous-time systems. Because most 
concepts in continuous-time systems can be applied directly to the discrete-time systems, 
the discussion will be brief. 

The input and output of every discrete-time system will be assumed to have the same 
sampling period T and will be denoted by u[k] := u(kT), y[k]:= y(kT), where k is an integer 
ranging from -oc to +:x:>. A discrete-time system is causal if current output depends on current 
and past inputs. The state at time ko, denoted by x[kol. is the information at time instant ko, 
which together with u[k], k ::: ko, determines uniquely the output y[k], k ::: k0 . The entries of 
x are called state variables. If the number of state variables is finite, the discrete-time system 
is lumped; otherwise. it is distributed. Every continuous-time system involving time delay, 
as the ones in Examples 2.1 and 2.3, is a distributed system. In a discrete-time system, if the 
time delay is an integer multiple of the sampling period T, then the discrete-time system is a 
lumped system. 

A discrete-time system is linear if the additivity and homogeneity properties hold. The 
response of every linear discrete-time system can be decomposed as 

Response = zero-state response + zero-input response 

and the zero-state responses satisfy the superposition property. So do the zero-input responses. 

Input-output description Let o[k] be the impulse sequence defined as 

o[k- m] = { ~ ifk =m 
if k f= m 

where both k and m are integers. denoting sampling instants. It is the discrete counterpart of 
the impulse o(t- tJ). The impulse o(t- tt) has zero width and infinite height and cannot be 
generated in practice: whereas the impulse sequence 8[k - m] can easily be generated. Let 
u[k] be any input sequence. Then it can be expressed as 

"" 
u[k] = L u[m]8[k- m] 

m=-Xl 

Let g[k, m] be the output at time instant k excited by the impulse sequence applied at time 
instant m. Then we have 
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8[k- m] -> g[k, m] 

8[k- m]u[m]-> g[k. m]u[m] (homogeneity) 

L)lk- m]u[m]-> Lg[k, m]u[m] (additivity) 

Thus the output y[k] excited by the input u[k] equals 

00 

y[k] = L g[k. m]u[m] 
m=-:JoO 

(2.33) 

This is the discrete counterpart of (2.3) and its derivation is considerably simpler. The sequence 
g[k. m] is called the impulse response sequence. 

If a discrete-time system is causal, no output will appear before an input is applied. Thus 
we have 

Causal<===> g[k, m] = 0, fork < m 

If a system is rela'led at k0 and causal, then (2.33) can be reduced to 

k 

y[k] = L g[k, m]u[m] 
m=ko 

as in (2.4). 

(2.34) 

If a linear discrete-time system is time invariant as well, then the time shifting property 
holds. In this case, the initial time instant can always be chosen as ko = 0 and (2.34) becomes 

k k 

y[k] = L g[k- m]u[m] = L g[m]u[k- m] (2.35) 
m=O m=O 

This is the discrete counterpart of (2.8) and is called a discrete convolution. 
The ~-transform is an important tool in the study of LTI discrete-time systems. Let y(z) 

be the z-transform of y[k] defined as 

00 

Ycz) := Z[y[k]] := LY[k]z-k (2.36) 
k~o 

We first replace the upper limit of the integration in (2.35) to oo,5 and then substitute it into 
(2.36) to yield 

}·(z) = f (f g[k- m]u[m]) z-<k-m)z-m 
k~o m~o 

= f (fg[k- m]z-<k-:1)) u[m]z-m 
m~O k~O 

= (f g[/]z-1
) (f u[m]z-m) =: g(z)u(z) 

l~o m~o 

5. This is permitted under the causality assumption. 

l 
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where we have interchanged the order of summations, introduced the new variable I = k- m, 
and then used the fact that g[l] = 0 for I < 0 to make the inner summation independent of m. 
The equation 

_v(z) = g(z)u(z) (2.37) 

is the discrete counterpart of(2.10). The function g(z) is the ;:-transform of the impulse response 
sequence g[k] and is called the discrete transfer function. Both the discrete convolution and 
transfer function describe only zero-state responses. 

EXAMPLE 2.14 Consider the unit-sampling-time delay system defined by 

y[k] = u[k- l] 

The output equals the input delayed by one sampling period. Its impulse response sequence is 
g[k] = 8[k- 1] and its discrete transfer function is 

g(z) = Z[8[k- 1]] = z- 1 = ~ 

It is a rational function of z. Note that every continuous-time system involving time delay is a 
distributed system. This is not so in discrete-time systems. 

ExAMPLE 2.15 Consider the discrete-time feedback system shown in Fig. 2.18(a). It is the 
discrete counterpart of Fig. 2.5(a). If the unit-sampling-time delay element is replaced by its 
transfer function z- 1• then the block diagram becomes the one in Fig. 2.18(b) and the transfer 
function from r to -" can be computed as 

a-- 1 a 
g(z) = _-_ = -

l-ac1 z-a 

This is a rational function of z and is similar to (2.12). The transfer function can also be 
obtained by applying the ;:-transform to the impulse response sequence of the feedback system. 
As in (2.9), the impulse response sequence is 

g1 [k] = ao[k- 11 + a28[k- 21 + ... = 2:: amo[k- m] 
m=l 

The ;:-transform of 8[k - m] is z-m. Thus the transfer function of the feedback system is 

which yields the same result. 

The discrete transfer functions in the preceding two examples are all rational functions 
of z. This may not be so in general. For example, if 

form:;:: 0 

fork= I, 2 .... 
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(a) 

Unit-time 
delay 

Figure 2.18 Discrete-time feedback system. 

Then we have 

y[k] 

g(z) = z- 1 + !z-2 + z-3 + · · · = -ln(l- z- 1
) 

.-1 

(b) 

It is an irrational function of;:. Such a system is a distributed system. We study in this text only 
lumped discrete-time systems and their discrete transfer functions are all rational functions 
of z. 

Discrete rational transfer functions can be proper or improper. If a transfer function is 
improper such as g(z) = (z2 + 2z- 1)/(z- 0.5), then 

which implies 

or 

Hz) 
u(z) 

z2 + 2z- 1 

z- 0.5 

y[k + 1]- 0.5y[k] = u[k + 2] + 2u[k + 1]- u[k] 

y[k + 1] = 0.5y[k] + u[k + 2] + 2u[k + 1]- u[k] 

It means that the output at time instant k + l depends on the input at time instant k + 2, 
a future input. Thus a discrete-time system described by an improper transfer -function is 
not causal. We study only causal systems. Thus all discrete rational transfer functions will 
be proper. We mentioned earlier that we also study only proper rational transfer functions 
of s in the continuous-time case. The reason, however, is different. Consider g(s) = s or 
y(t) = du(t)jdt. It is a pure differentiator. If we define the differenliation as 

du(t) . u(t + 6)- u(t) 
v(l) = -- = hm ------
- dt t.~o 6 

where 6 > 0, then the output y(t) depends on future input u(t + 6) and the differentiator is 
not causal. However, if we define the differentiation as 

du(t) . u(t) - u(t - 6) 
v(t) = -- = hm ------
. dt t.~o 6 

then the output y(t) does not depend on future input and the differentiator is causal. Therefore 
in continuous-time systems, it is open to argument whether an improper transfer function 
represents a noncausal system. However. improper transfer functions of s will amplify high-
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frequency noise, which often exists in the real world. Therefore improper transfer functions 

are avoided in practice. 

State-space equations Every linear lumped discrete-time system can be described by 

x[k + 1] = A[k]x[k] + B[k]u[k] 

y[k] = C[k]x[k] + D[k]u[k] 
(2.38) 

where A, B, C, and Dare functions of k. If the system is time invariant as well, then (2.38) 

becomes 

x[k +I]= Ax[k] + Bu[k] 

y[k] = Cx[k] + Du[k] 

where A. B. C, and Dare constant matrices. Let x(z) be the ;::-transform of x[k] or 

Then we have 

oc 

x(.:) = Z[x[k]] := L x[k]z-k 
k=O 

oc 

Z[x[k + 1]] = L x[k + 1]z-k = z L x[k + 1];:-<k+1
) 

= z [£ x[l]z-1 + x[O]- x[O]] = .:(x(z) - x[O]) 
1=1 

Applying the z-transforrn to (2.39) yields 

which implies 

zx(z) - zx[O] = Ax(z) + Bii(z) 

YCzJ = Cx(zl + Dii(z) 

x(z) = (zl- Al- 1zx[O] + (zl- A)- 1Bii(z) 

y(.:) = C(zl- A)- 1zx[O] + C(zl- A)- 1Bii(.:) + Dii(.:) 

(2.39) 

(2.40) 

(2.41) 

They are the discrete counterparts of (2.14) and (2.15). Note that there is an extra.: in front of 

x[O]. Ifx[O] = 0, then (2.41) reduces to 

y(z) = [C(zl- A)- 1B + D]ii(z) (2.42) 

Comparing this with the MIMO case of (2.37) yields 

G(z) = C(zl- A)- 1B + D (2.43) 

This is the discrete counterpart of (2.16). If the Laplace transform variables is replaced by the 

z-transforrn variable .:. then the two equations are identical. 
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EXAMPLE 2.16 Consider a money market account in a brokerage firm. If the interest rate 
depends on the amount of money in the account, it is a nonlinear system. If the interest rate is 
the same no matter how much money is in the account, then it is a linear system. The account 
is a time-varying system if the interest rate changes with time; a time-invariant system if the 
interest rate is fixed. We consider here only the LTI case with interest rater = 0.015'7c per day 
and compounded daily. The input u[k] is the amount of money deposited into the account on 
the kth day and the output y[k] is the total amount of money in the account at the end of the 
kth day. If we withdraw money, then u[k] is negative. 

If we deposit one dollar on the first day (that is. u[O] = I) and nothing thereafter 
(u[k] = 0. k = I. 2 . ... ). then y[O] = u[O] = I and v[l) = I + 0.00015 = 1.00015. 
Because the money is compounded daily, we have 

y[2] = y[IJ + y[l)· 0.00015 = y[l]· 1.00015 = ( 1.00015) 2 

! 

and. in general, 

y[k] = (1.00015l 

Because the input {I. 0. 0, ... } is an impulse sequence, the output is. by definition. the impulse 
response sequence or 

g[k] = (1.00015l 

and the input-Dutput description of the account is 

k k 

y[k] = L g[k- m]u[m] = L.:o.oo015l-"'u[ml (2.44) 
m=O 

The discrete transfer function is the z-transform of the impulse response sequence or 

X 

g(z) = Z[g[kJJ = "L:<J.OOOI5Jk~-k = "L:ci.000!5~- 1 l 

I- 1.00015~- 1 ~- 1.00015 
(2.45) 

Whenever we use (2.44) or (2.45), the initial state must be zero. or there is initially no money 
in the account. 

Next we develop a state-space equation to describe the account. Suppose v[k] is the total 
amount of money at the end of the kth day. Then we have 

y[k +I)= y[k] + 0.00015y[k] + u[k +I]= 1.00015y[k) + u[k +I) 

If we define the state variable as x[k] := v[k]. then 

x[k +I]= I.OOOISx[k] + u[k +I] 

y[k] = x[k] 

(2.46) 

(2.47) 

Because of u[k + 1]. (2.47) is not in the standard form of (2.39). Thus we cannot select 
x[k] := y[k] as a state variable. Next we select a different state variable as 
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i x[k] := y[k] - u[k] 
·'~ 

"~ Substituting y[k 1+ I)= x[k +I)+ u[k +I] and y[k] = x[k] + lt[k] into (2.46) yields 
~-

x[k +I]= 1.00015x[k] + 1.000I5u[k] 
(2.48) 

y[k] = x[k] + u[k] 

This is in the standard form and describes the money market account. 

The linearization discussed for the continuous-time case can also be applied to the discrete
time case with only slight modification. Therefore its discussion will not be repeated. 

2.7 Concluding Remarks 

We introduced in this chapter the concepts of causality, lumpedness. linearity. and time invari
ance. Mathematical equations were then developed to describe causal systems, as summarized 
in the following. 

System type 

Distributed. linear 

Lumped, linear 

Distributed, linear, 
time-invariant 

Lumped, linear, 
time-invariant 

Internal description 

x = A(t)x + B(t)u 

y = C(t)x + D(r)u 

x = Ax+Bu 

y = Cx +Du 

External description 

y(t) = 1' G(t. r)u(r) dr 

'" 

y(t) = 1' G(t. r)u(r)dr 

'" 

y(t) = [' G(t- r)u(r)dr 
fo 

y(s) = G(s)u(s). G(s) irrational 

y(r) = 1' G(t- r)u(r)dr 

y(s) = G(s)uJs). G(s) rational 

Distributed systems cannot be described by finite-dimensional state-space equations. External 
description describes only zero-state responses; thus whenever we use the description. systems 
are implicitly assumed to be relaxed or their initial conditions are assumed to be zero. 

We study in this text mainly lumped linear time-invariant systems. For this class of 
systems, we use mostly the time-domain description (A. B. C. D) in the internal description 

and the frequency-domain (Laplace-domain) description G(s) in the external description. 
Furthermore. we will express every rational transfer matrix as a fraction of two polynomial 
matrices, as we will develop in the text. By so doing, all designs in the SISO case can be 
extended to the multi variable case. 
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The class of lumped linear time-invariant systems constitutes only a very small part of 
nonlinear and linear systems. For this small class of systems, we are able to give a complete 
treatment of analyses and syntheses. This study will form a foundation for studying more 
general systems. 

2.1 Consider the memoryless systems with characteristics shown in Fig. 2.19, in which u 
denotes the input and y the output. Which of them is a linear system? Is it possible to 
introduce a new output so that the system in Fig. 2.19(b) is linear? 

y y 

(a) (b) 

Figure 2.19 

2.2 The impulse response of an ideallowpass filter is given by 

sin 2w(t -to) 
g(t) =2w----

2w(t -to) 

y 

(c) 

for all t, where wand to are constants. Is the ideallowpass filter causal? Is it possible to 
build the filter in the real world? 

2.3 Consider a system whose input u and output y are related by 

y(t) = (Pau)(t) := { u(t) fort ~a 
0 fort> a 

where a is a fixed constant. The system is called a truncation operator, which chops off 
the input after time a. Is the system linear? Is it time-invariant? Is it causaJ? 

2.4 The input and output of an initially relaxed system can be denoted by y = H11, where 
H is some mathematical operator. Show that if the system is causal, then 

Pay= PaHu = PaHPau 

where Pa is the truncation operator defined in Problem 2.3. Is it true Pa H u = H Pa u? 

2.5 Consider a system with input u and output y. Three experiments are performed on the 
system using the inputs u 1 (t), u2(t), and u3(t) fort :::: 0. In each case, the initial state 
x(O) at timet = 0 is the same. The corresponding outputs are denoted by YI, Y2· and Y3· 
Which of the following statements are correct if x(O) lo 0? 

f 

2.6 

1. If113 = u, + u2, then Y3 = Y1 + Y2· 

2. If u3 = 0.5(u, + u2), then Y3 = 0.5(y, + Y2l-

3. Ifu3 = u, -112, theny3 = y,- Y2· 

Which are correct ifx(O) = 0? 

Consider a system whose input and output are related by 

y(t) = { ~ 2 (t)/u(t- I) ifu(t- I) lo 0 
if u(t- I)= 0 
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for all t. Show that the system satisfies the homogeneity property but not the additivity 
property. 

2.7 Show that if the additivity property holds, then the homogeneity property holds for all 
rational numbers a. Thus if a system has some '"continuity" property, then additivity 
implies homogeneity. 

2.8 Let g(t, r) = g(t +a, r +a) for all t, r, and a. Show that g(t, r) depends only on t- r. 
[Hint: Define x = t +randy = t -rand show that 8g(t. r)/8x = 0.] 

2.9 Consider a system with impulse response as shown in Fig. 2.20(a). What is the zero-state 
response excited by the input 11(1) shown in Fig. 2.20(b). 

u(t) 

g(t) 

'I 
0 I 2 

(a) 

-I 

ib) 

Figure 2.20 

2.10 Consider a system described by 

ji + 2y- 3y = u- u 

What are the transfer function and the impulse response of the system? 

2.11 Let ji(t) be the unit-step response of a linear time-invariant system. Show that the impulse 
response of the system equals dji(t)/dt. 

2.12 Consider a two-input and two-output system described by 
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D2J(PlYJ(tl + D22<PlY2(t) = N21(p)u1(tl + Nn(p)uz(t) 

where N;1 and D,1 are polynomials of p := d/dt. What is the transfer matrix of the 
system0 

2.13 Consider the feedback systems shown in Fig. 2.5. Show that the unit-step responses of 
the positive-feedback system are as shown in Fig. 2.2l(a) for a = I and in Fig. 2.2l(b) 
for a= 0.5. Show also that the unit-step responses of the negative-feedback system are 
as shown in Figs. 2.21 (c) and 2.2l(d). respectively, for a = I and a = 0.5. 

a=] 

• t 
0 1 2 3 4 6 

y(t) 
(a) 

0 r-~4-~-+~L_+-~~~ 
4 

-I 
6 

(c) 

Figure 2.21 

2.14 Draw an op-amp circuit diagram for 

4 

(b) 

I 
6 

,:~;I c::= 
0123-1567 

(d) 

y = [3 IO]x - 2u 

a= 0.5 

• t 

> I 

2.15 Find state equations to describe the pendulum systems in Fig. 2.22. The systems are 
useful to model one- or two-link robotic manipulators. If e. e1• and e2 are very small, 
can you consider the two systems as linear'' 

2.16 Consider the simplified model of an aircraft shown in Fig. 2.23. It is assumed that the 
aircraft is in an equilibrium state at the pitched angle e0• elevator angle u0 , altitude h0 • 

and cruising speed va. It is assumed that small deviations of e and u from e0 and zto 
generate forces ft = k 1e and h = k1u as shown in the figure. Let m be the mass of 
the aircraft, I the moment of inertia about the center of gravity P, bfi the aerodynamic 
damping. and h the deviation of the altitude from h0 . Find a state equation to describe 
the system. Show also that the transfer function from u to h. by neglecting the effect of 
I, is 
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(a) ibi 

Figure 2.22 

Figure 2.23 

, h(s) kJ./,- k,bs 
g(s) =- = -- -

u(s) ms 2(bs + ktlil 

2.17 The soft landing phase of a lunar module descending on the moon can be modeled as 

shown in Fig. 2.24. The thrust generated is assumed to be proportional to 1n. where m is 

the mass of the module. Then the system can be described by m.\' = -ktil - mg. where 

g is the gravity constant on the lunar surface. Define state variables of the system as 

x 1 = y, x2 = 5·. XJ = m. and u = m. Find a state-space equation to describe the system. 

2.18 Find the transfer functions from u to y1 and from y 1 to y of the hydraulic tank system 

shown in Fig. 2.25. Does the transfer function from u toy equal the product of the two 

transfer functions'' Is this also true for the system shown in Fig. 2.14? [Answer: No. 

because of the loading problem in the two tanks in Fig. 2.14. The loading problem is an 

important issue in developing mathematical equations to describe composite systems. 

See Reference [7].] 
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\ 

l Thrust = km 
I 

Lunar surface 

Figure 2.24 

• 

Figure 2.25 

Q+y 

2.19 Find a state equation to describe the network shown in Fig. 2.26. Find also its trans· 

fer function. 

u 
(current 
source) 

IF Figure 2.26 

2.20 Find a state equation to describe the network shown in Fig. 2.2. Compute also its transfer 

matrix. 

2.21 Consider the mechanical system shown in Fig. 2.27. Let I denote the moment of inertia 
of the bar and block about the hinge. It is assumed that the angular displacement () is 
very small. An external force u is applied to the bar as shown. Let y be the displacement 

I 
t 

! 
I 
I 

Problems 43 

of the block, with mass mz, from equilibrium. Find a state-space equation to describe 
the system. Find also the transfer function from u to y. 

Figure 2.27 

+" 
~==4====:::==========l- _I_ 

__ r 



Chapter 

/ 

Linear Algebra 

3. 1 Introduction 

44 

This chapter reviews a number of concepts and results in linear algebra that are essential in the 
study of this text. The topics are carefully selected, and only those that will be used subsequently 
are introduced. Most results are developed intuitively in order for the reader to better grasp 
the ideas. They are stated as theorems for easy reference in later chapters. However. no formal 

proofs are given. 
As we saw in the preceding chapter. all parameters that arise in the real world are real 

numbers. Therefore we deal only with real numbers, unless stated otherwise, throughout this 
text. Let A, B. C. and D be, respectively. n x m. m x r.l x n. and r x p real matrices. Let a, 
be the ith column of A, and bj the jth row of B. Then we have 

AB=[at a2 ··· amll::1 =atb1+a2b2+···+ambm (3.1) 

bm 
(3.2) 

and 

l

bt1lbtD1 bo boD 
BD = - D = -

b~n b,~D 
(3.3) 
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These identities can easily be verified. Note that a, b, is ann x r matrix; it is the product of an 
n x I colunm vector and a I x r row vector. The product b;a, is not defined unless n = r: it 
becomes a scalar if n = r. 

3.2 Basis, Representation, and Orthonormalization 

Consider ann-dimensional real linear space, denoted by 'R". Every vector in 'R" is ann-tuple 
of real numbers such as 

[

XJ1 .r: 
X= 

.\~1! 
To save space, we write it as x = [x 1 x2 · · · x,]', where the-prime denotes the transpose. 

The set of vectors (x 1• X:, .... Xm} in 'R" is said to be linearly dependent if there exist 
real numbers a 1• a2 , a,. not all zero, such that 

(3.-1-) 

If the only set of a, for which (3.4) holds is a 1 = 0. a 2 = 0 ..... am = 0. then the set of 
vectors {x1, x2 ..... x,} is said to be linearly independent. 

If the set of vectors in (3.4) is linearly dependent, then there exists at least one a;. say, 
a 1, that is different from zero. Then (3.4) implies 

I 
Xt = --[a2x2 +a3x3 + 

al 
+ ctmXm] 

where {3; = -a, I a 1• Such an expression is called a linear combination. 
The dimension of a linear space can be defined as the maximum number of linearly 

independent vectors in the space. Thus in 'R", we can find at most n linearly independent 
vectors. 

Basis and representation A set of linearly independent vectors in 'R" is called a basis if 
every vector in 'R" can be expressed as a unique linear combination of the set. In 'R". any set 
of n linearly independent vectors can be used as a basis. Let { q 1• q 2• • .. , q,} be such a set. 
Then every vector x can be expressed uniquely as 

(3 5) 

Define the n x n square matrix 

Q := [QI Ql · · · Qn J (3.6) 

Then (3.5) can be written as 
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(3.7) 

We call x = [a 1 a 2 · · · anl' the representation of the vector x with respect to the basis 

{qJ, qz, · · ·, qn). 
We will associate with every 'R" the following orthonormal basis: 

I 0 0 0 

0 I 0 0 

0 0 0 0 
il = h= in-1 = in= (3.8) 

0 0 1 0 

0 0 0 

With respect to this basis, we have 

where In is then x n unit matrix. In other words, the representation of any vector x with respect 

to the orthonormal basis in (3.8) equals itself. 

EXAMPLE 3.1 Consider the vector x = [I 3]' in 'R2 as shown in Fig. 3.1, The two vectors 
q1 = [3 1]' and q2 = [2 2]' are clearly linearly independent and can be used as a basis. If we 
draw from x two lines in parallel with q2 and q 1, they intersect at -q1 and 2qz as shown. Thus 
the representation of x with respect to (q1, q 2) is [-I 2]'. This can also be verified from 

To find the representation of x with respect to the basis [ qz, iz}. we draw from x two lines 
in parallel with i2 and q2 . They intersect at O.Sqz and 2h. Thus the representation of x with 

respect to [ qz, iz} is [0.5 2]'. (Verify.) 

Norms of vectors The concept of norm is a generalization of length or magnitude. Any 
real-valued function of x, denoted by llxll. can be defined as a norm if it has the following 

properties: 

1. llxll ?: 0 for every x and I lXII = 0 if and only if x = 0. 

2. llaxll = lalllxll.foranyreala. 

3. llx1 + xzll CS llxiii + llxzll for every X1 andxz. 

I 
I 
I 

3.2 Basis, Representation, and Orthonormalization 

Figure 3.1 Different representations of 
vector x. 

The last inequality is called the triangular inequality. 

X 

47 

Let x = [x t x2 Xn ]'. Then the norm of x can be chosen as any one of the following: 

llxiii :=I)~, I 
i=l 

llxllz := v£' = (~ lxd
2

) 

112 

llxlloo :=max, lxd 

They are called, respectively, !-norm. 2- or Euclidean norm. and infinite-norm. The 2-norm 
is the length of the vector from the origin. We use exclusively. unless stated otherwise, the 
Euclidean norm and the subscript 2 will be dropped. 

In MATLAB. the norms just introduced can be obtained by using the functions 
norm(x, 1). norrr.1x, 2) ~norm(x), andnormlx, inf). 

Orthonormalization A vector xis said to be normalized if its Euclidean nonn is 1 orx'x = I. 
Note that x'x is scalar and xx' is n x n. Two vectors Xt and x2 are said to be orthogonal if 
x; Xz = xSxt = 0. A set of vectors X;, i = I, 2 .... , m, is said to be orthonormal if 

1 { 0 if i f. j 
X, Xj = 

I if i = j 

Given a set of linearly independent vectors e1, e2 , •..• em. we can obtain an orthonormal 
set using the procedure that follows: 
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u1 := e1 

Uz := ez - (q'1 ez)qi 

q1 := ui/JJuiJI 

qz := Uz/lluzll 

Um :=em- r:;:iCqiem)qk qm := Um/JJumll 

The first equation normalizes the vector e1 to have norm 1. The vector (q; ez)q1 is the projection 
of the vector e2 along q1• Its subtraction from e2 yields the vertical part Uz. It is then normalized 
to 1 as shown in Fig. 3.2. Using this procedure, we can obtain an orthononnal set. This is called 
the Schmidt orthonorma/ization procedure. 

Let A = [ai a2 · · · am) be an n x m matrix with m :S: n. If all columns of A or 
{a;, i = I , 2 .... , m] are orthonormal, then 

[

a; 1 ' 
A' A~ ".' [o, "' '. · 

am 

where Im is the unit matrix of order m. Note that, in general, AA' oft In. See Problem 3.4. 

3.3 Linear Algebraic Equations 

Consider the set of linear algebraic equations 

Ax =Y (3.9) 

where A and y are, respectively, m x n and m x I real matrices and x is an n x I vector. The 
matrices A andy are given and x is the unknown to be solved. Thus the set actually consists of 
m equations and n unknowns. The number of equations can be larger than, equal to, or smaller 
than the number of unknowns. 

We discuss the existence condition and general form of solutions of (3.9). The range 
space of A is defined as all possible linear combinations of all columns of A. The rank of A is 

u~ _ _____________ e 
2 u, -

Figure 3.2 Schmidt orthonormization procedure. l 
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defined as the dimension of the range space or, equivalently, the number oflinearly independent 
columns in A. A vector xis called a null vector of A if Ax = 0. The null space of A consists 
of all its null vectors. The nullity is defined as the maximum number of linearly independent 
null vectors of A and is related to the rank by 

Nullity (A) = number of columns of A - rank (A) (3.10) 

ExAMPLE 3.2 Consider the matrix 

A=[~ ~ i :J =:[ai az a3 a.] (3.11) 

where a; denotes the ith column of A. Clearly a1 and a2 are linearly independent. The third 
column is the sum of the first two columns or a1 + a2 - a3 = 0. The last column is twice the 
second column. or 2az - a. = 0. Thus A has two linearly independent columns and has rank 
2. The set {a1, a2 ] can be used as a basis of the range space of A. 

Equation (3.10) implies that the nullity of A is 2. It can readily be verified that the two 
vectors 

(3.12) 

meet the condition An; = 0. Because the two vectors are linearly independent, they form a 
basis of the null space. 

The rank of A is defined as the number of linearly independent columns. It also equals 
the number of linearly independent rows. Because of this fact, if A is m x n, then 

rank(A) :S: min(m, n) 

In MATLAB. the range space. null space, and rank can be obtained by calling the functions 
or::h. null. and rank:. For example, for the matrix in (3.11 ), we type 

a= [ 0 1 1 2; l 2 3 ~; 2 0 2 0 J ; 

rank Ia) 

which yields 2. Note that MATLAB computes ranks by using singular-value decomposition 
(svd), which will be introduced later. The svd algorithm also yields the range and null spaces 
of the matrix. The MATLAB function R=orth 1 a) yields' 

!l.ns R= 

0.3782 -0.3084 

0.8877 -0.1468 

0.2627 0.9399 

1. This is obtained using ~1.-\TLAB Version 5. Earlier versions may yield different results. 

(3.13) 
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The two columns of R form an orthonormal basis of the range space. To check the orthonor
mality, we type R' *R, which yields the unity matrix of order 2. The two columns in Rare not 
obtained from the basis [a1, a2 } in (3.11) by using the Schmidt orthonormalization procedure; 
they are a by-product of svd. However, the two bases should span the same range space. This 
can be verified by typing 

rank( [al a2 Rl) 

which yields 2. This confirms that [a1, az} span the same space as the two vectors of R. We 
mention that the rank of a matrix can be very sensitive to roundoff errors and imprecise data. 
For example, if we use the five-digit display of R in (3.13), the rank of [ al a2 R J is 3. The 
rank is 2 if we use the R stored in MATLAB, which uses 16 digits plus exponent. 

The null space of (3.11) can be obtafned by typing null (a), which yields 

Ans N~ 

0.3434 -0.5802 

0.8384 0.3395 
(3.14) 

-0.3434 0.5802 

-0.2475 -0.4598 

The two columns are an orthonormal basis of the null space spanned by the two vectors [n1• n 2} 

in (3.12). All discussion for the range space applies here. That is, rank ( [nl n2 N] ) 
yields 3 if we use the five-digit display in (3.14). The rank is 2 if we use the N stored in 
MATLAB. 

With this background, we are ready to discuss solutions of (3.9). We use p to denote the 
rank of a matrix. 

> Theorem 3.1 

1. Given an m x n matrix A and an m x I vector y, ann x I solution X exists in Ax = y if and only 
if y lies in the range space of A or, equivalently. 

p(A) = p ([A y]) 

where [A y] is an m x (n +I) matrix withy appended to A as an additional column. 

2. Given A. a solution x exists in Ax = y for every y, if and only if A has rank m (full row rank). 

The first statement follows directly from the definition of the range space. If A has full 
row rank, then the rank condition in (I) is always satisfied for every y. This establishes the 
second statement. 

>- Theorem 3.2 (Parameterization of all solutions) 

Given an m x n matrix A and an m x I vector y,let Xp be a solution of Ax = y and let k := n- p (A) 
be the nullity of A. If A has rank n (full column rank) or k = 0, then the solution Xp is unique. If k > 0, 
then for every real a;, i = I, 2, ... , k, the vector 

I 
I 
I 
' I 
I 
I 

: 

> 
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x = Xp + rttllt + · · · + aknk (3.15) 

is a solution of Ax = y. where {ni, ... , nk} is a basis of the null space of A. 

Substituting (3.15) into Ax = y yields 

k 

Axp + .L:a;An; = Axp +0 = y 
i=l 

Thus, for every a;, (3.15) is a solution. Let x be a solution or Ax= y. Subtracting this from 
AxP = y yields 

A(x- xp) = o 
which implies that x - Xp is in the null space. Thus x can be expressed as in (3.15). This 
establishes Theorem 3.2. 

EXAMPLE 3.3 Consider the equation 

[

0 I I 

Ax= I 2 3 

2 0 2 
(3.16) 

This y clearly lies in the range space of A and Xp = [0 - 4 0 0]' is a solution. A basis of the 
null space of A was shown in (3.12). Thus the general solution of (3.16) can be expressed as 

(3.17) 

for any real a 1 and 0!2. 

In application, we will also encounter xA = y, where them x n matrix A and the I x n 
vector Y are given, and the I x m vector xis to be solved. Applying Theorems 3.1 and 3.2 to 
the transpose of the equation, we can readily obtain the following result. 

Corollary 3.2 

1. Given an m x n matrix A. a solution x exists in xA = y, for any y, if and only if A has full column 
rank. 

2. Given anm X n matrix A and an I x n vectory, letXp be asolutionofxA = y and letk = m- p(A). 
If k = 0, the solution Xp is unique. If k > 0. then for any a,, i = I, 2 ..... k. the vector 

X= Xp + O!tllt + · · · + O!kllk 

is a solution of xA = y. where n;A = 0 and the set {n 1, ••• , nk} is linearly independent. 

In MATLAB, the solution of Ax = y can be obtained by typing A \y. Note the use of 
backslash, which denotes matrix left division. For example. for the equation in (3.16). typing 
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a=[O 1 1 2;1 2 3 4;2 0 2 O];y=[-4;-3;0]; 
a\y 

yields [ 0 -4 0 0] '. The solution of xA = y can be obtained by typing y I A. Here we use 
slash, which denotes matrix right division. 

Determinant and inverse of square matrices The rank of a matrix is defined as the number 
of linearly independent columns or rows. It can also be defined using the detenninant. The 
determinant of a I x I matrix is defined as itself. For n = 2. 3, .... the determinant of n x n 
square matrix A= [a;1] is defined recursively as. for any chosen j, 

det A = L a,1c,J 

' I 

(3.18) 

where aiJ denotes the entry at the ith row and jth column of A. Equation (3.18) is called 
the Laplace expansion. The number c,1 is the cofactor corresponding to a,1 and equals 
(-I)'+ i det MiJ, where MiJ is the (n - I) x (n - I) submatrix of A by deleting its i th row 
and jth column. If A is diagonal or triangular, then det A equals the product of all diagonal 
entries. 

The determinant of any r x r submatrix of A is called a minor of order r. Then the rank 
can be defined as the largest order of all nonzero minors of A. In other words. if A has rank r, 
then there is at least one nonzero minor of order r, and every minor of order larger than r is 
zero. A square matrix is said to be nonsingular if its determinant is nonzero. Thus a nonsingular 
square matrix has full rank and all its columns (rows) are linearly independent. 

The inverse of a nonsingular square matrix A = [a,1] is denoted by A-t. The inverse has 
the property AA -I = A -I A = I and can be computed as 

_ 1 Adj A I , 
A = -- = --[c,1] (3.19) 

detA detA 

where c;1 is the cofactor. If a matrix is singular. its inverse does not exist. If A is 2 x 2. then 
we have 

A-I:=[all 
a2l 

(3.20) 

Thus the inverse of a 2 x 2 matrix is very simple: interchanging diagoml entries and changing 
the sign of off-diagonal entries (without changing position) and dividing the resulting matrix 
tw the determinant of A. In general. using (3.19) to compute the inverse is compli,ated. If A is 
triangular, it is simpler to compute its inverse by solving AA -I = I. :\Ne that the inverse of a 
triangular matrix is again triangular. The MATLAB function ::.:-s computes the inverse of A. 

Theorem 3.3 

Consider Ax = y with A square. 

!. If A is nonsingular, then the equation has a unique solution for every y and L~e solution equals A -I y. 
In particular, the only solution of Ax = 0 is X = 0. 

r 
' I 

! 

3.4 Similarity Transiormation 53 

2. The homogeneous equation Ax = 0 has nonzero solutions if and only if A is singular. The number 
of linearly independent solutions equals the nullity of A. 

3.4 Similarity Transformation 

Consider an n X n matrix A. It maps 'R n into itself. If we associate with 'R n the orthonormal 
basis {it. h .... , in} in (3.8), then the ith column of A is the representation of Ai; with re
spect to the orthonormal basis. Now if w~ select a different set of basis {q 1, q2, ... , qn }. then 
the matrix A has a different representation A. It turns out that the i th column of A is the representation 
of Aq; with respect to the basis {qJ, qz, ... , qn). This is illustrated by the example that follows. 

ExAMPLE 3.4 Consider the matrix 

(3.21) 

Let b = [0 0 1]'. Then we have 

Ab{fl A'b=A(Abl= [] 
It can be verified that the following relation holds: 

(3.22) 

Because the three vectors b, Ab, and A ~bare linearly independent, they can be used as a basis. 
We now compute the representation of A with respect to the basis. It is clear that 

A(b) = [b Ab A
2
b] [:J 

A(Ab) = [b Ab A
2
b] [:J 

A(A
2
b) = [b Ab A

2
b] [ -~n 

where the last equation is obtained from (3.22). Thus the representation of A with respect to 
the basis {b. Ab, A2b} is 

(3 23) 
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The preceding discussion can be extended to the general case. Let A be ann x n matrix. If 
there exists ann x 1 vector b such that then vectors b, Ab, ... , A"- 1 bare linearly independent 

and if 

then the representation of A with respect to the basis {b, Ab, 

0 0 
0 

0 

0 p 
o 1o 

0 f3n-I 

f3n 

This matrix is said to be in a companion form. 

Consider the equation 

Ax=y 

The square matrix A maps x in 'R" into y in 'R". With respect to the basis { ql, 

the equation becomes 

where x andy are the representations of x andy with respect to the basis (qt, 

As discussed in (3.7), they are related by 

x = Qx y=Qy 

with 

Q = (qi q2 · · · qn] 

ann x n nonsingular matrix. Substituting these into (3.25) yields 

Comparing this with (3.26) yields 

A= Q-1AQ or A= QAQ-1 

(3.24) 

(3.25) 

q2, ... ' qn}, 

(3.26) 

q2, · · · • qn}. 

(3.27) 

(3.28) 

(3.29) 

This is called the similarity transformation and A and A are said to be similar. We write 
(3.29) as 

AQ=QA 

or 

A[qt q2 · · · qnl = [Aqt Aq2 · · · Aqnl = [qt q2 · · · qnlA 
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This shows that the ith column of A is indeed the representation of Aq; with respect to the 
basis (qt. q2 .... , qnl· 

3.5 Diagonal Form and Jordan Form 

A square matrix A has different representations with respect to different sets of basis. In this 
section, we introduce a set of basis so that the representation will be diagonal or block diagonal. 

A real or complex number A is called an eigenvalue of the n x n real matrix A if there 
exists a nonzero vector x such that Ax = AX. Any nonzero vector x satisfying Ax = AX is 
called a (right) eigenvector of A associated with eigenvalue A.. In order to find the eigenvalue 
of A, we write Ax = AX = Alx as 

(A-H)x =0 (3.30) 

where I is the unit matrix of order n. This is a homogeneous equation. If the matrix (A - H) is 
nonsingular, then the only solution of (3.30) is x = 0 (Theorem 3.3). Thus in order for (3.30) 
to have a nonzero solution x, the matrix (A - AI) must be singular or have detenninant 0. 
We define 

t.(A) = det(AI- A) 

It is a monic polynomial of degree n with real coefficients and is called the characteristic 
polynomial of A. A polynomial is called monic if its leading coefficient is I. If). is a root of 
the characteristic polynomial, then the detenninant of (A- AI) is 0 and (3.30) has at least one 
nonzero solution. Thus every root of t.(A) is an eigenvalue of A. Because t.(A) has degree n, 
then x n matrix A has n eigenvalues (not necessarily all distinct). 

We mention that the matrices 

and their transposes 

1 

0 
0 
-0') 

all have the following characteristic polynomial: 

-az 
0 
1 

0 

-0') 

0 

0 

t.(A) =A 4 + O'tA3 + a2A2 + a3), + a4 

TJ 

These matrices can easily be formed from the coefficients of t.(A.) and are called companion
form matrices. The companion-form matrices will arise repeatedly later. The matrix in (3.24) 
is in such a form. 
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Eigenvalues of A are all distinct Let A.;. i = I. 2, ... , n, be the eigenvalues of A and 
be all distinct. Let q, be an eigenvector of A associated with A.;; that is, Aq, = A.; q,. Then 
the set of eigenvectors { q 1. q2• . •. , q,} is linearly independent and can be used as ~ basis. 
Let A be the representation of A with respect to this basis. Then the first column of A is the 
representation of Aq1 = A. 1 q 1 with respect to {ql, Q2 .... , q,}. From 

[ )~11 
Aql = AIQI = [ql Q2 ... q,] 0 

0 

we conclude that the first column of A,'is [A. 1 0 · · · 0]'. The second column of A is the 
representation of Aq2 = A. 2q2 with respect to {q1, qz, q,}, that is, [0 A.1 0 · · · 0]'. 

Proceeding forward, we can establish 

r: 
0 0 

... I1 
A.2 0 

A= 0 A3 (3.31) 

0 0 

This is a diagonal matrix. Thus we conclude that every matrix with distinct eigenvalues has 
a diagonal ~atrix representation by using its eigenvectors as a basis. Different orderings of 
eigenvectors will yield different diagonal matrices for the same A. 

If we define 

Q = [QI Q2 · · · q,] (3.32) 

then the matrix A equals 

(3.33) 

as derived in (3.29). Computing (3.33) by hand is not simple because of the need to.compute 
the inverse of Q. However, if we know A. then we can verify (3.33) by checking QA = AQ. 

EXAMPLE 3.5 Consider the matrix 

Its characteristic polynomial is 

t.(A.) = det(AI- A) = det [ ~1 
0 

A. 

-I 

0 l _") 

A.-I 

= A.[A.(A- l) - 2] = (A.- 2)(A. + l)A 

3.5 Diagonal Form and jordan Form 57 

Thus A has eigenvalues 2, -I, and 0. The eignevector associated with A = 2 is any nonzero 
solution of 

[
_") 

(A- 21)q 1 = ~ 

0 

~ l Ql = 0 
-I 

-2 

Thus q 1 = [0 I I]' is an eigenvector associated with A= 2. Note that the eigenvector is not 
unique. [0 a a]' for any nonzero real a can also be chosen as an eigenvector. The eigenvector 
associated with A. = -I is any nonzero solution of 

(A- (-l)l)q2 = [i 
which yields q2 = [0 - 2 !]'. Similarly, the eigenvector associated with A = 0 can be 
computed as q3 = [2 I - I]'. Thus the representation of A with respect to { q 1, q2. q3 } is 

[

2 0 

A= ~ ~~ (3.34) 

It is a diagonal matrix with eigenvalues on the diagonal. This matrix can also be obtained by 
computing 

with 

0 

-2 

However, it is simpler to verify QA = AQ or 

0 

-2 ~] [~ ~I ~] [~ ~ ~] [~ 
-1 0 0 0 0 I I I 

0 

-2 

The result in this example can easily be obtained using MATLAB. Typing 

yields 

a=[O 0 O;l 0 2;0 l 1]; [q,d]=eig(al 

q = [0.707~ 
0.7071 

0 

0.8944 

-0.4472 

0.8186] 
0.4082 

-0.4082 
d = [~ ~~ n 

(3.35) 

where dis the diagonal matrix in (3.34). The matrix q is different from the Q in (3.35); but their 
corresponding columns differ only by a constant. This is due to nonuniqueness of eigenvectors 
and every column of q is normalized to have norm I in MATLAB. If we type eig (a I without 
the left-hand-side argument. then MATLAB generates only the three eigenvalues 2 , -l, 0. 



58 LINEAR ALGEBRA 

We mention that eigenvalues in MATLAB are not computed from the characteristic polynomial. 
Computing the characteristic polynomial using the Laplace expansion and then computing its 
roots are not numerically reliable, especially when there are repeated roots. Eigenvalues are 
computed in MATLAB directly from the matrix by using similarity transformations. Once 
all eigenvalues are computed, the characteristic polynomial equals D (A. - Ai ). In MATLAB, 
typing r=eig (a) ; poly ( r) yields the characteristic polynomial. 

EXAMPLE 3.6 Consider the matrix 

A= [~
1 

~ -~3] 
Its characteristic polynomial is (A.+ 1)(A. 2 -f4A.+ 13). Thus A has eigenvalues -1, 2±3). Note 
that complex conjugate eigenvalues must appear in pairs because A has only real coefficients. 
The eigenvectors associated with -1 and2+3j are, respectively, [1 0 0]' and [j -3+2} j]'. 
The eigenvector associated with A. = 2- 3} is [- j - 3- 2} - j]', the complex conjugate 
of the eigenvector associated with A. = 2 + 3 j. Thus we have 

0 

[

1 j 

Q = 0 -3 +2} 

0 j 

-j ] 
-3 72} [

-1 

and A= ~ 2 + 3} 

0 

The MATLAB function [q, d] =eig (a) yields 

and 

[ 

1 0.2582} 

q = 0 -0.7746 + 0.5164} 

0 0.2582} 

[

-1 

d= ~ 

0 

2 + 3} 

0 

-0.2582} ] 
-0.7746- 0.5164} 

-0.2582} 

All discussion in the preceding example applies here. 

(3.36) 

Complex eigenvalues Even though the data we encounter in practice are all real numbers. 
complex numbers may arise when we compute eigenvalues and eigenvectors. To deal with this 
problem, we must extend real linear spaces into complex linear spaces and permit all scalars 
such as eti in (3.4) to assume complex numbers. To see the reason, we consider 

Av = [ I 
1 +

2 
j] v = 0 

1- j 
(3.37) 

If we restrict v to real vectors, then (3.37) has no nonzero solution and the two columns of 
A are linearly independent. However, if v is permitted to assume complex numbers, then 
v = [ -2 1 - j]' is a nonzero solution of (3.37). Thus the two columns of A are linearly 
dependent and A has rank 1. This is the rank obtained in MATLAB. Therefore, whenever 
complex eigenvalues arise, we consider complex linear spaces and complex scalars and 
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transpose is replaced by complex-conjugate transpose. By so doing, all concepts and results 
developed for real vectors and matrices can be applied to complex vectors and matrices. 
Incidentally, the diagonal matrix with complex eigenvalues in (3.36) can be transformed into 
a very useful real matrix as we will discuss in Section 4.3.1. 

Eigenvalues of A are not all distinct An eigenvalue with multiplicity 2 or higher is called a 
repeated eigenvalue. In contrast, an eigenvalue with multiplicity 1 is called a simple eigenvalue. 
If A has only simple eigenvalues, it always has a diagonal-form representation. If A has repeated 
eigenvalues, then it may not have a diagonal form representation. However, it has a block
diagonal and triangular-form representation as we will discuss next. 

Consider ann x n matrix A with eigenvalue A. and multiplicity n. In other words, A has 
only one distinct eigenvalue. To simplify the discussion, we assume n = 4. Suppose the matrix 
(A - A.l) has rank n - 1 = 3 or, equivalently. nullity 1; then the equation 

(A- Al)q = 0 

has only one independent solution. Thus A has only one eigenvector associated with A. We 
need n - 1 = 3 more linearly independent vectors to form a basis for 'R4 The three vectors 
q 2, q 3, q4 will be chosen to have the properties (A - Alfq2 = 0, (A - Al) 3q3 = 0, and 
(A - Al)4 q4 = 0. 

A vector v is called a generalized eigenvector of grade n if 

(A- AI)"v = 0 

and 

(A- Al)"- 1v ~ 0 

If n = 1, they reduce to (A- Al)v = 0 and v ~ 0 and vis an ordinary eigenvector. For n = 4, 
we define 

v3 := (A - A.I)v4 = (A - Al)v 

Vz := (A - Al)v3 = (A- A.l)2v 

v1 := (A - Al)v2 = (A - Al)3v 

They are called a chain of generalized eigenvectors of length n = 4 and have the properties 
(A- Al)v1 = 0, (A- Al) 2v2 = 0, (A- Al) 3v3 = 0, and (A - Al)4v4 = 0. These vectors, 
as generated, are automatically linearly independent and can be used as a basis. From these 
equations, we can readily obtain 

Av1 = A.v1 

Av2 = v1 + A.v2 

Av3 = v2 + A.v3 

Av4 = v3 + A.v4 
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Then the representation of A with respect to the basis {v 1, v2 , v3 , v4 } is 

[
A I 0 OJ 
0 A I 0 

J := 0 0 A I 

0 0 0 A 

(3.38) 

We verify this for the first and last columns. The first column of J is the representation of 
Av, = Av, with respect to {v 1, v2, v3 • v4 }. which is [A 0 0 0]'. The last column of J is the 
representation of Av4 = VJ + Av4 with respect to {v 1, Vz, VJ, v4 }. which is [0 0 I A]'. This 
verifies the representation in (3.38). The matrix J has eigenvalues on the diagonal and I on the 
superdiagonal. If we reverse the order of the basis, then the I 'swill appear on the subdiagonal. 
The matrix is called a Jordan block of order n = 4. 

If (A - AI) has rank n - 2 or, equiv~ently, nullity 2, then the equation 

(A- Al)q = 0 

has two linearly independent solutions. Thus A has two linearly independent eigenvectors and 
we need (n - 2) generalized eigenvectors. In this case, there exist two chains of generalized 
eigenvectors {v,, Vz, ... , vd and {u 1, u2 , ... , utl with k +I= n. If v 1 and u 1 are linearly 
independent, then the set of n vectors {v1, ••• , vk. u1, •.• , u!} is linearly independent and can 
be used as a basis. With respect to this basis, the representation of A is a block diagonal matrix 
of form 

A=diag{J,.h} 

where J, and J2 are, respectively, Jordan blocks of order k and I. 
Now we discuss a specific example. Consider a 5 x 5 matrix A with repeated eigenvalue A 1 

with multiplicity 4 and simple eigenvalue Az. Then there exists a nonsingular matrix Q such that 

.<\ = Q-'AQ 

assumes one of the following forms 

lA, 
0 0 

/] lA' 
0 0 

j] A,~ l AI 0 

A,~ l At 0 
0 At 0 At 0 

0 0 At 0 0 At 

0 0 0 0 0 0 

lA' 
0 0 

j] lA, 
0 0 

f] A,~ l At 0 0 

A,= ~ 
At 0 0 

0 At 0 AI 0 
0 0 At 0 0 At 

0 0 0 0 0 0 

lA, 
0 6 0 

]J A,= l At 0 0 

0 AI 0 (3.39) 

0 0 At 

0 0 0 

3.6 
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The first matrix occurs when the nullity of (A - A 1 I) is I. If the nullity is 2, then A has two 
Jordan blocks associated with AI; it may assume the form in Az orin A3. If (A -A,I) has nullity 
3, then A has three Jordan blocks associated with A1 as shown in A4 . Certainly. the positions 
of the Jordan blocks can be changed by changing the order of the basis. If the nullity is-+. then 
A is a diagonal matrix as shown in As. All these matrices are triangular and block diagonal 
with Jordan blocks on the diagonal; they are said to be in Jordan form. A diagonal matrix is a 
degenerated Jordan form: its Jordan blocks all have order I. If A can be diagonalized. we can 
use [ q, d J = e i g 1 a) to generate Q and A as shown in Examples 3.5 and 3.6. If A cannot be 
diagonized, A is said to be defective and [ q, d] = e i g I a) will yield an incorrect solution. In 
this case. we may use the MATLAB function [ q, d] =jordan I a) . However, j orda:o. will 
yield a correct result only if A has integers or ratios of small integers as its entries. 

Jordan-form matrices are triangular and block diagonal and can be used to establish 
many general properties of matrices. For example, because det(CD) = det C det D and 
det Qdet Q- 1 = det I= I, from A= QAQ- 1

, we have 

detA = detQdetAdetQ- 1 = detA 

The determinant of A is the product of all diagonal entries or. equivalently, all eigenvalues of 
A. Thus we have 

det A = product of all eigenvalues of A 

which implies that A is nonsingular if and only if it has no zero eigenvalue. 
We discuss a useful property of Jordan blocks to conclude this section. Consider the 

Jordan block in (3.38) with order 4. Then we have 

[j 
0 

~] [j 
0 I 

ll 0 I 
(J- ;.1)2 = 

0 0 
(J- AI)= 

0 0 0 0 

0 0 0 0 

[j 
0 0 

!l (J-H)·; = 
0 0 

(3.40) 
0 0 

0 0 

and (J - Al)k = 0 fork ::: 4. This is called nilpotent. 

Functions of a Square Matrix 

This section studies functions of a square matrix. We use Jordan form extensively because 
many properties of functions can almost be visualized in terms of Jordan form. We study first 
polynomials and then general functions of a square matrix. 

Polynomials of a square matrix Let A be a square matrix. If k is a positive integer. we 

define 

Ak := AA ···A (k terms) 
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andA0 =I. Let f(A.) be a polynomial such as j(A.) = A. 3 +2A.2 -6or (A. +2)(4A. -3). Then 
f (A) is defined as 

/(A)= A3 + 2A2 - 61 or /(A)= (A+ 21)(4A- 31) 

If A is block diagonal, such as 

A= [~I :J 
where A1 and Az are square matrices of any order, then it is straightforward to verify 

Ak = [ ~~ :~] and f(A) = [ /(~Il /(~z)] (3.41) 

Consider the similarity transformati~n A= Q-1 AQ or A = QAQ-1. Because 

Ak = (QAQ-I)(QAQ-1) ... (QAQ-1) = QAkQ-1 

we have 

J(A) = Qf(A)Q-1 or /(A)= Q-1 J(A)Q (3.42) 

A monic polynomial is a polynomial with I as its leading coefficient. The minimal 
polynomial of A is defined as the monic polynomial 1/J(A.) of least degree such that 1/I(A) = 0. 
Note that the 0 is a zero matrix of the same order as A. A direct consequence of (3.42) is 
that /(A) = 0 if and only if f(A) = 0. Thus A and A or, more general, all similar matrices 
have the same minimal polynomial. Computing the minimal polynomial directly from A is not 
simple (see Problem 3.25); however, if the Jordan-form representation of A is available, the 
minimal polynomial can be read out by inspection. 

Let A.; be an eigenvalue of A with multiplicity n;. That is, the characteristic polynomial 
of A is 

ll(A.) = det(U- A)= n (A.- A.;)"• 

Suppose the Jordan form of A is known. Associated with each eigenvalue, there may be one or 
more Jordan blocks. The index of A.;, denoted by ii 1, is defined as the largest order of all Jordan 
blocks associated with A.;. Clearly we have ii 1 ::: n;. For example, the multiplicities of A. 1 in all 
five matrices in (3.39) are 4; their indices are, respectively, 4, 3, 2, 2, and I. The multiplicities 
and indices of A. 2 in all five matrices in (3.39) are all I. Using the indices of all eigenvalues, 
the minimal polynomial can be expressed as 

with degree ii = I: ii; ::: L n; = n = dimension of A. For example, the minimal polynomials 
of the five matrices in (3.39) are 

1/11 =(A.- A.1)4 (A.- A.z) 

1/13 =(A.- A.1) 2(A.- A.z) 

1/Js =(A.- AJ)(A.- A.z) 

1/Jz =(A.- A.J) 3 (A.- A.z) 

1/J.; = (A.- A.J) 2 (A.- A.z) 

3.6 Functions of a Square Matrix 63 

Their characteristic polynomials, however, all equal 

We see that the minimal polynomial is a factor of the characteristic polynomial and has a degree 
less than or equal to the degree of the characteristic polynomial. Clearly, if all eigenvalues of 
A are distinct, then the minimal polynomial equals the characteristic polynomial. 

Using the nilpotent property in (3.40), we can show that 

1/I(A) =0 

and that no polynomial of lesser degree meets the condition. Thus 1/J(/..) as defined is the 
minimal polynomial. 

.,. Theorem 3.4 (Cayley-Hamilton theorem) 

Let 

6.(/1.) = det(AI- A)= II."+ O'JAn-l + · · · + O'n-JA + O'n 

be the characteristic polynomial of A. Then 

ll(A) =A"+ a1A"- 1 +···+an-I A+ ani= 0 (3..+3) 

In words, a matrix satisfies its own characteristic polynomial. Because n; > ii;, the 
characteristic polynomial contains the minimal polynomial as a factor or tl(i.) = 1/J(il.)h(/1.) 
for some polynomial h(/..). Because 1/J(A) = 0, we have ll(A) = 1/I(A)h(A) = 0 · h(Al = 0. 
This establishes the theorem. The Cayley-Hamilton theorem implies that A" can be written as 
a linear combination of {1. A .... , A"- 1 }. Multiplying (3.43) by A yields 

A"+ I+ a1A" + · · · + D'n-IA2 +anA= 0 ·A= 0 

which implies that A"+1 can be written as a linear combination of {A, A2 , ...• A"}, which, 
in turn, can be written as a linear combination of {1. A, .... A"-1 }. Proceeding forward. we 
conclude that, for any polynomial /(A.), no matter how large its degree is, j(A) can always 
be expressed as 

(3.44) 

for some {3;. In other words, every polynomial of ann x n matrix A can be expressed as a linear 
combination of {I. A .... , A"- 1 }. If the minimal polynomial of A with degree ii is available, 
then every polynomial of A can be expressed as a linear combination of {I. A .... , A"- 1 }. This 
is a better result. However. because ii may not be available, we discuss in the following only 
(3.44) with the understanding that all discussion applies to ii. 

One way to compute (3.44) is to use long division to express j(/..) as 

f(A.) = q(/l.)ll(A.) + h(A.) (3.45) 

where q(A.) is the quotient and h(A.) is the remainder with degree less than n. Then we have 

/(A)= q(A)ll(A) + h(A) = q(A)O + h(A) = h(A) 
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Long division is not convenient to carry out if the degree off (A.) is much larger than the degree 
of L'>(A.). In this case, we may solve h(A.) directly from (3.45). Let 

h(A.) := f3o + f31A. + ... + f3n-l;,_n-l 

where then unknowns {3; are to be solved. If all n eigenvalues of A are distinct. these {3; can 
be solved from the n equations 

/(A.,)= q(A.;)L'>(A.;) + h(A.,) = h(A.,) 

fori = I, 2 .... , n. If A has repeated eigenvalues, then (3.45) must be differentiated to yield 
additional equations. This is stated as a theorem. 

>· Theorem 3.5 

1 
i 

We are given j(A.) and ann x n matrix A with characteristic polynomial 

L'>(A.) = n<A.-A.,J"· 
1=1 

where n = I:;':, 1 n,. Define 

h(A.) := f3o + f31A. + ... + f3n-l;,_n-l 

It is a polynomial of degree n - I with n unknown coefficients. These n unknowns are to be solved 
from the following set of n equations: 

/(IJ(A.;) = h(/J(A.;) for l = 0, I, ... , n;- I and i = I, 2, ... , m 

where 

and !zUl (A.;) is similarly defined. Then we have 

j(A) = h(A) 

and h(A.) is said to equal j(A.) on the spectrum of A. 

EXAMPLE 3.7 Compute A 100 with 

In other words, given j(A.) = A. 100 , compute j(A). The characteristic polynomial of A is 
I'>( A.) =A. 

2 
+ 2A + I = (A.+ l )2 Let h(A.) = {30 + f3 1A.. On the spectrum of A. we have 

f(-1) = h(-1): 

j'(-1) = h'(-1): 

(-1) 100 = f3o- fJ1 

100. (-1)99 = /31 

Thus we have /31 = -100, {30 =I+ {31 = -99, h(A.) = -99- IOOA., and 
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A 100 = {301 + f3 1A = -991- iOOA 

= -99 - 100 [ I OJ [ 0 
0 I -1 

I ]. = [-199 -100] 
-2 100 101 

Clearly A 100 can also be obtained by multiplying A 100 times. However. it is simpler to use 
Theorem 3.5. 

Functions of a square matrix Let f(A.) be any function, not necessarily a polynomial. One 
way to define f (A) is to use Theorem 3.5. Let h (A.) be a polynomial of degree n - I, where n 
is the order of A. We solve the coefficients of h(A.) by equating j(A.) = h(A.) on the spectrum 
of A. Then j(A) is defined as h(A). 

EXAMPLE 3.8 Let 

[

0 0 -?] 
AI= 0 l 0 

l 0 3 

Compute eA 11 • Or, equivalently, if j().) = e;·', what is j(AJ)? 
The characteristic polynomial of A1 is (A.- 1)2(A.- 2). Let lz(i-.) = f3o + f31A. + f31).

2 

Then 

j(l) = h(l) : 

j'(l) = h'(l): 

j(2) = h(2): 

e' = f3o + /31 + fJ2 

te' = /31 + 2f32 

e1' = f3o + 2/31 + 4f3z 

Note that, in the second equation, the differentiation is with respect to A., not t. Solving these 
equations yields f3o = -1te' + e2', {31 = 3te' + 2e' - 2e2', and f3z = e2' - e' - te'. Thus we 
have 

eA'' = h(Aj) = (-2te1 + e2')1 + (3te' + 2e'- 2e2')AI 

[ 

2e' - e
2
' e~ 1e' -

0 
2e

2
' ] 

+ (e 2
' - e' - te')Ar = 0 

e2
' - e' 0 2e2

' - e' 

ExAMPLE 3.9 Let 

Az=[: ~I ~2] 
Compute eA:t. The characteristic polynomial of A2 is (A.- 1)2(i-.- 2), which is the same as 
for A 1• Hence we have the same h(A.) as in Example 3.8. Consequently. we have 

[ 

2e' - e
2
' 2te' 2e' -

0 
2e

2
'] 

eA:t = h(Az) = 0 e' 

e21 
- e1 -te1 2e21 

- er 
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! 

j 

EXAMPLE 3.10 Consider the Jordan block of order 4: 

0 

(3.46) 
[

At 

' 0 
A= 

0 
0 

Its characteristic polynomial is(,\ -,\!)4 . Although we can select h (,\)as f3o + f3I ,\ + fh,\+ fh,\3, 

it is computationally simpler to select h (,\) as 

This selection is permitted because h (,\) has degree (n - 1) = 3 and n = 4 independent 

unknowns. The condition f(,\) = h().) on the spectrum of A yields immediately 

' f"(,\!) /13)(,\I) 
f3o = f(,\I). /31 = f'(,\I). /32 = -

2
-, -. /33 = -

3
-!-

Thus we have 

/(A)= f(,\,)1 + f'i~d (A- Ajl) +!"~~,)c..\- Ajl) 2 + /(J~;Aj) (A- Ajl)3 

Using the special forms of (A- ,\ 1l)k as discussed in (3.40), we can readily obtain 

[

/(AI) /'(,\I)/1! f"(,\I)/2 1 /(3)(,\I)/3!] 

• 0 /(,\,) /'(,\I)/1! f"(,\I)j2! 
/(A)= 0 0 f(,\I) /'(,\t)/1' 

0 0 0 f(,\I) 

Iff(,\)= ei.', then 

['''' 
te;,.lr t 2 e~.,, /2! <'<'"/3!] 

At 0 e;,. 1r tel.'' t 2e;.,,, /2! 
e = 

eA1t teAJI 0 0 

0 0 0 eA1r 

(3.47) 

(3.48) 

Because functions of A are defined through polynomials of A, Equations (3.41) and (3.42) 

are applicable to functions. 

EXAMPLE 3.11 Consider 

['' 
0 0 

j,l A~ ~ 
AI 0 

0 AI 0 

0 0 A2 

0 0 0 
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It is block diagonal and contains two Jordan blocks. Iff(,\) = eA', then (3.41) and (3.48) 

imply 

[''" 
teA 1r t 2e). 11 /2! 0 

,11 ," = ~ 
eAJr feAJI 0 

0 eA1r 0 

0 0 eAzt 

0 0 0 eA~t 

Iff(,\) = (s- ,\)-1, then (3.41) and (3.47) imply 

I I 
0 0 

(s- AI) (s - I.I)2 (s - ;.,I)3 

I I 
0 0 0 

(s- ,\ 1) 2 (s -,\I) 

(sl- A)- 1 = 0 0 
I 

(s -,\I) 
0 0 (3.49) 

I 
0 0 0 ---

(s - ,\2) 2 (s- Az) 
I 

0 0 0 0 
(s- A2) 

Using power series The function of A was defined using a polynomial of finite degree. We 
now give an altematiw definition by using an infinite power series. Suppose f(i.l can be 

expressed as the power series 

cc 

f(,\) = L:f3~,\~ 
i=O 

with the radius of convergence p. If all eigenvalues of A have magnitudes less than p, then 

f (A) can be defined as 

00 

/(A) = L f3iA 1 (3.50) 

i=O 

Instead of proving the equivalence of this definition and the definition based on Theorem 3.5. 

we use (3.50) to derive (3.47). 

EXAMPLE 3.12 Consider the Jordan-form matrix A in (3.46). Let 

' J"(I..I) , 
f(,\) = f(,\I) + f (,\I)(,\- ,\I)+~(,\- ,\I)-+·· 

then 

J'"-l!C ) 
/(A)= /(1..!)1 + J'(,\I)(A- A) I)+···+ Aj (A- 1.. 11)"-l + · · · 

(n -1) 1 
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Because (A - '- 1 I/ = 0 for k :::: n = 4 as discussed in (3.40). the infinite series reduces 
immediately to (3.47). Thus the two definitions lead to the same function of a matrix. 

The most important function of A is the exponential function eAr. Because the Taylor 
series 

. A~t~ ).nfn 
eAr = I +AI + -- + .. · + -- + · 

2! n' 

converges for all finite i. and 1, we have 

(3.51) 

j 

This series involves only multiplications and additions and may converge rapidly: there
fore it is suitable for computer computation. We list in the following the program in MATLAB 
that computes (3.51) for 1 = I: 

~~nction E=exp~2(AJ 

2=zeros (size(.:.,); 

F=eyelsize(A) i; 
k=::..; 

~~ile norm(E+F-S,l)>O 
E=E+F; 
F=A*F/k; 
k=k+l; 

In the program, E denotes the partial sum and F is the next term to be added to E. The first line 
defines the function. The next two lines initialize E and F. Let ck denote the kth term of (3.51) 
with t = 1. Then we have ck-l = (A/ k)c1 fork = I, 2 ..... Thus we have F =A* F /k. The 
computation stops if the !-norm of E +F-E, denoted by norm(E + F- E. I). is rounded 
to 0 in computers. Because the algorithm compares F and E, not F and 0. the algorithm uses 
norm(E + F - E. I) instead of norm IF.!). Note that norm( a.!) is the !-norm discussed in 
Section 3.2 and will be discussed again in Section 3.9. We see that the series can indeed be 
programmed easily. To improve the computed result, the techniques of scaling and squaring can 
be used. In MATLAB, the function expm2 uses (3.51 ). The function ex;; :-c. or ex:Jml. hmvever, 
uses the so-called Pade approximation. It yields comparable results as ex;::>:n2 but requires only 
about half the computing time. Thus exprr. is preferred to exprc2. The function expT.3 uses 
Jordan form. but it will yield an incorrect solution if a matrix is not diagonalizable. If a closed
form solution of eAr is needed, we must use Theorem 3.5 or Jordan form to compute e.\r. 

We derive some important properties of eAr to conclude this section. Using (3.5 I), we 
can readily verify the next two equalities 

(3 52) 

(3.53) 

(3.54) 
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To show (3.54). we set 12 = -1 1• Then (3.53) and (3.52) imply 

which implies (3.54). Thus the inverse of eAr can be obtained by simply changing the sign of 

1. Differentiating term by term of (3.51) yields 

Thus we have 

(3.55) 

This is an important equation. We mention that 

(3.56) 

The equality holds only if A and B commute or AB = BA. This can be verified by direct 

substitution of (3.51 ). 
The Laplace transform of a function f (t) is defined as 

j(s) := .L:[f(t)] = {" j(l)e-"dt 

It can be shown that 

.L:[SJ =s-(k+IJ 

Taking the Laplace transform of (3.51) yields 

X '>0 

.£[eAr]= .L:>-(k+IlAk = 5 -1 L_)s-IA)k 

Because the infinite series 

')C 

L_)s- 1 A)k = I+ s- 1 A+ s-2A2 + · · · = (l - s- 1 A)- 1 

k=O 

converges for ls- 1 '-I < 1. we have 

X 

s- 1 L (s- 1Al = s- 11 + s-2 A + s-3A2 + ... 

k=O 

and 

(3.57) 
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(3.58) 

Although in the derivation of (3.57) we requires to be sufficiently large so that all eigenvalues 
of s-1 A have magnitudes less than 1, Equation (3.58) actually holds for all s except at the 
eigenvalues of A. Equation (3.58) can also be established from (3.55). Because £.[df(t)/dt] == 
s£.[J(t)]- /(0), applying the Laplace transform to (3.55) yields 

s£.[eAr] -eo == A£.[eAr] 

or 

which implies (3.58). 

3. 7 Lyapunov Equation 

Consider the equation 

AM+MB=C (3.59) 

where A and Bare, respectively, n x n and m x m constant matrices. In order for the equation 
to be meaningful, the matrices M and C must be of order n x m. The equation is called the 
Lyapunov equation. 

The equation can be written as a set of standard linear algebraic equatiO!J.S. To see this, 
we assume n == 3 and m = 2 and write (3.59) explicitly as 

[an 
al1 

al3] [m11 m12] [m11 m12] [bll b12 J az1 azz azJ m21 mzz + m21 mzz bzl bzz 
all a32 a)) m31 m32 m31 m32 

[ell C12] 
== C2) en 

CJI CJ2 

Multiplying them out and then equating the corresponding entries on both sides of the equality, 
we obtain 

all +b11 GJ2 au b21 0 0 

a21 an+ bn azJ 0 bz1 0 

all a32 a))+ bll 0 0 b21 

bl2 0 0 a11 + bzz an a13 

0 bl2 0 a21 azz + b22 azJ 

0 0 bl2 all al2 a33 + bzz 
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m11 C)! 

mz1 C2! 

m31 CJI (3.60) X 
ml2 C12 

m22 Czz 

lnJ2 CJz 

This is indeed a standard linear algebraic equation. The matrix on the preceding page is a 
square matrix of order n x m = 3 x 2 = 6. 

Let us define 5\(M) := AM + MB. Then the Lyapunov equation can be written as · 
.A(M) == C. It maps an nm-dimensional linear space into itself. A scalar 17 is called an 
eigenvalue of .A if there exists a nonzero M such that 

.A(M) ==17M 

Because 5{ can be considered as a square matrix of order nm, it has nm eigenvalues 1/b for 
k= I, 2, ... , nnz.Itturnsout 

IJk ==A; + f.LJ fori= I, 2. n; j =I, 2, ... , m 

where A;, i == I. 2 .... , n, and f.LJ· j = 1, 2, m, are, respectively. the eigenvalues of 
A and B. In other words, the eigenvalues of .A are all possible sums of the eigenvalues of A 

and B. 
We show intuitively why this is the case. Let u be ann x I right eigenvector of A associated 

with A;; that is, Au == A;U. Let v be a 1 x m left eigenvector of B associated with f.LJ: that is, 
vB = Vf.LJ· Applying .A to then x m matrix uv yields 

5\(uv) = Auv + uvB = A;Uv + UVJ.LJ =(A;+ f.LJ)uv 

Because both u and v are nonzero, so is the matrix uv. Thus (A; + f.LJ) is an eigenvalue of .A. 
The determinant of a square matrix is the product of all its eigenvalues. Thus a matrix 

is nonsingular if and only if it has no zero eigenvalue. If there are no i and j such that 
A; + J.L i = 0, then the square matrix in (3.60) is nonsingular and. for every C, there exists a 
unique M satisfying the equation. In this case, the Lyapunov equation is said to be nonsingular. 
If A, + f.LJ == 0 for some i and j, then for a given C, solutions may or may not exist. If C lies 
in the range space of j\, then solutions exist and are not unique. See Problem 3.32. 

The MATLAB function m= lyap (a, b, -c) computes the solution of the Lyapunov 

equation in (3.59). 

3.8 Some Useful Formulas 

This section discusses some formulas that will be needed later. Let A and B be m x n and 
n x p constant matrices. Then we have 

p(AB):::; min(p(A), p(B)) (3.61) 

where p denotes the rank. This can be argued as follows. Let p(B) a. Then B has a 
linearly independent rows. In AB, A operates on the rows of B. Thus the rows of AB are 
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linear combinations of the rows of B. Thus AB has at most a linearly independent rows. In 
AB, B operates on the columns of A. Thus if A has f3 linearly independent columns, then 
AB has at most f3 linearly independent columns. This establishes (3.61 ). Consequently, if 
A = B 1 B2B3 · · ·, then the rank of A is equal to or smaller than the smallest rank of B,. 

Let A be m x n and let C and D be any n x n and m x m nonsingular matrices. Then we 
have 

p(AC) = p(A) = p(DA) (3.62) 

In words, the rank of a matrix will not change after pre- or postmultiplying by a nonsingular 
matnx. To show (3.62), we define 

P:=AC (3.63) 

Because p(A) ::0 min(m. 11) and p(C) = 11! we have p(A)::: p(C). Thus (3.61) implies 

p(P) ::: min(p(A), p(C))::: p(AJ 

:'-~ext we write (3.63) as A= PC- 1. Using the same argument, we have p(A) ::: p(P). Thus we 
conclude p(P) = p(A). A consequence of (3.62) is that the rank of a matrix will not chanae 
by elementary operations. Elementary operations are (l) multiplying a row or a column bye a 
nonzero number, (2) interchanging two rows or two columns. and (3) adding the product of 
one row (column) and a number to another row (column). These operations are the same as 
mulnplymg nonsingular matrices. See Reference [6. p. 542]. 

Let A be m x n and B be 11 x m. Then we have 

del( 1m+ AB) = det(l, + BA) 

where Im is the unit matrix of order m. To show (3.64), let us define 

Q = [ ~~ I~] 
We compute 

NP = [ Im + AB 0 ] 
B 1, 

and 

-A ] 
1, +BA 

(3.64) 

-A] 
1, 

B~cause Nand Q are block triangular. their determinants equal the products of the determinant 
ot the1r block-diagonal matrices or 

det N = det I'" · det 1, = l = det Q 

Likewise. we have 

det(NPJ = det(l'" + AB) det(QP) = det(l, + BA) 

Because 
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det(NP) = det N det P = det P 

and 

det(QP) = det Q det P = det P 

we conclude det(Im + ABl = det(l, + BA). 
InN, Q, and P, ifl,. 1m. and Bare replaced. respectively, by JSI,. JSim. and -B. then 

we can readily obtain 

s" det(sl"'- AB) = s"' det<sl,- BA) (3.65) 

which implies, for n = m or for 11 x n square matrices A and B, 

det(sl,- AB) = det(sl,- BA) (3 66) 

They are useful formulas. 

3.9 Quadratic Form and Positive Definiteness 

Ann x 11 real matrix M is said to be symmelric if its transpose equals itself. The scalar function 
x'.Mx, where xis ann x I real vector and M' = M, is called a quadralicform. We show that 
all eigenvalues of symmetric M are real. 

The eigenvalues and eigenvectors of real matrices can be complex as shown in Example 
3.6. Therefore we must allow x to assume complex numbers for the time being and consider the 
scalar function x*Mx. where x* is the complex conjugate transpose of x. Taking the complex 
conjugate transpose of x'.\lx yields 

(x*Mx)' = x'.M'x = x'I\l'x = x'.\lx 

where we have used the fact that the complex conjugate transpose of a real M reduces to 
simply the transpose. Thus x*Mx is real for any complex x. This assertion is not true if l\1 
is not symmetric. Let A. be an eigenvalue of M and v be its eigenvector; that is. Mv = l.v. 
Because 

v'Mv = v'A.v = A.(v'v) 

and because both v*Mv and v*v are real, the eigenvalue A must be real. This shows that all 
eigenvalues of symmetric :\1 are real. After establishing this fact. we can return our study to 
exclusively real vector x. 

We claim that every symmetric matrix can be diagonalized using a similarity transfor
mation even it has repeated eigenvalue A. To show this. we show that there is no generalized 
eigenvector of grade 2 or higher. Suppose xis a generalized eigenvector of grade 2 or 

Consider 

(.l\1 - AJ) 2
X = 0 

(M - Al)x -1= 0 

(3 67) 

(3 68) 
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[(M- H)x]'(M- Al)x = x'(M'- I.I')(M- H)x = x'(M- Al)2x 

which is nonzero according to (3.68) but is zero according to (3.67). This is a contradiction. 
Therefore the Jordan form of M has no Jordan block of order 2. Similarly, we can show that 
the Jordan form of l\1 has no Jordan block of order 3 or higher. Thus we conclude that there 
exists a nonsingular Q such that 

M=QDQ- 1 (3.69) 

where D is a diagonal matrix with real eigenvalues of M on the diagonal. 
A square matrix A is called an orthogonal matrix if all columns of A are orthonormal. 

Clearly A is nonsingular and we have 

A' A = II and A -I = A' 
I 

which imply AA' = AA -I = I = A' A. Thus the inverse of an orthogonal matrix equals its 
transpose. Consider (3.69). Because D' = D and M' = M, (3.69) equals its own transpose or 

which implies Q-1 = Q' and Q'Q = QQ' =I. Thus Q is an orthogonal matrix; its columns 
are orthonormalized eigenvectors of M. This is summarized as a theorem. 

> Theorem 3.6 

For every real symmetric matrix M, there exists an orthogonal matrix Q such that 

M = QDQ' or D = Q'MQ 

where D is a diagonal matrix with the eigenvalues of M, which are all real, on the diagonal. 

A symmetric matrix M is said to be positive definite, denoted by M > 0, jf x'Mx > 0 for 
every nonzero x. It is positive semidefinite, denoted by M ~ 0, if x'Mx ~ 0 for every nonzero 
x. If M > 0, then x';\;lx = 0 if and only if x = 0. If M is positive semidefinite. then there 
exists a nonzero x such that x'Mx = 0. This property will be used repeatedly later. 

Theorem 3.7 

A symmetric n x n matrix M is positive definite (positive semidefinite) if and only if any one of the 
following conditions holds. 

1. Every eigenvalue of M is positive (zero or positive). 

2. All the leading principal minors ofM are positive (all the principal minors ofM are zero or positive). 

3. There exists ann x n nonsingular matrix N (ann x n singular matrix Nor an m x n matrix N with 
m < n) such that M = N'N. 

Condition (1) can readily be proved by using Theorem 3.6. Next we consider Conditon (3). If 
M = N'N,then 

x'Mx = x'N'Nx = (Nx)'(Nx) = jjNxlli ~ 0 
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for any x. If N is nonsingular. the only x to make Nx = 0 is x = 0. Thus M is positive definite. If N 
is singular, there exists a nonzero x to make Nx = 0. Thus M is positive semidefinite. For a proof of 
Condition (2), see Reference [10]. 

We use an example to illustrate the principal minors and leading principal minors. Consider 

M = [=~: :~~ :~: l 
m31 m32 m33 

Its principal minors are m 11, m zz, m 33, 

[

IIlli 
del 

11l;!I 
det [mil 

m31 

and del M. Thus the principal minors are the determinants of all submatrices of M whose diagonals 
coincide with the diagonal of M. The leading principal minors of M are 

m 11 , det [m 11 m 12 ], and detM 
nz21 m22 

Thus the leading principal minors of M are the determinants of the submatrices of M obtained by deleting 
the last k columns and last k rows fork = 2, 1, 0. 

.. Theorem 3.8 

1. An m x n matrix H. with m ~ n, has rank n, if and only if then X n matrix H'H has rank n or 
det(H'H) -F 0. 

2. An m x n matrix H. with m ::::: n, has rank m, if and only if them x m matrix HH' has rank m or 
det(HH') "F 0. 

The symmetric matrix H'H is always positive semidefinite. It becomes positive definite if H'H is 
nonsingular. We give a proof of this theorem. The argument in the proof will be used to establish the 
main results in Chapter 6: therefore the proof is spelled out in detail. 

Proof: Necessity: The condition p(H'H) = n implies p(H) = n. We show this by 
contradiction. Suppose p(H'H) = n but p(H) < n. Then there exists a nonzero vector 
v such that Hv = 0. which implies H'Hv = 0. This contradicts p(H'H) = n. Thus 
p(H'H) = n implies p(H) = n. 

Sufficiency: The condition p(H) = n implies p(H'H) = n. Suppose not, or 
p(H'H) < n; then there exists a nonzero vector v such that H'Hv = 0, which implies 
v'H'Hv = Oor 

0 = v'H'Hv = (Hv)'(Hv) = IIHvlli 

Thus we have HY = 0. This contradicts the hypotheses that\" t 0 and p(H) = n. Thus 
p(H) =implies p(H'H) = n. This establishes the first part of Theorem 3.8. The second 
part can be established similarly. Q.E.D. 

We discuss the relationship between the eigenvalues of H'H and those of HH'. Because both H'H 
and HH' are symmetric and positive semidefinite, their eigenvalues are real and nonnegative (zero or 
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positive). If H ism x n, then H'H has n eigenvalues and HH' has m eigenvalues. Let A = Hand 
B = H'. Then (3.65) becomes 

det(slm- HH') = sm-n det(sln- H'H) (3.70) 

This implies that the characteristic polynomials of HH' and H'H differ only by sm-n. Thus we 
conclude that HH' and H'H have the same nonzero eigenvalues but may have different numbers of 
zero eigenvalues. Furthermore. they have at most ii := min (m, n) number of nonzero eigenvalues. 

3.10 Singular-Value Decomposition 

Let H be an nz x n real matrix. Define M := H'H. Clearly M is n x n, symmetric, and semidefinite. 
Thus all eigenvalues ot Mare real and nonnegative (zero or positive). Let r be the number of its positive 
eigenvalues. Then the eigenvalues of M = H'~ can be arranged as 

') ' , 1 
AI ;:: \: ;:: ···A; > 0 = Ar+t =···=An 

Let ii := min(m, n). Then the set 

AJ 2: A2 ;:: ···A, > 0 = Ar+t = · · · =A;; 

is called the singular values of H. The singular values are usually arranged in descending order in 
magnitude. 

EXAMPLE 3.13 Consider the 2 x 3 matrix 

H= [
-4 

2 

We compute 

M=H'H= 

-1 

0.5 

5 
1.25 

-2.5 

-10 l 
-2.5 

5 

and compute its characteristic polynomial as 

det(AI- M) = A3 - 26.25A 2 =A 2 (A- 26.25) 

Thus the eigenvalues of H'H are 26.25. 0, and 0, and the singular values of Hare J26.25 = 
5.1235 and 0. Note that the number of singular values equals min (n, m). 

In view of (3.70). we can also compute the singular values of H from the eigenvalues of 

HH'. Indeed. we have 

and 

- [ 21 l\'1 := HH' = 
-10.5 

-10.5] 
5.25 

det(AI- M) = A2 - 26.25A = A(A- 26.25) 

Thus the eigenvalues of HH' are 26.25 and 0 and the singular values of H' are 5.1235 and 
0. We see that the eigenvalues of H'H differ from those of HH' only in the number of zero 

eigenvalues and the singular values of H equal the singular values of H'. 

3.11 Norms of Matrices 77 

For :\I = H'H. there exists, following Theorem 3.6, an orthogonal matrix Q such that 

Q'H'HQ = D =: S'S (3.71 I 

vvhere D is ann x n diagonal matrix with A; on the diagonal. The matrix S ism x n with the 
singular values i., on the diagonal. Manipulation on (3.71) will lead eventially to the theorem 
that follows. 

Theorem 3.9 (Singular-value decomposition) 

Every nz x n matrix H can be transformed into the form 

H= RSQ' 

with R'R = RR' = lm, Q'Q = QQ' = 1,. and S being 111 x 11 with the singular values of H on the 
diagonal. 

The columns of Q are orthonormalized eigenvectors of H'H and the columns of R 
are orthonormalized eigenvectors of HH'. Once R. S. and Q are computed. the rank of H 
equals the number of nonzero singular values. If the rank of H is r. the first r columns of 
R are an orthonormal basis of the range space of H. The last (n - r) columns of Q are an 
orthonormal basis of the null space of H. Although computing singular-value decomposition is 
time consuming. it is very reliable and gives a quantitative measure of the rank. Thus it is used in 
MATLAB to compute the rank. range space. and null space. In MATLAB. the singular values 
of H can be obtained by typing s ~ svd (E) . Typing r R, S, Q J ~ svd (H) yields the three 

matrices in the theorem. Typing orth(H) and r-,ull (H) yields. respectively, orthonormal 
bases of the range space and null space of H. The function r-.ull will be used repeatedly in 
Chapter 7. 

ExAMPLE 3.14 Consider the matrix in (3.11 ). We type 

a=~ 0 l l 2; l 2 3 ~;::: 0 2 0: ; 
[r, S, q] oS"f:i(a) 

which yield 

[0.3782 -0.3084 0.8729] 
r = 0.8877 -0.1468 -0.4364 

0.2627 0.9399 0.2182 

[02295 
0. 7020 0.3434 

0.3498 -0.2439 0.8384 
q = 0.5793 0.4581 -0.3434 

0.6996 -0.4877 -0.2475 

s = [6.r8 

-0.5802 j 
0.3395 

0.5802 

-0.4598 

0 0 n 2.4686 0 

0 0 

Thus the singular values of the matrix A in (3.11) are 6.1568, 2.4686, and 0. The matrix has 
two nonzero singular values. thus its rank is 2 and. consequently. its nullity is 4- p(A) = 2. 
The first two columns of r are the orthonormal basis in (3.13) and the last two columns of 'I 
are the orthonormal basis in (3.14). 
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3. ll Norms of Matrices 

The concept of norms for vectors can be extended to matrices. This concept is needed in 
Chapter 5. Let A be an m x n matrix. The norm of A can be defined as 

IIAII =sup IIAxll = sup IIAxll 
x;OO llxll 11•11=1 

(3.72) 

where sup stands for supremum or the least upper bound. This norm is defined through the 
norm ofx and is therefore called an induced norm. For different 11x11. we have different IIAII. 

For example, if the !-norm llxiii is used, then 

IIA11 1 = m;x { t la;JI) = largest column absolute sum 
r~~=l 

where a,1 is the ijth element of A. If the Euclidean norm llxll2 is used, then 

IIAII2 = largest singular value of A 

=(largest eigenvalue of A'A) 112 

If the infinite-norm llxllco is used, then 

IIAIIoo = m~x (t laiJ 1) = largest row absolute sum 
J=I 

These norms are all different for the same A. For example, if 

A=[~l ~] 
then IIA11 1 = 3 +I- II = 4, IIAII2 = 3.7, and IIAIIco = 3 + 2 = 5, as shown in Fig. 
3.3. TheMATLABfunctionsnorm(a, 1), norm(a, 2) =norm(a) ,andnorm(a, inf) 

compute the three norms. 
The norm of matrices has the following properties: 

IIAxll.:::: IIAIIIIxll 

IIA+BII.:::: IIAII + IIBII 

IIABII.:::: IIAIIIIBII 

The reader should try first to solve all problems involving numerical numbers by hand and 

then verify the results using MATLAB or any software. 

3.1 Consider Fig. 3.1. What is the representation of the vector x with respect to the basis 
{q1• h)? What is the representation of ql with respect to {i2, q2P 

3.2 What are the !-norm, 2-norm, and infinite-norm of the vectors 

x, 

llxll 1 =I 

4 

llxllo =I -2 

This magnitude gives 
The sum of these two the nonn of A. 
magnitudes gives the 
norm of A. 

-4 -3 -2 

Figure 3.3 Different norms of A. 

2 

-2 

(c) 

I 2 3-4_5 
--------.Ax 

This magnitude gives 
the norm of A. 

Problems 7' 

3.3 Find two orthonormal vectors that span the same space as the two vectors in Problem 
3.2. 

3.4 Consider ann x m matrix A with n ::: m. If all columns of A are orthonormal, then 
A' A = Im. What can you say about AA'? 

3.5 Find the ranks and nullities of the following matrices: 
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2 
-1 

0 

3 

-2 
0 

3.6 Find bases of the range spaces and null spaces of the matrices in Problem 3.5. 

3. 7 Consider the linear algebraic equation 

It has three equations and two unknowns. Does a solution x exist in the equation'" Is the 
solution unique? Does a solution exis't if y = [1 I 1]'? 

3.8 Find the general solution of 

[i 
2 
-I 

0 

How many parameters do you have? 

3 

-2 
0 

3.9 Find the solution in Example 3.3 that has the smallest Euclidean norm. 

3.10 Find the solution in Problem 3.8 that has the smallest Euclidean norm. 

3.11 Consider the equation 

x[n] =A" x[O] + A"- 1bu[O] + A"-2bu[1] + · · · + Abu[n- 2] + bu[n- I] 

where A is ann x n matrix and b is ann x 1 column vector. Under what conditions on 
A and b will there exist u[O], u[l], ... , u[n- I] to meet the equation for any x(n] and 
x[O]? [Hint: Write the equation in the form 

x[n]-A"x[O]=[b Ab ··· A"- 1b]r:::=::]] 

u[O] 

3.12 Given 

what are the representations of A with respect to the basis {b, Ab. A2b. A3 b} and the 
basis {b. Ab, A2b. A3b], respectively? (Note that the representations are the same!) 

3.13 Find Jordan-form representations of the following matrices: 

3.14 

3.15 
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[~ 
4 

~OJ [_~ _I] At= 2 Az = 0 

0 -4 

[~ 
0 -n A4 = [: 

4 

3] AJ= I 20 16 

0 -25 -20 

Note that all except A.~ can be diagonalized. 

Consider the companion-form matrix 

'{f' 
-a2 -Ct] 

Tl 0 0 

1 0 

0 

Show that its characteristic polynomial is given by 

/'l(i.) = A4 + CitA 3 + et2A2 + CiJA +a.~ 

Show also that if A; is an eigenvalue of A or a solution of Ll.(A) = 0, then [AT A; A; I]' 
is an eigenvector of A associated with A;. 

Show that the Vandennonde determinant 

[ ; A] • 3 

All 
AI 2 AJ 

A2 A~ A2 A2 
1 3 .! 

At A2 AJ A4 

1 1 

equals f1tsi<Js•(AJ- i., ). Thus we conclude that the matrix is nonsingular or. equi\a
lently. the eigenYectors are linearly independent if all eigenvalues are distinct. 

3.16 Show that the companion-form matrix in Problem 3.14 is nonsingular if and only if 
a 4 f= 0. Under this assumption. show that its inverse equals 

3.17 Consider 

A=[~ 
AT 
A 

0 

0 

0 

with A f= 0 and T > 0. Show that [0 0 1]' is a generalized eigenvector of grade 3 and 
the three columns of 
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AT2 OJ 
AT 0 
0 1 

constitute a chain of generalized eigenvectors of length 3. Verify 

[

• 1 OJ 
Q- 1AQ= ~ A 1 

0 0 A 

3.18 Find the char:J.cteristic polynomials and the minimal polynomials of the following 

matrices: 
I 

0 

n [] 
0 

n [1 At AI 

0 At 0 At 

0 0 0 0 

[1 
0 

n [1 
0 0 

n At 0 At 0 

0 At 0 At 

0 0 0 0 

3.19 Show that if A is an eigenvalue of A with eigenvector x, then j(A) is an eigenvalue of 

j(A) with the same eigenvector x. 

3.20 Show that an n x n matrix has the property Ak = 0 for k :=:: m if and only if A has 
eigenvalues 0 with multiplicity n and index m or less. Such a matrix is called a nilpotent 

matrix. 

3.21 Given 

find A 10 , A103 , and eAt. 

3.22 Use two different methods to compute eAt for A 1 and A, in Problem 3.13. 

3.23 Show that functions of the same matrix commute; that is, 

J(A)g(A) = g(A)j(A) 

Consequently we have AeAt = eAt A. 

3.24 Let 
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Find a matrix B such that e8 = C. Show that if A; = 0 for some i, then B does not exist. 
Let 

[
A I OJ c = 0 A 0 

0 0 A 

Find a B such that e8 = C. Is it true that, for any nonsingular C, there exists a matrix B 
such that e8 = C? 

3.25 Let 

1 
(sl- A)- 1 = -Adj (sl- A) 

ll(s) 

and let m (s) be the monic greatest common divisor of all entries of Adj (s I -A). Verify 
for the matrix A3 in Problem 3.13 that the minimal polynominal of A equals ll(s)/m(s). 

3.26 Define 

where 

ll(s) := det(sl- A) := s" + a1sn-l + a2s"-2 +···+an 

and R1 are constant matrices. This definition is valid because the degree ins of the adjoint 
of (sl- A) is at most n- 1. Verify 

tr(ARo) 
at =---1-

tr(ARt) 
a..,=----. 2 

tr(AR2) 
0!3 = ---3-

tr(ARn_z) 
an-1 =- n- 1 

Ro =I 

where tr stands for the trace of a matrix and is defined as the sum of all its diagonal 
entries. This process of computing a, and R1 is called the Leverrier algorithm. 

3.27 Use Problem 3.26 to prove the Cayley-Hamilton theorem. 

3.28 Use Problem 3.26 to show 

1 
(sl- A)- 1 = ll(s) (A"- 1 + (s + at)A"-2 + (s2 +a1s +a2)A"-3 
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( n-1 n-2 + Jl] +···+ s +a1s ···+an-I 

3.29 Let all eigenvalues of A be distinct and let q; be a right eigenvector of A associated with 
A;; that is, Aq, = A;q;. Define Q = [ql qz · · · qn] and define 

• ~o' ~ [~:1 
where p; is the ith row of P. Show that p; is a left eigenvector of A associated with A;; 
that is, p;A = A;p;. 

3.30 Show that if all eigenvalues of A are distinct, then (sl- A)- 1 can be expressed as 

1 
(sl- A)- 1 = "'--q;p; 

~S-A; 

where q; and p, are right and left eigenvectors of A associated with A,. 

3.31 Find theM to meet the Lyapunov equation in (3.59) with 

What are the eigenvalues of the Lyapunov equation? Is the Lyapunov equation singular0 

Is the solution unique? 

3.32 Repeat Problem 3.31 for 

A-[ 0 1] 
-1 -2 

B=l 

with two different C. 

3.33 Check to see if the following matrices are positive definite or semidefinite: 

[
2 3 2] 
3 1 0 
2 0 2 

[ ~ ~ -~] 
-1 0 2 

3.34 Compute the singular values of the following matrices: 

0 
-1 ~] 

3.35 If A is symmetric, what is the relationship between its eigenvalues and singular valuesry 
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3.36 Show 

3.37 Show (3.65). 

3.38 Consider Ax = y, where A ism x n and has rank m. Is (A' A)- 1 A'y a solution? If not. 
under what condition will it be a solution? Is A'(AA')-Iy a solution? 



Chapter 

4 
State-Space Solutions 

and Realizations 

4. 1 Introduction 

86 

We showed in Chapter 2 that linear systems can be described by convolutions and, if lumped, 
by state-space equations. This chapter discusses how to find their solutions. First we discuss 
briefly how to compute solutions of the input-output description. There is no simple analytical 

way of computing the convolution 

y(t) = l~to g(t, r)u(r)dr 

The easiest way is to compute it numerically on a digital computer. Before doing so, the 
equation must be discretized. One way is to discretize it as 

k 

y(kb.) = L g(ktl, m.6.)u(m.6.).6. (4.1) 

m=ko 

where .6. is called the integration step size. This is basically the discrete convolution discussed 
in (2.34). This discretization is the easiest but yields the least accurate result for the same 
integration step size. For other integration methods, see, for example, Reference [17]. 

For the linear time-invariant (LTI) case, we can also use y(s) = g(s)u(s) to compute 
the solution. If a system is distributed, g(s) will not be a rational function of s. Except for 
some special cases, it is simpler to compute the solution directly in the time domain as in 
( 4.1). If the system is lumped, g(s) will be a rational function of s. In this case, if the Laplace 
transform of u (t) is also a rational function of s, then the solution can be obtained by taking the 
inverse Laplace transform of g(s)u(s). This method requires computing poles, carrying out 
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partial fraction expansion, and then using a Laplace transform table. These can be carried out 
using the MATLAB functions roots andres idue. However, when there are repeated poles. 
the computation may become very sensitive to small changes in the data, including roundoff 
errors; therefore computing solutions using the Laplace transform is not a viable method on 
digital computers. A better method is to transform transfer functions into state-space equations 
and then compute the solutions. This chapter discusses solutions of state equations, how to 
transform transfer functions into state equations, and other related topics. We discuss first the 
time-invariant case and then the time-varying case. 

4.2 Solution of LTI State Equations 

Consider the linear time-invariant (LTI) state-space equation 

x(t) = Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 

(4.2) 

(4.3) 

where A, B, C, and Dare, respectively, n x n, n x p, q x n, and q x p constant matrices. 
The problem is to find the solution excited by the initial state x(O) and the input u(t). The 
solution hinges on the exponential function of A studied in Section 3.6. In particular, we need 
the property in (3.55) or 

d 
-eAt = AeAt = eAt A 
dt 

to develop the solution. Premultiplying e-At on both sides of (4.2) yields 

e-Atx(t)- e-AtAx(t) = e-AtBu(t) 

which implies 

Its integration from 0 to t yields 

e-Arx(r)[:=O = 1t e-ArBu(r)dr 

Thus we have 

e-Atx(t)- e0x(0) = 1t e-ArBu(r) dr (4.4) 

Because the inverse of e-At is eAt and e0 =I as discussed in (3.54) and (3.52), (4.4) implies 

x(t) = eAtx(O) + 1t eA(t-rlBu(r)dr (4.5) 

This is the solution of (4.2). 
It is instructive to verify that (4.5) is the solution of (4.2). To verify this, we must show 

that (4.5) satisfies (4.2) and the initial condition x(t) = x(O) at t = 0. Indeed, at t = 0, (4.5) 
reduces to 
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Thus (4.5) satisfies the initial condition. We need the equation 

!_ 1t f(t, r) dr = 1t (i f(t, r)) dr + f(t, r)lr=t 
at to to at 

to show that (4.5) satisfies (4.2). Differentiating (4.5) and using (4.6), we obtain 

X(t) = :t [eAtx(O) + 1t eA(t-r!Bu(r)dr J 
= AeAtx(O) + [' AeAit-r)Bu(r)dr + eA(I-rJBu(r)lr=t 

lo 1 

=A (eA'x(O) + 1t' eA(t-r)Bu(r) dr) + eA 0Bu(t) 

which becomes, after substituting ( 4.5), 

x(t) = Ax(t) + Bu(t) 

Thus (4.5) meets (4.2) and the initial condition x(O) and is the solution of (4.2). 
Substituting (4.5) into (4.3) yields the solution of (4.3) as 

y(t) = CeA'x(O) + C 1' eA(I-r)Bu(r) dr + Du(t) 

(4.6) 

(4.7) 

This solution and (4.5) are computed directly in the time domain. We can also compute the 
solutions by using the Laplace transform. Applying the Laplace transform to (4.2) and (4.3) 
yields, as derived in (2.14) and (2.15), 

x(s) = (sl- A)- 1[x(O) + Bu(s)] 

y(s) = C(sl- A)- 1[x(O) + Bu(s)] + Dil(s) 

Once x(s) and Y{s) are computed algebraically, their inverse Laplace transforms yield the 
time-domain solutions. 

We now give some remarks concerning the computation of eAr. We discussed in Section 
3.6 three methods of computing functions of a matrix. They can all be used to compute eAt: 

1. Using Theorem 3.5: First, compute the eigenvalues of A; next, find a polynomial h(A) of 

degree n- 1 that equals eAt on the spectrum of A: then eAr= h(A). 

2. Using Jordan form of A: Let A = QAQ- 1; then eAt = Qe·.\tQ- 1, where A is in Jordan 

form and eAr can readily be obtained by using (3.48). 

3. Using the infinite power series in (3.5 I): Although the series will not. in general. yield a 
closed-form solution, it is suitable for computer computation, as discussed following (3.51). 

In addition, we can use (3.58) to compute eAt, that is, 

eAr= .[-l(sl- A)-I (4.8) 

t 

I 
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The inverse of (s I- A) is a function of A; therefore, again, we have many methods to compute 

it: 

I. Taking the inverse of (sl -A). 

2. Using Theorem 3.5. 
3. Using (sl- A)- 1 = Q(sl- A)-IQ- 1 and (3.49). 

4. Using the infinite power series in (3.57). 

s. Using the Leverrier algorithm discussed in Problem 3.26. 

EXAMPLE 4.1 We use Methods I and 2 to compute (sl- A)-
1

• where 

A=[o -IJ 
I -2 

Method 1: We use (3.20) to compute 

(sl- A)-I = [~I s ~ 2 r = s2 + ~s + I [ 5 : 

2 

=[(s+2)/(s+l)
2 

-l/(s+;)
2

] 

lj(s + 1)2 sj(s+)-

Method 2: The eigenvalues of A are -1, -I. Let h(A) = f3o + fJ1A. If h (A) equals f (A) := 

(s - A)- 1 on the spectrum of A, then 

Thus we have 

and 

j(-1) = h(-1): 

J'(-1) = h'(-1): 

(s + 1)- 1 = f3o- /31 

(s + 1)-2 = /31 

(sl- A)- 1 = h(A) = [(s + 1)- 1 + (s + 1)-2]1 + (s + l)-
2
A 

= [ (s + 2)/(s +"1)
2 

- 1/(s + !)2
] 

1/(s + 1)- sj(s+)· 

EXA:\IPLE 4.2 Consider the equation 

x(t) = [~ =~Jx(r)+ [~Ju(t) 
Its solution is 

x(r) = eA'x(O) + 1' eArt-rlBu(r)dr 

The matrix function eAr is the inverse Laplace transform of (sl- A)- 1
, which was computed 

in the preceding example. Thus we have 
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-1 l (s + J)2 = [(I + t)e-t 
s te-t 

(s+)Z 

and 

[
(I + t)e-t 

x(t) = t 
te-

-te-t ] [ - frt (t - r)e-U-•lu(r) dr ] 

(I- t)e-t x(O) + j~[l ~ (t- r)]e-(r-rlu(r)dr 

We discuss a general property of the zero-input response eAtx(O). Consider the second 
matrix in (3.39). Then we have 

[''" 
teJ.It r2eJ.It !2 0 0 

'" = Q l /!~It teJ.It 0 

:] Q-' 0 eJ...!t 0 

0 0 eAir 

0 0 0 eA2r 

Every entry of eAt and, consequently, of the zero-input response is a linear combination of terms 
{eJ.1t, teJ.1t, r2e'1t, eJ.''}. These terms are dictated by the eigenvalues and their indices. In 
general, if A has eigenvalue).. 1 with index ii 1, then every entry of eAt is a linear combination of 

Every such term is analytic in the sense that it is infinitely differentiable and can be expanded 
in a Taylor series at every t. This is a nice property and will be used in Chapter 6. 

If every eigenvalue, simple or repeated, of A has a negative real part, then every zero
input response will approach zero as t -> oo. If A has an eigenvalue, simple or repeated, with 
a positive reai part, then most zero-input responses will grow unbounded as t -> oo. If A has 
some eigenvalues with zero real part and all with index 1 and the remaining eigenvalues all 
have negative real parts, then no zero-input response will grow unbounded. However, if the 
index is 2 or higher, then some zero-input response may become unbounded. For example, if 
A has eigenvalue 0 with index 2, then eAt contains the terms {1, t). If a zero-input response 
contains the term t, then it will grow unbounded. 

4.2.1 Discretization 

Consider the continuous-time state equation 

x(t) = Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 

(4.9) 

(4.10) 

If the set of equations is to be computed on a digital computer, it must be discretized. Because 

. . x(t + T) - x(t) 
x(t) = hm -----

T-o T 

1 4.2 Solution of LTI State Equations 91 

we can approximate (4.9) as 

x(t + T) = x(t) + Ax(t)T + Bu(t)T ( 4.11) 

If we compute x(t) andy(t) only at t = kT fork= 0, 1, ... , then (4.11) and (4.10) become 

x((k + l)T) = (I+ T A)x(kT) + TBu(kT) 

y(kT) = Cx(kT) + Du(kT) 

This is a discrete-time state-space equation and can easily be computed on a digital computer. 

This discretization is the easiest to carry out but yields the least accurate results for the same 

T. We discuss next a different discretization. 
If an input u(t) is generated by a digital computer followed by a digital-to-analog 

converter, then u(t) will be piecewise constant. This situation often arises in computer control 

of control systems. Let 

u(t) = u(kT) =: u[k] for kT::; t < (k + I)T (4.12) 

fork = 0, I, 2, .... This input changes values only at discrete-time instants. For this input, 

the solution of (4.9) still equals (4.5). Computing (4.5) at t = kT and t = (k + l)T yields 

tT 
x[k] := x(kT) = eAkT x(O) + Jo eACkT-r)Bu(r) dr (4.13) 

and 

tk+I)T 
x[k + 1] := x((k + l)T) = eA(k+IJT x(O) + Jo eA((k+l)T-rlBu(r) dr (4.14) 

Equation (4.14) can be written as 

x[k + 1] =eAT [eAkT x(O) + lkT eA(kT-r)Bu(r)dr J 

1
(k+l)T 

+ eACkT+T-r)Bu(r) dr 
kT 

which becomes, after substituting (4.12) and (4.13) and introducing the new variable a .

kT+T-r, 

x[k +I]= eAT x[k] + (1T eActdct) Bu[k] 

Thus, if an input changes value only at discrete-time instants k T and if we compute only the 

responses at t = kT, then ( 4.9) and ( 4.1 0) become 

x[k + 1] = Adx[k] + Bdu[k] 

y[k] = Cdx[k] +Ddu[k] 

(4.15) 

(4.16) 
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with 

(4.17) 

This is a discrete-time state-space equation. Note that there is no approximation involved in 
this derivation and ( 4.15) yields the exact solution of ( 4.9) at t = kT if the input is piecewise 
constant. 

We discuss the computation ofBd. Using (3.51), we have 

{T ( r2 ) 
Jo I+Ar+A

2
2T+··· dr 

Tz T3 T4 
= Tl+ -A+ -A2 + -A3 + ... 

2! i 3! 4 1 
I 

This power series can be computed recursively as in computing (3.51). If A is nonsingular, 
then the series can be written as, using (3.51), 

-I ( T
2 

2 T
3 

3 ) -I c\T A T A+ -A + -A +···+I- I =A (e· -I) 
21 31 

Thus we have 

(if A is nonsingular) (4.18) 

Using this formula. we can avoid computing an infinite series. 

The MATLAB function [ad, bd] =C2d (a, b, T) transforms the continuous-time state 
equation in (4.9) into the discrete-time state equation in (4.15). 

4.2.2 Solution of Discrete-Time Equations 

Consider the discrete-time state-space equation 

x[k + 1] = Ax[k] + Bu[k] 

y[k] = Cx[k] + Du[k] 
(4.19) 

where the subscript d has been dropped. It is understood that if the equation is obtained from 
a continuous-time equation, then the four matrices must be computed from (4.17). The two 
equations in (4.19) are algebraic equations. Once x[O] and u[k], k = 0, I, ... , are given, the 
response can be computed recursively from the equations. 

The MATLAB function ds tep computes unit-step responses of discrete-time state-space 
equations. It also computes unit-step responses of discrete transfer functions; internally, it first 
transforms the transfer function into a discrete-time state-space equation by calling t f 2 s s, 
which will be discussed later, and then uses ds t ep. The function dl s irn, an acronym for 
discrete linear simulation, computes responses excited by any input. The function step 
computes unit-step responses of continuous-time state-space equations. Internally, it first uses 
the function c 2 d to transform a continuous-time state equation into a discrete-time equation 
and then carries out the computation. If the function step is applied to a continuous-time 
transfer function, then it first uses t f 2 s s to transform the transfer function into a continuous
time state equation and then discretizes it by using c 2 d and then uses ds t ep to compute the 
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response. Similar remarks apply to 1 s irn, which computes responses of continuous-time state 
equations or transfer functions excited by any input. 

In order to discuss the general behavior of discrete-time state equations. we will develop 
a general form of solutions. We compute 

x[l] = Ax[O] + Bu[O] 

x[2] =Ax[ I]+ Bu[l] = A2x[O] + ABu[O] + Bu[l] 

Proceeding forward, we can readily obtain, fork > 0, 

k-1 

x[k] = Akx[O] + LAk-I-mBu[m] 

m=O 

k-1 

y[k] = CAkx[O] + L CAk-I-mBu[m] + Du[k] 

m=O 

(4.20) 

(4.21) 

They are the discrete counterparts of (4.5) and (-1..7). Their derivations are considerably simpler 
than the continuous-time case. 

We discuss a general property of the zero-input response Akx[O]. Suppose A has eigen
value At with multiplicity 4 and eigenvalue Az with multiplicity I and suppose its Jordan form 
is as shown in the second matrix in (3.39). In other words, A1 has index 3 and Az has index. I. 
Then we have 

Ak u~-' k(k- l)A7-2 /2 0 

l] Q' A'= Q l ~ Ak u~-' 0 I 

0 Ak 0 I 

0 0 Ak 
I 

0 0 0 A~ 

which implies that every entry of the zero-input response is a linear combination of (A~. H7-l, 
k2 A ~- 2 • A;}. These terms are dictated by the eigenvalues and their indices. 

If every eigenvalue, simple or repeated. of A has magnitude less than I, then every zero
input response will approach zero ask -> oo. If A has an eigenvalue, simple or repeated, with 
magnitude larger than 1, then most zero-input responses will grow unbounded ask-> oo. If A 
has some eigenvalues with magnitude I and all with index I and the remaining eigenvalues all 
have magnitudes less than I, then no zero-input response will grow unbounded. However. if 
the index is 2 or higher, then some zero-state response may become unbounded. For example. 
if A has eigenvalue I with index 2, then A k contains the terms (I, k }. If a zero-input response 
contains the term k, then it will grow unbounded ask -> oc. 

4.3 Equivalent State Equations 

The example that follows provides a motivation for studying equivalent state equations. 

EXAMPLE 4.3 Consider the network shown in Fig. 4.1. It consists of one capacitor, one 
inductor, one resistor, and one voltage source. First we select the inductor current x, and 
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capacitor voltage x2 as state variables as shown. The voltage across the inductor is x1 and 
the current through the capacitor is x2 . The voltage across the resistor is xz; thus its current is 
xzll = Xz. Clearly we have x 1 = xz + i 2 and i 1 + x2 - u = 0. Thus the network is described 
by the following state equation: 

y = [0 l]x (4.22) 

If, instead, the loop currents x1 and x2 are chosen as state variables as shown, then the voltage 
across the inductor is x 1 and the voltage across the resistor is (x1 - x2) · 1. From the left-hand
side loop, we have 

u =x, +x, -x21 or x, = -x, +x2 +u 
' The voltage across the capacitor is the same as the one across the resistor, which is x1 - x2• 

Thus the current through the capacitor is x1 - x2, which equals xz or 

xz =x,-xz = -x, +u 
Thus the network is also described by the state equation 

(4.23) 

y = rr - IJx 

The state equations in (4.22) and (4.23) describe the same network; therefore they must be 
closely related. In fact, they are equivalent as will be established shortly. 

Consider then-dimensional state equation 

x(t) = Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 
(4.24) 

where A is ann x n constant matrix mapping ann-dimensional real spaceR" into itself. The 
state xis a vector in R" for all t; thus the real space is also called the state space. The state 
equation in (4.24) can be considered to be associated with the orthonormal basis in (3.8). Now 
we study the effect on the equation by choosing a different basis. 

31Fl·lr 
xz 

~---------+-------J 

Figure 4.1 Network with two different 
sets of state variables. 

4.3 Equivalent State Equations 

Definition 4.1 Let P be an n x n real nonsingu/ar matrix and let x = Px. Then the state 

equation, 

where 

x(t) = Ax(tl + .Bu(tl 

y(t) = Cx(t) + i>u(t) 

c = cp-' 

(4.25) 

(4.26) 

is said to be (algebraically) equivalent to (4.24) and x = Px is called an equivalence 

transformation. 

95 

Equation (4.26) is obtained from (4.24) by substituting x(t) = p-'x(l) and x(t) = 
p- 1x(t). In this substitution, we have changed, as in Equation (3.7), the basis v~ctors of the 
state space from the orthonormal basis to the columns of p-I =: Q. Clearly A and A are similar 
and A is simply a different representation of A. To be precise, let Q =p-I = [q, Q2 · · · Qnl· 
Then the ith column of A is, as discussed in Section 3.4, the representation of Aq; with respe~t 
to the basis {q1, q2• · • ·, Qn ). From the equation B = PB orB= p-I B = [q, Q2 · · · Qn]B. 
we see that the ith column of B is the representation of the ith column of B with respect to the 
basis { q 1, q 2• . ••• Qn}. The matrix C is to be computed from cp-I. The matrix D. called the 
direct transmission part between the input and output, has nothing to do with the state space 
and is not affected by the equivalence transformation. 

We show that (4.24) and (4.25) have the same set of eigenvalues and the same transfer 
matrix. Indeed, we have. using det(P) det(P- 1

) = 1, 

and 

S,().) = det(AI- A)= det().pp-I- PAP- 1) = det[P(AI- A)P- 1
] 

= det(P) det(AI- A) det(P- 1
) = det(AI- A)= 6().) 

G(s) = C(sl- A)- 1B + i> = cP-1[P(sl- A)P-'r'PB + D 

= cP- 1P(sl- A)-lp-lpB + D = C(sl- A)- 1B + D = G(s) 

Thus equivalent state equations have the same characteristic polynomial and. consequently, the 
same set of eigenvalues and same transfer matrix. In fact, all properties of (4.24) are preserved 
or invariant under any equivalence transformation. 

Consider again the network shown in Fig. 4.1. which can be described by ( 4.22) and ( 4.23 ). 
We show that the two equations are equivalent. From Fig. 4.1, we have XI = .i',. Because the 
voltage across the resistor is x2, its current is xz!l and equals x, - xz. Thus we have 

or 

[
.i'1 ] [I 0 ]-I [XI] [I 0 ] [XI] 
i 2 = I -1 xz = I -1 Xz 

(4.27) 
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Note that, for this P, its inverse happens to equal itself. It is straightforward to verify that (4.22) 
and (4.23) are related by the equivalence transformation in (4.26). 

The MATLAB function [ ab, bb, cb, db J = s s 2 s s (a, b, c, d, p) carries out equiv
alence transformations. 

Two state equations are said to be ~era-state equivalent if they have the same transfer 
matrix or 

This becomes, after substituting (3.57), 

D + CBs-
1 + CABs-2 + CA~Bs-3 + · · · = D + CBs- 1 + CABs-2 + CA2Bs-3 + · · 

Thus we have the theorem that follows. 

> Theorem 4. I 

Two linear time-invariant state equations (A, B, c_ D) and (A. B, C, D) are zero-state equivalent 
or have the same transfer matrix if and only if D = D and 

m =0. I, 2, ... 

It is clear that (algebraic) equivalence implies zero-state equivalence. In order for two 
state equations to be equivalent, they must have the same dimension. This is. however, not the 
case for zero-state equivalence, as the next example shows. 

EXAMPLE 4.4 Consider the two networks shown in Fig. 4.2. The capacitor is assumed to have 
capacitance -I F. Such a negative capacitance can be realized using an op-amp circuit. For the 
circuit in Fig. 4.2(a), we have y(t) = 0.5 · u (t) or y(s) = 0.5u (s ). Thus its transfer function is 
0.5. To compute the transfer function of the network in Fig. 4.2(b), we may assume the initial 
voltage across the capacitor to be zero. Because of the symmetry of the four resistors, half of 
the current will go through each resistor or i (t) = 0.5u (t), where i (t) denotes the right upper 
resistor's current. Consequently, y(t) = i (t) · I = 0.5u(t) and the transfer function also equals 
0.5. Thus the two networks, or more precisely their state equations, are zero-state equivalent. 
This fact can also be verified by using Theorem 4.!. The network in Fig. 4.2(a) is described 
by the zero-dimensional state equation y(t) = 0.5u(t) or A = B = C = 0 and D = 0.5. To 

r 
0.511 y 

t _1 
0511 

(a) 

t 
-IF 

lrl I II 

u -i +.i: i -.i' 

(b) 

Figure 4.2 Two zero-state 
equivalent networks. 
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. k . F 4 2(b) we assign the capacitor voltage as state 
develop a state equatiOn for the networ m _Ig: fl. . ,g from dte ne<>ative to positive polarity 

. · h 1 ·t shown Its current IS x owm~ "' 
vanable x wit po an y . . If e assi crn the right upper resistor's current as i ( t). then 
because of the negauve capacitance. w "' . . ent I·s u _ i and the left 

· • · · · the left upper resistor s curr . 
the right lower resistor s current IS~ - x' d he u er right-hand loop is 0: 
lower resistor's current is u - i + x. The total voltage aroun t pp 

i _ x _ (u _ i) = 0 or i = 0.5(x + u) 

which implies 

y = I . i = i = 0.5(x + u) 

The total voltage around the lower right-hand loop is 0: 

X+ (i- X)- (u- i +X)= 0 

which implies 

:!.i: = 2i +X _ ll = X + ll +X - U = 2X 

k . F. ' '(b) is described by the one-dimensional state equation Thus the networ lfl Ig. "'·-

:r(t) = x(t) 

y(t) = 0.5x(t) + 0.5u(t) 

C = 0.5, and D = 0.5. We see that D = D =. 0.5 and CA'"B = 
. ... Thus the two equations are zero-state eqUivalent. 

with A = I, B = 0. 
CAmB=Oform=O, I. 

4.3. 1 Canonical Forms 

. b bb b dh pl=canon(a,b,c,d, 'type' ·If 
MATLAB contains the functwn [a ' ' c ' v' ' . · ·th A in the 
type =companion, the function will generate an eqUivalent~tate e~~twn. WI A"-J btl is 

· f · (3 "-1) This function works only If Q .- [b1 1 

compam~n o: ~~ . ·;he first column of B. This condition is the same as (A. bl} controllable, 
nonsmgulladr,_ w erenJCIShapter 6 The p that the function canoE generates equals Q-I. See the 
as we WI ISCUSS I · 

discussion in Section 3.4. . 
1 

f Suppose A has two real eigenvalues and two 

We discuss a dif:;~:~s~a1o;~~~nl~:~l coefficients, the two complex eigenvalues must 
complex eigenvalues. . . . and a - -~be the eigenvalues and QI, Q2. q,. and 
be complex conJugate. Let AJ, Az, a+ Jhf3, . )._ 1 

R q and Q> are all real and q~ equals 
be the correspondmg eigenvectors. w ere AJ, 2. a,~-'' I• -

q~ . fi Q _ [ , q· q ]. Then we have the complex conJugate of q3. De ne - q1 q_ o ~ 

[

)._0

1 ~2 ~ ~O ] = Q-IAQ 
J := 0 0 a+ jf3 

0 0 0 a- J~ 

. . , _ , (a) in MATLAB as shown in Examples 
Note that Q and J can be obtamed from [ q' J 1 - e ~ g · real matrix bv the 
3.5 and 3.6. This form is useless in practice but can be transformed mto a . 

following similarity transformation 



98 STATE-SPACE SOLUTIONS AND REALIZATIONS 

[! ; : JJ [! 
[ ~ ~ ~ 

0 0 0.5 

0 0 0.5 

0 

A2 

0 

0 

0 
0 

a+ j{3 

0 

0 

.LJ 
0 

0 

a 

-{3 

~] --·A f3 -. 

a 

We see that this transformation transforms the complex eigenvalues on the diagonal into 
a block with the real part of the eigenvalues on the diagonal and the imaginary part on 
the off-diagonal. This new A-matrix is sp.id to be in modal form. The MATLAB function 
[ab,bb,cb,db,P]~canon(a,b,c, 1d, 'modal') or canon(a,b,c,d) with no 
type specified will yield an equivalent state equation with A in modal form. Note that there is 
no need to transform A into a diagonal form and then to a modal form. The two transformations 
can be combined into one as 

[' 0 0 

-0~5j l -1 - 0 I 0 
p = QQ = [q, Q2 QJ Q4] ~ 0 0.5 

0 0.5 0.5j 

= [q, Q2 Re(q3) Im(q3)] 

where Re and Im stand, respectively, for the real part and imaginary part and we have used in 
the last equality the fact that q4 is the complex conjugate of q3. We give one more example. The 
modal form of a matrix with real eigenvalue AJ and two pairs of distinct complex conjugate 
eigenvalues a; ± j{3;, fori = I, 2, is 

[A' 
0 0 0 

i1 •~ ! a, {3, 0 

-{3, a, 0 (4.28) 

0 0 a2 

0 0 -f3z az 

It is block diagonal and can be obtained by the similarity transformation 

p-I = [q 1 Re(qz) Im(qz) Re(q4) lm(q4)] 

where q,, Q2, and q4 are, respectively, eigenvectors associated with A 1, a 1 + j {3 1, and a 2 + j {31 . 

This form is useful in state-space design. 

4.3.2 Magnitude Scaling in Op-Amp Circuits 

As discussed in Section 2.3.1, every LTI state equation can be implemented using an op-amp 
circuit. 1 In actual op-amp circuits, all signals are limited by power supplies. If we use± 15-volt 

I. This subsection may be skipped without loss of continuity. 
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power supplies, then all signals are roughly limited to ± 13 volts. If any signal goes outside 
the range, the circuit will saturate and will not behave as the state equation dictates. Therefore 
saturation is an important issue in actual op-amp circuit implementation. 

Consider an LTI state equation and suppose all signals must be limited to ±M. For linear 
systems, if the input magnitude increases by a, so do the magnitudes of all state variables 
and the output. Thus there must be a limit on input magnitude. Clearly it is desirable to have 
the admissible input magnitude as large as possible. One way to achieve this is to use an 
equivalence transformation so that 

for all i and for all t. The equivalence transformation, however, will not alter the relationship 
between the input and output; therefore we can use the original state equation to find the input 
range to achieve ly(t)l :::: M. In addition, we can use the same transformation to amplify some 
state variables to increase visibility or accuracy. This is illustrated in the next example. 

EXAMPLE 4.5 Consider the state equation 

x=[-~· 1 ~1 ]x+[~.~Ju 
y=[O.l -l]x 

Suppose the input is a step function of various magnitude and the equation is to be implemented 
using an op-amp circuit in which all signals must be limited to ±I 0. First we use MATLAB 
to find its unit-step response. We type 

a~[-0.1 2;0 -l];b~[l0;0.l];c~[0.2 -l];d~O; 

[y,x,t]~step(a,b,c,d); 

plot (t,y, t,x) 

which yields the plot in Fig. 4.3(a). We see that l:q I max = 100 > I.VImax = 20 and 
lx21 << IYimax· The state variable Xz is hardly visible and its largest magnitude is found 
to be 0.1 by plotting it separately (not shown). From the plot, we see that if iu(t)l :::: 0.5, then 
the output will not saturate but x, (t) will. 

Let us introduce new state variables as 

20 x1 = -x1 = 0.2x 1 
100 

With this transformation. the maximum magnitudes of x1 (t) and .1'2 (t) will equal IY I max. Thus 
if y(t) does not saturate, neither will all the state variables .'t;. The transformation can be 
expressed as x = Px with 

P= [
0.2 

0 2~] p-1- [5 0 ] 
- 0 0.005 

Then its equivalent state equation can readily be computed from (4.26) as 

~ [-0.1 
X= 

0 
x+ u 0.002]- [ 2 ] 

-1 20 

y =[I - o.oos]x 
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Figure -1.3 Time responses. 

Its step responses due to u(t) = 0.5 are plotted in Fig. 4.3(b). We see that all signals lie inside 
the range ± 10 and occupy the full scale. Thus the equivalence state equation is better for 
op-amp circuit implementation or simulation. 

The magnitude scaling is important in using op-amp circuits to implement or simulate 
continuous-time systems. Although we discuss only step inputs, the idea is applicable to any 
input. We mention that analog computers are essentially op-amp circuits. Before the advent of 
digital computers, magnitude scaling in analog computer simulation was carried out by trial 
and error. With the help of digital computer simulation, the magnitude scaling can now be 
carried out easily. 

4.4 Realizations 

Every linear time-invariant (LTI) system can be described by the input--output description 

j-(s) = G(s)ii(s) 

and. if the system is lumped as well. by the state-space equation description 

x(t) = Ax(r) + Bu(t) 

y(t) = Cx(r) + Du(t) 
(4.29) 

If the state equation is known. the transfer matrix can be computed as G(s) = C(s I -A)-1 B+D. 
The computed transfer matrix is unique. Now we study the converse problem. that is. to find a 
state-space equation from a given transfer matrix. This is called the realbuion problem. This 
terminology is justified by the fact that, by using the state equation. we can build an op-amp 
circuit for the transfer matrix. 

A transfer matrix G(s) is said to be reali:ahle if there exists a finite-dimensional state 
equation (4.29) or, simply. (A. B. C, D) such that 

G(s) = C(sl- A)- 1B + D 
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and (A. B. C, D) is called a reali~ation of G(s). An LTI distributed system can be de~cribed 
bv a transfer matrix. but not by a finite-dimensional state equation. Thus not every G(s) is 

r;alizable. If G(s) is realizable. then it has infinitely many realizations, not necessarily of 
the same dimension. Thus the realization problem is fairly complex. We study here only the 
realizability condition. The other issues will be studied in later chapters. 

ji'~ Theorem 4.2 

A transfer matrix G(s) is realizable if and only if G(5) is a proper rational matrix. 

We use (3.19) to write 

G (5) := C(sl- A)- 1B = l C[Adj (51- A)]B 
sp det(5l- A) 

(4.30) 

If A is n x n, then det (sl- A) has degree n. Every entry of Adj (51- A) is the determinant 
of an (n - I) x (n - 1) submatrix of (sl- A): thus it has at most degree (n - 1). Their linear 
combinations again have at most degree (n- 1). Thus we conclude that C(5l- A)- 1B is a 
strictly proper rational matrix. IfD is a nonzero matrix. then C(5l- A)- 1 B +Dis proper. This 

shows that if G(5) is realizable. then it is a proper rational matrix. Note that we have 

G(cc) = D 

Next we show the converse; that is. if G(s) is a q x p proper rational matrix. then there 

exists a realization. First we decompose G(s) as 

G(s) = G(cc) + Gsp(5) 

where Gsp is the strictly proper part of G(5). Let 

d(5) = 5r + CtJSr-l + · · · + Ctr-J5 + Ctr 

(4.31) 

(4.32) 

be the least common denominator of all entries of Gsp(s). Here we require d(5 J to be monic; 

that is, its leading coefficient is I. Then G,p(5) can be expressed as 

, I I ( r-1 N r-' N +"' ] G (5) = -[N(5)] = - N15 +. c5 - + .. · + l r-15 . •'r 
sp d(5) d(s) 

(433) 

where N, are q x p constant matrices. Now we claim that the set of equations 

[-a, I, -a2lp -ar-llp 

-·~~-J n lp 0 0 

x= 0 lp 0 0 X+ 0 U 

(4.34) 

0 0 lp 0 0 

y = [NI Nc · · ·Nr-l Nr] X+ G(oo)u 
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is a realization of G (s). The matrix Ip is the p x p unit matrix and every 0 is a p x p zero matrix. 
The A-matrix is said to be in block companion form; it consists of r rows and r columns of 
p x p matrices; thus the A-matrix has order rp x rp. The B-matrix has order rp x p. Because 
the C-matrix consists of r number ofN;, each of order q x p, the C-matrix has order q x rp. 

The realization has dimension r p and is said to be in controllable canonical form. 
We show that (4.34) is a realization of G(s) in (4.31) and (4.33). Let us define 

Z=[~:J =(d-A)-'B 
where Z; is p x p and Z is rp x p. Theruthe transfer matrix of (4.34) equals 

' 
C(sl- A)-1B + G(oo) = N1Z1 + N2Z2 + · · · + N,Z, + G(oo) 

We write (4.35) as (sl- A)Z = B or 

sZ =AZ+B 

(4.35) 

(4.36) 

(4.37) 

Using the shifting property of the companion form of A, from the second to the last block of 

equations in (4.37), we can readily obtain 

which implies 

Substituting these into the first block of equations in (4.37) yields 

or, using ( 4.32), 

Thus we have 

( 
az a, ) d(s) 

s + a1 + - + ... + -- z1 = --Z1 = Ip s 5 r-I 5r-l 

5 r-l 

z1--1 - d(s) P• 

Substituting these into ( 4.36) yields 

- I 1 , -C(sl- A)-1B + G(oo) = -[N1sr- + Nzs'-- + · · · + N,] + G(oo) 
d(s) 

This equals G(s) in (4.31) and (4.33). This shows that (4.34) is a realization ofG(s). 
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EXAMPLE 4.6 Consider the proper rational matrix 

[ 

4s- 10 _3_] 
G(s)= 2s

1
+I s+2 

s +I 
(2s + l)(s + 2) (s + 2)2 

[ 

-12 

=[~ ~]+ 2s{l 

(2s + l)(s + 2) 

3 l s+2 
s + I 

(s + 2)2 

(4.38) 

where we have decomposed G(s) into the sum of a constant matrix and a strictly proper rational 
matrix G,p(s). The monic least common denominator ofG,p(s) is d(s) = (s +0.5)(s + 2)

2 = 
s3 + 4.5s2 + 6s + 2. Thus we have 

A 1 [ -6(s + 2)2 

G,p(s) = s3 + 4.5s2 + 6s + 2 0.5(s + 2) 
3(s + 2)(s + 0.5) J 
(s + l)(s + 0.5) 

I ([ -6 
= d(s) 0 

3 J 52 [ -24 
I + 0.5 

7.5 J s + [ -24 
1.5 I 0~5]) 

and a realization of (4.38) is 

-4.5 0 -6 0 -2 0 
0 

0 -4.5 0 -6 0 -2 0 

0 0 0 0 0 0 0 [::] X= x+ 
0 0 

0 0 0 0 0 

0 0 
0 0 0 0 0 0 0 

0 0 0 0 0 

[ -6 3 -24 7.5 -24 

0
3J x+ [~ ~] [::] (4.39) Y= 

0 0.5 1.5 

This is a six-dimensional realization. 

We discuss a special case of (4.31) and (4.34) in which p = I. To save space, we assume 
r = 4 and q = 2. However, the discussion applies to any positive integers r and q. Consider 

the 2 x 1 proper rational matrix 

G(s) = [d1] + --~--'----
dz s4 + a 1s3 + azs 2 + a3s + a4 

. [ .811 s: + fhzs~ +.Bus + .814 J 
.Bz1s + .Bzzs" + .Bz3s + .BN 

(4.40) 
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(J) 

Then its realization can be obtained directly from (4.34) as [_,, -a2 -0'3 -;·] [:] . I 0 0 
X= 0 X+ 0 u 0 l 0 

0 0 0 0 
(4.41) 

y =[.Bit .Btz /3!3 f3t•] X+ [ dt] U 

.Bzt .Bzz /323 f3z• dz 

This controllable-canonical-form realization can be read out from the coefficients of G(s) in 

(4.40). 

There are many ways to realize a proper transfer matrix. For example, Problem 4.9 

gi\e'i a different realization of (4.33) with dimension rq. Let G,;(s) be the ith column of 

G(sl and let u; be the ith component of the input vector u. Then J(s) = G(s)u(s) can be 

ex pressed as 

Yes) = G, 1 (s)zl 1 (s) + GcZ(s)tds) + · · · =: Yc1 (s) + yc2(s) + · · · 

as shown in Fig. 4.4(a). Thus we can realize each column of G(s) and then combine them to 

yield a realization of G(s). Let Gr; (s) be the ith row of G(s) and let y; be the ith component 

of the output vector y. Then y(s) = G(s )u(s) can be expressed as 

y;(s) = Gn(s)u(s) 

as shown in Fig. 4-l(b). Thus we can realize each row ofG(s) and then combine them to obtain 

a realization of G(s). Clearly we can also realize each entry of G(s) and then combine them 

to obtain a realization ofG(s). See Reference [6. pp. 158-160]. 

The MATLAB function [a, b, c, d] = t f 2 ss ( num, den) generates the controllable

canonical-form realization shown in ( 4.41) for any single-input multiple-output transfer matrix 

G(s). In its employment, there is no need to decompose G(s) as in (4.31 ). But we must compute 

its least common denominator. not necessarily monic. The next example will apply t f 2 s s to 

each column of G(s) in (4.38) and then combine them to form a realization of G(s). 

\'~ 

ib) 

Figure 4A Realizations of G(5) by 

columns and by ro\l>s. 
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Typing 

yields the following realization for the first column of G(s ): 

(4.42) 

-12] [2] Xt + liJ 
0.5 0 

Similarly, the function tf2ss can generate the following realization for the second column 

ofG(s): 

[
-4 

Xo = AoX' +both = - -- -- I -
4

] X, + [ l ] 111 0 - 0 -
(443) 

V,., = C1Xo +doth = [ 3 
-- -- -- I 

6 Jx,+[ 0
] 1, l - 0 -

These two realizations can be combined as 

[ ~I]= [At 0] [XI]+ [b1 0] [III] 
Xz 0 Az Xz 0 bz u, 

Y = Yc1 + Yc2 = [Ct Cz]x + [dt dz]u 

or 

[T 
-I 0 

~l{ lJ" 0 0 
x= 

0 -4 

0 
(4.44) 

[ -6 -12 3 ~]x+[~ ~Ju y= 
0.5 0 

This is a different realization of the G(s) in (4.38). This realization has dimension 4. two less 

than the one in (4.39). 

The two state equations in (4.39) and (4.44) are zero-state equivalent because they have 

the same transfer matrix. They are, however, not algebraically equivalent. More will be said 
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in Chapter 7 regarding realizations. We mention that all discussion in this section, including 

tf2ss, applies without any modification to the discrete-time case 

4.5 Solution of Linear Time-Varying (LTV) Equations 

Consider the linear time-varying (LTV) state equation 

x(t) = A(t)x(t) + B(t)u(t) 

y(t) = C(t)x(t) + D(t)u(t) 

( 4.45) 

(4.46) 

It is assumed that, for every initial state fCto) and any input u(t), the state equation has a 
unique solution. A sufficient condition forisuch an assumption is that every entry of A(t) is a 
continuous function oft. Before considering the general case, we first discuss the solutions of 
x(t) = A(t)x(t) and the reasons why the approach taken in the time-invariant case cannot be 

used here. 
The solution of the time-invariant equation x = Ax can be extended from the scalar 

equation .i: = ax. The solution of .i = ax is x(t) = e"' x(O) with d(e"')/dt = aea' = e"' a. 

Similarly, the solution ofx =Ax is x(t) = eAtx(O) with 

:!_eAt = AeAt =eAt A 
dt 

where the commutative property is crucial. Note that, in general, we have AB i= BA and 
e(A+B)t i= eAt eBt. 

The solution of the scalar time-varying equation .i: = a(t)x due to x(O) is 

( ) 
f' a(r)dr (O) x t = eJo x 

with 

d r• a(r)dr ( ) r' a(r)dr ro' a(r)dr (!) -eJo =a t eJo = eJ' a 
dt 

Extending this to the matrix case becomes 

x(t) = ef; A(r)dr x(O) 

with, using (3.51), 

ef; A(r)dr =I+ l A(r)dr + ~ (l A(r)dr) (1' A(s)ds) + · · · 

This extension, however, is not valid because 

feJ; A(r)dr = A(t) + ~A(t) (1' A(s)ds) + ~ (l A(r)dr) A(t) + · · · 

i= A(t )eJ; A(r)dr 

(4.47) 

(4.48) 

Thus, in general, (4.47) is not a solution of x = A(t)x. In conclusion, we cannot extend the 
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solution of scalar time-varying equations to the matrix case and must use a different approach 
to develop the solution. 

Consider 

x = A(t)x (4.49) 

where A is n x n with continuous functions oft as its entries. Then for every initial state X; Cto). 
there exists a unique solution x;(t), fori=!, 2, ... , n. We can arrange these n solutions as 
X= [x1 Xz · · · Xn], a square matrix of order n. Because every X; satisfies (4.49), we have 

X(t) = A(r)X(r) (4.50) 

If X(t0) is nonsingular or then initial states are linearly independent, then X(t) is called a 
fundamental matrix of (4.49). Because the initial states can arbitrarily be chosen, as long as 
they are linearly independent, the fundamental matrix is not unique. 

ExAMPLE 4.8 Consider the homogeneous equation 

. [0 OJ x(t) = t 
0 

x(r) (4.51) 

or 

xz(t) = tx1 (t) 

The solution of .i:1(t) = Oforto = 0 isx1(t) = x1(0); the solution of .i:z(t) = tx 1(t) = tx1(0) 

is 

Thus we have 

[
XI (0)] [ 1] [ I ] x(O) = = =? x(t) = 2 xz(O) 0 0.5t 

and 

[
xi(O)] [!] [ I ] 

x(O) = x
2

(0) = 2 "* x(t) = 0.5r2 + 2 

The two initial states are linearly independent; thus 

X(t) = [ 
1 

, ! ] 
0.5r- 0.5r- + 2 

(4.52) 

is a fundamental matrix. 

A very important property of the fundamental matrix is that X (t) is nonsingular for all t. 
For example, X(t) in (4.52) has determinant 0.5r2 + 2- 0.5t2 = 2; thus it is nonsingular for 
all t. We argue intuitively why this is the case. IfX(t) is singular at some t1, then there exists 
a nonzero vector v such that x(t1) := X(ri)v = 0, which, in turn, implies x(t) := X(t)v = 0 
for all t, in particular, at= to. This is a contradiction. Thus X(t) is nonsingular for all t. 

• 
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Definition 4.2 Let X(t) he any fundamental matrix ofx = A(t)x. Then 

<l>(t, to) := X(t)X- 1 Uol 

is called the state transition matrix ofx = A(t)x. The state transition matrix is also the 
unique solution of 

a 
-<l>(t, to)= A(t)<l>(t, to) ar 

with the initial condition <l>(to. to) =I. 

(4.53) 

Because X(t) is nonsingular for all t. its inverse is well defined. Equation (4.53) follows 
directly from (4.50). From the definition,,we have the following important properties of the 
state transition matrix: ' 

cf>(t, t) =I 

<1>- 1(1, to)= [X(t)X- 1(toW 1 = X(to)X- 1(1) = <l>(to. t) 

<l>(t, to)= cf>{t. t!l<l>{tt. to) 

for every t, to. and 11. 

(4.54) 

(4.55) 

(4.56) 

EXAMPLE 4.9 Consider the homogeneous equation in Example 4.8. Its fundamental matrix 
was computed as 

[ 
I I ] X(t) = , , 

O.St- O.Sr- + 2 

Its inverse is. using (3.20), 

_ 1 [0.25t 2 +I 
X (t) = ' 

-0.2St-
-0.5] 
0.5 

Thus the state transition matrix is given by 

( [ 
I I ] [ 0.25t~ + I 

<I> t, to)= 2 ' ' 
0.5t 0.5t- + 2 -0.25t0 

-0.5] 
0.5 

= [ 0.5()- t5) ~] 
It is straightforward to verify that this transition matrix satisfies (4.53) and has the three 
properties listed in (4.54) through (4.56). 

Now we claim that the solution of (4.45) excited by the initial state x(to) = xo and the 
input u{t) is given by 

x(t) = <l>(t, to)Xo + [' <l>(t, r)B(r)u(r)dr 
},0 

= <l>(t, to) [ Xo + l <l>(to. r)B(r)u(r) dr] 

(4.57) 

(4.58) 
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where cf>(t. r) is the state transition matrix ofx = A(t)x. Equation (4.58) follows from (4.57) 
by using cf>(t. r) = <l>(t, t0 )cf>(t0 . r). We show that (4.57) satisfies the initial condition and the 

state equaion. At t = t0 • we have 

1'" x(t0 ) = <l>(to. to)Xo + <l>(t. r)B(r)u(r)dr = lx0 + 0 = Xo 
to 

Thus (4.57) satisfies the initial condition. Using (-1.53) and (4.6). we have 

d a a 1t -x(t) = -<l>(t. to)Xo +- <1>(1. r)B(r)u(r)dr 
dt ar at to 

= A(t)<l>(t. to)x0 + [' (!!_<1>(1. r)B(r)) dr + <l>(t. t)BU)u!t) 
}to ot 

= A(r)cf>{t. to)Xo + [' A(t)cf>(t. r)B(r )u( r) dr + B{t )u(t) 
lro 

= A(t) [ <1>(1, to)xo +it <l>(t. r)B(r)u(r) dr] + B(t)u(t) 

= A(t)x(t) + B(t)u(t) 

Thus (4.57) is the solution. Substituting (4.57) into (4.461 yields 

y(t) = C(t)<l>(t. to)xo + C(t) [' cf>(t. r)B(r)u(r)dr + D{t)u(t) 
lro 

If the input is identically zero, then Equation (4.57) reduces to 

x(t) = cf>(t. to)Xo 

(4.59) 

This is the zero-input response. Thus the state transition matrix governs the unforced propa

gation of the state vector. If the initial state is zero. then (4.59) reduces to 

y(t) = C(t) [' cf>(t. r)B(r)u(r) dr + D(t)u(l) 
lto 

= [' [C{t)cf>(t. r)B(rJ + Di5(t- r)] u(r) dr 
},0 

(4.60) 

This is the zero-state response. As discussed in (2.5). the zero-state response can be described by 

y(t) = [' GU. r)u(r)dr 
},() 

(4.61) 

where G(t, r) is the impulse response matrix and is the output at timet excited by an impulse 

input applied at timer. Comparing (4.60) and (4.61) yields 

G(t. r) = C(t)<l>(t, r)B(r) + D(t)8(t- r) 

= C(t)X(t)X- 1(rJB(r) + D(t)8(t- r) (462) 

This relates the input-output and state-space descriptions. 
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The solutions in (4.57) and (4.59) hinge on solving (4.49) or (4.53). If A(t) is triangular 

such as 

[
Xl(t)1 [a11(t) 0 1 [x1(t)1 
xz(t) = az1(t) azz(t) xz(t) 

we can solve the scalar equation x1 (t) = a 11 (t)x1 (t) and then substitute it into 

Because x
1 
(t) has been solved, the preceding scalar equation can be solved for xz(t). This is 

what we did in Example 4.8. If A(t), such as A(t) diagonal or constant, has the commutative 

property 

for all to and t, then the solution of ( 4.53) can be shown to be 

(4.63) 

' 

I 

I 
J,' Alr)dr "" 1 (1' )k 

<l>(t, to)= e •o = L I A(r)dr 
k=O k. ro 

For A(t) constant, (4.63) reduces to 

<l>(t, r) = eA(r-r) = <l>(t- T) 

and X(t) =eAr. Other than the preceding special cases, computing state transition matrices is ! 
generally difficult. i i 

4.5.1 Discrete-Time Case 

Consider the discrete-time state equation 

x(k + 1] = A(k]x(k] + B(k]u(k] 

y(k] = C(k]x(k] + D(k]u(k] 

(4.64) 

(4.65) 

The set consists of algebraic equations and their solutions can be computed recursively once 
the initial state x(kol and the input u(k], fork ::: ko, are given. The situation here is much 

simpler than the continuous-time case. 
As in the continuous-time case, we can define the discrete state transition matrix as the 

solution of 
with <l>(ko. kol = I <l>[k + 1, kol = A(k]<l>(k, kol 

fork = k
0

, ko + I, .... This is the discrete counterpart of (4.53) and its solution can be 

obtained directly as 
(4.66) 

<l>[k, k
0

] = A[k- l]A(k- 2]· · · A(ko] 

fork > ko and <l>(ko, kol =I. We discuss a significant difference between the continuous- and 
discrete-time cases. Because the fundamental matrix in the continuous-time case is nonsingular 
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for all t, the state transition matrix <l>(t. to) is defined fort> 
propagatiOn of the state vector in the posl·t· t. - to and t < to and can govern the · lYe- 1me and negative tim d' · I 
l!me case, the A-matrix can be singul . th h . - e 1rectwns. n the discrete-
..._ . ar. us t e m verse of <1> [k k ] b 
... [k, ko]ls defined only fork> k a d · o may not e defined. Thus 

. . . - o n governs the propagation of th t . 
poslllve-trme direction. Therefor th d'. e s ate vector m only the e e 1screte counterpart of ( 4.56) or 

<l>[k, kol = <l>[k, kJ]<I>[k1 • kol 

holds only fork ::: k 1 ::: ko. 
Using the discrete state transition mat · as, fork> ko. nx, we can express the solutions of(4.64) and (4.65) 

k-1 

x[k] = <l>[k. ko]xo + L <l>[k, m + l]B[m]u[m] 
m=ko 

(4.67) 
k-1 

y[k] = C[k]<l>[k, ko]Xo + C(k] L <l>[k, m + l]B[m]u[m] + D[k]u[k] 
m=ko 

Their derivations are similar to those of (4 'JO . 'J . 
If the initial state is zero Equation ( '·6-7)) andd ( 4.-l) and will not be repeated. 

' ... re uces to 

k-1 

y[k] = C[k] L <l>[k. m + I]B[m]u[m] + D[k]u[k] (4.68) 

m=ko 

for k > ko. This describes the zero-state re f 
k < m, then (4.68) can be written as sponse o (4.65). If we define <l>[k, m] = 0 for 

k 

y[k] = L (C[k]<l>[k, m + l]B[m] + D[m]8[k _ m]) u[m] 
m=ko 

where the impulse sequence 8[k- m] equals l if k - d 0 ·r 
the multivariable version of (2.34). we have -man 

1 
k 'I m. Comparing this with 

G[k, m] = C[k]<l>[k, m + I]B[m] + D[m]8[k- m] 

fork 2: m. This relates the impulse response se counterpart of (4.62). quence and the state equation and is the discrete 

4.6 Equivalent Time-Varying Equations 

This section extends the equivalent state e uations d. . . . 
case. Consider then-dimensional J' q . Jscussed m Secl!on 4.3 to the lime-varying 

rnear time-varymg state equation 

x = A(t)x + B(t)u 
(4.69) 

Y = C(t)x + D(t)u 
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Let P(t) be ann x n matrix. It is assumed that P(r) is nonsingular and both P(t) and P(l) are 
continuous for all t. Let x = P(l )x. Then the state equation 

where 

x = A(tJx +B<rJu 

y = C(l)x + D(l)u 

A.(t) = [P(t)A(I) + P(I)]P- 1(1) 

B(l) = P(t)B(t) 

C(l) = Cu)P- 1(1! 

D(t) = Dil) 

(4.70) 

is said to be (algebraically) equivalent to (4.69) and P(t) is called an (algebraic) equimlence 
transformation. 

Equation (4.70) is obtained from (4.69) by substituting x = P(l)x and x = P(l)x + P(l)x. 
Let X be a fundamental matrix of (4.69). Then we claim that 

XII):= P(r)X(I) (4.71) 

is a fundamental matrix of (4.70). By definition, X(l) = A(t)X(t) and X (I) is nonsingular for 
all t. Because the rank of a matrix will not change by multiplying a nonsingular matrix, the 
matrix P(r)X(t) is also nonsingular for all t. Now we show that P(r)X(t) satisfies the equation 
x = AU)x. Indeed, we have 

d . . . 
dt[P(t)X(r)] = P(t)X(t) + P(t)X(t) = P(I)X(r) + P(I)A(I)X(t) 

= [P(I) + P(IL.\(t)][P- 1(r)P(r)]X(r) = A(I)[P(t)X(t)] 

Thus P(IJX(I) is a fundamental matrix ofx(t)= A(l)x(t). 

Theorem 4.3 

Let Ao be an arbitrary constant matrix. Then there exists an equivalence transformation that transfom1s 
(4.69) into (4.70) with ACr) = A0 . 

Proof· Let X (I) be a fundamental matrix of x = A(t)x. The differentiation of x- 1 (t) 
X(t) =I yields 

X- 1 
(t)XU) + x- 1X(t) = 0 

which implies 

(4.72) 

Because ACt) = A0 is a constant matrix. X(t) = eA"' is a fundamental matrix of 
x = A(l)x = A0 x. Following (4.71 ). we define 

(4.73) 
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and compute 

ACt)= [P(rl..\(tJ + P(r)]P- 1(1) 

= [eA"'X-I(t)A(I) + AaeAotX-1(1) + eAotX-I(I)]X(t)e-A"t 

whiG.IJ. becomes, after substituting (4.72), 

A(l) = A
0
eA"tX- 1 (t)X(t)e-Aot = Ao 

This establishes the theorem. Q.E.D. 

If Aa is chosen as a zero matrix, then P(t) = x- 1(t) and (4.70) reduces to 

113 

A en= o B(t) = x- 1(r)B(r) C(l) = C(t)X(t) D(l) = D(IJ (-U4J 

The block diagrams of (4.69) with A(t) f. 0 and A(t) = 0 are plotted in Fig. 4.5. The block 
diagram with A(t) = 0 has no feedback and is considerably simpler. Every time-varying state 
equation can be transformed into such a block diagram. However, in order to do so. we must 
know its fundamental matrix. 

The impulse response matrix of (4.69) is given in (4.62). The impulse response matrix of 
(4.70) is, using (4.71) and (4.72), 

G(t, r) = C(r)X(I)X-\r)B(r) + D(t)8(t- r) 

(a) 

(b) 

Figure 4.5 Block daigrams with feedback and without feedback. 
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= C(t)P-1 (t)P(t)X(t)X- 1(r)P- 1(r)P(r)B(r) + D(t)o(t- r) 

= C(t)X(t)X-1 (r)B(r) + D(t)o(t- r) = G(t, r) 

Thus the impulse response matrix is invariant under any equivalence transfonnation. The 
property of the A-matrix, however, may not be preserved in equivalence transfonnations. For 
example, every A-matrix can be transfonned, as shown in Theorem 4.3, into a constant or a 
zero matrix. Clearly the zero matrix does not have any property of A(t). In the time-invariant 
case, equivalence transfonnations will preserve all properties of the original state equation. 
Thus the equivalence transfonnation in the time-invariant case is not a special case of the 
time-varying case. 

Definition 4.3 A matrix P(t) is called~ Lyapunov transfonnation iJP(r) is nonsingular, 
P(t) and P(t) are continuous, andP(t) hndP- 1 (t) are bounded for all t. Equations(4.69) 
and (4.70) are said to be Lyapunov equivalent ifP(t) is a Lyapunov transformation. 

It is clear that if P(t) = Pis a constant matrix, then it is a Lyapunov transfonnation. Thus 
the (algebraic) transfonnation in the time-invariant case is a special case of the Lyapunov 
transfonnation. If P(t) is required to be a Lyapunov transfonnation, then Theorem 4.3 does 
not hold in general. In other words, not every time-varying state equation can be Lyapunov 
equivalent to a state equation with a constant A-matrix. However, this is true if A(t) is periodic. 

Periodic state equations Consider the linear time-varying state equation in (4.69). It is 
assumed that 

A(t + T) = A(t) 

for all t and for some positive constant T. That is, A(t) is periodic with period T. Let X(t) be 
a fundamental matrix ofX = A(t)x or X(t) = A(t)X(t) with X(O) nonsingular. Then we have 

X(t + T) = A(t + T)X(t + T) = A(t)X(t + T) 

Thus X(t + T) is also a fundamental matrix. Furthennore, it can be expressed as 

X(t + T) = X(t)X- 1(0)X(T) (4.75) 

This can be verified by direct substitution. Let us define Q = x- 1 (O)X(T). It is a constant 

nonsingular matrix. For this Q there exists a constant matrix A such that /'T = Q (Problem 
3.24). Thus (4.75) can be written as 

X(t + T) = X(t)eAT 

Define 

We show that P(t) is periodic with period T: 

P(t + T) = eA(t+TJx-l(t + T) = eAte"-T[e-ATX-I(t)] 

= eii.'x- 1 (t) = P(r) 

(4.76) 

(4.77) 
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..,.. Theorem 4.4 

Consider (4.69) with ~(t) = A(t + T) for all t and some T > 0 Let X(t) be f d tal . 
of x - A(t)x L t A b h · a un amen matnx - . e e t e constant matrix computed from eAT _ x-1 
Lyapunov equivalent to - (O)X(T). Then (4.69) is 

x(t) = Ax(t) + P(t)B(t)u(t) 

y(t) = C(t)P- 1 (t)x(t) + D(t)u(t) 

where P(t) = eii.'x-1 (r). 

The matrix P(t) in (4.77) satisfies all conditions in Definition 4 3· th s "t. L 
transfonnatwn. The rest of the theorem follows directly from Theore~ 4 3 u~e ~oa yapunov 

part of Theorem 4.4 is the theory of F/oquet. It states that ifX = A(t)x a~d .if A(t + ~~g:n~~u; 
for all t, then Its fundamental matrix is of the fonn p-I (t )e,\' h p-I . . ~ 
function. Furthennore x = A(t)x is Lyapu 

0 
. 

1 
" ' ~ ere (t) Is a penodic 

' n v eqmva ent to x = Ax. 

4.7 Time-Varying Realizations 

We studied in Section 4.4 the realization problem for linear time . . . 
section, we study the corresponding problem for linear ti ~mvanant systems. In this 

transtEonn ca,_nnot b_e used here; therefore we study the prob~~v2e~~fy si~s:~:~·m~~o~a~~ce 
very mear tlme-varymg syste b d · · 

m can e escnbed by the input-output description 

y(t) = 1' G(t, r)u(r) dr 
to 

and, if the system is lumped as well, by the state equation 

x(t) = A(t)x(t) + B(t)u(t) 

Y(t) = C(t)x(t) + D(t)u(t) (4.78) 

If the state equation is available, the impulse response matrix can be computed from 

G(t, r) = C(t)X(t)X-I(r)B(r) + D(t)o(t- r) fort::': r (4.79) 

where X(t) is a fundamental matrix of x = A(t)x Th . 
· f . · e converse problem IS to find a state 

equatiOn rom a given impulse response matrix A · 1 
b r b · n Impu se response matrix G(t r) is said t 

e rea zza /e if there exists {A(r), B(t), C(t), D(t)} to meet (4_79). ' 0 

.... Theorem 4.5 

A q x p impulse response matrix G(r' r) is realizable if and only if G(t r) bed 
, can ecomposed as 

G(t, r) = M(r)N(r) + D(t)o(t _ r) 
(4.80) 

{~;e;~r ~-::': r, where M, N, and Dare, respectively, q x n, n x p, and q x p matrices for some 
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Proof: If G(t, r) is realizable, there exists a realization that meets (4.79). Identifying 
l\l(r) = C(r)X(r) and N(r) = x- 1(r)B(r) establishes the necessary pan of the theorem. 

If G(t. r) can be decomposed as in (4.80), then then-dimensional state equation 

x(t) = N(r)u(t) 
(4.81) 

y(r) = l\l(t)x(r) + D(t)u(r) 

is a realization. Indeed, a fundamental matrix of x = 0 . x is X(t) = I. Thus the impulse 
response matrix of(4.81) is 

M(t)l · r 1N(r) + D(t)S(t- r) 

which equals G(t, r). This shows the sufficiency of the theorem. Q.E.D. 

Although Theorem 4.5 can also be applied to time-invariant systems. the result is not 
useful in practical implementation, as the next example illustrates. 

EXAMPLE 4.10 Consider g(t) = te'' or 

g(t, r) = g(t- r) = (t- r)ew-n 

It is straightforward to verify 

g(t- r) = [e'' 

Thus the two-dimensional time-varying state equation 

x(t) = [ ~ ~ J x + [ :~='' J u(t) 

y(t) = [e'' re"]x(t) 

is a realization of the impulse response g(tl = teic'. 
The Laplace transform of the impulse response is 

'(s)- .C[te''l- --
1
--

1 
g - - (s-ic)~ - s2- 2ics + ).2 

Using (4.41). we can readily obtain 

[ 

?' 
xcn = -;· 

y(t) = [0 l]x(r) 

(4.82) 

(4.83) 

This LTI state equation is a different realization of the same impulse response. This realization 
is clearly more desirable because it can readily be implemented using an op-amp circuit. The 
implementation of (4.82) is much more difficult in practice. 

...... ~- "· •:t 

PROBLEMS··;; 
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4.1 An oscillation can be generated by 

.u 

Show that its solution is 

x=[ o l]x 
-l 0 

[ 
cost 

x(t) = . 
-SID t 

sin t] x(O) 
cost 

Use two different methods to find the unit-step response of 

x=[ 0 l]x+[l]u 
-2 -2 1 

y = [2 3]x 

4.3 Discretize the state equation in Problem 4.2 for T = 1 and T = rr. 

4.4 Find the companion-form and modal-form equivalent equations of 

4.5 

4.6 

4.7 

x = [ ~2 ~2 lJ x + [ ~] u 

y = [1 - 1 O]x 

Find an equivalent state equation of the equation in Problem 4.4 so that all state variables 
have their largest magnitudes roughly equal to the largest magnitude of the output. If 
all signals are required to lie inside ± lO volts and if the input is a step function with 
magnitude a, what is the pennissible largest a 0 

Consider 

x = [ ~ n x + [ ~:] u 

where the overbar denotes complex conjugate. Verify that the equation can be trans
formed into 

x =Ax+ iiu y =ex 
with 

- [ 0 A= -
-i.). 

by using the transformation x = Qx with 

Q - [-~b, 
I- -

-icb, 

Verify that the Jordan-form equation 
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)._ 0 0 0 0 b1 

0 )._ 0 0 0 bz 

0 0 )._ 0 0 0 bJ 
x= ~ 

x+ 
b1 

u 
0 0 0 0 

0 0 0 0 ~ bz 

0 0 0 0 0 ~ b) 

y = [c1 Cz CJ c1 Cz CJ]X 

can be transformed into 

'= [: 
lz 

i]Y [i} A y = [c1 Cz c3]i 

0 

where A, ii, and C; are defined in Problem 4.6 and lz is the unit matrix of order 2. [Hint: 
Change the order of the state variables from [x1 xz X3 x4 xs x6l' to [x1 X4 xz Xs 
x3 x6 ]' and then apply the equivalence transformation x = Qi with Q = diag(Q1, 

Qz, QJ).] 

4.8 Are the two sets of state equations 

4.9 

y = [1 -1 O]x 

and 

y=[l-IO]x 

equivalent? Are they zero-state equivalent? 

Verify that the transfer matrix in ( 4.33) has the following realization: 

-a1Iq Iq 0 

0] [N' l -azlq 0 Iq 0 Nz ·~ [ : x+ : u 

-a,_1Iq 0 0 ~ ~:-1 
-a,Iq 0 0 

y=[lqOO··· O]x 

This is called the observable canonicalfonn realization and has dimension rq. It is dual 

to (4.34). 

4.10 Consider the I x 2 proper rational matrix 

A 1 
G(s) = [d1 dz] + ----=-----::----

s4 + a1s 3 + azs2 + a3s + a4 
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x LB11s
3 + fh1s 2 + !h1s + !341 fJ1zs 3 + f3zzs 2 + f332s + .8421 

Show that its observable canonical form realization can be reduced from Problem 4.9 as 

[

-a1 

-ao x = -
1 0 0] [fJll 0 I 0 f3o1 X+ -

-a3 0 0 1 f331 

-a4 0 0 0 !341 

4.11 Find a realization for the proper rational matrix 

G(s) = [ s ~I (s :~)~s
3

+ 2)] 
s-2 s 
-- --
s+I s+2 

4.12 Find a realization for each column of G(s) in Problem 4.11 and then connect them. 
as shown in Fig. 4.4(a), to obtain a realization of G(s). What is the dimension of this 
realization? Compare this dimension with the one in Problem 4.11. 

4.13 Find a realization for each row of G(s) in Problem 4.11 and then connect them, as shown 
in Fig. 4.4(b), to obtain a realization of G(s). What is the dimension of this realization? 
Compare this dimension with the ones in Problems 4.11 and 4.12. 

4.14 Find a realization for 

G(s) = [-(12s + 6) 22s + 23] 
3s + 34 3s + 34 

4.15 Consider then-dimensional state equation 

x =Ax+ bu y =ex 

Let g(s) be its transfer function. Show that g(s) has m zeros or, equivalently, the 
numerator of g(s) has degree m if and only if 

for i = 0, I, 2, ... , n - m - 2 

and cAn-m- 1b f= 0. Or, equivalently, the difference between the degrees of the denom
inator and numerator of g ( s) is a = n - m if and only if 

cAa-1b f= 0 and cAib = 0 

fori= 0, I, 2, .... a- 2. 

4.16 Find fundamental matrices and state transition matrices for 

. [0 I J X= X 
0 t 
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and 

. [-1 X= 
0 

4.17 Show a<l>(to. t)jat = -<l>(t0 , t)A(t). 

4.18 Given 

show 

4.19 Let 

[ 
<l>u (t, to) 

<l>(t, to)= 
<l>z1 (t, to) 

be the state transition matrix of 

<1>!2(t,to)] 
<1>22(t, to) 

xCrl = [A,~ Ul Al2(t)] 
An (I) 

X(!) 

Show that <1> 21 (1. to)= 0 for all t and to and that (ajat)<l>ii(t, to)= A,,<l>"(r. to). for 
i = 1,2. 

4.20 Find the state transition matrix of 

. [-sin t 
X= 0 

4.21 Verify that X(t) = eA'Ce8' is the solution of 

X(O) = C 

4.22 Show that if A(t) = A 1A(t)- A(t)A 1• then 

A(t) = eA,r A(O)e~A,r 

Show also that the eigenvalues of A (t) are independent oft. 

4.23 Find an equivalent time-invariant state equation of the equation in Problem 4.20. 

4.24 Transform a time-invariant (A. B. C) into (0. B(t). C(t)) by a time-varying equi,·alence 
transformation. 

4.25 Find a time-varying realization and a time-invariant realization of the impulse response 

g(t) = t2eAt. 

4.26 Find a realization of g(t, r) = sin t (e~u~rl) cos r. Is it possible to find a time-invariant 

state equation realization~ 

Chapter 

Stability 

5. 1 Introduction 

Systems are designed to perform some tasks or to process signals. If a system is not stable, the 
system may bum out, disintegrate, or saturate when a signal, no matter how small, is applied. 
Therefore an unstable system is useless in practice and stability is a basic requirement for all 
systems. In addition to stability, systems must meet other requirements. such as to track desired 
signals and to suppress noise, to be really useful in practice. 

The response of linear systems can always be decomposed as the zero-state response 
and the zero-input response. It is customary to study the stabilities of these two responses 
separately. We will introduce the BIBO (bounded-input bounded-output) stability for the zero
state response and marginal and asymptotic stabilities for the zero-input response. We study 
first the time-invariant case and then the time-varying case. 

5.2 Input-Output Stability of LTI Systems 

Consider a SISO linear time-invariant (LTI) system described by 

y(t) = 1' g(t- r)u(r)dr = 1' g(r)u(t- r)dr (5 I) 

where g(t) is the impulse response or the output excited by an impulse input applied at t = 0. 
Recall that in order to be describable by (5.1 ), the system must be linear, time-invariant. and 
causal. In addition, the system must be initially relaxed at t = 0. 

121 
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An input u(t) is said to be bounded if u(t) does not grow to positive or negative infinity 

or, equivalently, there exists a constant Um such that 

lu(t)l ~lim < 00 for all t ::: 0 

A system is said to be BIBO stable (bounded-input bounded-output stable) if every bounded 
input excites a bounded output. This stability is defined for the zero-state response and is 
applicable only if the system is initially relaxed. 

l>- Theorem 5. 1 

A SISO system described by (5.1) is BIBO stable if and only if g(t) is absolutely integrable in [0, oo ), or 

[" igtt)idt ~ M < oo 

for some constant M. 

Proof: First we show that if g(t) is absolutely integrable, then every bounded input excites 
a bounded output. Let u(t) be an arbitrary input with Ju(t)l ~ um < oo for all t ::: 0. Then 

ly(t)l =If g(r)u(t- r)drl ~ f lg(r)llu(t- r)ldr 

~ Um L'" lg(r)ldr ~ UmM 

Thus the output is bounded. Next we show intuitively that if g(t) is not absolutely 
integrable, then the system is not BIBO stable. If g(t) is not absolutely integrable, then 

there exists a t1 such that 

t Jo lg(r)l dr = oo 

Let us choose 

u(lt-r)={-~ if g(r) ::: 0 
if g(r) < 0 

Clearly u is bounded. However. the output excited by this input equals 

y(tt) = 1'1 

g(rlu(t1 - r) dr = 1'1 

lg(r)l dr = oo 

which is not bounded. Thus the system is not BIBO stable. This completes the proof of 

Theorem 5.1. Q.E.D. 

A function that is absolutely integrable may not be bounded or may not approach zero as 

t -+ oo. Indeed, consider the function defined by 

{ 
n + (t - n)n4 

f(t - n) = 4 
n- (t- n)n 

for n- ljn3 ~ t ~ n 

for n < t ~ n + ljn3 

for n = 2, 3, ... and plotted in Fig. 5.1. The area under each triangle is l/n2
• Thus the absolute 
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Figure 5.1 Function. 

T 
n 

2 4 5 

integration of the function equals I:;::2(1/n2) < oo. This function is absolutely integrable 
but is not bounded and does not approach zero as t -+ oo. 

~ Theorem 5.2 

• 

If a system with impulse response g(t) is BIBO stable, then, as t -+ oo: 

1. The output excited by u(t) =a, fort :;:: 0, approaches g(O) ·a. 

2. The output excited by u (t) = sin W 0 1, fort :;:: 0, approaches 

lg(Jw0 )i sin(w0 t+ j:g(jw0 )) 

where g(s) is the Laplace transform of g(t) or 

g(s) =LX! g(r)e-sr dr 

Proof: If u(t) =a for all t ::: 0, then (5.1) becomes 

y(t) = 1' g(r)u(t- r)dr =a f g(r)dr 

which implies 

y(t)--+ a 100 

g(r)dr =ag(O) ast-+oo 

(5.2) 

where we have used (5.2) with s = 0. This establishes the first part of Theorem 5.2. If 
u(t) =sin w0 t, then (5.1) becomes 

y(t) = f g(r) sin W 0 (t - r) dr 

= 1' g(r) [sin Wot cos W0 r -cos w0 t sin W0 T] dr 

= sinw0 t 1' g(r) cosw0 r dr- cosw0 t 1' g(r) sinw0 r dr 
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Thus we have, as t -> oc. 

y(t) -> sin W0 1 1x g(r) cos W0 T dr -cos W 0 1 1-x g(r) sin W
0 

T dr 

If g(t) is absolutely integrable, we can replaces by jw in (5.2) to yield 

g(jw) = 1"' g(r)[coswr- j sinwr]dr 

The impulse response g(t) is assumed implicitly to be real: thus we have 

Re[g(jw)] = 1x g(r)coswrdr 

and 
' 

Im[g(jw)] = ·-1"" g(r) sin wr dr 

(5.3) 

where Re and Im denote, respectively, the real part and imaginary pan. Substituting these 
into (5.3) yields 

y(t)-> sinw0 t(Re[g{jw0 )]) + COSW0 t(Im[g(jw0 )]) 

= [g(jwo)l sin(wot+ t:,g(jwo)) 

This completes the proof of Theorem 5.2. Q.E.D. 

Theorem 5.2 is a basic result; filtering of signals is based essentially on this theorem. 
Next we state the BIBO stability condition in terms of proper rational transfer functions. 

t+ Theorem 5.3 

j 

A SISO system with proper rational transfer function g(s) is BIBO stable if and only if every pole of 
g(s) has a negative real part or. equivalently, lies inside the left-half s-plane. 

If g(s) has pole Pi with multiplicity m,, then its partial fraction expansion contains the 
factors 

s-p, (s-p,) 2 ' (s- p,)m, 

Thus the inverse Laplace transform of g (s) or the impulse response contains the factors 

It is straightforward to verify that every such term is absolutely integrable if and only if p, has 
a negative real part. Using this fact, we can establish Theorem 5.3. 

ExAMPLE 5.1 Consider the positive feedback system shown in Fig. 2.5(a). Its impulse response 
was computed in (2.9) as 

00 

g(t) = La'8(t- i) 
i=l 
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where the gain a can be positive or negative. The impulse is defined as the limit of the pulse 
in Fig. 2.3 and can be considered to be positive. Thus we have 

X 

[g(t)l = L [ali8(t- i) 

i=l 

and 

if Ia! ::: I 

iflai <I 

Thus we conclude that the positive feedback system in Fig. 2.5(a) is BIBO stable if and only 
if the gain a has a magnitude less than I. 

The transfer function of the system was computed in (2.12) as 

ae-s 
g(s)= ---

1 - ae-s 

It is an irrational function of s and Theorem 5.3 is not applicable. In this case, it is simpler to 
use Theorem 5.1 to check its stability. 

For multi variable systems, we have the following results. 

~# Theorem 5.MI 

A multivariable system with impulse response matrix G(t) 
every gij(t) is absolutely integrable in [0, :x:J). 

[g,j(t)] is BIBO stable if and only if 

;;,-.. Theorem 5.M3 

A multivariable system with proper rational transfer matrix G(s) = [gij (s)] is BIBO stable if and only 
if every pole of every g,j ( s) has a negative real part. 

We now discuss the BIBO stability of state equations. Consider 

Its transfer matrix is 

x(t) =Ax(!)+ Bu(t) 

y(t) = Cx(t) + Du(t) 
(5.4) 

Thus Equation (5.4) or. to be more precise, the zero-state response of (5.4) is BIBO stable if 

and only if every pole of G(s) has a negative real part. Recall that every pole of every entry 

of G(s) is called a pole of G(s). 

We discuss the relationship between the poles of G(s) and the eigenvalues of A. Because 
of 

- I 
G(s) = C[Adj(sl- A)]B + D 

det(sl- A) 
(5.5) 
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every pole of G(s) is an eigenvalue of A. Thus if every eigenvalue of A has a negative real 
part, then every pole has a negative real part and (5.4) is BIBO stable. On the other hand, 
because of possible cancellation in (5.5), not every eigenvalue is a pole. Thus, even if A has 
some eigenvalues with zero or positive real part, (5.4) may still be BIBO stable, as the next 
example shows. 

EXAMPLE 5.2 Consider the network shown in Fig. 4.2(b). Its state equation was derived in 
Example 4.4 as 

i(t) = x(t) + 0 · u(t) y(t) = 0.5x(t) + 0.5u(t) (5.6) 

The A-matrix is I and its eigenvalue is 1. It has a positive real part. The transfer function of 
the equation is 

I 
g(s) = 0.5(}- 1)-1 

• 0 + 0.5 = 0.5 

The transfer function equals 0.5. It has no pole and no condition to meet. Thus (5.6) is BIBO 
stable even though it has an eigenvalue with a positive real part. We mention that BIBO stability 
does not say anything about the zero-input response, which will be discussed later. 

5.2.1 Discrete-Time Case 

Consider a discrete-time SISO system described by 

k k 

y[k] = L g[k- m]u[m] = L g[m]u[k- m] (5.7) 
m=O m=O 

where g[k] is the impulse response sequence or the output sequence excited by an impulse 
sequence applied at k = 0. Recall that in order to be describable by (5.7), the discrete-time 
system must be linear, time-invariant, and causal. In addition, the system must be initially 
relaxed at k = 0. 

An input sequence u[k] is said to be bounded ifu[k] does not grow to positive or negative 
infinity or there exists a constant Urn such that 

lu[k]l ::S Urn < 00 fork= 0, I, 2, ... 

A system is said to be BIBO stable (bounded-input bounded-output stable) if every bounded
input sequence excites a bounded-output sequence. This stability is defined for the zero-state 
response and is applicable only if the system is initially relaxed. 

..,. Theorem 5.01 

A discrete-time SISO system described by (5. 7) is BIBO stable if and only if g [k] is absolutely summable 
in [0, oo) or 

00 

L lg[kll :::: M < 00 

k=O 

for some constant M. 
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Its proof is similar to the proof of Theorem 5.1 and will not be repeated. We give a discrete 
counterpart of Theorem 5.2 in the following. 

Theorem 5.02 

If a discrete-time system with impulse response sequence g[k] is BIBO stable. then. ask -+ oo: 

1. The output excited by u[k] =a. fork 2': 0. approaches g(l) ·a. 

2. The output excited by u [k] = sin W 0 k, fork 2': 0, approaches 

ig(ejw,)l sin(w
0
k+ j:g(eJw,)) 

where g(:) is the :-transform of g[k] or 

"' 
g(;:) = L g[m]:-m 

m=O 

Proof If u[k] =a for all k 2': 0, then (5.7) becomes 

k k 

y[k] = Lg[m]u[k- m] =a Lg[m] 
0 k=O 

which implies 

00 

y[k] -+ a L g[m] = ag(l) ask-+ oo 
m:;:::Q 

(5.8) 

where we have used (5.8) with z = I. This establishes the first part of Theorem 5.D2. If 
u[k] = sinw0 k, then (5.7) becomes 

k 

y[k] = L g[m] sin w0 [k- m] 
m=O 

k 

= Lg[m](sinw0 kcosw0 m -cosw0 ksinw0 m) 
m::::::O 

k k 

=sin Wok L g[m] cos W0 m -cos w0 k L g[m)sin w 0 m 
m==O 

Thus we have. ask -+ oo . 

X OC 

y[k]-+ sin Wok L g[m] COSW0 m- COSW0 k L g[m] sin W0 m 
m=O 

If g[k] is absolutely summable, we can replace z by eiw in (5.8) to yield 

00 X 

g(eiw) = Lg[m]e-Jwrn = Lg[m][coswm- j sinwm] 
m=O m=O 

(5.9) 
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Thus (5.9) becomes 

y[k] --> sin W 0 k(Re[g(ejw,))) +cos w
0
k(Im[g(ejw,)]) 

= Jg(ei"'")i sin(w0 k+ j:g(ejw,)) 

This completes the proof of Theorem 5.02. Q.E.D. 

Theorem 5.02 is a basic result in digital signal processing. Next we state the BIBO 
stability in terms of discrete proper rational transfer functions. 

Theorem 5.03 

A discrete-tim_e S1SO system with proper rational transfer function g(z) is BIBO stable if and only if 
every pole of g(z) has a magnitude less than I o~, equivalently, lies inside the unit circle on the :-plane. 

If g(z) has pole p, with multiplicity m,, then its partial fraction expansion contains the 
factors 

::. - Pi (::.- p;}", (;: - p, )m, 

Thus the inverse ::.-transform of g(z) or the impulse response sequence contains the factors 

p:, kp~, ···, km,-lpf 

It is straightforward to verify that every such term is absolutely summable if and only if Pi has 
a magnitude less than I. Using this fact, we can establish Theorem 5.03. 

In the continuous-time case, an absolutely integrable function j(t), as shown in Fig. 5.1, 
may not be bounded and may not approach zero as t --> oo. In the discrete-time case, if g[k] 
ts absolutely summable. then it must be bounded and approach zero ask --> oo. However. the 
converse is not true as the next example shows. 

ExA~IPLE 5.3 Consider a discrete-time LTI system with impulse response sequence g[k] = 
1/ k. fork= I. 2, ... , and g[O] = 0. We compute 

~ X I I I I s := L.lg[k]J = L- = I+-+-+-+ ... 
k~ k=l k 2 3 4 

= I+~+ (~ + ~) + (~ + ... + ~) + (~ + ... + _!__)-'- ... 
2 3 4 5 8 9 16 . 

There are two terms. each is ± or larger. in the first pair of parentheses; therefore their sum 

is larger than i. There are four terms, each is ~ or larger, in the second pair of parentheses: 
therefore their sum is larger than 1· Proceeding forward we conclude 

I I I 
S> 1+-+-+-+ .. ·=oo 

2 2 2 

This impulse response sequence is bounded and approaches 0 ask_,. oo but is not absolutelv 
l sum mabie. Thus the discrete-time system is not BIBO stable according to Theorem 5.0 I. Th~ 
.l transfer function of the system can be shown to equal 
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It is not a rational function of::. and Theorem 5.03 is not applicable. 

For multi variable discrete-time systems, we have the following results. 

Theorem S.MD 1 

A MIMO discrete-time system with impulse response sequence matrix G[k) = [g,j[kJ] is BIBO stable 
if and only if every gij [k] is absolutely summable. 

Theorem S.MD3 

A M!MO discrete-time system with discrete proper rational transfer matrix G(z) = [g,1 (::.) J is BIBO 
stable if and only if every pole of every gij ( z) has a magnitude less than I. 

We now discuss the BIBO stability of discrete-time state equations. Consider 

Its discrete trans fer matrix is 

x[k +I)= Ax[k] + Bu[k] 

y[k] = Cx[k] + Du[k] 
(5.10) 

Thus Equation (5.10) or. to be more precise, the zero-state response of (5.10) is BIBO stable 

if and only if every pole of G(::.) has a magnitude less than I. 
We discuss the relationship between the poles of G(z) and the eigenvalues of A. Because 

of 

. I 
GU = C[Adj(zl- A)]B + D 

det(zl- A) 

every pole of G(.:) is an eigenvalue of A. Thus if every eigenvalue of A has a negative real 
part. then (5.10) is BIBO stable. On the other hand. even if A has some eigenvalues with zero 
or positive real part. (5.10) may, as in the continuous-time case. still be BIBO stable. 

5.3 Internal Stability 

The BIBO stability is defined for the zero-state response. Now we study the stability of the 
zero-input response or the response of 

x(t) = Ax(t) 

excited by nonzero initial state X0 . Clearly, the solution of (5.11) is 

x(r) = eA
1
X0 

(5.11) 

(5.12) 
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Definition 5.1 The :era-input response of ( 5.4) or the equation x = Ax is marginally 
stable or stable in the sense of Lyapunov if every finite initial state X0 excites a bounded 
response. It is asymptotically stable ifeveryfinite initial state excites a bounded response, 
which, in addition, approaches 0 as t -+ oo. 

We mention that this definition is applicable only to linear systems. The definition that 
is applicable to both linear and nonlinear systems must be defined using the concept of 
equivalence states and can be found, for example, in Reference [6, pp. 40 1--403]. This text 
studies only linear systems: therefore we use the simplified Definition 5.1. 

Theorem 5.4 
I 

1. The equation x = Ax is marginally stable il and only if all eigenvalues of A have zero or negative 
real parts and those with zero real parts are simple roots of the minimal polynomial of A. 

2. The equation x = Ax is asymptotically stable if and only if all eigenvalues of A have negative real 
parts. 

We first mention that any (algebraic) equivalence transformation will not alter the stability 
of a state equation. Consider :X = Px, where P is a nonsingular matrix. Then x = Ax is 
equivalent to x = Ax = PAP- 1x. Because Pis nonsingular, if xis bounded, so is :X; if x 
approaches 0 as t -+ oo, so does :X. Thus we may study the stability of A by using A. Note 
that the eigenvalues of A and of A are the same as discussed in Section 4.3. 

The response of X = Ax excited by x(O) equals x(t) = eAtx(O). It is clear that the 

response is b_ounded if and only if every entry of eAt is bounded for all t :::: 0. If A is in Jordan 

form, then eAt is of the form shown in (3.48). Using (3.48), we can show that if an eigenvalue 
has a negative real part, then every entry of (3.48) is bounded and approaches 0 as t -+ oo. 
If an eigenvalue has zero real part and has no Jordan block of order 2 or higher, then the 
corresponding entry in (3.48) is a constant or is sinusoidal for all t and is, therefore. bounded. 
This establishes the sufficiency of the first part of Theorem 5.4. If A has an eigenvalue with a 
positive real part, then every entry in (3.48) will grow without bound. If A has an eigenvalue 
with zero real part and its Jordan block has order 2 or higher, then (3.48) has at least one entry 
that grows unbounded. This completes the proof of the first part. To be asymptotically stable, 
every entry of (3.48) must approach zero as t -+ oo. Thus no eigenvalue with zero real part is 
permitted. This establishes the second part of the theroem. 

EXAMPLE 5.4 Consider 

x = [~ ~ ~ ] x 
0 0 -1 

Its characteristic polynomial is ~(A.) = A.2 (A. +I) and its mimimal polynomial is >ji(A.) 

A.(A. + 1). The matrix has eigenvalues 0, 0, and -I. The eigenvlaue 0 is a simple root of the 
minimal polynomial. Thus the equation is marginally stable. The equation 

T 

I 
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x = [~ ~ ~ ] x 
0 0 -1 

is not marginally stable, however, because its minimal polynomial is A.2 (A. +I) and A.= 0 is 
not a simple root of the minimal polynomial. 

As discussed earlier, every pole of the transfer matrix 

G(s) = C(sl- A)- 1B + D 

is an eigenvalue of A. Thus asymptotic stability implies BIBO stability. Note that asymptotic 
stability is defined for the zero-input response, whereas BIBO stability is defined for the 
zero-state response. The system in Example 5.2 has eigenvalue I and is not asymptoti
cally stable; however, it is BIBO stable. Thus BIBO stability. in general, does not im
ply asymptotic stability. We mention that marginal stability is useful only in the design 
of oscillators. Other than oscillators, every physical system is designed to be asymptoti
cally stable or BIBO stable with some additional conditions, as we will discuss in Chap

ter 7. 

5.3. 1 Discrete-Time Case 

This subsection studies the internal stability of discrete-time systems or the stability of 

x[k + I] = Ax[k] 

excited by nonzero initial state X0 • The solution of (5.13) is, as derived in (4.20). 

x[k] = Akx0 

(5.13) 

(5.14) 

Equation (5.13) is said to be marginally stable or stable in the sense of Lyapunov if every 
finite initial state x0 excites a bounded response. It is asymptotically stable if every finite 
initial state excites a bounded response. which, in addition, approaches 0 as k -+ oo. These 
definitions are identical to the continuous-time case. 

Theorem 5.04 

1. The equation x[k + I] = Ax[k] is marginally stable if and only if all eigenvalues of A have 
magnitudes less than or equal to I and those equal to I are simple roots of the minimal polynomial of 

A. 

2. The equation x[k +I] = Ax[k] is asymptotically stable if and only if all eigenvalues of A have 
magnitudes less than I. 

As in the continuous-time case, any (algebraic) equivalence transformation will not alter 
the stability of a state equation. Thus we can use Jordan form to establish the theorem. The 
proof is similar to the continuous-time case and will not be repeated. Asymptotic stability 
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implies BIBO stability but not the converse. We mention that marginal stability is useful only 
in the design of discrete-time oscillators. Other than oscillators. every discrete-time physical 
system is designed to be asymptotically stable or BIBO stable with some additional conditions. 
as we will discuss in Chapter 7. 

5.4 Lyapunov Theorem 

This section introduces a different method of checking asymptotic stability of x = Ax. For 
convenience. we call A stable if every eigenvalue of A has a negative real part. 

Theorem 5.5 

' All eigenvalues of A have negative real pans: if and only if for any given positive definite symmetric 
matrix N. the Lrapunov equation 

A'M+MA = -N (5.15) 

has a unique symmetric solution 1\1 and l\11 is positive definite. 

Corollary 5.5 

All eigenvalues of an 11 x n matrix A have negative real parts if and only if for any given m x 11 matrix 
N with m < 11 and with the property 

l 
N 1 NA 

rank 0 :=rank NA:n-l = 11 (full column rank) (5.16) 

where 0 is an 11111 x 11 matrix. the Lyapunov equation 

A'M + MA = -N'N =: -N (5.17) 

has a unique symmetric solution l\1 and lVl is positive definite. 

For any N, the matrix N in (5.17) is positive semidefinite (Theorem 3.7). Theorem 5.5 
and its corollary are valid for any given N: therefore we shall use the simplest possible N. 
Even so. using them to check stability of A is not simple. It is much simpler to compute, 
using MATL\B, the eigenvalues of A and then check their real parts. Thus the importance 
of Theorem 5.5 and its corollary is not in checking the stability of A but rather in studying 
the stability of nonlinear systems. They are essential in using the so-called second method of 
Lyapunov. We mention that Corollary 5.5 can be used to prove the Routh-Hurwitz test. See 
Reference [6. pp. 417-419]. 

Proof of Theorem 5.5 Necessitv: Equation (5.15) is a special case of (3.59) with A = A' 
and B = A. Because A and A' have the same set of eigenvalues. if A is stable, A has no 
two eigenvalues such that A., + 1..1 = 0. Thus the Lyapunov equation is nonsingular and 
has a unique solution M for any N. We claim that the solution can be expressed as 

M = 1x eA'tNe\1dt 

Indeed, substituting (5.18) into (5.15) yields 

5.4 Lyapunov Theorem 

A'M-rl\IA= 1"" A'eAtNeAtdt+ 1"'eA'rNeAtAdt 

= 1"' f (eA'rNe~t) dt = eArNeAr[O 

= 0- N = -N 
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(5.18) 

(5.19) 

where we have used the fact eAt = 0 at 1 = :x for stable A. This shows that the M in 
(5.18) is the solution. It is clear that if:"~ is symmetric. so is M. Let us decompose N as 
N = N'N, where N is nonsingular (Theorem 3. 7! and consider 

x'l\lx = L"' x'eA'tN'~eAtxdt = Lx. iiNeA1 xll~d1 (5 20) 

Because both N and eAr are nonsingular, for any nonzero x. the integrand of (5.20! is 
positive for every 1. Thus x'Mx is positive for any x I 0. Thi> shows the positive 

definiteness of M. 
Sufficiency: We show that ifN and :\I are positive definite, then A is stable. Let A. be an 

eigenvalue of A and v 1 0 be a corresponding eigenvector: that is. Av = ).v. Even though 
A is a real matrix, its eigenvalue and eigenvector can be complex, as shown in Example 3.6. 
Taking the complex-conjugate transpose of Av = A.v yields v* A* = v· A' = i. ·v·. where 
the asterisk denotes complex-conjugate transpose. Premultiplying v* and postmultiplying 

v to (5.15) yields 

-v*Nv = v* A'l\h + v*MAv 

=(A.*+ i.)v*Mv = 2Re(A.)v*Mv (5.21) 

Because v*Mv and v*Nv are. as discussed in Section 3.9, both real and positive, (5.21) 
implies Re(},) < 0. This shows that every eigenvalue of A has a negatiw real pan. 

Q.E.D. 

The proof of Corollary 5.5 follows the proof of Theorem 5.5 with some modific~tion. We 
discuss only where the proof of Theorem 5.5 is not applicable. Consider (5.20). :--Jow N ism x n 
with m < n and N = N'N is positive semidefinite. Even so. Min (5.18) can still be positive 
definite if the integrand of (5.20) is not identically zero for alit. Suppose the integ~and of (5.20) 
is identically zero or Ne'"x = 0. Then its derivati\'e with respect to 1 yields :"'AeA1

X = 0. 

Proceeding forward, we can obtain 

(5.22) 

This equation implies that. because of (5.16) and the nonsingularity of eAt. the only x meeting 
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(5.22) is 0. Thus the integrand of (5.20) cannot be identically zero for any x =f. 0. Thus M is 
positive definite under the condition in (5.16). This shows the necessity of Corollary 5.5. Next 
we consider (5.21) with N = N'N or1 

2Re(J.)v*Mv = -v*N'Nv = -I!Nvll~ (5.23) 

We show that Nv is nonzero under (5.16). Because of Av = J.v, we have A 2v = f.Av = ). 2v, 
... , A"- 1v = J."- 1v. Consider 

lN?J= l5J = l}J 
- I 

If Nv = 0, the rightmost matrix is zero; the leftmost matrix, however, is nonzero under the 
conditions of (5.16) and v =f. 0. This is a contradiction. Thus Nv is nonzero and (5.23) implies 
Re(f.)< 0. This completes the proof of Corollary 5.5. 

In the proof of Theorem of 5.5, we have established the following result. For easy 
reference, we state it as a theorem. 

Theorem 5.6 

If all eigenvalues of A have negative real parts, then the Lyapunov equation 

A'M+MA=-N 

has a unique solution for every N, and the solution can be expressed as 

M = 100 

eA''NeA'dt (5.24) 

Because of the importance of this theorem, we give a different proof of the uniqueness 
of the solution. Suppose there are two solutions M 1 and M 2. Then we have 

A'(Mt- Mz) + (Mt- Mz)A = 0 

which implies 

eA''[A'(Mt- Mz) + (M1 - Mz)A]eAr = ~[eA''(Mt- Mz)eA'] = 0 

Its integration from 0 to oo yields 

[eA''(Mt- Mz)eA'lJ~ = 0 

or, using eAr --* 0 as t --* oo, 

0- (M1 - Mz) = 0 

I. Note that ifx is a complex vector, then the Euclidean norm defined in Section 3.2 must be modified as llxll~ = x•x, 
where x"' is the complex conjugate transpose of x. 
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This shows the uniqueness of M. Although the solution can be expressed as in (5.24), the 
integration is not used in computing the solution. It is simpler to arrange the Lyapunov equation, 
after some transformations, into a standard linear algebraic equation as in (3.60) and then solve 
the equation. Note that even if A is not stable, a unique solution still exists if A has no two 
eigenvalues such that Ai + Aj = 0. The solution, however, cannot be expressed as in (5.24); 

the integration will diverge and is meaningless. If A is singular or, equivalently, has at least 
one zero eigenvalue, then the Lyapunov equation is always singular and solutions may or may 
not exist depending on whether or not N lies in the range space of the equation. 

5.4.1 Discrete-Time Case 

Before discussing the discrete counterpart of Theorems 5.5 and 5.6, we discuss the discrete 
counterpart of the Lyapunov equation in (3.59). Consider 

M-AMB=C (5.25) 

where A and Bare, respectively, n x n and m x m matrices. and M and Care n x m matrices. 
As (3.60), Equation (5.25) can be expressed as Ym = c, where Y is an nm x nm matrix: m and 
care nm x I column vectors with them columns of M and C stacked in order. Thus (5.25) is 
essentially a set of linear algebraic equations. Let TJk be an eigenvalue ofY or of (5.25). Then 
we have 

TJk = 1 - AiJ.Lj for i = 1, 2, ... , n; j = 1, 2, ... , m 

where A.i and /-Lj are, respectively, the eigenvalues of A and B. This can be established intuitively 
as follows. Let us define A(M) := M- AMB. Then (5.25) can be written as A(M) =C. A 
scalar TJ is an eigenvalue of A if there exists a nonzero M such that A(M) = TJM. Let u be 
ann x 1 right eigenvector of A associated with Ai: that is, Au= Aill. Let v be a 1 x m left 
eigenvector of B associated with J.Lj; that is, vB = YJ.Lj· Applying A to then x m nonzero 
matrix uv yields 

A(uv) = uv- AuvB = (1- Ar/-Lj)uv 

Thus the eigenvalues of (5.25) are I - Ai J.L1, for all i and j. If there are no i and j such that 
Ai/-Lj = 1, then (5.25) is nonsingular and, for any C, a unique solution M exists in (5.25). If 
Ai/-Lj = I for some i and j, then (5.25) is singular and, for a given C, solutions may or may 
not exist. The situation here is similar to what was discussed in Section 3.7. 

> Theorem 5.05 

All eigenvalues of ann x n matrix A have magnitudes less than I if and only if for any given positive 
definite symmetric matrix Nor for N = N'N, where N is any given m X n matrix with m < n and 
with the property in (5.16), the discrete Lyapunov equation 

M-A'MA=N (5.26) 

has a unique symmetric solution 1\'1 and M is positive definite. 
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We sketch briefly its proof for N > 0. If all eigenvalues of A and, consequently, of A' 
have magnitudes less than l, then we have [A., il-;1 < l for all i and j. Thus A., 1..1 f= l and 
(5.26) is nonsingular. Therefore, for any N, a unique solution exists in (5.26). We claim that 
the solution can be expressed as 

M= L(A')"'NA"' (5.27) 

m=O 

Because [A., 1 < 1 for all i, this infinite series conwrges and is well defined. Substituting (5.27) 
into 15.26) yields 

~ 

= N + I:(A'l"'NA"'- I:cA'l"'NA"' = N 
m=l m=! 

Thus (5.27) is the solution. lf N is symmetric. so isM. If~ is positive definite, so isM. This 
establishes the necessity. To show sufficiency. let A. be an eigenvalue of A and v f= 0 be a 
corresponding eigenvector: that is, Av = A.v. Then we have 

v*Nv = v*~lv- v* A'l\IAv 

= v*Mv- A. *v*l\hl. = (l - [A.[ 2 )v*~lv 

Because both v*l'lv and v*Mv are real and positi,·e. we conclude (l - [i-.[ 2) > 0 or [1..[ 2 < l. 
This establishes the theorem for N > 0. The case N ~ 0 can similarly be established. 

Theorem 5.06 

If all ~igenvalues of A have magnitudes less than I, then the discrete Lyapunov equation 

M-A'MA=N 

has a unique solution for every N. and the solution can be expressed as 

M = L(A'J"'NA'" 

It is important to mention that even if A has one or more eigenvalues with magnitudes 
larger than 1. a unique solution still exists in the discrete Lyapunov equation if)., 1..1 t= l for all 
i and j. In this case. the solution cannot be expressed as in (5.27) but can be computed from 
a set of linear algebraic equations. 

Let us discuss the relationships between the continuous-time and discrete-time Lyapunov 
equations. The stability condition for continuous-time systems is that all eigenvalues lie 
inside the open left-half s-plane. The stability condition for discrete-time systems is that all 
eigenvalues lie inside the unit circle on the :-plane. These conditions can be related by the 
bilinear transformation 

~-l 
s=--

z+l 
1 +s 
l-s 

(5.28) 
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which maps the left-half s-plane into the interior of the unit circle on the :-plane and ,·ice 
versa. To differentiate the continuous-time and discrete-time cases, we write 

A'l\1-r:.\IA = -N (5.29) 

and 

(5.30) 

Following (5.28 ), these two equations can be related by 

Substituting the right-hand-side equation into 15.30) and performing a simple manipulation. 
we find 

Comparing this with (5.29) yields 

A= iAJ + ll- 1(A"- I) 

These relate (5.29) and (5.30). 

(5 31) 

The MATLAB function lyap computes the Lyapunov equation in (5.29) and dlyap 
computes the discrete Lyapunov equation in (5.30). The function dlyap transforms (5.30) 
into (5.29) by using (5.31) and then calls lyap. The result yields M = MJ. 

5.5 Stability of LN Systems 

Consider a SISO linear time-varying (LTV) system described by 

y(t) = j' g(t. r)u(r)dr 
1o 

(532) 

The system is said to be BIBO stable if every bounded input excites a bounded output. The 
condition for (5.32) to be BIBO stable is that there exists a finite constant M such that 

1
1 

jg(t. r)[ dr-=:: M < x 

'" 
(5 33) 

for all t and to with t ~ t0 . The proof in the time-invariant case applies here ,,·ith only minor 
modification. 

For the multi variable case. (5.32) becomes 

y(t) = j' Git. r)u(r)dr 
II) 

(5.34) 

The condition for (5.34) to be BIBO stable is that every entry ofG(t, r) meets the condition 
in (5.33). For multi variable systems. we can also express the condition in terms of norms. Any 
norm discussed in Section 3.11 can be used. However. the infinite-norm 

[[ulloc =max [u,[ [[Giix = largest row absolute sum 
' 
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is probably the most convenient to use in stability study. For convenience, no subscript will 
be attached to any norm. The necessary and sufficient condition for (5.34) to be BIBO stable 

is that there exists a finite constant M such that 

1t IIG(t, r)ll dr:::: M < oo 
to 

for all t and to with t ;::: to. 

is 

The impulse response matrix of 

x = A(t)x + B(t)u 

y = C(t)x + D(t)u 

G(t, r) = C(t)4>(t, r)B(r) + D(t)8(t- r) 

and the zero-state response is 

y(t) = 1t C(t)4>(t, r)B(r)u(r)dr +D(t)u(t) 
to 

(5.35) 

Thus (5.35) or, more precisely, the zero-state response of (5.35) is BIBO stable if and only if 

there exist constants M 1 and M 2 such that 

IID(t)ll:::: M1 < oo 

and 

1t IIG(t, r)lldr:::: Mz < oo 
to 

for all t and to with t :::: t0 . 

Next we study the stability of the zero-input response of (5.35). As in the time-invariant 
case, we define the zero-input response of (5.35) or the equation x = A(t)x to be marginally 
stable if every finite initial state excites a bounded response. Because the response is governed 

by 

x(t) = 4>(t, to)x(to) (5.36) 

we conclude that the response is marginally stable if and only if there exists a finite constant 

M such that 

114>(t, to) II:::: M < oo (5.37) 

for all t0 and for all t ;::: t0 . The equation x = A(t)x is asymptotically stable if the response 
excited by every finite initial state is bounded and approaches zero as t --+ oo. The asymptotic 
stability conditions are the boundedness condition in (5.37) and 

114>(t, to) II--+ 0 as t --+ oc (5.38) 

A great deal can be said regarding these definitions and conditions. Does the constant M in 
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(5.37) depend on to? What is the rate for the state transition matrix to approach 0 in (5.38)? 
The interested reader is referred to References [4, 15]. 

A time-invariant equation x = Ax is asymptotically stable if all eigenvalues of A have 
negative real parts. Is this also true for the time-varying case? The answer is negative as the 
next example shows. 

EXAMPLE 5.5 Consider the linear time-varying equation 

[ 
1 ezt J x x=A(t)x== ~ _

1 
(5.39) 

The characteristic polynomial of A(t) is 

[
-'+ 1 

det(AI- A(t)) == det 
0 

Thus A(t) has eigenvalues -1 and -1 for all t. It can be verified directly that 

[
e-t 0.5(eet __ t e-t)] 

4>(t,0)== 0 

meets (4.53) and is therefore the state transition matrix of (5.39). See also Problem 4.16. 
Because the (1,2)th entry of 4> grows without bound, the equation is neither asymptotically 
stable nor marginally stable. This example shows that even though the eigenvalues can be 
defined for A(t) at every t, the concept of eigenvalues is not useful in the time-varying case. 

All stability properties in the time-invariant case are invariant under any equivalence 
transformation. In the time-varying case, this is so only for BIBO stabiliry, because the 
impulse response matrix is preserved. An equivalence transformation can transform, as shown 
in Theorem4.3, any x = A(t)x into x = A 0 X, whereA0 is any constant matrix; therefore, in the 
time-varying case, marginal and asymptotic stabilities are not invariant under any equivalence 
transformation. 

._ Theorem 5.7 

Marginal and asymptotic stabilities ofx == A(t)x are invariant under any Lyapunov transformation. 

As discussed in Section 4.6, if P(t) and P(t) are continuous, and P(t) is nonsingular 
for all t, then x = P(t)x is an algebraic transformation. If, in addition, P(t) and p-I (c) are 
bounded for all t, then x = P(t)x is a Lyapunov transformation. The fundamental matrix X(t) 
of x = A(t)x and the fundamental matrix X(t) of x = A(t)x are related by, as derived in 
(4.71), 

which implies 

X(t) == P(t)X(t) 

<i>(t, r) = X(t)X-
1
(r) = P(t)X(t)X- 1(r)P- 1(r) 

= P(t)4>(t, r)P- 1(r) (5.40) 
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PROBLEMS 

Because borh P(t) and p- 1(1) are bounded, if jj<l>(t, r)jj is bounded, so is ll<i>(t. r)jj; if 
jj<l>(t, r)\1--+ 0 as t--> oc. so is jjcl>{t, r)jj. This establishes Theorem 5.7. 

In the time-invariant case, asymptotic stability of zero-input responses always implies 
BIBO stability of zero-state responses. This is not necessarily so in the time-varying case. A 
time-varying equation is asymptotically stable if 

ll<l>(t. tol!!--> 0 as t --+ oc (5.41) 

for all t. to with t ::: to. It is BIBO stable if 

1' iiC(tJ<I>(t, r)B(rJII dr < oc 
to 

(5.42) 

for all t. t0 with r ::: r0 . A function that approaches 0, as t ---+ oc, may not be absolutely 
integrable. Thus asymptotic stability may )lot imply BIBO stability in the time-varying case. 
However. if jj<l>(t. r)jj decreases to zero rapidly. in panicular. exponentially, and if C(t) and 
B(t) are bounded for all t, then asymptotic stability does imply BIBO stability. See References 
[4, 6, 15]. 

5.1 Is the network shown in Fig. 5.2 BIBO stable~ If not. find a bounded input that will 
excite an unbounded output. 

Figure 5.2 

u 

5.2 Consider a system with an irrational transfer function g(s). Show that a necessary 
condition for the system to be BIBO stable is that jg(s)l is finite for all Res::: 0. 

5.3 Is a system with impulse response g(r) = 1/it+ I) BIBO stable~ How about g(l) = te-1 

fort ::: o~ 

5.4 Is a system with transfer function g(s) = e-2'/(s +I) BIBO stable? 

5.5 Show that the negative-feedback system shown in Fig. 2.5(b) is BIBO stable if and only 
if the gain a has a magnitude less than I. For a= I, find a bounded input r(l) that will 
excite an unbounded output. 

5.6 Consider a system with transfer function g(s) = (s -2)/(s+ I). What are the steady-state 
responses excited by u(t) = 3, fort ::: 0, and by u!t) =sin 2t, fort ::: 0? 

5.7 Consider 

x=[-~ 1~]x+[~2 ]u 
y=[-2 3]x-2u 
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Is it BIBO stable" 

Consider a discrete-time system with impulse response sequence 

g[k] = k(O.S/ fork::: 0 

Is the system BIBO stable'' 

5.9 Is the state equation in Problem 5. 7 marginally stable" Asymptotically stable~ 

5.10 Is the homogeneous state equation 

[-] 0 i] X x = ~ 0 

0 

marginally stable'' Asymptotically stable" 

5.11 Is the homogeneous state equation 

[-] 0 

i]x x = ~ 0 

0 

marginally stable'' Asymptotically stable" 

5.12 Is the discrete-time homogeneous state equation 

[0.9 
0 i] x[k] x[k +I]= ~ I 

0 

marginally stable" Asymptotically stable'' 

5.13 Is the discrete-time homogeneous state equation 

[

0.9 0 

x[k +I]= ~ ~ 

marginally stable'' Asymptotically stable" 

5.14 Use Theorem 5.5 to show that all eigenvalues of 

A=[ 0 I] 
-0.5 -1 

have negative real pans. 

5.15 Use Theorem 5.05 to show that all eigenvalues of the A in Problem 5.14 have magnitudes 
less than I. -

5.16 For any distinct negative real A., and any nonzero real a,, show that the matrix 
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M=[--E~ -~~~' ~'::~'] 
A.2 + A.t 2A.z A.z + A3 

a3a1 a3a2 aj 
- A3 +At - A3 + Az - 2A3 

is positive definite. [Hint: Use Corollary 5.5 and A=diag(A.t, Az, AJ).] 

5.17 A real matrix M (not necessarily symmetric) is defined to be positive definite ifx'Mx > 0 
for any nonzero x. Is it true that the matrix M is positive definite if all eigenvalues of 
Mare real and positive or if all its leading principal minors are positive? If not, how do 
you check its positive definitene~s? [Hint: Try 

[ ~2~ ~] [ 1~9 ~} 
5.18 Show that all eigenvalues of A have real parts less than -J.L < 0 if and only if, for any 

given positive definite symmetric matrix N, the equation 

A'M+MA+2J.LM= -N 

has a unique symmetric solution M and M is positive definite. 

5.19 Show that all eigenvalues of A have magnitudes less than p if and only if, for any given 
positive definite symmetric matrix N, the equation 

p 2M - A'MA = p2N 

has a unique symmetric solution M and M is positive definite. 

5.20 Is a system with impulse response g(t, r) = e-Zirf-lrl, fort ::: r, BIBO stable? How 
about g(t, r) =sin t(e-(r-rl) cos r? 

5.21 Consider the time-varying equation 

.:i: = 2tx + u 

Is the equation BIBO stable? Marginally stable? Asymptotically stable? 

5.22 Show that the equation in Problem 5.21 can be transformed by using x = P(t)x, with 
P(t) = e-'', into 

y=x 

Is the equation BIBO stable? Marginally stable? Asymptotically stable? Is the transfor

mation a Lyapunov transformation? 

5.23 Is the homogeneous equation 

[ 
-1 

x = -3r -e 

for to ::: 0, marginally stable? Asymptotically stable? 

6. l Introduction 

Chapter 

Controllability 
and Observability 

This chapter introduces the concepts of controllability and observability. Controllability 
deals with whether or not the state of a state-space equation can be controlled from the input, 
and observability deals with whether or not the initial state can be observed from the output. 
These concepts can be illustrated using the network shown in Fig. 6.1. The network has two 
state variables. Let x; be the voltage across the capacitor with capacitance C;, for i = I. 2. 
The input u is a current source and the output y is the voltage shown. From the network. we 
see that, because of the open circuit across r. the input has no effect on x 2 or cannot control 
x2. The current passing through the 2-Q resistor always equals the current source u; therefore 
the response excited by the initial state x1 will not appear in y. Thus the initial state x1 cannot 
be observed from the output. Thus the equation describing the network cannot be controllable 
and observable. 

These concepts are essential in discussing the internal structure of linear systems. They 
are also needed in studying control and filtering problems. We study first continuous-time 

Figure 6.1 Network. 
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linear time-invariant (LTI) state equations and then discrete-time LTI state equations. Finally, 
we study the time-varying case. 

6.2 Controllability 

Consider then-dimensional p-input state equation 

x =Ax +Bu (6.1) 

where A and B are. respectively, n x n and n x p real constant matrices. Because the output 
does not play any role in controllability. we will disregard the output equation in this study. 

Definition 6.1 The state equation (6.1) or the pair (A, B) is said to be controllable if for 
any initial state x(O) = x0 and any final state x 1, there exists an input that tra11.1jers Xo 

to x1 in a finite time. Otherwise (6.1) or (A, B) is said to be uncontrollable. 

This definition requires only that the input be capable of moving any state in the state 
space to any other state in a finite time: what trajectory the state should take is not specified. 
Furthermore, there is no constraint imposed on the input: its magnitude can be as large as 
desired. We give an example to illustrate the concept. 

EXAMPLE 6.1 Consider the network shown in Fig. 6.2(a). Its state variable x is the voltage 
across the capacitor. If x(O) = 0, then x(t) = 0 for all t ::=: 0 no matter what input is applied. 
This is due to the symmetry of the network, and the input has no effect on the voltage across 
the capacitor. Thus the system or, more precisely, the state equation that describes the system 
is not controllable. 

Next we consider the network shown in Fig. 6.2(b). It has two state variables .r, and 
x2 as shown. The input can transfer x 1 or x2 to any value; but it cannot transfer x1 and x2 
to any values. For example, if x 1 (0) = x 2 (0) = 0, then no matter what input is applied, 
x 1 (t) always equals x2(t) for all t ::: 0. Thus the equation that describes the network is not 
controllable. 

-~+ 
111 111 \ 

+ X _l 
[/ "\., 

111 111 

(a) (b) 

Figure 6.2 Uncontrollable networks. 

6.2 Controllability 

Theorem 6.1 

The following _,tatemenb are equivalent. 

1. Then-dimensional pair (A, B) is controllable. 

2. The n x n matrix 

\V,(t) = 11 

eA'BB'eA'r dr = 1' eAU-rJBB'eA•r-r)dr 

is nonsingular for any t > 0. 

3. Then x np controllability matrix 

has rank n (full row rank). 

~. Then x (II+ p) matrix [A- AI B] has full row rank at every eigen,alue. A. ofA 1 

5. If. in addition. all eigenYalues of A have negative real parts. then the unique solution of 
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(6.2) 

(63) 

AW, + W,A' = -BB' (6.4) 

is positive definite. The solution is called the controllabilitv Gramian and can be expressed as 

W, = 1x eA'BB' eA'r dr (6.5) 

Proof: (l) - (2): First we show the equivalence of the two forms in (6.2). Define 
i := t- r. Then we have 

1' eAU-rlBB' eA'u-rl dr = ~
0 

eAiBB' e--"'i ( -dr) 
r=O Ji=t 

= [' e"iBB' e"'i di 
Jf=O 

It becomes the first form of (6.2) after replacing i by r. Because of the fom1 of the 
integrand, W,(t) is always positive semidefinite: it is positive definite if and onlv if it is 
nonsingular. See Section 3.9. ' 

First we show that if W,(tl is nonsingular. then (6. I) is controllable. The response 
of(6.l) at time 11 was derived in (4.5) as 

x(r,) = e"'' x(Q) + 1'' eAII,-r,Bu(r) dr 

We claim that for any x(O) = x0 and any x(t1) = x 1, the input 

u(t) = -B'enr,-I)W; 1Ct 1)[e--"''x0 - xJ] 

will transfer Xo to x, at time 11. Indeed. substituting (6.7) into (6.6) yields 

(6.6) 

(6.7) 

1. If A 1:' compl~x. then we mu~t use complex number~ as c;calars m checking the rank. See the discuss1on regarding 
(3.37). 
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x{t1) =eAt' x
0

- (1'' eAu,-r 1BB' eA'(t,-rldr) w;:-' (t,)[eAr, Xo- xi] 

= eA11 XQ- We{tdW;:- 1{ti)[eA''xo- xi]= x, 

This shows that if We is nonsingular, then the pair (A, B) is controllable. We show the 
converse by contradiction. Suppose the pair is controllable but WeUI) is not positive 
definite for some r1. Then there exists an n x I nonzero vector v such that 

which implies 

(6.8) 

for all r in [0, ti]. If (6.1) is controllable, there exists an input that transfers the initial state 
x(O) = e-Ar, v to x(ri) = 0 and (6.6) becomes 

O=v+ 1''eAu,-rlBu(r)dr 

Its premultiplication by v' yields 

0 = v'v+ 1'' v'eA(r,-r)Bu(r)dr = llvll 2 +0 

which contradicts v f= 0. This establishes the equivalence of (I) and (2). 
(2) ++ (3): Because every entry of eA'B is, as discussed at the end of Section 4.2, an 

analytical function oft, if We (t) is nonsingular for some f, then it is nonsingular for all t 
in ( -oo, oo). See Reference [6, p. 554]. Because of the equivalence of the two forms in 
(6.2), (6.8) implies that We(!) is nonsingular if and only if there exists non x I nonzero 

vector v such that 

for all t (6.9) 

Now we show that if We(t) is nonsingular. then the controllability matrix C has full row 
rank. Suppose C does not have full row rank, then there exists ann x I nonzero vector v 

such that v' C = 0 or 

fork = 0, 1, 2, ... , n - I 

Because eA'B can be expressed as a linear combination of {B. AB .... , A"- 1 B) (Theorem 
3.5), we conclude v' eA'B = 0. This contradicts the nonsingularity assumption of Wc(t). 

Thus Condition (2) implies Condition (3). To show the converse, suppose C has full row 
rank but We(!) is singular. Then there exists a nonzero v such that (6.9) holds. Setting 
t = 0, we have v'B = 0. Differentiating (6.9) and then setting t = 0, we have v' AB = 0. 
Proceeding forward yields v' AkB = 0 fork = 0. I. 2, .... They can be arranged as 

v'[B AB · · · A"- 1B] = v'C = 0 
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This contradicts the hypothesis that C has full row rank. This shows the equivalence of 
(2) and (3). 

(3) ++ (4): If C has full row rank, then the matrix [A- AI B] has full row rank at 
every eigenvalue of A. If not, there exists an eigenvalue J.. 1 and a 1 x n vector q f= 0 such 
that 

which implies qA = J.. 1q and qB = 0. Thus q is a left eigenvector of A. We compute 

qA2 = (qA)A = (J..,q)A = ATq 

Proceeding forward, we have qAk = J..1q. Thus we have 

q[B AB · · · A"-1B] = [qB J.. 1qB · · · J..7- 1qB] = 0 

This contradicts the hypothesis that C has full row rank. 
In order to show that p(C) < n implies p([A- AI B]) < n at some eigenvalue ).I 

of A, we need Theorems 6.2 and 6.6, which will be established later. Theorem 6.2 states 
that controllability is invaraint under any equivalence transformation. Therefore we may 
show p([A- AI B]) <nat some eigenvalue of A, where (A, B) is equivalent to (A, B). 
Theorem 6.6 states that if the rank of C is less than n or p (C) = n - m, for some integer 
m :=:: I, then there exists a nonsingular matrix P such that 

A= PAP-I= [Ae ~12] 
0 Ac 

- [Be] B = PB = O 

where Ac ism x m. Let;.., be an eigenvalue of Ac and q1 be a corresponding I x m 
nonzero left eigenvector or q 1Ac = J.. 1q 1• Then we have q 1 (Ac- J.. 11) = 0. Now we form 
the 1 x n vector q := [0 qi]. We compute 

(6.10) 

which implies p([A - AI B]) < n and, consequently, p([A - AI B]) < n at some 
eigenvalue of A. This establishes the equivalence of (3) and (4). 

(2) ++ (5): If A is stable, then the unique solution of (6.4) can be expressed as in (6.5) 
(Theorem 5.6). The Gramian We is always positive semidefinite. It is positive definite if 
and only if We is nonsingular. This establishes the equivalence of (2) and (5). Q.E.D. 

ExAMPLE 6.2 Consider the inverted pendulum studied in Example 2.8. Its state equation was 
developed in (2.27). Suppose for a given pendulum, the equation becomes 

·~[! ~ -; f]·+[JJ (6.11) 

y =[I 0 0 O]x 
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We compute 

I 

0 

-2 
0 

0 

2 

0 

-10 
-!~] 

This matrix can be shown to have rank 4; thus the system is controllable. Therefore. if XJ = e 
deviates from zero slightly, we can find a control u to push it back to zero. In fact, a control 
exists to bring x1 = y, x3, and their derivatives back to zero. This is consistent with our 
experience of balancing a broom on our palm. 

The MATLAB functions c c.rb and gram will generate the controllability matrix and 
controllability Gramian. Note that the contrbllability Gramian is not computed from (6.5); it is 
obtained by solving a set of linear algebraic equations. Whether a state equation is controllable 
can then be determined by computing the rank of the controllability matrix or Gramian by 
using rank in MATLAB. 

ExAMPLE 6.3 Consider the platform system shown in Fig. 6.3: it can be used to study 
suspension systems of automobiles. The system consists of one platform; both ends of the 
platform are supported on the ground by means of springs and dashpots, which provide 
viscous friction. The mass of the platform is assumed to be zero: thus the movements of 
the two spring systems are independent and half of the force is applied to each spring 
system. The spring constants of both springs are assumed to be I and the viscous friction 
coefficients are assumed to be 2 and I as shown. If the displacements of the two spring 
systems from equilibrium are chosen as state variables x 1 and x2. then we have x1 + 2.-t, = u 

and xz + .i:2 = u or 

x = x+ u . [ -0.5 0 ] [ 0.5] 
0 -1 I 

(6.12) 

This state equation describes the system. 
Now if the initial displacements are different from zero, and if no force is applied. the 

platform will return to zero exponentially. In theory. it will take an infinite time for x, to equal 
0 exactly. Now we pose the problem. If x 1 (0) = I 0 and x2 (0) = -I, can we apply a force 
to bring the platform to equilibrium in 2 seconds? The answer does not seem to be obvious 
because the same force is applied to the two spring systems. 

Dampmg 
co~fficiem 

Spring 
constant 
I 

~ 2u 

Damping 
coefficient 

Spring 
constant 
I 

Figure 6.3 Platform system. 
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For Equation (6.12). we compute 

[
0.5 

p([B AB]) = p I -0.25] _, 
-1 --

Thus the equation is controllable and, for any x(O), there exists an input that transfers x(O) to 
0 in 2 seconds or in any finite time. We compute (6.2) and (6.7) for this system at 11 = 2: 

and 

Wc(2) = 12 ([e-0.5r 
0 0 

0 ] [0.5] [e-O'r 0 ]) 
e-r I [0.5 1] 0 e~r dr: 

= [0.2162 
0.3167 

0.3167] 
0.4908 

[ 

e~o se~t) 

u1 (I) = -[0.5 I] O 

= -58.82e05' + 27.96e' 

for r in [0. 2]. This input force will transfer x(O) = [10 -I]' to [0 O]' in 2 seconds as shown 
in Fig. 6.4(a) in which the input is also plotted. It is obtained by using the MATLAB function 
l s ~::'., an acronym for linear simulation. The largest magnitude of the input is about 45. 

Figure 6.4(b) plots the input u2 that transfers x(O) = [10 - 1]' to 0 in 4 seconds. We see 
that the smaller the time interval, the larger the input magnitude. If no restriction is imposed on 
the input, we can transfer x(O) to zero in an arbitrarily small time interval; however, the input 
magnitude may become very large. If some restriction is imposed on the input magnitude, then 
we cannot achieve the transfer as fast as desired. For example, if we require lu(l)l < 9. for 
all r. in Example 6.3, then we cannot transfer x(O) to 0 in less than -1 seconds. We remark that 
the input u(l) in (6.7) is called the minimal energy control in the sense that for any other input 
ii(rl that achieves the same transfer, we have 

1,, 1'' ii'(t)ii(t)dt::: u'(t)u(t)dt 
ro to 

60~--------~----~--~ 

40 ' ____ L ____ ._ __ _ 

20 

-5 

-IOL---~----~----~--~ 
0.5 0 4 

(a) 

Figure6..1 Transferx(O) = [10 -l]'to[OO]'. 
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Its proof can be found in Reference [6, pp. 556-558]. 

EXAMPLE 6.4 Consider again the platform system shown in Fig. 6.3. We now assume that the 
viscous friction coefficients and spring constants of both spring systems all equal I. Then the 
state equation that describes the system becomes 

Clearly we have 

-1] 
-1 

=1 

and the state equation is not controllable. If x 1 (0) i= x2(0), no input can transfer x(O) to zero 
in a finite time. I 

6.2.1 Controllability Indices 

Let A and B ben x n and n x p constant matrices. We assume that B has rank p or full column 
rank. If B does not have full column rank, there is a redundancy in inputs. For example, if 
the second column of B equals the first column of B, then the effect of the second input 
on the system can be generated from the first input. Thus the second input is redundant. In 
conclusion, deleting linearly dependent columns of B and the corresponding inputs will not 
affect the control of the system. Thus it is reasonable to assume that B has full column rank. 

If (A, B) is controllable, its controllability matrix C has rank n and, consequently, n 
linearly independent columns. Note that there are np columns inC; therefore it is possible to 
find many sets of n linearly independent columns in C. We discuss in the following the most 
important way of searching these columns; the search also happens to be most natural. Let b; 
be the ith column of B. Then C can be written explicitly as •"-

(6.13) 

Let us search linearly independent columns of C from left to right. Because of the pattern of 
C, if Aibm depends on its left-hand-side (LHS) columns, then Ai+Ibm will also depend on its 
LHS columns. It means that once a column associated with bm becomes linearly dependent, 
then all columns associated with bm thereafter are linearly dependent. Let J.Lm be the number 
of the linearly independent columns associated with bm in C. That is, the columns 

are linearly independent in C and A~<m+ibm are linearly dependent fori = 0, I, .... It is clear 
that if C has rank n, then 

J.l-1 + J.l-2 + · · · + J.Lp = n (6.14) 

The set {J.LI, J.l-2, ••. , J.Lp) is called the controllability indices and 

J.L =max (J.L,, J.Lz, ... , J.Lp) 

1 6.2 Controllability 151 

is called the controllability index of (A, B). Or, equivalently, if (A, B) is controllable, the 
controllability index J.L is the least integer such that 

(6.15) 

Now we give a range of J.L. If J.I-I = J.l-2 = · · · = Jl-p, then n/ p ::; J.L. If all J.Lm. except 
one, equal 1, then J.L = n - (p - 1); this is the largest possible J.L. Let ii be the degree of the 
minimal polynomial of A. Then, by definition, there exist a; such that 

A" = a,An-I + azA"-2 + · · · + a;;l 

which implies that A"B can be written as a linear combination of {B, AB, ... , Aii- 1B). Thus 
we conclude 

n/p::; J.L::; min(ii, n- p +I) (6.16) 

where p(B) = p. Because of (6.16), in checking controllability, it is unnecessary to check 
then x np matrix C. It is sufficient to check a matrix of lesser columns. Because the degree 
of the minimal polynomial is generally not available-whereas the rank of B can readil~ be 
computed-we can use the following corollary to check controllability. The second part of the 
corollary follows Theorem 3.8. 

Corollary 6. 1 

The n-dimensional pair (A. B) is controllable if and only if the matrix 

Cn-p+l := [B AB · · · A"-PB] 

where p(B) = p, has rank nor then x n matrix Cn-p+I C~-p+l is nonsingular. 

(6.17) 

EXAMPLE 6.5 Consider the satellite system studied in Fig. 2.13. Its linearized state equation 
was developed in (2.29). From the equation, we can see that the control of the first four state 
variables by the first two inputs and the control of the last two state variables by the last input 
are decoupled; therefore we can consider only the following subequation of (2.29): 

0 0 1 x+ 0 0 u x = [~~ ~ ~ ~] [~ ~] 
-2 0 0 0 1 (6.18) 

[ 
1 0 0 OJ 

Y= 0 0 1 0 X 

where we have assumed, for simplicity, w0 = m = r0 = I. The controllability matrix of (6.18) 
is of order 4 x 8. If we use Corollary 6.1, then we can· check its controllability by using the 
following 4 x 6 matrix: 

[8 AB A'BJ ~ [; 
0 1 0 0 

j] 0 0 2 -1 

0 0 1 -2 
(6.19) 

-2 0 0 
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It has rank 4. Thus (6.18) is controllable. From (6.19), we can readily verify that the control
lability indices are 2 and 2. and the controllability index is :2. 

Theorem 6.2 

The controllability property is invariant under any equivalence transformation. 

Proof· Consider the pair (A, B) with controllability matrix 

and its equivalent pair (A. B) with A = PAP- 1 and B = PB, where Pis a nonsingular 
matrix. The coatrollability matrix of( . .\. B) is 

c = [B AB . .,c A"- 1Bl 
= [PB PAP- 1PB · · · PA"- 1P- 1PB] 

= [PB PAB · · · PA"- 1B] 

= P[B AB · · A"- 1B] =PC (6.20) 

Because Pis nonsingular, we have p(C) = p(C) (see Equation (3.62)). This establishes 
Theorem 6.2. Q.E.D. 

Theorem 6.3 

The set of the controllability indices of (A. Bl is invariant under any equivalence transfom1ation and 
any reordering of the columns of B. 

-7 Proof· Let us define 

(6.21) 

Then we have, following the proof of Theorem 6.2. 

for k = 0. I. 2 ..... Thus the set of controllability indices is invariant under any 
equivalence transformation. 

The rearrangement of the columns of B can be achieved by 

B = Bl\1 

where .\I is a p x p nonsingular permutation matrix. It is straightforward to veriiy 

Because diag (M. M ..... M) is nonsingular. we have p(G) = p(C~) fork= 0. l. .... 
Thus the set of controllability indices is invariant under any reordering of the columns of 
B. Q.E.D. 

Because the set of the controllability indices is invariant under any equivalence transfor
mation and any rearrangement of the inputs. it is an intrinsic property of the system that the 
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state equation describes. The physical significance of the controllability index is not transparent 
here: but it becomes obvious in the discrete-time case. As we will discuss in later chapters. the 
controllability index can also be computed from transfer matrices and dictates the minimum 
degree required to achieve pole placement and model matching. 

6.3 Observability 

The concept of observability is dual to that of controllability. Roughly speaking. controllability 
studies the possibility of steering the state from the input: observability studies the possibility 
of estimating the state from the output. These two concepts are defined under the assumption 
that the state equation or. equivalently. all A. B. C. and Dare known. Thus the problem of 
observability is different from the problem of realization or identification, which is to determine 
or estimate A. B. C. and D from the information collected at the input and output terminals. 

Consider then-dimensional p-input q-output state equation 

x =Ax+ Bu 
(6 22) 

y = Cx + Du 

where A. B. C, and Dare. respectively, n x n, n x p, q x n. and q x p constant matrices. 

Definition 6.01 The swte equation (6.22) is said to he observable if for an_v unknmrn 
initial state x(O), there exists a finite t1 > 0 such that the knowledge of the input u and 
the output y over [0. 11] suffices to determine uniquelv the initial state x(O). Othenrise. 
the equation is said to be unobservable. 

ExAMPLE 6.6 Consider the network shown in Fig. 6.5. If the input is zero. no matter what the 
initial voltage across the capacitor is, the output is identically zero because of the symmetry 
of the four resistors. We know the input and output (both are identically zero). but we cannot 
determine uniquely the initial state. Thus the network or. more precisely. the state equation 
that describes the network is not observable. 

ExAMPLE 6.7 Considerthe network shown in Fig. 6.6(a). The network has two state variables: 
the current x 1 through the inductor and the voltage x, across the capacitor. The input 11 is a 

Figure 6.5 Unobservable network. 
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Figure 6.6 
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Unobservable network. 

I 
current source. Ifu = 0, the network reduces to the one shown in Fig. 6.6(b). If Xt (0) =a f= 0 
andx2 = 0, then the output is identically zero. Any x(O) = [a 0]' and u(t) = 0 yield the same 
output y(t) = 0. Thus there is no way to determine the initial state [a 0]' uniquely and the 
equation that describes the network is not observable. 

The response of (6.22) excited by the initial state x(O) and the input u(t) was derived in 
(4.7) as 

y(t) = CeA'x(O) + C 1' eA(t-<lBu(r) dr + Du(t) (6.23) 

In the study of observability, the output y and the input u are assumed to be known; the inital 
state x(O) is the only unknown. Thus we can write (6.23) as 

(6.24) 

where 

y(t) := y(t)- C f eA<~-<lBu(r) dr - Du(t) 

is a known function. Thus the observability problem reduces to solving x(O) from (6.24). If 
u = 0, then y(t) reduces to the zero-input response CeA1x(O). Thus Definition 6.01 can be 
modified as follows: Equation (6.22) is observable if and only if the initial state x(O) can be 
detemtined uniquely from its zero-input response over a finite time interval. 

Next we discuss how to solve x(O) from (6.24). For a fixed t, CeA' is a q x n constant 
matrix, and y(t) is a q x 1 constant vector. Thus (6.24) is a set of linear algebraic equations 
with n unknowns. Because of the way it is developed, for every fixed t, y(t) is in the range 
space of CeA' and solutions always exist in (6.24). The only question is whether the solution 
is unique. If q < n, as is the case in general, the q x n matrix CeA1 has rank at most q and, 
consequently, has nullity n - q or larger. Thus solutions are not unique (Theorem 3.2). In 
conclusion, we cannot find a unique x(O) from (6.24) at an isolated t. In order to determine 
x(O) uniquely from (6.24), we must use the knowledge of u(t) and y(t) over a nonzero time 
interval as stated in the next theorem. 

l 
~ Theorem 6.4 

The state equation (6.22) is observable if and only if the n x n matrix 

Wo(t) = 1' eA''C'CeA<dr 

is nonsingular for any t > 0. 

6.3 Observability 

B Proof: We premultiply (6.24) by eA'rC' and then integrate it over [0, ttl to yield 

({' eA''C'CeA'dt)x(O) = 1'' eA''C'y(t)dt 

If W 0 (tt) is nonsingular, then 

x(O) = w;tUt) 1'' eA''C'y(t)dt 
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(6.25) 

(6.26) 

This yields a unique x(O). This shows that if W 0 (t), for any t > 0, is nonsingular, then 
(6.22) is observable. Next we show that if W 0 (tt) is singular or, equivalently, positive 
semidefinite for all ft. then (6.22) is not observable. If WoUtl is positive semidefinite, 
there exists an n x I nonzero constant vector v such that 

which implies 

for all t in [0, ttl. If u = 0, then Xt (0) = v f= 0 and x2 (0) = 0 both yield the same 

y(t) = CeA1x;(O) = 0 

(6.27) 

Two different initial states yield the same zero-input response; therefore we cannot 
uniquely determine x(O). Thus (6.22) is not observable. This completes the proof of 
Theorem 6.4. Q.E.D. 

We see from this theorem that observability depends only on A and C. This can also be 
deduced from Definition 6.01 by choosing u(t) = 0. Thus observability is a property of the 
pair (A, C) and is independentofB and D. As in the controllability part, ifW0 (t) is nonsingular 
for some t, then it is nonsingular for every t and the initial state can be computed from ( 6.26) 
by using any nonzero time interval. 

~ Theorem 6.5 (Theorem of duality) 

The pair {A, B) is controllable if and only if the pair (A', B') is observable. 
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Proof: The pair (A, B) is controllable if and only if 

Wc(t) = 1' eArBB'eA'rdr 

is nonsingular for any t. The pair (A', B'J is observable if and only if, by replacing A by 
A' and C by B' in (6.25). 

W 0 (t) = 1' eA'BB'eA'r dr 

is nonsingular for any t. The two conditions are identical and the theorem follows. 
Q.E.D. 

We list in the following the observability counterpart of Theorem 6. I. It can be proved 
either directly or by applying the theorem of duality. 

Theorem 6.01 

The following statements are equivalent. 

1. Then-dimensional pair (A, C) is observable. 

2. The n x n matrix 

16.28) 

is nonsingular for any t > 0. 

3. The nq x 11 observability matrix 

(6.29) 

has rank 11 I full column rank). This matrix can be generated by calling obsv in MATL\B. 

4. The (11 + q) x n matrix 

has full column rank at every eigenvalue. A, of A. 

5. If. in addition. all eigenvalues of A have negative real parts. then the unique solution of 

(6.30) 

is positive definite. The solution is called the obsen·abiliry Gramian and can be expressed as 

W 0 =lex eA'rc'CeA'dr (6.31) 
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6.3. l ObseNability Indices 

Let A and C ben x n and q x 11 constant matrices. We assume that C has rank q (full row rank). 
If C does not have full row rank, then the output at some output terminal can be expressed 
as a linear combination of other outputs. Thus the output does not offer any new information 
regarding the system and the terminal can be eliminated. By deleting the corresponding row. 
the reduced C will then have full row rank. 

If (A, C) is observable, its observability matrix 0 has rank 11 and. consequently, n linearly 
independent rows. Let c; be the ith row of C. Let us search linearly independent rows of 0 in 
order from top to bottom. Dual to the controllability part, if a row associated with Cm becomes 
linearly dependent on its upper rows, then all rows associated with Cm thereafter will also be 
dependent. Let Vm be the number of the linearly independent rows associated with Cm. It is 
clear that if 0 has rank n. then 

VJ + 1J2 + · · · + Vq = 11 (6.32) 

The set {v1, v2 , ... , vq) is called the observability indices and 

(6.33) 

is called the observabilitv index of (A, C). If (A, C) is observable, it is the least integer 
such that 

Dual to the controllability part. we have 

njq ~ I!~ min(ii, n- q +I) 

where p(C) = q and ii is the degree of the minimal polynomial of A. 

Corollary 6.01 

Then-dimensional pair (A. C) is observable if and only if the matrix 

On-q+l = ~ C~ 1 l c~n-q 
where p(C) = q, has rank nor then x n matrix 0~-q+l On-q+l is nonsingular. 

> Theorem 6.02 

The observability property is invariant under any equivalence transformation. 

(6.34) 

(6.35) 
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~ Theorem 6.03 

The set of the observability indices of (A, C) is invariant under any equivalence transformation and any 
reordering of the rows of C. 

Before concluding this section, we discuss a different way of solving (6.24). Differenti
ating (6.24) repeatedly and setting t = 0, we can obtain 

or 

Ovx(O) = y(O) (6.36) 

where y<il (t) is the ith derivative of y(t), and y(O) := [f (0) Y' (0) (y<v-ll)']'. Equation 
(6.36) is a set of linear algebraic equations. Because of the way it is developed, Y(O) must lie 
in the range space of Ov. Thus a solution x(O) exists in (6.36). If (A, C) is observable, then 
Dv has full column rank and, following Theorem 3.2, the solution is unique. Premultiplying 
(6.36) by 0:, and then using Theorem 3.8, we can obtain the solution as 

(6.37) 

We mention that in order to obtain y(O), y(O), ... , we need knowledge of y(t) in the neigh
borhood oft = 0. This is consistent with the earlier assertion that we need knowledge of Y(t) 
over a nonzero time interval in order to determine x(O) uniquely from (6.24). In conclusion, 
the initial state can be computed_ using (6.26) or (6.37). 

The output y(t) measured in practice is often corrupted by high-frequency noise. Because 

• differentiation will amplify high-frequency noise and 

• integration will suppress or smooth high-frequency noise, 

the result obtained from (6.36) or (6.37) may differ greatly from the actual initial state. Thus 
(6.26) is preferable to (6.36) in computing initial states. 

The physical significance of the observability index can be seen from (6.36). It is the 
smallest integer in order to determine x(O) uniquely from (6.36) or (6.37). It also dictates the 
minimum degree required to achieve pole placement and model matching, as we will discuss 
in Chapter 9. 

6.4 Canonical Decomposition 

This section discusses canonical decomposition of state equations. This fundamental result will 
be used to establish the relationship between the state-space description and the transfer-matrix 
description. Consider 

6.4 Canonical Decomposition 

x = Ax+Bu 

y = Cx+Du 

Let x = Px, where Pis a nonsingular matrix. Then the state equation 

x = Ax+Bu 

y = Cx+Du 
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(6.38) 

(6.39) 

with A= PAP-I' B = PB. c = cp-l' and D =Dis equivalent to (6.38). All properties of 
(6.38), including stability. controllability, and observability, are preserved in (6.39). We also 
have 

;;.. Theorem 6.6 

Consider then-dimensional state equation in (6.38) with 

p(C) = p([B AB - · · A"- 1B]) = n 1 < n 

We form the n x n matrix 

where the first n 1 columns are any n 1 linearly independent columns of C, and the remaining columns 
can arbitrarily be chosen as long asP is nonsingular. Then the equivalence transformation X = Px or 
x =p-Ix will transform (6.38) into 

(6.-+0) 

where Ac is n 1 x n 1 and Ac is (n - n 1) x (n - n t), and then 1-dimensional subequation of (6.-+0), 

Xc = Acxc + Bcu 
(6.-+1) 

is controllable and has the same transfer matrix as (6.38). 

Proof" As discussed in Section 4.3, the transformation x = p-lx changes the basis 
of the state space from the orthonormal basis in (3.8) to the columns of Q := p-t or 
{q 1, •.• , qn 1 • •••• q" }. The ith column of A is the representation of Aq; with respect 
to{q 1 •••. , qn 1 • •••• qnl-NowthevectorAq;,fori =I, 2, ... , nt,arelinearly 
dependent on the set { q 1 • • .. , q" 1 } ; they are linearly independent of { q" 1 + 1 , ... , q" } . 
Thus the matrix A has the form shown in (6.40). The columns of Bare the representation 
ofthecolumnsofBwithrespectto{q1, ••• , Qn 1 , ••• , g.}.NowthecolumnsofBdepend 
only on {q 1 , •••• Qn 1 }: thus B has the form shown in (6.40). We mention that if then x p 
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matrix B has rank p and if its columns are chosen as the first p columns of p-I. then the 
upper part of B is the unit matrix of order p. 

Let C be the controllability matrix of (6.40). Then we have p( C) = p( C) = n 1• It 
is straightforward to verify 

C= [~' A,B, 
- nl -

A~~
1

B, J A, B, 

0 0 

= [ ~c 
- nl -

A;~
1

B, J A, Be 

0 

where C,. is the controllability matrix of lAc. B,). Because the columns of A;B,. for 
k ~ n 1, are linearly dependent on the columns of C,, the condition p( CJ = n 1 implies 
p(C.) = n I· Thus the n 1-dimensional state equation in (6.-+ l) is controllable. 

Next we show that (6.41) has thb same transfer matrix as (6.38). Because (6.38) and 
(6.40) have the same transfer matrix. we need to show only that (6.40) and (6.41) have 
the same transfer matrix. By direct verification. we can show 

[
sl -

0 
A, -A1_: ]-I = [ (sl- A,)-1 M J 

si- Ac 0 (sl- Acl- 1 

where 

M = (sl- Acl- 1Adsl- Ac)- 1 

Thus the transfer matrix of (6.40) is 

[C cJ[si-A, -A 1_: J- 1 [B'] D 
' ' 0 si- Ac 0 + 

= [ t, Cc] [ (s I -
0
A, l -

1 
l\1 ] [ 8,] 

(si-A,T 1 0 +D 

(6.42) 

which is the transfer matrix of (6.41 ). This completes the proof of Theorem 6.6. Q.E.D. 

In the equivalence transformation x = Px. then-dimensional state space is divided into 
two subspaces. One is the n 1-dimensional subspace that consists of all vectors of the form 
[x;. 0']': the other is the (n - n 1 )-dimensional subspace that consists of all vectors of the form 
[0' x:,]'. Because (6.41) is controllable. the input u can transfer Xc from any state to any other 
state. However. the input u cannot control :\z because. as we can see from (6.401. u does not 
affect Xr directly. nor indirectly through the state x,. By dropping the uncontrollable state 
vector. we obtain a controllable state equation of lesser dimension that is zero-state equi\·alent 
to the original equation. 

ExAMPLE 6.8 Consider the three-dimensional state equation 

y = [l I l]x (6.43) 
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The rank ofB is 2: therefore we can use C" = [B AB]. instead of C = [B AB A
2
B]. to check 

the controllability of (6.-+3) (Corollary 6.1 ). Because 

p(C:J=P([BAB])=p[: ~ ~]=2<3 
the state equation in (6.43) is not controllable. Let us choose 

p-I =Q:= [; ~ il 
The first two columns of Q are the first two linearly independent columns of C:: the last column 

is chosen arbitrarily to make Q nonsingular. Let x = Px. We compute 

A= P.w-
1 

= [~ 
l 

_:J [i :J [; 
I n 0 0 

0 

~ l: 0 

:l 0 

[~ 
I JU :J~[i Il B=PB= 0 

0 

;./ote that the 1 x 2 submatrix A21 of A and Bz are zero as expected. The 2 x I submatrix 
,\

12 
happens to be zero: it could be nonzero. The upper part of B is a unit matrix because the 

columns of B are the first two columns of Q. Thus (6.43) can be reduced to 

x, = [ : ~ ] x, + [ ~ ~ ] u v = [l 2Jx, 

This equation is controllable and has the same transfer matrix as (6.43). 

The MATLAB function c trbf transforms (6.38) into (6.-+0) except that the order of the 

columns in p-I is reversed. Thus the resulting equation has the form 

Theorem 6.6 is established from the controllability matrix. In actual computation. it is unnec
essary to form the controllability matrix. The result can be obtained by carrying out a sequence 
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of similarity transformations to transform [B A] into a Hessenberg form. See Reference [6, 
pp. 220-222]. This procedure is efficient and numerically stable and should be used in actual 
computation. 

Dual to Theorem 6.6, we have the following theorem for unobservable state equations. 

> Theorem 6.06 

Consider then-dimensional state equation in (6.38) with 

We form the n x n matrix 

Pt 

P = Pn2 

Pn 

where the first nz rows are any n2 linearly independent rows of 0, and the remaining rows can be chosen 
arbitrarily as long as P is nonsingular. Then the equivalence transformation x = Px will transform 
(6.38) into 

- [ X0
] y = [Co 0] ~" + Du (6.44) 

where Aa is nz x n2 and Ao is (n - n 2 ) x (n - nz), and the n 2-dimensional subequation of (6.44), 

Xo = AcXo + B0 U 

Y = C0 X0 +Du 

is observable and has the same transfer matrix as (6.38). 

In the equivalence transformation x = Px, the n-dimensional state space is divided 
into two subspaces. One is the n2-dimensional subspace that consists of all vectors of the 
form [x~ 0']'; the other is the (n - n2)-dimensional subspace consisting of all vectors of the 
form [0' x~]'. The state X0 can be detected from the output. However, X0 cannot be detected 
from the output because, as we can see from (6.44), it is not connected to the output either 
directly, or indirectly through the state X0 • By dropping the unobservable state vector, we obtain 
an observable state equation of lesser dimension that is zero-state equivalent to the original 
equation. The MATLAB function obsvf is the counterpart of ctrbf. Combining Theorems 
6.6 and 6.06, we have the following Kalman decomposition theorem. 
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Theorem6.7 

Every state-space equation can be transformed, by an equivalence transformation, into the following 

canonical form 

(6.45) 

y = [Ceo 0 Ceo O]x + Du 

where the vector Xeo is controllable and observable, Xco is controllable but not observable, X,•0 is 
observable but not controllable. and Xco is neither controllable nor observable. Furthermore. the state 
equation is zero-state equivalent to the controllable and observable state equation 

Xco = AeoXco +BeaU 
(6.-16) 

and has the transfer matrix 
• - - -l-
G(s) = Ceo(sl- Aco) Bco + D 

This theorem can be illustrated symbolically as shown in Fig. 6.7. The equation is first 
decomposed, using Theorem 6.6, into controllable and uncontrollable subequations. We then 
decompose each subequation, using Theorem 6.06, into observable and unobservable parts. 
From the figure, we see that only the controllable and observable part is connected to both 
the input and output tenninals. Thus the transfer matrix describes only this part of the system. 
This is the reason that the transfer-function description and the state-space description are not 
necessarily equivalent. For example. if any A-matrix other than Aco has an eigenvalue with a 

Figure 6.7 Kalman decomposition. 

u y 

c 

G 
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positi\e real part. then some state variable may grow without bound and the system may bum 
out. This phenomenon. however. cannot be detected from the transfer matrix. 

The MATL.-\B function :n2_:-.::eal. an acronym for minimal reali:ation. can reduce any 
state equation to (6.46). The reason for calling it minimal realization will be given in the next 
chapter. 

Ex.UIPLE 6.9 Consider the network shown in Fig. 6.8( a). Because the input is a current source, 
re,ponses due to the initial conditions in C1 and L 1 will not appear at the output. Thus the state 
variables associated with C 1 and L 1 are not observable: whether or not they are controllable 

is immaterial in subsequent discussion. Similarly. the state variable associated with Lz is not 
controllable. Because of the symmetry of the four 1-Q resistors. the state variable associated 

'' ith C: is neither controllable nor observ~ble. By dropping the state variables that are either 
uncontrollable or unobservable. the network in Fig. 6.8( a) can be reduced to the one in Fig. 

6.8(bJ. The current in each branch is u/2: thus the output v equals 2 · (u/2) or y = u. Thus 
the transfer function of the network in Fig. 6.8(a) is g(s) = I. 

If we assign state variables as shown. then the network can be described by 

'= [i 
-0.5 0 

0 0 

0 -0.5 

0 0 

v = [0 0 0 l]x + u 

Because the equation is already of the form shown in (6.40). it can be reduced to the following 
wntrollable state equation 

x, = [ ~ -~.5] x, + [ 0~5] ll 
v = [0 O]x, + u 

The output is independent of x,: thus the equation can be further reduced to v = 11. This is 
wh,ll \\e will obtain by using the .\1ATLAB function m2_:-lreal. 

6.5 Conditions in Jordan-Form Equations 

Controllability and observability are invariant under any equivalence transformation. If a state 
equation is transformed into Jordan form. then the controllability and observability conditions 

become 'ery simple and can often be checked by inspection. Consider the state equation 

x = Jx + Bx 
(6.47) 

y = Cx 
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Ct = 2 

+ 

xz L t = 1 I r2 I r2 Lz = I x, 

+ XJ- 111 IQ 

t c, = 2 

I Q 1 Q 1 Q IQ 

(a) (b I 

Figure 6.8 Networks. 

where 1 is in Jordan form. To simplify discussion. we assume that 1 has only two distinct 
eigenvalues )q and 1.2 and can be written as 

1 = diag 111. 12) 

where 11 co~sists of all Jordan blocks associated with .l. 1 and 12 consists of all Jordan blocks 
associated with ).c. Again to simplify discussion. we assume that 11 has three Jordan blocks 
and 12 has two Jordan blocks or 

The row of B corresponding to the last row of 1,1 is denoted by b111 . The column of C 
corresponding to the first column of 1,1 is denoted by CJ,J. 

Theorem 6.8 

I. The state equation in (6.47) is controllable if and only if the three row vectors {bill· b112. bm} are 
linearly independent and the two row vectors {bt21· b122} are linearly independent. 

2. The state equation in (6.47) is observable if and only if the three column vectors {Ctll· Cfl2· CJI3} 

are linearly independent and the two column vectors {cf21· Cf22} are linearly independent. 

We discuss first the implications of this theorem. If a state equation is in Jordan form, 
then the controllability of the state variables associated with one eigenvalue can be checked 
independently from those associated with different eigenvalues. The controllability of the state 
variables associated with the same eigenvalue depends only on the rows of B corresponding 
to the last row of all Jordan blocks associated with the eigenvalue. All other rows of B play no 
role in determining the controllability. Similar remarks apply to the observability part except 
that the columns of C corresponding to the first column of all Jordan blocks determine the 
observability. We use an example to illustrate the use of Theorem 6.8. 
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EXAMPLE 6.10 Consider the Jordan-form state equation 

)q 0 0 0 0 0 0 0 0 

0 At 0 0 0 0 0 1 0 0 

0 0 At 0 0 0 0 0 0 

x= 0 0 0 )q 0 0 0 x+ 1 u 

0 0 0 0 A2 0 1 2 3 

0 0 0 0 0 Az 0 0 (6.48) 

0 0 0 0 0 0 Az 

u 
1 2 0 0 2 

i]x y= 0 2 0 1 

0 2 3 0 c, 
r-

The matrix J has two distinct eigenvalues At and A2. There are three Jordan blocks, with order 
2, 1, and 1, associated with A 1. The rows of B corresponding to the last row of the three Jordan 
blocks are [1 0 0], [0 1 0], and [ 1 1 1]. The three rows are linearly independent. There is only 
one Jordan block, with order 3, associated with A2• The row ofB corresponding to the last row 
of the Jordan block is [1 1 1], which is nonzero and is therefore linearly independent. Thus we 

conclude that the state equation in (6.48) is controllable. 
The conditions for (6.48) to be observable are that the three columns [1 1 1]', [2 12]', and 

[0 2 3]' are linearly independent (they are) and the one column [0 0 O]' is linearly independent 

(it is not). Therefore the state equation is not observable. 

iii 

Before proving Theorm 6.8, we draw a block diagram to show how the conditions in the 
theorem arise. The inverse of (s I - J) is of the form shown in (3.49), whose entries consist 
of only 1/(s - A; )k. Using (3.49), we can draw a block diagram for (6.48) as shown in Fig. 
6.9. Each chain of blocks corresponds to one Jordan block in the equation. Because (6.48) has 
four Jordan blocks, the figure has four chains. The output of each block can be assigned as a 
state variable as shown in Fig. 6.10. Let us consider the last chain in Fig. 6.9. If b121 = 0, the 
state variable Xtzt is not connected to the input and is not controllable no matter what values 
hzzt and b121 assume. On the other hand, if b121 is nonzero, then all state variables in the 
chain are controllable. If there are two or more chains associated with the same eigenvalue, 
then we require the linear independence of the first gain vectors of those chains. The chains 
associated with different eigenvalues can be checked separately. All discussion applies to the 
observability part except that the column vector c JiJ plays the role of the row vector btiJ. 

Proof of Theorem 6.8 We prove the theorem by using the condition that the matrix 
[A- sl B] or [sl- A B] has full row rank at every eigenvalue of A. In order not to be 
overwhelmed by notation, we assume [sl- J B] to be of the form 

s-At -1 0 0 0 0 0 bllt 

0 s-At -1 0 0 0 0 bm 

0 0 s-At 0 0 0 0 bnt 

0 0 0 s-At -1 0 0 bll2 (6.49) 

0 0 0 0 s-At 0 0 bm 

0 0 0 0 0 s - Az -1 bt2! 

0 0 0 0 0 0 s - Az bt2! 
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y 

y 

y 

y 

Figure 6.9 Block diagram of (6.48). 

X 

Figure 6.10 Internal structure of 1/ (s - A;). 

The Jordan-form matrix J has two distinct eigenvalues At and Az. There are two Jordan 
blocks associated with At and one associated with ),2. If s =At, (6.49) becomes 

0 -1 0 0 0 0 0 btl\ 

0 0 -1 0 0 0 0 b211 

0 0 0 0 0 0 0 bn1 

0 0 0 0 -1 0 0 bt\2 (6.50) 

0 0 0 0 0 0 0 bm 

0 0 0 0 0 At- Az -1 bm 

0 0 0 0 0 0 At- Az bt21 
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The rank of the matrix will not change by elementary column operations. We add the 
product of the second column of (6.50) by b 111 to the last block column. Repeating the 

process for the third and fifth columns. we can obtain 

0 -I 0 0 0 0 0 0 

0 0 -I 0 0 0 0 0 

0 0 0 0 0 0 0 btl I 

0 0 0 0 -I 0 0 0 

0 0 0 0 0 0 0 b11: 

0 0 0 0 0 ).J- !c: -1 b1:1 

0 0 0 0 0 0 A1- i\.2 bt21 

Because i. 1 and !c 2 are distinct, Jc 1 - );2 is nonzero. We add the product of the seventh 
column and -b121 /0- 1 - .'. 2 ) to the last tolumn and then use the sixth column to eliminate 

its right-hand-side entries to yield 

0 -1 0 0 0 0 0 0 

0 0 -1 0 0 0 0 0 

0 0 0 0 0 0 0 btl I 

0 0 0 0 -1 0 0 0 (6.51) 

0 0 0 0 0 0 0 b/12 

0 0 0 0 0 AI- A2 0 0 

0 0 0 0 0 0 AJ- .'.: 0 

It is clearthat the matrix in (6.51) has full row rank if and only if bt 11 and b112 are linearly 
independent. Proceeding similarly for each eigenvalue, we can establish Theorem 6.8. 
Q.E.D. 

Consider an n-dimensional Jordan-form state equation with p inputs and q outputs. Ii 
there are m, with m > p, Jordan blocks associated with the same eigenvalue. then 111 number 
of I x p row vectors can never be linearly independent and the state equation can never be 
controllable. Thus a necessary condition for the state equation to be controllable ism ::: p. 
Similarly, a necessary condition for the state equation to be observable is m ::: q. For the 

single-input or smgle-output case. we then have the following corollaries. 

Corollary 6.8 

A single-input Jordan-form state equation is controllable if and only if there is only one Jordan block 
a_.,:-.~1--:iatcd with each distinct eigenvalue and every entry of B corresponding to the la~t ro\'v of each JonJan 

bloc·k is different from zero. 

Corollary 6.08 

A single-output Jordan-form state equation is obsen able if and only if there is only one Jmdan block 
associated with each distinct eigenvalue and every entry of C corresponding to the first column of each 

Jord,m block is different from zero. 

6.6 Discrete-Time State Equations 169 

Ex . .niPLE 6.11 Consider the state equation 

[ ~ ~ ~ ~ l [I~) l 
x= 0 0 0 0 x+ 0 u 

0 0 0 -2 I 
(6.52) 

Y=[l 0 0 2]x 

There are two Jordan blocks. one with order 3 and associated with eigenvalue 0. the other with 
order 1 and associated with eigenvalue -2. The entry of B corresponding to the last row of 
the first Jordan block is zero: thus the state equation is not controllable. The two entries of C 
corresponding to the fiN column of both Jordan blocks are ditlerent from zero: thus the state 

equation is obsel"\·able. 

6.6 Discrete-Time State Equations 

Consider the 11-dimensional p-input q-output state equation 

x[k +I]= Ax[k] + Bu[k] 

y[k] = Cx[k] 

where A. B, and Care. respectively, n x n. n x p. and q x 11 real constant matrices. 

(6.53) 

Definition 6.Dl The discrere-time state equario11 (6.53) or rhe pair (A. B) is said to he 

controllable if for anY iniria/ state x(O) = Xo and a11vji11al state x1. there exis1.1 WI inpur 

sequence offinile le11g1h rhar rransfers x0 to x1. Orhenvise rhe equation or (A. Bl is 

said to he uncontrollable. 

Theorem 6.01 

The following statements are equivalent: 

]. The 11-dimensional pair (A. B1 is controllable. 

2. The n x n matnx 

n-! 

\Y,Ic[n- II= L(A)"'BB'(Af' 
m=O 

is nun-">ingular. 

3. Th~ n X np cnntrollllhiliry morri_\ 

Ct = [B AB A 2B 

has rank n (full row rank). The matrix can be generated by calling ~t::-:C in MATLAB. 

4. Then x (n + p) matrix [A- .'.I B] has full row rank at every eigenvalue. A, of A. 

5. If. in addition. all eigenvalues ,,fA have magnitudes less than I. then the unique solution of 

16.5-ll 

t6.55J 
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(6.56) 

is positive definite. The solution is called the discrete controllability Gramian and can be obtained by 

using the MATLAB function dgram. The discrete Gramian can be expressed as 

00 

Wdc = LAmBB'(A')m (6.57) 

m~o 

The solution of (6.53) at k = n was derived in (4.20) as 

n-1 

x[n] = A"x[O] + I:;An-l-mBu[m] 

m=O 

which can be written as 

x[n]-A"x[O]=[B AB ··· A"- 1B][:::=;:l 

u[O] 

(6.58) 

It follows from Theorem 3.1 that for any x[O] and x[n], an input sequence exists if and only 
if the controllability matrix has full row rank. This shows the equivalence of ( 1) and (3). The 
matrix Wdc[n- 1] can be written as 

B' 

[ 

B'A' ] 
Wdc[n- 1] = [B AB · · · A"- 1B] . 

B'(A.')"-1 

The equivalence of (2) and (3) then follows Theorem 3.8. Note that W dc[m] is always positive 
semidefinite. If it is nonsingular or, equivalently, positive definite, then (6.53) is controllable. 
The proof of the equivalence of (3) and ( 4) is identical to the continuous-time case. Condition 
(5) follows Condition (2) and Theorem 5.D6. We see that establishing Theorem 6.D1 is 
considerably simpler than establishing Theorem 6.1. 

There is one important difference between the continuous- and discrete-time cases. If a 
continuous-time state equation is controllable, the input can transfer any state to any other 
state in any nonzero time interval, no matter how small. If a discrete-time state equation is 
controllable, an input sequence of length n can transfer any state to any other state. If we 
compute the controllability index J.L as defined in (6.15), then the transfer can be achieved 
using an input sequence of length J.L. If an input sequence is shorter than J.L, it is not possible 
to transfer any state to any other state. 

Definition 6.D2 The discrete-time state equation (6.53) or the pair (A, C) is said to be 
observable if for any unknown initial state x[O], there exists a finite integer k1 > 0 such 
that the knowledge of the input sequence u[k] and output sequence y[k]from k = 0 to 
k1 suffices to determine uniquely the initial state x[O]. Othenvise, the equation is said 
to be unobservable. 

. ' 
6.6 Discrete-Time State Equations 

... Theorem 6.001 

The following statements are equivalent: 

1. Then-dimensional pair (A, C) is observable. 

2. The n x n matrix 

n-l 

Wdo[n- 1] = L(A')mC'CAm 
m=O 

is nonsingular or, equivalently, positive definite. 

3. The nq X n observability matrix 

has rank n (full column rank). The matrix can be generated by calling obsv in MATLAB. 

4. The (n + q) x n matrix 

has full column rank at every eigenvalue, A, of A. 

5. If, in addition, all eigenvalues of A have magnitudes less than I, then the unique solution of 

Wdo- A'WdoA = C'C 
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(6.59) 

(6.61) 

is positive definite. The solution is called the discrete obser:-abi/itv Gramian and can be expressed as 

oc 

(6.62) 
m=O 

This can be proved directly or indirectly using the duality theorem. We mention that all 
other properties-such as controllability and observability indices, Kalman decomposition, 
and Jordan-form controllability and observability conditions-<liscussed for the continuous
time case apply to the discrete-time case without any modification. The controllabilitv index 
and observability index, however, have simple interpretations in the discrete-time ca~e. The 
controllability index is the shortest input sequence that can transfer any state to any other state. 
The observability index is the shortest input and output sequences needed to determine the 
initial state uniquely. 

6.6.1 Controllability to the Origin and Reachability 

In the literature, there are three different controllability definitions: 

1. Transfer any state to any other state as adopted in Definition 6.D 1. 

2. Transfer any state to the zero state, called controllability to the origin. 
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3. Transfer the zero state to any state, called controllability from the origin or, more often, 

reachabiiity. 

In the continuous-time case. because eAr is nonsingular, the three definitions are equiva
lent. In the discrete-time case, if A is nonsingular. the three definitions are again equivalent. 
But if A is singular. then ( 1) and (3) are equivalent, but not (2) and (3). The equivalence of ( 1) 
and (3) can easily be seen from (6.58). We use examples to discuss the difference between (2) 

and (3). Consider 

,[, + "~ [~ : n ,[,]+[~}['I (6.63) 

Its controllability matrix has rank 0 and the ,equation is not controllable as defined in ( 1) or not 
reachable as defined in (3). The matrix A has the fom1 shown in (3.-:lO) and has the property 

Ak = 0 fork ;::: 3. Thus we have 

for any initial state x[OJ. Thus every state propagates to the zero state whether or not an input 
sequence is applied. Thus the equation is controllable to the origin. A different example follows. 

Consider 

(6.64) 

Its controllability matrix 

has rank 1 and the equation is not reachable. However. for any Xt [OJ = a and x2[0] = {3, 
the input ll [OJ = ::?.a + f3 transfers x[OJ to x[ lJ = 0. Thus the equation is controllable to the 
origin. Note that the A-matrices in (6.63) and (6.64) are both singular. The definition adopted 
in Definition 6.01 encompasses the other two definitions and makes the discussion simple. 

For a thorough discussion of the three definitions, see Reference [4J. 

6.7 Controllability After Sampling 

Consider a continuous-time state equation 

x(t) = Ax(t) + Bu(t) 

If the input is piecewise constant or 

u[kJ := ll(kT) = H(t) for kT 2: t < (k + l)T 

then the equation can be described. as developed in ( 4.17). by 

x[k + lJ = Ax[kJ + Bu[kJ 

(6.65) 

(6.66) 

--7 
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with 

B = (lT eArdr) B =: MB (6 67) 

The question is: If (6.65) is controllable, will its sampled equation in (6.661 be controllable') This 
problem is important in designing so-called dead-beat sampled-data systems and in computer 
control of continuous-time systems. The answer to the question depends on the sampling period 
T and t~e location of the eigenvalues of A. Let i.., and X, be. respectively. the eigenvalues of 
A and A. We use Re and Im to denote the real part and imaginary part. Then we haw the 

following theorem. 

Theorem 6.9 

Suppose (6.65) is controllable . .-\, sufficient condition for its discretized equation in (6.66). with sampling 
period T. to be controllable is that IIm[i.., - i..JJI cF 2nmjT for 111 = I. 2 ..... whenewr 
Re[i.., - i-..1 J = 0. For the single-input case. the condition is necessary as well. 

First we remark on the conditions. If A has only real eigenvalues. then the discretized 
equation with any sampling period T > 0 is always controllable. Suppose A has complex 
conjugate eigenvalues a= j t3. If the sampling period T does not equal any integer multiple of 
n I {3, then the discretized state equatiQn is controllable. If T = mn I f3 for some integer 111. then 
the discretized equation maY not be controllable. The reason is as follows. Because A = eAT. if 
i.., is an eigenvalue of A. then X, := e;.,r is an eigenvalue of A (Problem 3.19). If T = mn {3. 
the two distinct e~genvalues i. 1 = a+ j f3 and i-.. 2 = a- j f3 of A become a repeated eigem alue 
-e"T or e"T of A. This \\ill cause the discretized equation to be uncontrollable. as \\e \\ill 

see in the proof. We show Theorem 6.9 by assuming A to be in Jordan form. This is permirred 
because controllability is in\ariant under any equivalence transformation. 

Proof of Theorem 6.9 To simplify the discussion. we assume A to be of the form 

I,, 0 0 0 

!I 
0 AJ 0 0 

. 0 0 AI 0 0 
A d'"g'A". A,. An l ~ : 0 0 f.J 0 

(6.681 

0 0 0 A2 

{) 0 0 0 

In other words, A has mo distinct eigenvalues i-.. 1 and X2. There are two Jordan blocks. 
one with order 3 and one with order l. associated with ). 1 and only one Jordan block of 
order 2 associated\\ ith i. 2. Using !3.48). we have 

. .\ = diagi . .\II· A12- A2Il 

~[I 
Te;.,r T 2e;' T 12 0 0 0 
e~-~ T Te;.,r 0 0 

J., I 0 ei. 1 T 0 0 
0 0 e;~.~r 0 

(6.69) 

0 0 0 eA2T 

0 0 0 0 eA.;.T 
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This is not in Jordan form. Because we will use Theorem 6.8, which is also applicable to 
the discrete-time case without any modification, to prove Theorem 6.9, we must transform 
A in (6.69) into Jordan form. It turns out that the Jordan form of A equals the one in (6.68) 
if Ai is replaced by Xi := e!.,T (Problem 3.17). In other words, there exists a nonsingular 
triangular matrix P such that the transformation x = Px will transform (6.66) into 

x[k + 1] = PAP- 1x[k] + PMBu[k] (6.70) 

with PAP- 1 in the Jordan form in (6.68) with Ai replaced by xi. Now we are ready to 

establish Theorem 6.9. 
First we show that Min (6.67) is nonsingular. If A is of the form shown in (6.68), 

then M is block diagonal and triangular. Its diagonal entry is of form 

mii := {oT f. !.,'dr: = { (Te!.;T- 1)/A.i if Ai f. 0 (6.71) 
Jo ifAi = 0 

Let A.; =a;+ }f3i· The only way form;; = 0 is a, = 0 and {3;T = 2rrm. In this case, 
- }/3; is also an eigenvalue and the theorem requires that 2f3i T f. 2rrm. Thus we conclude 
mii f. 0 and M is nonsingular and triangular. 

If A is of the form shown in (6.68), then it is controllable if and only if the third 
and fourth rows of B are linearly independent and the last row of B is nonzero (Theorem 
6.8). Under the condition in Theorem 6.9, the two eigenvalues XI = e!. 1T and X2 = e!.,T 

of A are distinct. Thus (6.70) is controllable if and only if the third and fourth rows of 
PMB are linearly independent and the last row of PMB is nonzero. Because P and M 
are both triangular and nonsingular, PMB and B have the same properties on the linear 
independence of their rows. This shows the sufficiency of the theorem. If the condition 
in Theorem 6.9 is not met, then A1 = A2• In this case, (6.70) is controllable if the third, 
fourth and last rows of PMB are linearly independent. This is still possible if B has three 
or mo;e columns. Thus the condition is not necessary. In the single-input case, if X1 = Xz, 
then (6.70) has two or more Jordan blocks associated with the same eigenvalue and (6.70) 
is, following Corollary 6.8, not controllable. This establishes the theorem. Q.E.D. 

In the proof of Theorem 6.9, we have essentially established the theorem that follows. 

> Theorem 6. 1 0 

] 

If a continuous-time linear time-invariant state equation is not controllable, then its discretized state 

equation. with any sampling period, is not controllable. 

This theorem is intuitively obvious. If a state equation is not controllable using any input, 
it is certainly not controllable using only piecewise constant input. 

ExAMPLE 6.12 Consider the system shown in Fig. 6.11. Its input is sampled every T seconds 
and then kept constant using a hold circuit. The transfer function of the system is given as 

s+2 s+2 
g(s) = s3 + 3s2 + 7s + 5 = (s + l)(s + 1 + j2)(s + 1 - }2) 

(6.72) 

u(t)~~ 
~ ; ---u----- s + 2 y 

(s + l)(s +I + 2j)(s + I - 2j) 

Figure 6.11 System with piecewise constant input. 
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-3 - -1 I 
-I 

-2 

-3 

Using (4.41), we can readily obtain the state equation 

y = [0 1 2]x 

175 

(6.73) 

to describe the system. It is a controllable-form realization and is clearly controllable. The 
eigenvalues of A are -1, -1 ± }2 and are plotted in Fig. 6.11. The three eigenvalues have 
the same real part: their differences in imaginary parts are 2 and 4. Thus the discretized state 
equation is controllable if and only if 

2rrm 
T f. -

2
- = rrm and 

1;rm 
T f. -

4
- = 0.5rrm 

form= 1, 2, .... The second condition includes the first condition. Thus we conclude that 
the discretized equation of (6.73) is controllable if and only if T f. 0.5nm for any positive 
integerm. 

We use MATLAB to check the result form = I or T = 0.5;r. Typing 

a~[-3 -7 -5;1 0 0;0 1 O];b~[l;O;O]; 

[ad,bd]~c2d(a,b,pi/2) 

yields the discretized state equation as 

[ 

-0.1039 

x[k+ll= -0.1390 
0.1039 

0.2079 
-0.4158 

0.2079 

0.5197] [ -0.1039] 
-0.5197 x[k] + 0.1039 u[k] 

0.3118 0.1376 

Its controllability matrix can be obtained by typing c trb (ad, bd) , which yields 

[ 

-0.1039 0.1039 

cd = o.1o39 -0.1039 
0.1376 0.0539 

-0.0045] 
0.0045 
0.0059 

(6.74) 

Its first two rows are clearly linearly dependent. Thus Cd does not have full row rank 
and (6.74) is not controllable as predicted by Theorem 6.9. We mention that if we type 
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raC~\; (ctrb (ad, }:;d)), the result is 3 and (6.74) is controllable. This is incorrect and is due 
to roundoff errors. We see once again that the rank is very sensitive to roundoff errors. 

What has been discussed is also applicable to the observability part. In other words. under 
the conditions in Theorem 6.9, if a continuous-time state equation is observable. its discretized 

equation is also observable. 

6.8 LN State Equations 

Consider then-dimensional p-input q-output state equation 

x = A(tlx + B(t)u 

y = C(l)x 
(6.75) 

The state equation is said to be controllable at 10, if there exists a finite lr > to such that for any 
x(/0 ) = x0 and any x 1. there exists an input that transfers Xo to xr at time tr. Othef\\ be the state 
equation is uncontrollable at t0 . In the time-invariant case, if a state equation is controllable, 
then it is controllable at every to and for every 11 > to; thus there is no need to specify to and 

t1. In the time-varying case, the specification of to and /1 is crucial. 

Theorem 6. 11 

Then-dimensional pair (A(t). B(l)) is controllable at time to if and only if there exists a rinite /1 >to 

such that the n x n matrix 

1
ti 

WcUo. trl = <1>(11. r)B(r)B'(r)<l>'(lr. r)dr 
to 

(6.76) 

where <1>(1, T) is the state transition matrix of X= A(I)X. is nonsingular. 

Proof: We first show that if We (to, til is nonsingular. then (6.75) is contwl!Jble. The 

response of (6.75) at 11 was computed in (4.57) as 

x(!Jl = <1>(11, tolxo + 1t' <l>(t1, r)Bir)u(r) dr 
to 

(6 77) 

We claim that the input 

u(t) = -B'(t)<l>'(l 1 .t)W,~ 1 (to.tJl[<l>(tr, lo)Xo- xJ] (6 78) 

will transfer x0 at time to to x1 at time t1• Indeed. substituting (6.78 I into (6.1~ 1 yields 

1
t, 

x(II) = <1>(11, t0 )x0 - <1>(! 1• r)B(r)B'(r)<l>'(tr. r)dr 
to 

W;_:- 1 Cto. tJ)[<I>(IJ, to)Xo- x!l 

= <!>(11, to)Xo- WcUo. t1)W;_:- 1 (to. tJ)[<I>(/1, lo)Xo- Xr] = Xr 
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Thus the equation is controllable at t0 . We show the converse by contradiction. Suppose 
(6.75 J is controllable at to but W,(Io. 1) is singular or, positive semidefinite. for all r1 > r0 . 

Then there exists an n x 1 nonzero constant vector v such that 

1
ti 

v'W,(Io.trlv = v'<l>(lr. r)B(r)B'(r)<l>'(t1• r)vdr 
to 

1
tt 

= IIB'(r)<l>'(r\. r)vll'dr = 0 
to 

which implies 

B'(r)<l>'(l\. r)v ="' 0 or v'<l>(1 1, r)B(r) ""0 (6 79) 

for all r in [10 • t 1 ]. If (6.75) is controllable. there exists an input that transtj:rs the initial 
state x0 = <l>(t0 . 11 )vat to to x(r1) = 0. Then (6.77) becomes 

1
ti 

0 = <l>(tr. to)<l>(lo. tJ)v + <1>(1 1, r)B(r)ur r) dr 
to 

(6.80) 

Its premultiplication by v' yields 

1
t, 

0 = v'v + v' <l>(lr. r)B(r)u(r) dr = llvll' + 0 
to 

This contradicts the hypothesis vi= 0. Thus if (A(t), B(t)) is controllable at to. W, (to. r1) 

must be nonsingular for some finite 11 > 10 . This establishes Theorem 6.11. Q.E.D. 

In order to apply Theorem 6.11, we need knowledge of the state transition matrix. which. 

however, may not be a\ ailable. Therefore it is desirable to develop a controllability condition 
without involving <1>(1. r). This is possible if we have additional conditions on A(tJ and Bitl. 
Recall that we have assumed A(t) and B(l) to be continuous. Now we require them to be 
(n- 1) times continuously differentiable. Define 1\10 (1) = B(l). We then define recursively a 
sequence of 11 x p matrices M,(t) as · 

(6.81) 

form = 0, 1 .... , 11 - I. Clearly. we have 

for any fixed r,. Using 

i) 
at<!>(!,, I)= -<l>(t,, I)A(t) 

(Problem 4.17). we compute 

a a d 
;-[<l>lt,. t)B(I)] = -[<1>(1,, I)]B(t) + <!>(tc- 1)-B(t) 
tlt Jt dt 

d 
= <l>ih. 11[-A(t)l\lo(t) + -1\10 (1)] =<I>( h. t)M 1(!) 

- dl -
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Proceeding forward, we have 

a"' -a- <l>(t2 , t)B(t) = <l>(tz, t)Mm (t) (6.82) 
t"' 

form = 0, 1, 2, .... The following theorem is sufficient but not necessary for (6.75) to be 

controllable. 

Theorem 6. 12 
Let A(t) and B(t) ben -1 times continuously differentiable. Then then-dimensional pair (A(t), B(t)) 
is controllable at to if there exists a finite t1 > to such that 

(6.83) 

Proof: We show that if (6.83) holds, lhen We (to, t) is nonsingular for all t ::': IJ. Suppose 
not, that is, W cCto. t) is singular or positive semidefinite for some tz ::': It· Then there 
exists an n x 1 nonzero constant vector v such that 

1
t, 

v'Wc(to, t2)v = v'<l>(tz, r)B(r)B'(r)<l>'(tz, r)vdr 
to 

1
t2 2 

= IIB'(r)<l>'(tz, r)vll dr == 0 
to 

which implies 

B'(r)<l>'(t2 , r)v = 0 or v'<l>(tz, r)B(r) = 0 

for all r in [to, t2]. Its differentiations with respect tor yield, as derived in (6.82). 

v'<l>(t2 , r)M,.(r) = 0 

(6.84) 

form = 0, I, 2, ... , n- 1, and all r in [to. t2], in particular, at IJ. They can be arranged as 

(6.85) 

Because <l>(t
2

, t1) is nonsingular, v'<l>(t2, 11) is nonzero. Thus (6.85) contradicts (6.83). 
Therefore, under the condition in (6.83), We (to. tz), for any tz ::': It, is nonsingular and 
(A(t), B(t)) is, following Theorem 6.11, controllable at to. Q.E.D. 

EXAMPLE 6.13 Consider 

I 
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The determinant of the matrix 

-t l tz 

t 2 - 1 

is t 2 + l, which is nonzero for all t. Thus the state equation in (6.86) is controllable at every t. 

EXAMPLE 6.14 Consider 

(6.87) 

and 

. [1 OJ [et] 
X= 0 2 X+ e2t u (6.88) 

Equation (6.87) is a time-invariant equation and is controllable according to Corollary 6.8. 
Equation (6.88) is a time-varying equation; the two entries of its B-matrix are nonzero for all 
t and one might be tempted to conclude that (6.88) is controllable. Let us check this by using 
Theorem 6.11. Its state transition matrix is 

and 

We compute 

We (to, t) = L [ ::t] [et 

_ [ e2
' (t - to) 

- e3t (t- to) 

Its determinant is identically zero for all to and t. Thus ( 6.88) is not controllable at any t0 . From 
this example, we see that, in applying a theorem, every condition should be checked carefully; 

·~U ~ }+[:} (6.86) otherwise, we might obtain an erroneous conclusion. 

We have Mo = [0 l I]' and compute 

M1 = -A(t)Mo + fMo = [ ~~ l 
M 2 = -A(t)MJ + ~M1 = [ ~; l 

dt 
1
z _ 1 

We now discuss the observability part. The linear time-varying state equation in (6.75) 
is observable at to if there exists a finite It such that for any state x(t0 ) = x0 , the knowledge 
of the input and output over the time interval [t0 , t1] suffices to determine uniquely the initial 
state Xo. Otherwise, the state equation is said to be unobservable at t0 . 

>- Theorem 6.011 

The pair (A(t), C(t)) is observable at time to if and only if there exists a finite t1 > to such that the 
n x n matrix 
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1
,, 

WaUo. til= <l>'(r, to)C'(rlC(r)<l>(r. to)dr 
to 

(6.89) 

where <I> (t, r) is the state transition matrix of x = A(t )x, is nonsingular. 

> Theorem 6.012 

LetA(t) and C(t) ben -I times continuously differentiable. Then then-dimensional pair (A(t), C(t)) 
is observable at to if there exists a finite t1 > to such that 

r 
No(til ] 
N1 (til 

rank N~-:1 (til = n 
(6.90) 

where 

m = 0, I. ... , n- I 

with 

No= C(t) 

We mention that the duality theorem in Theorem 6.5 for time-invariant systems is not 
applicable to time-varying systems. It must be modified. See Problems 6.22 and 6.23. 

6.1 Is the state equation 

x = [ ~ 0 ~ ] x + [~] u 
-1 -3 -3 0 

y = [1 2 1]x 

controllable? Observable 0 

6.2 Is the state equation 

controllable? Observable? 

6.3 Isittruethattherankof[B AB ... An- 1B]equalstherankof[AB A2B ... AnBp 

If not, under what conditon will it be true 0 

6.4 Show that the state equation 

I 
: 

l 
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Au] [81] Azz x + 0 u 

is controllable if and only if the pair (A22. A21l is controllable. 

6.5 Find a state equation to describe the network shown in Fig. 6.1, and then check its 
controllability and observability. 

6.6 Find the controllability index and observability index of the state equations in Problems 

6.1 and 6.2. 

6.7 What is the controllability index of the state equation 

x =Ax+ Iu 

where I is the unit matrix0 

6.8 Reduce the state equation 

y = [1 1]x 

to a controllable one. Is the reduced equation observable? 

6.9 Reduce the state equation in Problem 6.5 to a controllable and observable equation. 

6.10 

6.11 

Reduce the state equation 

l'' 
0 0 

]J+l~} •~ l AI 0 

0 AI 0 

0 0 Az 
0 0 0 

y = [0 l 1 1 0 1]x 

to a controllable and observable equation. 

Consider then-dimensional state equation 

x = Ax+Bu 

y=Cx+Du 

The rank of its controllability matrix is assumed to ben 1 < n. Let Q 1 be an n x n 1 matrix 
whose columns are any n 1 linearly independent columns of the controllability matrix. 
Let P 1 be an n 1 x n matrix such that P1Q1 =In,, where In, is the unit matrix of order 
n 1. Show that the following n 1-dimensional state equation 

X] = PIAQIX] + PIBu 

y = CQ1x1 +Du 

is controllable and has the same transfer matrix as the original state equation. 

6.12 In Problem 6.11, the reduction procedure reduces to solving for P1 in P 1 Q 1 = I. How 

do you solve P 1 ° 
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6.13 Develop a similar statement as in Problem 6.11 for an unobservable state equation. 

6.14 

6.15 

6.16 

Is the Jordan-form state equation controllable and observable? 

2 0 0 0 0 0 2 0 

0 2 0 0 0 0 0 2 

0 0 2 0 0 0 0 1 

x= 0 0 0 2 0 0 0 x+ 3 2 u 

0 0 0 0 1 0 -1 0 

0 0 0 0 0 1 0 0 1 

0 0 0 0 0 0 0 0 

y=U 

2 3 -1 1 

i]x 1 2 !o 0 
1 1 

Is it possible to find a set of bij and a set of c;1 such that the state equation 

[ 

1 1 0 0 OJ [b11 0 1 0 0 0 b21 

X = 0 0 1 1 0 X+ b3! 

0 0 0 1 0 b4! 

0 0 0 0 1 bs1 

[en C!2 CI3 C!4 
Cj5] 

y = c21 czz cz3 C24 czs 
CJJ C32 C33 C34 CJ5 

is controllable? Observable? 

Consider the state equation 

b!2] 
b22 
b32 u 

b42 

bsz 

[A' 
0 0 0 

0] [ ,, ] 
i= ! Clj /3! 0 0 b!! 

-/3! Clj 0 0 X+ b12 U 

0 0 az f3z hz1 

0 0 -f3z az b22 

y = [CJ Cjj C!2 c21 c22l 

It is the modal form discussed in (4.28). It has one real eigenvalue and two pairs of 
complex conjugate eigenvalues. It is assumed that they are distinct. Show that the state 
equation is controllable if and only if b1 i= 0; b; 1 i= 0 or b;z f 0 fori = I. 2. It is 
observable if and only if c1 f 0; c; 1 f 0 or c; 2 f 0 for i = 1, 2. 

6.17 Find two- and three-dimensional state equations to describe the network shown in Fig. 
6.12. Discuss their controllability and observability. 

6.18 Check controllability and observability of the state equation obtained in Problem 2.19. 
Can you give a physical interpretation directly from the network? 

l Problems 183 

Figure 6.12 fx'l 
~-.---i-t~~ r 

6.19 

6.20 

2 F x, XJ y 

L._ _ __.__+_. __.J _±_ 1-

Consider the continuous-time state equation in Problem 4.2 and its discretized equa
tions in Problem 4.3 with sampling period T = 1 and rr. Discuss controllability and 
observability of the discretized equations. 

Check controllability and observability of 

y = [0 1]x 

6.21 Check controllability and observability of 

6.22 

6.23 

Show that (A(t), B(t)) is controllable atto if and only if (-A' (t), B' (t)) is observable at 
to. 

For time-invariant systems, show that (A, B) is controllable if and only if (-A, B) is 
controllable. Is this true for time-varying systems? 



Chapter 

Minimal Realizations 
and Coprime Fractions 

7.1 Introduction 

184 

This chapter stuAdies further the realization problem discussed in Section 4.4. Recall that a 

transfer matrix G(s) is said to be realizable if there exists a state-space equation 

x =Ax +Bu 

y = Cx+ Du 

that has G(s) as its transfer matrix. This is an important problem for the following reasons. First. 
many design methods and computational algorithms are developed for state equations. In order 
to apply these methods and algorithms. transfer matrices must be realized into state equations. 
As an example. computing the response of a transfer function in ;o,rATLAB is achieved by first 
transforming the transfer function into a state equation. Second. once a transfer function is 
realized into a state equation. the transfer function can be implemented using op-amp circuits. 

as discussed in Section 2.3.1. 
If a transfer function is realizable. then it has infinitely many realizations. not necessarily 

of the same dimension. as shown in Examples 4.6 and 4. 7. An important question is then raised: 
\\'hat is the smallest possible dimension? Realizations with the smallest possible dimension 
are called minimal-dimensional or minimal realizations. If we use a minimal realization to 
implement a transfer function, then the number of integrators used in an op-amp circuit will 
be minimum. Thus minimal realizations are of practical importance. 

In this chapter, we show how to obtain minimal realizations. We will show that a realization 
of g(s) = N(s)/ D(s) is minimal if and only if it is controllable and observable. or if and only 
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if its dimension equals the degree of g(s ). The degree of g(s) is defined as the degree of D(s) if 
the two polynomials D(s) and N(s) are coprime or have no common factors. Thus the concept 
of coprimeness is essential here. In fact. coprime ness in the fraction N (s) I D(s) plays the same 
role of controllability and observability in state-space equations. 

This chapter studies only linear time-invariant systems. We study first SISO systems and 
then MI~lO systems. 

7.2 Implications of Coprimeness 

Consider a system with proper transfer function gls). We decompose it as 

gl >) = g(::x:l + g,p(s) 

where g,r(s) is strictly proper and g(oc) is a constant. The constant g(ocl yields the D-rnatri~ 
in every realization and will not play any role in what will be discussed. Therefore we consider 
in this section only strictly proper rational functions. Consider 

(7. I I 

To simplify the discussion. we have assumed that the denominator D(s) has degree 4 and is 
monic (has I as its leading coefficient). In Section 4.4. we introduced for (7.1) the realization 
in (4.4 I) without any discussion of its state variables. Now we will redevelop ( 4.41) by first 
defining a set of state variables and then discussing the implications of the coprimeness of 
D(s) and N(s). 

Consider 

_v(s) = N(s)D- 1 (s)tl(s) 

Let us introduce a new variable l'(t) defined by t~(s) = o- 1(s)tl(s). Then we ha,·e 

Define state variables as 

x,(t) 
X(t) := -

.r,(t) [

XJit)l 

.\.j(t) 

Then we have 

D(s)v(s) = tl(s) 

\(s) = N(s)v(sl 

[ 

v:_''it I l 
t'( [) 

- or x(s) = 
vul 
l'( I) 

[ ·~I (s) l 
Xc(S) 

-~J(S) 

-~-l(s) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

They are independent of (7.1 land follow directly from the definition in (7.5). In order to 

develop an equation for .i: 1 • we substitute (7.5) into (7.3) or 
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to yield 

SXJ (s) = -a IXI (s)- azXz(S) - a3XJ(S)- a4£4(s) + u(s) 

which becomes, in the time domain, 

it(t)=[-at -az -a3 -a4]x(t)+l·u(t) 

Substituting (7 .5) into (7 .4) yields 

S(s) = (fhs 3 + {hs2 + {3)s + f34)v(s) 

= f3tit (s) + f3zxz(s) + f33x3(s) + f34x4(s) 
I 

= [f3t /3z {3/ f34]x(s) 

which becomes, in the time domain, 

y(t) = (/34 /33 f3z f3tlx(t) 

Equations (7.6), (7.7), and (7.8) can be combined as 

. 1 

[

-ai 

x=Ax+bu= ~ 

-az -a3 

0 0 
1 0 

0 

Y = ex = [f3t f3z /33 /34]x 

-;4] X [~] 
0 + 0 u 

0 0 

This is a realization of (7.1) and was developed in (4.41) by direct verification. 

(7.7) 

(7.8) 

(7.9) 

Before proceeding, we mention that if N(s) in (7.1) is I, then y(t) = v(t) and the output 
y(t) and its derivatives can be chosen as state variables. However, if N(s) is a polynomial of 
degree 1 or higher and if we choose the output and its derivatives as state variables, then its 
realization will be of the form 

i =Ax+bu 

y = cx+du +dtu +d2u + ··· 
This equation requires differentiations of u and is not used. Therefore, in general, we cannot 
select the output y and its derivatives as state variables.' We must define state variables by 
using v(t). Thus v(t) is called a pseudo state. 

Now we check the controllability and observability of (7.9). Its controllability matrix can 
readily be computed as 

-at 

1 

0 

0 

I. See also Example 2.16, in particular, (2.47). 

0 

-aj + ;a1a2- a3] 
a 1 - a 2 

-a! 

1 

(7.10) 
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Its determinant is I for any a;. Thus the controllability matrix C has full row rank and the 
state equation is always controllable. This is the reason that (7.9) is called a controllable 

canonical form. 
Next we check its observability. It turns out that it depends on whether or not N(s) and 

D(s) are coprime. Two polynomials are said to be coprime if they have no common factor of 
degree at least t. More specifically, a polynomial R(s) is called a common factor or a common 
divisorofD(s)andN(s)iftheycanbeexpressedasD(s) = D(s)R(s)andN(s) = N(s)R(s), 
where D(s) and N(s) are polynomials. A polynomial R(s) is called a greatest common divisor 
(gcd) of D(s) and N(s) if(!) it is a common divisor of D(s) and N(s) and (2) it can be divided 
without remainder by every other common divisor of D(s) and N(s). Note that if R(s) is a 
gcd, so is aR(s) for any nonzero constant a. Thus greatest common divisors are not unique 2 

In terms of the gcd, the polynomials D(s) and N (s) are coprime if their gcd R (s) is a nonzero 
constant, a polynomial of degree 0; they are not coprime if their gcd has degree I or higher. 

Theorem 7.1 

The controllable canonical form in (7 .9) is observable if and only if D(s) and N (s) in (7 .I) are coprime. 

Proof: We first show that if (7.9) is observable, then D(s) and N(s) are coprime. We 
show this by contradiction. If D(s) and N(s) are not coprime, then there exists a A. 1 such 

that 

N(A.J) = f3tA.j + /3zA.f + /33A.1 + /34 = 0 

D(A.tl = A.i +atA.i +azA.T +aJAt +a4 = 0 

(7.11) 

(7.12) 

Let us define v : = [). i AT A 1 !]'; it is a 4 x l nonzero vector. Then (7 .11) can be written 
as N(A.J) = cv = 0. where cis defined in (7.9). Using (7.12) and the shifting property of 

the companion form. we can readily verify 

[
-~1 

Av= 
0 
0 

(7.13) 

Thus we have A2v = A(Av) = A1Av = ATV and A3v = A.jv. We compute. using cv = 0, 

0 . [ c:] [ c:v ] [A~:v] 0 
' = cA2 v = cA2v A.fcv = 

cA3 cA3v Ajcv 

which implies that the observability matrix does not have full column rank. This contradicts 
the hypothesis that (7.9) is observable. Thus if (7.9) is observable. then D(s) and N(s) 

are coprime. 
Next we show the converse; that is, if D(s) and N(s) are coprime, then (7.9) is 

observable. We show this by contradiction. Suppose (7.9) is not observable. then Theorem 
6.01 implies that there exists an eigenvalue At of A and a nonzero vector v such that 

2. If we require R(s) to be monic. then the gcd is unique. 
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or 

[
A- ). 11] 

v=O 
c 

Av = A. 1 v and cv = 0 

Thus vis an eigenvector of A associated with eigenvalue ). 1• From (7.13), we see that 
v = P-i ).f AJ I]' is an eigenvector. Substituting this v into cv = 0 yields 

N().J) = j31).i + j32).i + /33).1 + {34 = 0 

Thus AJ is a root of N(s). The eigenvalue of A is a root of its characteristic polynomial, 
which, because of the companion fo!TI} of A, equals D(s). Thus we also have D(}. 1) = 0. 
and D(s) and N(s) have the same factors- ). 1. This contradicts the hypothesis that D(s) 

and N(s) are coprime. Thus if D(s) and N(s) are coprime, then (7.9) is observable. This 
establishes the theorem. Q.E.D. 

If (7.9) is a realization of g(s), then we have, by definition, 

g(s) = c(sl- A)- 1b 

Taking its transpose yields 

g'(s) = g(s) = [c(sl- A)- 1b]' = b'(sl- A')- 1c' 

Thus the state equation 

[-"' 1 0 

!l·+ [~} · , , -az 0 
x=Ax+cu= 

-a3 0 0 

-a4 0 0 

y = b'x = [1 0 0 O]x 

(7.14) 

is a different realization of (7.1). This state equation is always observable and is called an 
observable canonical form. Dual to Theorem 7.1, Equation (7.14) is controllable if and only 
if D(s) and N(s) are coprime. 

We mention that the equivalence transformation x = Px with 

p ~ [~ : ~ !l (7.15) 

will transform (7.9) into 

: l X+ [:] U 

-a1 I 
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This is also called a controllable canonical form. Similarly, (7.15) will transform (7.14) into 

. [~ ~ ~ =::] [::] x = x+ u 
0 I 0 -az f3z 

0 0 I -a1 /3J 
y =ex= [0 0 0 l]x 

This is a different observable canonical form. 

7.2.1 Minimal Realizations 

We first define a degree for proper rational functions. We call N(s)/ D(s) a polynomial fraction 

or, simply, afraction. Because 

, N(s) N(s)Q(s) 

g(s) = D(s) = D(s)Q(s) 

for any polynomial Q(s). fractions are not unique. Let R(s) be a greatest common divisor 
(gcd) of N(s) and D(s). That is, if we write N(s) = N(s)R(s) and D(s) = D(s)R(s), 

then the polynomials N(s) and D(s) are coprime. Clearly every rational function g(s) can be 
reduced to g(s) = N(s)/ D(s). Such an expression is called a coprime fraction. We call D(s) 

a characteristic polynomial of g(s). The degree of the characteristic polynomial is defined as 
the degree of g(s). Note that characteristic polynomials are not unique; they may differ by a 
nonzero constant. If we require the polynomial to be monic, then it is unique. 

Consider the rational function 

s2 - 1 
g(s) = 4(s 3 - I) 

Its numerator and denominator contain the common factors - I. Thus its coprime fraction is 
g(s) = (s + l)/4(s2 +s +I) and its characteristic polynomial is 4s2 +4s +4. Thus the rational 
function has degree 2. Given a proper rational function, if its numerator and denominator are 
coprime-as is often the case-then its denominator is a characteristic polynomial and the 

degree of the denominator is the degree of the rational function. 

)> Theorem 7.2 

A state equation (A. b, c, dl is a minimal realization of a proper rational function g(s) if and only if 

(A, b) is controllable and (A. c) is observable or if and only if 

dim A= deg g(s) 

Proof: If (A, b) is not controllable or if (A, c) is not observable, then the state equation 
can be reduced to a lesser dimensional state equation that has the same transfer function 
(Theorems 6.6 and 6.06). Thus (A, b. c, d) is not a minimal realization. This shows the 

necessity of the theorem. 
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To show the sufficiency, consider then-dimensional controllable and observable state 
equation 

x=Ax+bu 

y =ex +du 

Clearly its n x n controllability matrix 

e = [b Ab · · · A"- 1b] 

and its n x n observability matrix 

(7.16) 

(7.17) 

(7.18) 

both have rank n. We show that (7 .16) is a minimal realization by contradiction. Suppose 
the ii-dimensional state equation, with n < n, 

x =Ax+ iiu 

y = cx+du 

is a realization of g(s). Then Theorem 4.1 implies d = d and 

Let us consider the product 

[ 

cb 

= 5~. 
cA"b 

form= 0, 1, 2, ... 

cA"-
1

b l cA"b 

cA"+ 1b 

cA11 ~-I)b 
Using (7.20), we can replace every cAmb by cA mii. Thus we have 

oe =a. c. 

(7.19) 

(7.20) 

(7.21) 

(7.22) 

where a. is defined as in (6.21) for the ii-dimensional state equation in (7 .19) and c. is 
defined similarly. Because (7.16) is controllable and observable, we have p(O) =nand 
p(e) = n. Thus (3.62) implies p(Oe) = n. Now a. and c. are, respectively, n X n 
and ii x n; thus (3.61) implies that the matrix o. c. has rank at most n. This contradicts 
p(O. C.) = p(Oe) = n. Thus (A, b, c, d) is minimal. This establishes the first part of 
the theorem. 
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The realization in (7.9) is controllable and observable if and only if g(s) = 
N(s)/D(s) is a coprime fraction (Theorem 7.1). In this case. we have dim A= deg 
D(s) = deg g(s). Because all minimal realizations are equivalent, as will be established 
immediately, we conclude that every realization is minimal if and only if dim A = deg 
g(s). This establishes the theorem. Q.E.D. 

To complete the proof of Theorem 7 .2, we need the following theorem. 

~ Theorem 7.3 

All minimal realizations of g(s) are equivalent. 

Proof: Let (A, b. c. d) and (A, ii, c, d) be minimal realizations of g(s). Then we have 
d = d and, following (7.22), 

Oe= at 
Multiplying OAe out explicitly and then using (7.20). we can show 

OAe = OAC 

(7.23) 

(7.24) 

Note that the controllability and observability matrices are all nonsingular square matrices. 
Let us define 

Then (7.23) implies 

p = jj-lo =ee-l and p-l = o-ljj =ee-l (7 .25) 

From (7.23), we have C = jj-l oe =PC. The first columns on both side of the equality 
yield ii = Pb. Again from (7.23), we have 0 = Oec-1 = OP- 1. The first rows on both 
sides of the equality yield c = cP-1• Equation (7 .24) implies 

A= o-1 OAeC- 1 = PAP- 1 

Thus (A. b, cd) and (A, ii, c, d) meet the conditions in (4.26) and, consequently, are 
equivalent. This establishes the theorem. Q.E.D. 

Theorem 7.2 has many important implications. Given a state equation, if we compute its 
transfer function and degree. then the minimality of the state equation can readily be determined 
without checking its controllability and observability. Thus the theorem provides an alternative 
way of checking controllability and observability. Conversely, given a rational function, if we 
compute first its common factors and reduce it to a coprime fraction, then the state equations 
obtained by using its coefficients as shown in (7 .9) and (7.14) will automatically be controllable 
and observable. 

Consider a proper rational function g(s) = N(s)/ D(s). If the fraction is coprime, then 
every root of D(s) is a pole of g(s) and vice versa. This is not true if N(s) and D(s) are not 
coprime. Let (A, b.c.d) be a minimal realization of g(s) = N(s)/ D(s). Then we have 



192 MINIMAL REALIZATIONS AND COPRIME FRACTIONS 

N(s) I 

D() 
=c(si-A)- 1b+d = d 

1 
c[Adj(si-AJ]b+d 

s et(s -A) 

If N(s) and D(s) are coprime, then deg D(s) = deg g(s) =dim A. Thus we have 

D(s) = kdet(sl- A) 

for some nonzero constant k. Note that k = I if D(s) is monic. This shows that if a state 
equation, is controllable and observable, then every eigenvalue of A is a pole of g(s) and every 
pole of g(s) IS an eigenvalue of A. Thus we conclude that if (A. b. c. d) is controllable and 
observable. then we have 

Asymptotic stability ¢==} BIBO stability 

More generally, controllable and observable state equations and coprime fractions contain 
essentially the same infonnation and either description can be used to carrv out analnis and 
design. · · 

7.3 Computing Coprime Fractions 

The importance of coprime fractions and degrees was demonstrated in the preceding section. 
In this section, we discuss how to compute them. Consider a proper rational function 

'(s) = N(s) 
g D(s) 

where N(s) and D(s) are polynomials. If we use the MATLAB function roo~s to compute 
their roots and then to cancel their common factors, we will obtain a coprime fraction. The 
MATLAB function mi:',:cea~ can also be used to obtain coprime fractions. In this section. 
we introduce a different method by solving a set of linear algebraic equations. The method 
does not offer any advantages over the aforementioned methods for scalar rational functions. 
However, it can readily be extended to the matrix case. More importantly, the method will be 
used to carry out design in Chapter 9. 

Consider N(s)jD(s). To simplify the discussion. we assume deg N(s):: deg Dis)= 
n = 4. Let us write 

N(s) N(s) 

D(s) D(s) 

which implies 

D(s)(-N(s)) + N(s)D(s) = 0 I 7 26) 

It is ~lear that D(s) _and N(s) ar~ not coprime if and only if there exist polynomials :V(s) 

and D(s) with deg N(s):: deg D(s) < n = 4 to meet (7.26). The condition deg Dill < n 
is crucial; otherwise, (7.26) has infinitely many solutions N(s) = N(s)R(s) a~d Dis) = 
D(s) R(s) for any polynomial R(s). Thus the coprime ness problem can be reduced to :;olving 
the polynomial equation in (7.26). 

Instead of solving !7.26) directly, we will change it into solving a set of linear algebraic 
equations. We write 

7.3 Computing Coprime Fractions 

D(s) = Do+ D,s + D2s 2 + D3s 3 + D4s0 

N(s) =No+ N,s + N2s 2 + N3s 3 + N0s4 

Dtsl =Do+ D,s + D2s 2 + D3s 3 

f\l(s) =No+ N,s + N2s 2 + 1Y3s 3 

193 

(7.27) 

where Do ;6 0 and the remaining D,. N;. D,, and N, can be zero or nonzero. Substituting 
these into (7.26) and equating to zero the coefficients associated with sk. fork= 0, I. .... 7, 
we obtain 

Do No 0 0 0 0 0 0 
-f\10 

Do 
D1 N, Do No 0 0 0 0 

D: N2 Dt N, Do No 0 0 -,iV, 

DJ N_, D2 N2 D, N, Do i.Vo 
D, 

Sm:= =0 (7.28) 

D.~ N.~ DJ N_; D2 N2 D, N, -N2 

0 0 D.~ N.~ DJ NJ D2 N2 D2 

0 0 0 0 D.~ N.~ DJ N3 -N3 

0 0 0 0 0 0 D.~ N• D) 

This is a homogeneous linear algebraic equation. The first block column of S consists of two 
columns formed from the coefficients of D(s) and N (s) arranged in ascending powers of s. 

The second block column is the first block column shifted down one position. Repeating the 
process until S is a square matrix of order 2n = 8. The square matrix S is called the Svll·ester 
resultant. If the Sylvester resultant is singular. nonzero solutions exist in (7.28) (Theorem 3.3). 
This means that polynomials N(s) and D(s) of degree 3 or less exist to meet (7.26). Thus 
D(s) and N(s) are not coprime. If the Sylvester resultant is nonsingular. no nonzero solutions 
e.xist in (7.28) or. equivalently, no polynomials ,y (s) and D(s) of degree 3 or less exist to meet 
(7.26). Thus D(s) and N(s) are coprime. In conclusion. D(s) and N(s) are coprime if and 
only if the Svh·ester resultant is nonsingular: 

If the Sylvester resultant is singular. then N (s )/ D(s) can be reduced to 

N(s) N(.~) 

D(s) D(s) 

where 1V(s) and D(s) are coprime. We discuss how to obtain a coprime fraction directly from 
(7.28). Let us search line:~rly independent columns of S in order from left to right. We call 
columns formed from D; D-columns and formed from N; N-columns. Then every D-column 
is linearly independent of its left-hand-side (LHS) columns. Indeed. because D. ;6 0. the first 
D-column is linearly independent. The second D-column is also linearly independent of its 
LHS columns because the LHS entries of D4 are all zero. Proceeding forward, we conclude 
that all D-columns are line:~rly independent of their LHS columns. On the other hand. anN
column can be dependent or independent of its LHS columns. Because of the repetitive pattern 
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of S. if anN-column becomes linearly dependent on its LHS columns, then all subsequent 
N-columns are linearly dependent of their LHS columns. Let 1-L denote the number of linearly 
independent N-columns inS. Then the (t-L + l)th N-column is the first N-column to become 
linearly dependent on its LHS columns and will be called the primary dependent N-column. 
Let us use S1 to denote the submatrix of S that consists of the primary dependent N-column 
and all its LHS columns. That is, S1 consists of 1-L + 1 D-columns (all of them are linearly 
independent) and 1-L + 1 N -columns (the last one is dependent). Thus S1 has 2(!-L + l) columns 
but rank 2!-L + I. In other words, S1 has nullity I and, consequently, has one independent null 
vector. Note that if ii is a null vector, so is aii for any nonzero a. Although any null v~ctor can 
be used, we will use exclusively the null vector with I as its last entry to develop N(s) and 
D(s). For convenience, we call such a null vector a monic null vector. If we use the MATLAB 
function null to generate a null vector, then the null vector must be divided by its last entry 
to yield a monic null vector. This is illustnhed in the next example. 

EXAMPLE 7.1 Consider 

N(s) 6s 3 +s2 +3s-20 

D(s) = 2s 4 + 7s 3 + 15s 2 + 16s + 10 
(7.29) 

We haven = 4 and its Sylvester resultantS is 8 x 8. The fraction is coprime if and only if S 
is nonsingular or has rank 8. We use MATLAB to check the rank of S. Because it is simpler to 
key in the transpose of S, we type 

d=[10 16 15 7 2];n=[-20 3 1 6 0); 

S=[d 0 0 O;n 0 0 0;0 d 0 0;0 n 0 0; ... 
0 0 d 0; 0 0 n 0; 0 0 0 d; 0 0 0 n] ' ; 

m=rank(s) 

The answer is 6; thus D(s) and N(s) are not coprime. Because all four D-columns of S are 
linearly independent, we conclude that S has only two linearly independent N-columns and 
1-L = 2. The third N-column is the primary dependent N-column and all its LHS columns are 
linearly independent. Let S1 denote the first six columns of S, an 8 x 6 matrix. The submatrix 
S1 has three D-column (all linearly independent) and two linearly independent N-columns, 
thus it has rank 5 and nullity I. Because all entries of the last row of S1 are zero, they can be 
skipped in forming S 1. We type 

sl:[d 0 C;n 0 0;0 d 0;0 n 0;0 0 d;O 0 n) '; 
z=nulllsl) 

which yields 

ans Z= [ 0.6860 0.3430 -0.5145 0.3430 0.0000 0.1715 1' 

This null vector does not have 1 as its last entry. We divide it by the last entry or the sixth entry 
of z by typing 

zb=z/z(6) 
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which yields 

ans zb~ [ 4 2 -3 2 0 1] ' 

This monic null vector equals [-No Do - N1 D1 - N
2 

D
2

]'. Thus we have 

N(s) = -4 + 3s + 0. s2 D(s) = 2 + 2s + s 2 

and 

3s- 4 
2s

4 + 7s 3 + 15s2 + 16s + 10 = s2 + 2s + 2 

~ecause th~ null vector is computed from the first linearly dependentN-column, the computed 
N(s) and D(s) have the smallest possible degrees to meet (7.26) and, therefore. are coprime. 
Thts completes the reduction of N(s)/ D(s) to a coprime fraction. 

The preceding procedure can be summerized as a theorem. 

);-,. Theroem 7.4 

Consider g(s) = N (s)/ D(s). We use the coefficients of D(s) and N(s) to form the Sylvester resultant 
SIn (7.28) and search its linearly independent columns in order from left to right. Then we have 

deg g(s) = number of linearly independent N-columns =: 1-L 

and the coefficients of a coprime fraction g(s) = N(s)/ D(s) or 

[-No Do - N1 D1 · ·. - N'" D'"J' 
equals the monic null vector of the submatrix that consists of the primary dependent 

1
V-column and all 

Its LHS linearly independent columns of S. 

. . We mention that if D- and N-columns inS are arranged in descending powers of s. then 
H IS not true that all D-columns are linearly independent of their LHS columns and that the 
degree of g(s) equals the number of linearly independent N-columns. See Problem 7.6. Thus 
it is essential to arrange the D- and N-columns in ascending powers of s in S. 

7.3.1 QR Decomposition 

As discussed in the preceding section, a coprime fraction can be obtained bv searchinu linearlv 
independent c·olumns of the Sylvester resultant in order from left to riuht. It ;urns out the wide!~ 
available QR decomposition can be used to achieve this searching. " -

Consider an n x rn matrix M. Then there exists an n x n orthogonal matrix Q such that 

QM=R 

where R is an upper triangular matrix of the same dimensions as M. Because Q operates on the 
rows of M, the lmear mdependence of the columns of M is preserved in the columns of R. In 
other words, if a column of R is linearly dependent on its left-hand-side (LHS) columns, so is 
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the corresponding column of M. Now because R is in upper triangular form. its mth column is 

linearly independent of its LHS columns if and only if its mth entry at the diagonal position is 
nonzero. Thus using R. the linearly ir1_dependent columns of M. in order from left to right, can 

be obtained by inspection. Because Q is orthogonal, we have (!- 1 = Q' =: Q and QM == R 
becomes M = QR. This is called QR decomposition. In MATLAB, Q and R can be obtained 
by typing [q, r] ~qr (:::). 

Let us apply QR decomposition to the resultant in Example 7.1. We type 

do[lO 16 15 7 2] ;no :-20 3 1 6 ~. ; "· 
So[d u c O;n 0 0; 0 d 0 C;C n c 0; 

0 0 d 0;0 0 n 0; 0 0 0 d;O 0 0 r.] ; 

[q,r]oqr(s) 

Because Q is not needed, we show only R: 

-25.1 3.7 -20.6 10.1 -11.6 11.0 -4.1 5.3 

0 -20.7 -10.3 4.3 -7.2 2.1 -3.6 6.7 

0 0 -10.2 -15.6 -20.3 0.8 -16.8 9.6 

0 0 0 8.9 -3.5 -17.9 -11.2 7.3 
r= 

0 0 0 0 -5.0 0 -12.0 -15.0 

0 0 0 0 0 0 -2.0 0 

0 0 0 0 0 0 -4.6 0 

0 0 0 0 0 0 0 0 

We see that the matrix is upper triangular. Because the sixth column has 0 as its sixth entry 

(diagonal position). it is linearly dependent on its LHS columns. So is the last column. To 

determine whether a column is linearly dependent, we need to know only whether the diagonal 

entry is zero or not. Thus the matrix can be simplified as 

d X X X X X X X 

0 n X X X X X X 

0 0 d X X X X X 

0 0 0 n X X X X 
r= 

0 0 0 0 d 0 X X 

0 0 0 0 () 0 X 0 

0 0 0 0 0 0 d 0 

0 0 0 0 0 0 0 0 

where d. n. and x denote nonzero entries and d also denotes D-column and n denotes N
column. We see that every D-column is linearly independent of its LHS columns and there are 

only two linearly independent N-columns. Thus by employing QR decomposition. we obtain 
immediately J1 and the primary dependent N-column. In scalar transfer functions. we can use 

either rank or qr to find Jl. In the matrix case, using rank is very inconvenient; we will use 

QR decomposition. 
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7.4 Balanced Realization3 

Every transfer function has infinitely many minimal realizations. Among these realizations, it 
is of interest to see which realizations are more suitable for practical implementation. If we 
use the controllable or observable canonical form, then the A-matrix and b- or c-vector have 
many zero entries, and its implementation will use a small number of components. However, 
either canonical form is very sensitive to parameter variations; therefore both forms should 
be avoided if sensitivity is an important issue. If all eigenvalues of A are distinct, we can 
transform A, using an equivalence transformation, into a diagonal form (if all eigenvalues are 
real) or into the modal form discussed in Section 4.3.1 (if some eigenvalues are complex). The 
diagonal or modal form has many zero entries in A and will use a small number of components 
in its implementation. More importantly, the diagonal and modal forms are least sensitive 
to parameter variations among all realizations; thus they are good candidates for practical 

implementation. 
We discuss next a different minimal realization. called a balanced realization. However. 

the discussion is applicable only to stable A. Consider 

x ==Ax+ bu 
(7.30) 

y ==ex 

It is assumed that A is stable or all its eigenvalues have negative real parts. Then the 
controllability Gramian We and the observability Gramian Wa are, respectively, the unique 

solutions of 

(731) 

and 

(7.32) 

They are positive definite if (7.30) is controllable and observable. 
Different minimal realizations of the same transfer function have different controllability 

and observability Gramians. For example, the state equation, taken from Reference [23], 

. [-1 X= 
4a 

-4/a] [ I ] x.J.. u 
-2 ' 2a 

y = [-1 2/a]x (733) 

for any nonzero a, has transfer function g(s) == (3s + 18)/(s2 + 3s + 18). and is controllable 

and observable. Its controllability and observability Gramians can be computed as 

[
0.5 

We== O and ' [0.5 
Wo= 0 (7 34) 

We see that different a yields different minimal realization and different controllability and 
observability Gramians. Even though the controllability and observability Gramians will 

change, their product remains the same as diag (0.25, I) for all a. 

3. This section may be skipped without loss of contmuity. 
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~ Theorem 7.5 

Let (A. b, c) and (A, b, c) beminimalandequivalentandlet We Wo and WcWo be the products of their 
controllability and observability Gramians. Then We W 0 and We \V0 are similar and their eigenvalues 
are all real and positive. 

Proof· Let x = Px, where P is a nonsingular constant matrix. Then we have 

(7.35) 

The controllability Gramian We and observability Gramian W 0 of (A, b. c) are, respec
tively, the unique solutions of 

and 

A'wo + WoA = -C'c 

Substituting A= PAP- 1 and b = Pb into (7.36) yields 

PAP- 1We + We(P')- 1A'P' = -Pbb'P' 

which implies 

AP- 1We<PY' + p-'we(P')- 1A' = -bb' 

Comparing this with (7.31) yields 

We= p-'We(P')- 1 or We= PWeP' 

Similarly, we can show 

Thus we have 

WeWo = p-'\Ve(P')- 1P'WaP = p-'weWoP 

(7.36) 

(7.37) 

(7.38) 

(7.39) 

This shows that all We W 0 are similar and. consequently, have the same set of eigenvalues. 
Next we show that all eigenvalues of We W 0 are real and positive. Note that both 

We and Wo are symmetric, but their product may not be. Therefore Theorem 3.6 is not 
directly applicable to We W 0 . Now we apply Theorem 3.6 to We: 

(7.40) 

where Dis a diagonal matrix with the eigenvalues of We on the diagonal. Because We 
is symmetric and positive definite, all its eigenvalues are real and positive. Thus we can 
express D as D 112D112, where D112 is diagonal with positive square roots of the diagonal 
entries of D as its diagonal entries. Note that Q is orthogonal or Q- 1 = Q'. The matrix 
R = D112Q is not orthogonal but is nonsingular. 

Consider RW0 R'; it is clearly symmetric and positive definite. Thus its eigenvalues 
are all real and positive. Using (7.40) and (3.66), we have 
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(7.41) 

which implies that We W 0 and RW oR' have the same set of eigenvalues. Thus we conclude 
that all eigenvalues of We W 0 are real and positive. Q.E.D. 

Let us define 

(7.42) 

where ai are positive square roots of the eigenvalues of We W 0 . For convenience, we arrange 
them in descending order in magnitude or 

These eigenvalues are called the Hankel singular values. The product We W 0 of any minimal 
realization is similar to 1: 2• 

~ Theorem 7.6 

For any n-dimensional minimal state equation (A. b. c), there exists an equivalence transformation 
X= Px such that the controllability Gramian We and observability Gramian \V0 of its equivalent state 

equation have the property 

(7.43) 

This is called a balanced realization. 

Proof: We first compute We = R'R as in (7.40). We then apply Theorem 3.6 to the real 
and symmetric matrix RW0 R' to yield 

where U is orthogonal or U'U = I. Let 

p-1 = R'U:r-t/2 or p = rt/2U'(R')-t 

Then (7.38) and We= R'R imply 

We= l;lf2U'(R')-IWcR-IU!l/2 = 1: 

and (7.39) and RW0 R' = U!2U' imply 

Wo = r-t/ZU'RWaR'U!-I;:! = 1: 

This establishes the theorem. Q.E.D. 

By selecting a different P, it is possible to find an equivalent state equation with \Ve =I 
and W

0 
= 1: 2• Such a state equation is called the input-normal realization. Similarly. we 

can have a state equation with We = 1: 2 and \V0 = I, which is called the output-normal 
realization. The balanced realization in Theorem 7.5 can be used in system reduction. More 

specifically, suppose 
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(7.4-+) 

is a balanced minimal realization of a stable .~(s) with 

\Vc = \Vo = diag(~l, ~2! 

where the A-. b-. and c-matrices are partitioned according to the order of~,. If the Hankel 
singular values of ~ 1 and ~ 2 are disjoint. then the reduced state equation 

x1 = A11xl + b111 
(7A5) 

is balanced and A 11 is stable. If the singular values of ~2 are much smaller than those of ~ 1. 
then the transfer function of (7.-+5) will be close to .~(s). See Reference [23]. 

The MATLAB function ja"i real will transform (A. b. c) into a balanced state equation. 
The reduced equation in (7 .45) can be obtained by using ba l red. The results in this section are 
based on the controllability and observability Gramians. Because the Gramians in the MIMO 
case are square as in the SISO case: all results in this section apply to the MIMO case V\ ithout 
any modification. 

7.5 Realizations from Markov Parameters.~ 

Consider the strictly proper rational function 

• f31s"- 1 + f32s"- 2 + · · · + !311-ls + f3n 
g(s) = . ' 

S11 +aJS 11 -I +a?.ss-- + · · · +ctn-JS +an 

We expand it into an infinite power series as 

(7.47) 

If .~(s) is strictly proper as assumed in (7.-+6). then 1!(0) = 0. The coefficients h(m). m = 
I. 2 . ... , are called Markm· parameters. Let g(t) be the inverse Laplace transform of .~(s) or. 
equivalently. the impulse response of the system. Then we have 

dm-1 I 
h(m) = --~(1) 

drm-1, 1=0 

form = I. 2. 3 ..... This method of computing Markov parameters is impractical because 
it requires repetitive differentiations, and differentiations are susceptible to noise.' Equating 
(7.46) and (7A7) yields 

...J.. Thi:-; section may be :-.kipped without loss of continuity. 

5. In th~ discrete-time case. if we apply Jn impuhe "equence to a .;;ystem. then the output <;equence directly yield~ 
,\1.:trk.<w parame!ers. Thu'i ;\1:.trkov parameters can t::.J.'iily be generated in Uiscrete·tirne system-;. 

1.5 Realizattons irom Markov Parameters 

f3J5 11
-I + fJ2s"- 2 + · · · + f3n 

= (5
11 + 0'!5"-

1 + a2s"-2 +···+a" )(hi I )s-
1 + h12!s-2 + · 

From this equation. we can obtain the Markov parameters recursively as 

h(l)=f31 

h('2)= -a1h(IJ+f32 

1!(3) = - a 1h(2)- ach(l) + f3; 

h(n) = - O'Jh(n- II- a2hl11- 2)- · · ·- D'n-lh( l) + f3,, 

h(m) = - a 1h(m- I)- a2hlm- 2)- · ·- a,,_ 1h(11l- 11-'- 1) 

- 0'11 h(m - n) 

form=11+l. n+2. 
:--!ext we use the Markov parameters to form the u x f3 matrix 

1!(2) hi3J 

1!(3) h(-+1 

h(4) h(5) 

r

ill I) 

h(2) 

T(a. {3) = ht3) 

h(a) /na+lJ h(a+21 

hifll l h(f3+ll 

hif3 + 2) 

h(a -r:f3- ]) 

201 

(7.-+SJ 

(7.-+9) 

(7.50) 

It is called a Ha11ke/ matrix. It is important to mention that even if h(OJ F 0. htO) does not 
appear in the Hankel matrix. 

Theorem 7.7 

A strictly proper rational function g(s) has degree 11 if and unly if 

pT(n.ll) = pT(n + k.n -t-Il= ll fore,ery k.l =I. 2 .... 17.51) 

where p denotes the rank. 

Proof: We first show that if deg .i(s J = 11. thenpT(n. 11) = pT(n + I. n J = 1>Ti x. 11 ). 

If deg .~(s) = n. then 17.-+9) holds. and n is the smallest integer having the property. 
Because of(7A9). the (11 +I Jth row ofT111 +I. 111 cz.n be written as a linear combination 
of the first 11 rows. Thus we have pT(n.n) = pT111 + l.n). Again. because of 17.-+9). the 
(n + 2)th row of T(n + 2. n) depends on its pre\ious 11 rows and. consequently. on the 
first 11 rows. Proceeding forward. we can establish pTin.n) = pT(x.n). :--low we claim 
pT(x. n) = n. If not. there would be an integer 1! < n having the property t7A9). This 
contradicts the hypothesis that deg g(s) = n. Thus we ha\e pT(n.n) = pT(x.n) = 11 • 

Applying (7.49) to the columns ofT yields 17.5 II. 
Now we show that if (7.51) holds. then g(s) = h(l).l-l + h(2)s- 2 +.·.can 

be expressed as a strictly proper rational function of degree n. From the condition 
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pT(n +I, oo) = pT(n, oo) = n, we can compute {a;, i = I, 2, ... , n) to meet (7.49). 
We then use (7.48) to compute {{3;, i =I, 2, ... , n). Hence we have 

g(s) = h(l)s- 1 + h(2)s-2 + h(3)s-3 
· · · 

fhsn-l + f3zs"- 2 + · · · + f3n-IS + f3n 

- s" + CtjSn-l + etzSs-Z + · · · + Ctn-!S + Ctn 

Because then is the smallest integer having the property in (7 .51), we have deg g(s) = n. 

This completes the proof of the theorem. Q.E.D. 

With this preliminary, we are ready to discuss the realization problem. Consider a strictly 

proper transfer function g (s) expressed as 
I 

g(s) = h(l)s- 1 -t! h(2)s-2 + h(3)s-3 + · · · 

If the triplet (A, b, c) is a realization of g(s), then 

g(s) = c(si- A)- 1b = c[s(I- s- 1AJr1b 

which becomes, using (3.57), 

g(s) = cbs- 1 + cAbs-2 + cA2bs-3 + · · · 

Thus we conclude that (A, b, c) is a realization of g(s) if and only if 

form= I, 2, ... 

Substituting (7.52) into the Hankel matrix T(n, n) yields 

cAb cA2b 

l 
cb 

cAb 

T(n, n) = C~2b 

cA"- 1b cA"b 

which implies, as shown in (7.21), 

T(n, n) = OC 

(7.52) 

(7.53) 

where 0 and Care, respectively, then xn observability and controllability matrices of (A, b. c). 

Define 

l
h(2) 

h(3) 

T(n, n) = h~4) 

h(n +I) 

h(3) h(4) 

h(4) h(5) 

h(S) h(6) 

h(n +I)] 
h(n + 2) 

h(n + 3) 

h(2n) 

(7.54) 

h(n + 2) h(n + 3) 

It is the submatrix of T(n + 1, n) by deleting the first row or the submatrix of T(n, n + I) by 
deleting the first column. Then as with (7.53), we can readily show 

'1 

I 
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T(n,n) = OAC (7.55) 

Using (7.53) and (7.55), we can obtain many different realizations. We discuss here only a 
companion-form and a balanced-form realization. 

Companion form There are many ways to decompose T(n. n) into OC. The simplest is 
to select ~ = I or C = I. If we select 0 = I, then (7.53) and (7.55) imply C = T(n, n) 

and~ = T(n. n)T- 1(n, n).The state equation corresponding to 0 = I. C = T(n, n), and 
A= T(n, n)T- 1 (n, n) is 

0 l 0 0 0 h(l) 

0 0 0 0 h(2) x~ l 
0 ]<+[ . } 0 0 0 I h(n- l) 

-Ctn -an-I -an-2 -az -a1 h(n) 

y= [I 0 0 · · · 0 O]x (7.56) 

Indeed, the first row of 0_= I and the first column of C = T(n. n) yield the c and bin (7.56). 
Instead of showing A= T(n, n)T- 1 (n, n). we show 

AT(n, n) = T(n, n) (7.57) 

Using the shifting property of the companion-form matrix in (7.56), we can readily verify 

A l::(J {,::u. A lh(:~J {,:::J (7.58) 

We see that the Markov parameters of a column are shifted up one position if the column 
is premultiplied by A. Using this property, we can readily establish (7.57). Thus 0 = I, 
C = T(n, n), and A= T(n. n)T- 1 (n. n) generate the realization in (7.56). It is a companion
form realization. Now we use (7.52) to show that (7.56) is indeed a realization. Because of the 
form of c, cAm b equals simply the top entry of Am b or 

cb = h(l), cAb= h(2), cA 2b = lz(3), ... 

Thus (7.56) is a realization of g(s). The state equation is always observable because 0 =I 
has full rank. It is controllable if C = T(n, n) has rank n. 

ExAMPLE 7.2 Consider 

_ 4s 2 - 2s- 6 
g(s) = ~-----,-~---

2s4 + 2s 3 + 2s2 + 3s + 1 

= 0 · s- 1 + 2s-2 - 3s-3 - 2s-4 + 2s-5 + 3.5s-6 +... (7.59) 

We form T(4, 4) and compute its rank. The rank is 3; thus g(s) in (7.59) has degree 3 and its 
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numerator and denominator have a common factor of degree I. There is no need to cancel first 
the common factor in the expansion in (7.59). From the preceding derivation. we have 

and 

A= [~3 ~~ ~
7

] [ ~ 
-2 ~ 3.5 -3 

2 

-3 

-2 

b = [0 2 - 3]' 

-3] -l [ 0 I 0] 
-2 = 0 0 I 
2 -0.5 -1 0 

(7.60) 

c =[I 0 0] 

The triplet (A. b. c) is a minimal realization of g(s) in (7.59). _ 
We mention that the matrix A in (7.60) can be obtained without computing T(n, n) 

T- 1(n. n). Using (7.49) we can show 

T(3, 4)a := [ ~ 
-3 

2 -3 
-3 -2 

-2 2 ::m:J 
Thus a is a null vector of T(3, 4). The MATLAB function 

t=[O 2 -3 -2;2 -3 -2 2;-3 -2 2 3.5];a=:-1Ull(t) 

=0 

yields a=[ -0.3333 -0.6667 0.0000 - 0.6667]'. We normalize the last entry of a to I by 
typing a/ a ( 4). which yields [0.5 I 0 I]'. The first three entries. with sign reversed, are the 

last row of A. 

Balanced form Next we discuss a different decomposition of T(n. n) 

yield a realization with the property 

CC' = 0'0 

First we use singular-value decomposition to express T(n. n)as 

OC. which will 

(7.61) 

where K and L are orthogonal matrices and A 1· 2 is diagonal with the singular values of T(n, n) 

on the diagonal. Let us select 

0 = KA 112 and C = A 1
/
2L' 

Then we have 

o-l =A -1!2K' and c-l =LA -l/2 

For this selection of C and 0, the triplet 

A= o- 1t(n. n)C 1 

b = first column of C 

c = first row of 0 

(7.62) 

(7.63) 

(7.64) 

(7.65) 

(7.66) 
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is a minimal realization of g(s). For this realization. we have 

CC' = A1
'
2L'LA 112 =A 

and 

Thus it is called a balanced reali:ation. This balanced realization is different from the balanced 
realization discussed in Section 7 .4. It is not clear what the relationships between them are. 

EXAMPLE 7.3 Consider the transfer function in Example 7.2. Nm\· we will find a balanced 
realization from Hankel matrices. We type 

t='C 2 -3;2 -3 -2;-3 -2 2];tC=[2 -3 -2;-3 -2 :;-2 

[k,s,l]-=S'.tdl:l; 

sl=sq~t (s); 

O=k*sl ;C=s=- *l'; 

a=i~v(O) *tt*i~v(C), 

b=[C(i,l!;C(2,:);C(3,l)i,c='O(l,c 0(1,2! 0(1,21] 

This yields the following balanced realization: 

[ 

0.4003 -1.002..\ 

x = !.0024 -0.3121 

0.4805 0.3209 

-0.4805] [ 1.2883 ] 
0.3209 X+ -0.7303 11 

-0.0882 !.061..\ 

v = [!.2883 0.7303 - l.0614]x +0 · u 

To check the correctness of this result, we type [::-:,a] = s s2 t f 1 a, b, c, 0 1 . which yields 

, 2s- 3 g(s) = _J ___ _ 

s + s + 0.5 

This equals g(s) in (7.59) after canceling the common factor 2(s + I). 

7.6 Degree of Transfer Matrices 

This section will extend the concept of degree for scalar rational functions to rational matrices. 

Given a proper rational matrix G(s), it is assumed that every entry of G!s) is a coprime 
fraction: that is. its numerator and denominator have no common factors. This will be a standing 
assumption throughout the remainder of this text. ~ 

Definition 7.1 The characteristic polynomial of a proper rational matrix G(s) is defined 

as the least common denominator of all minors ofG(s). The degree of the characteristic 
polynomial is defined as the McMillan degree or. simply, the degree of G(s) and is 

denoted by 8G(s). 
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EXAMPLE 7.4 Consider the rational matrices 

+] 
s+l 

The ma~x G
1 
(s) has 1/(s + 1), 1/(s + 1), 1/(s + 1). and 1/(s + 1) as its mino:s of order J, 

and det Gt (s) = 0 as its minor of order 2. Thus the characteristic polynomial of G 1 (s) iss+ 1 

and 8G
1
(s) = L The matrix G 2(s) has 2/(s + 1), 1/(s + 1). 1/(s + 1), and 1/(s + 1) as its 

minors of order 1, and det Go(s) = 1/(s + 1)2 as its minor of order 2. Thus the characteristic 

polynomial ofG2(s) is (s + -1) 2 and 8G2(s) = 2. 

From this example, we see that the characteristic polynomial of G(s) is, in general, 

different from the denominator of the det,hrninant of G(s) [if G(s) is square] and different 

from the least common denominator of all entries of G(s). 

EXAMPLE 7.5 Consider the 2 x 3 rational matrix 

G(s) = [s: I 
-1 

s + 1 

(s + l)(s + 2) 
1 

(s + l)(s + 2) 
'1'] 

Its minors of order 1 are the six entries of G(s). The matrix has the following three minors of 

order 2: 

s 1 s + 1 

(s + 1)2(s + 2) + (s + 1)2(s + 2) (s + 1) 2(s + 2) (s + l)(s + 2) 

s 1 1 s+4 
--·-+-----
s+! s (s+l)(s+3) (s+l)(s+3) 

I 1 3 

(s + l)(s + 2)s (s + l)(s + 2)(s + 3) s(s + l)(s + 2)(s + 3) 

The least common denominator of all these minors is s(s + 1 )(s + 2)(s + 3). Thus the degree 

of G(s) is 4. Note that G(s) has no minors of order 3 or higher. 

In computing the characteristic polynomial, every minor must be reduced to a coprime 
fraction as we did in the preceding example; otherwise, we will obtain an erroneous result 

We discuss two special cases. If G(s) is 1 x p or q x I, then there are no minors of order 
2 or higher. Thus the characteristic polynomial equals the least common denominator of all 
entries of G(s). In particular, if G(s) is scalar, then the characteristic polynomial equals its 
denominator. If every entry of q x p G(s) has poles that differ from those of all other entries, 

such as 

G(s) = [ (s + !)~(~ + 2) 

s+3 

then its minors contain no poles with multiplicities higher than those of each entry. Thus the 

characteristic polynomial equals the product of the denominators of all entries of G(s). 
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To conclude this section, we rnentio~ two important properties. Let (A. B. C. D) be a 
controllable and observable realization of G(s). Then we have the followincr· e· 

• Monic least common denominator of all minors of G(s) =characteristic polynomial of A. 

• Monic least common denominator of all entries of G(s) =minimal polynomial of A. 

For their proofs, see Reference [4, pp. 302-304]. 

7. 7 Minimal Realizations-Matrix Case 

We introduced in Section 7.2.1 minimal realizations for scalar transfer functions. Now we 
discuss the matrix case. 

> Theorem 7.M2 

A state equation (A. B. C. D) is a minimal realization of a proper rational matrix G(s) if and only if 
(A, B) 1s controllable and (A, C) IS observable or if and only if 

dim A= deg G(s) 

Proof: The proof of the first part is similar to the proof of Theorem 7.2. If (A. B) is not 
controllable or if (A, C) is not observable, then the state equation is zero-state equivalent 
to a lesser-dimenswnal state equation and is not minimal. If (A. B. C, D) is of dimension 
n and_Is controllable and observ_able, and if the ii-dimensional state equation (A, B. C, D), 
With n < n, is a realization of G(s), then Theorem 4.1 implies D = i) and 

CAmB = CAmB form= 0, 1, 2 .... 

Thus. as in (7.22). we have 

oc = o,.c" 
Note that 0. C, 0,., and Cn are, respectively, nq x n. n x np, nq x ii, and ii x np matrices. 
Usmg the Sylvester inequality 

p(O) + p(C)- n:::: p(OC):::: min(p(O), p(C)J 

which is proved in Re!er~nce [6, p. 3l];and p(O) = p(C) = 11 , we have p(OC) = 11 • 

Stmiiarly. we have p(OnCnl = ii < n.This contradicts p(OC) = p(O,.Cn). Thus every 
controllable and observable state equation is a minimal realization. 

To show that (A. B. C, D) is minimal if and only if dim A= deg G(s) is much more 
complex and will be established in the remainder of this chapter. Q.E.D. 

,~ Theorem 7.M3 

All minimal realizations of G(s) are equivalent. 
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Proof: The proof follows closely the proof of Theorem 7.3. Let (A, B. C. D) and (A. B, 
C. D) be any two n-dimensional minimal realizations of a q x p proper rational matrix 

G(s). As in (7.23) and (7.24), we have 

OC= OC (7.67) 

and 

OAC= OAC (7 68) 

In the scalar case. 0. C. 0. and Care all n x n nonsingular matrices and their inverses are 
well defined. Here 0 and 0 are nq x n matrices of rank n: C and Care n x np matrices 
ofrank n. They are not square and their inverses are not defined. Let us define then x nq 
matrix 

(7.69) 

Because 0' is n x nq and 0 is nq x n, the matrix 0' 0 is n x nand is. following Theorem 
3.8, nonsingular. Clearly, we have 

Thus a~ is called the pseudoinverse or left inverse of 0. Note that oo+ is nq X nq and 
does not equal a unit matrix. Similarly. we define 

(7.70) 

It is an np x n matrix and has the property 

cc+ = CC'(CC')- 1 =I 

Thus c~ is called the pseudoinverse or right inverse of C. In the scalar case. the 
equivalence transformation is defined in (7.25) asP= o- 1 0 = cc- 1. Now we replace 
inverses by pseudoinverses to yield 

P := o+o = co'oJ- 10'o 

= cc+ = CC'iCC'l- 1 

(7.71) 

(7.72) 

This equality can be verified directly by premultiplying ( 0' 0) and postmu~tiplyin~ ( CC') 
and then using ( 7 .67). The inverse of P in the scalar case is p-I = o- 1 0 = C c-t. In 
the matrix case, it becomes 

p-I := o+o = co·oJ- 1 O'o 

= CC"' = CC'(CC')- 1 

This again can be verified using (7.67). From OC = OC, we have 

C = (0'0)- 10'0C =PC 

o = OCC'(CC'l- 1 = op-l 

Their first p columns and first q rows are B = PB and C 
OAC = OAC implies 

(7 73) 

(7.74) 

CP- 1. The equation 
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This shows that all minimal realizations of the same transfer matrix are equivalent. 
Q.E.D. 

We see from the proof of Theorem 7 .M3 that the results in the scalar case can be extended 
directly to the matrix case if inverses are replaced by pseudoinverses. In MATLAB, the function 
pinv generates the pseudoinverse. We mention that minimal realization can be obtained from 
nonminimal realizations by applying Theorems 6.6 and 6.06 or by calling the MATLAB 
function minreal. as the next example illustrates. ..-----
EXAMPLE 7_6 Consider the transfer matrix in Example 4.6 or 

G(s) = [ ~s-:-\O s~1 2] 
(2s + 1 ~(s + 2) (s + 2)2 

(7.75) 

Its characteristic polynomial can be computed as (2s + 1 )(s + 2)2. Thus the rational matrix has 
degree 3. Its six-dimensional realization in (4.39) and four-dimensional realization in (4.-l-l) 
are clearly not minimal realizations. They can be reduced to minimal realizations by calling 
the MATLAB function :n::.r:::-eal. For example. for the realization in (4.39) typing 

a=[-4.5 0 -6 0 -= :;O -4.5 0 -6 0 -2;1 0 0 0 0 0; ... 
0 1 0 0 0 8;0: l 0 0 0;0 0 G l 0 Ci; 

b= [ l 0; 0 1; 0 0; 0 :; J 0; 0 0 i; 
c = [- 6 3 -2 4 7 . 5 -: ~ 3 ; 0 1 0 . 5 l . 5 l 0 . 5 I ; d= [ 2 0 ; 0 G I ; 

[am, brr., em, d.rn] orr.l:-_:ceal (a' b, c' d) 

yields 

[ 

-0.8625 -4.0897 

x = 0.2921 -3.0508 

-0.094-1- 0.3377 

3.2544] [ 0.3218 
1.2709 X + 0.0459 

-0.5867 -0.1688 

v = [0 
• 0 

-0.0339 

-2.1031 
35.5281] X [2 OJ 

-0.5720 + 0 0 u 

-0.5305] 
-0.4983 u 

0.0840 

Its dimension equals the degree ofG(s): thus it is controllable and observable and is a minimal 
realization ofG(s) in (7.751. 

7,8 Matrix Polynomial Fractions 

The degree of the scalar transfer function 

, N(s) 
g(s) = -- = N(s)D- 1(s) = D- 1(s)N(s) 

D(s) 

is defined as the degree of D(s) if N(s) and D(s) are coprime. It can also be defined as 
the smallest possible denominator degree. In this section, we shall develop similar results for 
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transfer matrices. Because matrices are not commutative. their orders cannot be altered in our 

discussion. 
Every q x p proper rational matrix G(s) can be expressed as 

(7.76) 

where N (s) and D(s) are q x p and p x p po!ynomial matrices. For example, the 2 x 3 rational 

matrix in Example 7.5 can be expressed as 

A [ s G(s) = _
1 

0 

(s + l)(s + 2) 

0 

0 ]-I 
s(s ~ 3) 

(7.77) 

The three diagonal entries of D(s) in (7. 77) 1are the least common denominators of the three 
columns of G(s). The fraction in (7.76) oi (7.77) is called a right polynomwl Jractzon or, 

simply, right fraction. Dual to (7 .76), the expression 

G(s) = f>-I(s)N(s) 

where D(s) and N(s) are q x q and q x p polynomial matrices, is called a left polynomial 

fraction or, simply, left fraction. 
Let R(s) be any p x p nonsingular polynomial matrix. Then we have 

G(s) = [N(s)R(s)][D(s)R(sWI 

= N(s)R(s)R-I (s)D-I (s) = N(s)D-I (s) 

Thus right fractions are not unique. The same holds for left fractions. We introduce in the 

following right coprime fractions. . . 
Consider A(s) = B(s)C(s), where A(s), B(s), and C(s) are polynomials of compatible 

orders. We call C(s) a right divisor of A(s) and A(s) a left multiple of C(s). Similarly, we call 

B(s) a left divisor of A(s) and A(s) a right multiple of B(s). 
Consider two polynomial matrices D(s) and N(s) with the same number of columns P· 

A p x p square polynomial matl"jx R(s) is. called a common right diVISOr of D(s) and N(s) 1f 

there exist polynomial matrices D(s) and N(s) such that 

D(s) = D(s)R(s) and N(s) = N(s)R(s) 

Note that D(s) and N (s) can have different numbers of rows. 

Definition 7.2 A square polynomial matrix M(s) is called a unimodular matrix if its 

determinant is nonzero and independent of s. 

The following polynomial matrices are all unimodular matrices: 

[22
s s2 +s+l] [-2 s

10
+s+IJ. [ s s+IJ 

s+l ' 0 3 s-1 s 

Products of unimodular matrices are clearly unimodular matrices. Consider 

det M(s)det M-I (s) = det [M(s)M-I (s)] = det I= 1 
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which implies that if the determinant of M(s) is a nonzero constant, so is the determinant of 
M-I (s). Thus the inverse of a unimodular matrix .'\Irs) is again a unimodular matrix. 

Definition 7.3 A square polynomial matrix R1s) is a greatest common right divisor 
(gcrd) ofD(s) and N(s) if(i) R(s) is a common right dil'isor ofD(s) and N(s) and (ii) 
R(s) is a left multiple of every common right dil'isor ofD(s) and N(s). If a gcrd is a 
unimodular matrix, then D(s) and N (s) are said to be right coprime. 

Dual to this definition, a square polynomial matrix R(s) is a greatest common left divisor 
(geld) of D(s) and N(s) if (i) R(s) is a common left divisor of D(s) and N(s) and (ii) R(s) 
is a right multiple of every common left divisor oi DCs) and N(s). If a geld is a unimodular 
matrix, then D(s) and N(s) are said to be left coprime. 

Definition 7.4 Consider a proper rational matrix G(s) jactored as 

G(s) = N(s)D-I (s) = i)-l (s 15i(s) 

where N(s) and D(s) are right coprime, and :\,s J and D(s) are left coprime. Then the 
characteristic polynomial ofG(s) is defined as 

det D(s) or det D(s) 

and the degree ojG(s) is defined as 

deg G(s) = deg det Dis!= deg det D(s) 

Consider 

G(s) = N(s)D-I(s) = [N(sJR(s)][D(s)R(sJri (7.78) 

where N(s) and D(s) are right coprime. Define D11sl = D(s)R(s) and NI(s) = N(s)R(s). 
Then we have 

detDI(s) = det[D(s)R(sl] = detDis)detR(s) 

which implies 

deg det DI (s) = deg d~t Dis)-:- degdet R(s) 

Clearly we have degdetD 1(s) ::: degdetD(s) and the equality holds if and only if R(s) is 
unimodular or, equivalently, NI(s) anc DI(s) are right coprime. Thus we conclude that if 
N (s )D- 1 (s) is a coprime fraction, then D(s) has the smallest possible deterrninantal degree 
and the degree is defined as the degree of the transfer matrix. Therefore a coprime fraction can 
also be defined as a polynomial matrix fraction with the smallest denominator's determinantal 
degree. From (7.78), we can see that coprime fractions are not unique: they can differ by 
unimodular matrices. 

We have introduced Definitions 7.1 and 7.4 to define the degree of rational matrices. Their 
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equivalence can be established by using the Smith-McMillan form and will not be discussed 
here. The interested reader is referred to, for example, Reference [3]. 

7.8.1 Column and Row Reducedness 

In order to apply Definition 7.4 to determine the degree of G(s) = N(s)D- 1(s), we must 
compute the determinant of D(s). This can be avoided if the coprime fraction has some 
additional property as we will discuss next. 

The degree of a polynomial vector is defined as the highest power of s in all entries of 
the vector. Consider a polynomial matrix M(s). We define 

8c,M(s) =degree ?f ith column of M(s) 

8,;M(s) =degree ~f ith row of M(s) 

and call8ci the column degree and 8,; the row degree. For example, the matrix 

M(s) = [
s + 1 

s - 1 
s3

- 2s + 5 
' s-

has 8c1 = 1, 8c2 = 3, 8c3 = 0, 8,1 = 3, and 8,z = 2. 

Definition 7.5 A nonsingular polynomial matrix M(s) is column reduced if 

deg det M(s) =sum of all column degrees 

It is row reduced if 

deg det M(s) =sum of all row degrees 

A matrix can be column reduced but not row reduced and vice versa. For example. the 
matrix 

[ 
3s 2 + 2s 

M(s) = , 
3 s- + s-

(7.79) 

has determinant s3 - s2 + 5s + 3. Its degree equals the sum of its column degrees 2 and I. Thus 
M(s) in (7.79) is column reduced. The row degrees of M(s) are 2 and 2; their sum is larger 
than 3. Thus M(s) is not row reduced. A diagonal polynomial matrix is always both column 
and row reduced. If a square polynomial matrix is not column reduced. then the degree of its 
determinant is less than the sum of its column degrees. Every nonsingular polynomial matrix 
can be changed to a column- or row-reduced matrix by pre- or postmultiplying a unimodular 
matrix. See Reference [6, p. 603]. 

Let lie~M(s) = kc, and define Hc(s) = diag(sk,,. sk,,, ... ). Then the polynomial matrix 

M(s) can be expressed as 

M(s) = MhcHc(s) + Mtc(s) (7.80) 

For example, the M(s) in (7.79) has column degrees 2 and I and can be expressed as 
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M(s)=[~ 2][s2 0]+[ 2s I] 
I 0 s s-3 0 

The constant matrix Mhc is called the column-degree coefficient matrix; its ith column is the 
coefficients of the ith column of M(s) associated with sk". The polynomial matrix Mtc(s) 
contains the remaining terms and its ith column has degree less than kc,. If M(s) is expressed 
as in (7.80), then it can be verified that M(s) is column reduced if and only if its column-degree 
coefficient matrix Mhc is nonsingular. Dual to (7.80), we can express M(s) as 

M(s) = H,(s)Mhr +Mt,(s) 

where 8nM(s) = kn and H,(s) = diag(sk,,. sk,,, .. . ). The matrix Mhr is called the row-degree 
coefficient matrix. Then M(s) is row reduced if and only if Mhr is nonsingular. 

Using the concept of reducedness, we now can state the degree of a proper rational matrix 

as follows. Consider G(s) = N(s)D- 1(s) = n-1(s)N(s), where N(s) and D(s) are right 
coprime, N(s) and D(s) are left coprime, D(s) is column reduced, and D(s) is row reduced. 
Then we have 

deg G(s) = sum of column degrees of D(s) 

sum of row degrees of D(s) 

We discuss another implication of reducedness. Consider G(s) = N(s)D- 1 (s). If G(s) 
is strictly proper, then 8c;N(s) < 8c; D(s), fori = I, 2, ... , p; that is, the column degrees 

of N(s) are less than the corresponding column degrees of D(s). If G(s) is proper, then 
80 N(s) ::; 8c;D(s), fori = I, 2, ... , p. The converse, however, is not necessarily true. For 
example. consider 

Although lie; N (s) < lie; D(s) fori = I, 2, N (s )D- 1 (s) is not strictly proper. The reason is that 
D(s) is not column reduced. 

Theorem 7.8 

Let N (s) and D(s) be q x p and p x p polynomial matrices, and let D(s) be column reduced. Then 
the rational matrix N(s)D- 1 (s) is proper (strictly proper) if and only if 

fori = I. 2 .... , p. 

Proof' The necessity part of the theorem follows from the preceding example. We show 
the sufficiency. Following (7.80), we express 

D(s) = DhcHc(s) + Dtc(S) = [Dhc + Dtc(s)H;:-1 (s)]Hc(s) 

N(s) = NhcHc(s) + Nlc(s) = [Nhc + Ntc(sJH;:- 1(s)]Hc(s) 

Then we have 
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~ 

G(s) := N(s)D-1 (s) = [Nhc + Ntc(s)H,:- 1 (s)J[Dhc + Dtc(s)H,:-
1 
(slr

1 

Because D1c (s )H; 1 (s) and N1c (s )H; 1 (s) both approach zero as s -+ oo, we have 

lim G(s) = NhcD;;} 
s~oo 

where Dhc is nonsingular by assumption. Now if Dc;N(f) :::: JciD(s), then Nhc is a nonzero 
constant matrix. Thus G( oo) is a nonzero constant and G(s) is proper. If Dei N(s) < Dc;D(s), 

then Nhc is a zero matrix. Thus G(oo) = 0 and G(s) is strictly proper. This establishes 

the theorem. Q.E.D. 

We state the dual of Theorem 7.8 without proof. 

~ Corollary 7.8 

Let N (s) and D(s) be q x p and q x q polynomial matrices, and let D(s) be row reduced. Then 

the rational matrix D- 1 (s )N(s) is proper (strictly proper) if and only if 

for i = I, 2, ... , q. 

7 .8.2 Computing Matrix Coprime Fractions 

Given a right fraction N(s)D- 1 (s), one way to reduce it to a right coprime fraction is to 
compute its gcrd. This can be achieved by applying a sequence of el:_mentary opera~110ns. 
Once a gcrd R(s) is computed, we compute N(s) = N(s)R-1(s) and D(s) = D~s)R (s). 

Then N(s)D-1(s) = N(s)D-1(s) and N(s)D- 1(s) is a right coprime fraction. If D(s) is not 
column reduced, then additional manipulation is needed. This procedure will not be discussed 

here. The interested reader is referred to Reference [6, pp. 590--591]. 
We now extend the method of computing scalar coprime fractions in Section 7.3 to the 

matrix case. Consider a q x p proper rational matrix G(s) expressed as 

G(s) = D- 1 (s)N(s) = N(s)D- 1 (s) (7.81) 

In this section, we use variables with an overbar to denote left fractions, without an overbar to 

denote right fractions. Clearly (7 .81) implies 

N(s)D(s) = D(s)N(s) 

and 

D(s)( -N(s)) + N(s)D(s) = 0 (7.82) 

We shall show that given a left fraction D- 1 (s)N(s). not necessarily left coprime, we can 
obtain a right coprime fraction N(s)D- 1 (s) by solving the polynomial matnx equauon m 
(7 .82). Instead of solving (7 .82) directly, we shall change it into solving sets of lmear algebraic 
equations. As in (7 .27), we express the polynomial matrices as, assuming the highest degree 

to be 4 to simplify writing, 
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D(s) =Do+ D1s + Dzs 2 + D3s3 + D4s 4 

N(s) =No+ N1s + Nzs2 + N3s 3 + N4s4 

D(s) =Do+ D1s + Dzs2 + D3s3 

N(s) =No+ N1s + Nzs 2 + N3s3 

215 

where D1, N;, D;, and N; are, respectively, q x q, q x p, p x p, and q x p constant matrices. 
The constant matrices D; and N; are known, and D; and N; are to be solved. Substituting these 
into (7.82) and equating to zero the constant matrices associated with sk, fork = 0, I, ... 
we obtain 

Do No 0 0 0 0 0 0 -No 

D1 . N1 Do No 
Do 

0 0 0 0 

Dz Nz D1 N1 Do No 0 0 --'N1 

D3 N3 Dz Nz D1 N1 Do No 
D1 

SM:= =0 (7.83) 

D4 N4 D3 N3 Dz Nz D1 N1 -Nz 

0 0 D4 N4 D3 N3 Dz Nz Dz 

0 0 0 0 D4 N4 D3 N3 -N3 

0 0 0 0 0 0 D4 :N4 D3 

This equation is the matrix version of (7 .28) and the matrix S will be called a generali~ed 
resultant. Note that every D-block column has q D-columns and every N -block column has p 
N -columns. The generalized resultantS as shown has four pairs of D- and N -block columns: 
thus it has a total of 4(q + p) columns. It has eight block rows; each block rows has q rows. 
Thus the resultant has 8q rows. 

We now discuss some general properties of Sunder the assumption that linearly indepen
dent columns of S from left to right have been found. It turns out that every D-column in every 
D-block column is linearly independent of its left-hand-side (LHS) columns. The situation for 
N -columns, however, is different. Recall that there are p N -columns in each N -block column. 
We use Ni-column to denote the ith N-column in each N-block column. It turns out that if 
the Ni-column in some N-block column is linearly dependent on its LHS columns, then all 
subsequent Ni-columns, because of the repetitive structure ofS, will be linearly dependent on 
its LHS columns. Let{(;, i = I, 2, ... , p, be the number of linearly independent Ni-columns 

inS. They are called the column indices of G(s). The first Ni-column that becomes linearly 
dependent on its LHS columns is called the primary dependent N i -column. It is clear that the 
(Jt; + I )th N i -column is the primary dependent column. 

Corresponding to each primary dependent N i -column, we compute the monic null vector 
(its last entry equals I) of the submatrix that consists of the primary dependent N i-column and 
all its LHS linearly independent columns. There are totally p such monic null vectors. From 
these monic null vectors, we can then obtain a right fraction. This fraction is right coprime 
because we use the least possible Jt; and the resulting D(s) has the smallest possible column 
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degrees. In addition, D(s) automatically will be column reduced. The next example illustrates 

the procedure. 

ExAMPLE 7.7 Find a right coprime fraction of the transfer matrix in (7.75) or 

[ 

~s~\O s!2] G(s) = I s +I 

(2s + l)(s + 2) (s + 2)2 

(7.84) 

First we must find a left fraction. not necessarily left coprime. Using the least common 

denominator of each row. we can readily obtain 

G(s)=[(2s+l)(s+2): 0 ,]-t 
0 (2s+l)(s+21-

[
(4s-IO)(s+2) 3(2s+l) ] -_ 1 -

x s + 2 (s + 1)(2s +I) =: D (s)N(s) 

Thus we have 

- [2s 2 +5s+2 
D(s) = 

0 2s 3 + 9s
20
+ 12s + 4] 

0] [2 OJ , [0 
12 s + 0 9 s- + 0 

and 

- [ 4s 2 
- 2s - 20 6s + 3 ] 

N(s) = 7 s + 2 2s- + 3s + I 

We form the generalized resultant and then use the QR decomposition discussed in Section 
7 .3.1 to search its linearly independent columns in order from left to right. Because it is simpler 

to key in the transpose of S. we type 

dl=[2 0 0 2 0 D C I ; d2 = [ 0 4 0 l: 0 9 G 2 J ; 

~1=[-20 2 -2 l ~ 0 0 0';~2=[2 1 

s = [ dl 0 0 0 0 ; d2 0 0 C 0 ; ~ 1 0 0 0 ; n2 :J 0 0 0; .. . 

0 0 dl 0 0;0 C d2 0 0;0 0 n: J O;G • n2 0 0; .. . 

0 0 0 0 dl;O 0 0 0 d2;0 0 0 0 nl;O C 0 0 ~21 '; 

[q,r]=qrtsl 

We need only r: therefore the matrix q will not be shown. As discussed in Section 7 .3.1. 
we need to know whether or not entries of r are zero in determining linear independence of 
columns: therefore all nonzero entries are represented by x. di. and ni. The result is 
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dl 0 X X X X X X X 0 X X 

0 d2 X X X X X X 0 X X X 

0 0 nl X X X X X X X X X 

0 0 0 n2 X X X X X X X X 

0 0 0 0 dl X X X X X X X 

0 0 0 0 0 d2 X X X X X X 
r= 

0 0 0 0 0 0 nl X X X X X 

0 0 0 0 0 0 0 0 X X X 0 

0 0 0 0 0 0 0 0 dl X X 0 

0 0 0 0 0 0 0 0 0 d2 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

We see that all D-columns are linearly independent of their LHS columns. There are two 
linearly independent N !-columns and one linearly independent N2-column. Thus we have 
ILl = 2 and J.L2 = I. The eighth column of S is the primary dependent N2-column. We 
compute a null vector of the submatrix that consists of the primary dependent N 2-column and 
all its LHS linearly independent columns as 

=2=null( [dl 0 O;d2 0 O;~l 0 J;n2 J 0; ... 
0 0 dl; 0 0 d2; 0 0 n:; 0 ·J n2] ') ; 

and then normalize the last entry to 1 by typing 

z2b=z2/z2(81 

which yields the first monic null vector as 

z2:J=[7 -1:2-4 0 2 1]' 

) 

The eleventh column of S is the primary dependent N !-column. We compute a null vector 
of the submatrix that consists of the primary dependent N !-column and all its LHS linearly 
independent columns (that is. deleting the eighth column) as 

:l=n'..lll! ~'}::._ C 0 0 O;d2 0 0 0 ·J;r..l 0 0 0 0;:12 0 0 

0 d: 0 0;0 0 d2 0 O;C 0 ~~ 0 0; ... 
C C 0 0 dl;O 0 0 0 d2;J 0 J 0 ~~·'I; 

and then nom1al ize the last entry to 1 by typing 

:lb=ZL z:r:OJ 

which yields the second monic null vector as 

z~b=[lO -0.5 1 0 l 0 2.5 ~2 0 11' 

0; ... 
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Thus we have 

-n6l -n62 10 7 

-n5l -n52 -0.5 -1 

-No dll 
0 

dl2 
0 

1 1 
d2l 

0 
d22 

0 0 2 

Do 
-nll -nlz 1 -4 

-N1 -nfi 00 0 0 -ni· 
(7.85) 

D1 dll . dl2 2.5 2 l I l 
21 t d22 dl l 

-Nz 
-nil -nf -2 

Dz -nil -n~z 0 

dil 'di1 

dil di1 

where we have written out N; and D; explicitly with the superscripts ij denoting the ijth entry 
and the subscript denoting the degree. The two monic null vectors are arranged as shown. The 
order of the two null vectors can be interchanged, as we will discuss shortly. The empty entries 
are to be filled up with zeros. Note that the empty entry at the (8 x 1 )th location is due to 
deleting the second [12 linearly dependent column in computing the second null vector. By 
equating the corresponding entries in (7.85), we can readily obtain 

and 

D(s)=[~ ~]+[ 2~5 ns+[~ ~]s2 

N(s) = [
-10 

0.5 

2s + 1 J 
s+2 

-7] [-1 
1 + 0 

= [ 2s
2 ~s5- 10 4s; 7 J 

Thus G(s) in (7.84) has the following right coprime fraction 

• -[(2s-5)(s+2) 4s-7][(s+2)(s+0.5) 
G(s) - 0.5 1 0 

2s + l J-l 
s+2 

(7.86) 

The D(s) in (7 .86) is column reduced with column degrees J.ll = 2 and J.l2 = 1. Thus we have 
deg det D(s) = :2 + 1 = 3 and the degree of G(s) in (7.84) is 3. The degree was computed in 

Example 7.6 as 3 by using Definition 7 .l. 
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In general, if the generalized resultant has J.li linearly independent Hi-columns, then 
D(s) computed using the preceding procedure is column reduced with column degrees J.li. 

Thus we have 

deg G(s) = deg det D(s) = L J.l, 

= total number of linearly independent N -columns in S 

We next show that the order of column degrees is immaterial. In other words, the order of 
the columns of N (s) and D(s) can be changed. For example, consider the permutation matrix 

p = [~ ~ ~] 
0 l 0 

and D(s) = D(s)P and N(s) = N(s)P. Then the first, second, and third columns of D(s) and 
N (s) become the third, first, and second columns of D(s) and N (s). However, we have 

G(s) = N(s)D-1(s) = [N(s)P][D(s)Pr 1 = N(s)D-1(s) 

This shows that the columns ofD(s) and N(s) can arbitrarily bepermutated. This is the same as 
permuting the order of the null vectors in (7.83). Thus the set of column degrees is an intrinsic 
property of a system just as the set of controllability indices is (Theorem 6.3). What has been 
discussed can be stated as a theorem. It is an extension of Theorem 7.4 to the matrix case. 

Theorem 7.M4 

Let G(s) = j)-l (s)N(s) be a left fraction, not necessarily left coprime. We use the coefficient matrices 
ofD(s) and N(s) to form the generalized resultantS shown in (7.83) and search its linearly lndependent 
columns from left to right. Let J.li, i = I, 2, ... , p. be the number oflinearly independent N i-columns. 
Then we have 

deg G(s) = J.ll + J.lz + · · · + J.lp (7.87) 

and a right coprime fraction N (s )D-1 (s) can l?_e obtained by computing p monic null vectors of the p 
matrices formed from each primary dependent N i -column and all its LHS linearly independent columns. 

The right coprime fraction obtained by solving the equation in (7.83) has one additional 
important property. After permutation, the column-degree coefficient matrix Dhc can always 
become a unit upper triangular matrix (an uppertriangularmatrix with 1 as its diagonal entries). 
Such a D(s) is said to be in column echelon form. See References [6. pp. 610-612; 13. pp. 
483-487]. For the D(s) in (7.86), its column-degree coefficient matrix is 

Dhc = [ ~ ~] 
It is unit upper triangular; thus the D(s) is in colu~ echelon form. Although we need only 
column reducedness in subsequent discussions, if D(s) is in column echelon form, then the 
result in the next section will be nicer. 

Dual to the preceding discussion, we can compute a left coprime fraction from a right 
fraction N(s)D- 1(s), which is not necessarily right coprime. Then similar to (7.83), we form 
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[-Nof>o: - N1 f>1: - N2 Dz : - N3 DJ]T = 0 (7.88) 

with 

Do D1 Dz D3 D4 0 0 0 

No N1 Nz N3 N4 0 0 0 

0 Do D1 Dz D3 D4 0 0 

0 No N1 Nz N3 N4 0 0 

T·- (7.89) 

0 0 Do D1 Dz DJ D.; 0 

0 0 No,' N, Nz N3 N4 0 

0 0 0 Do D1 D2 D3 D4 

0 0 0 No N, Nz N3 N.; 

We search linearly independent rows in order from top to bottom. Then all D-rows are linearly 
independent. Let the Ni-row denote the ith N-row in each N block-row. If an Ni-row becomes 
linearly dependent, then all Ni-rows in subsequent N block-rows are linearly dependent on 
their preceding rows. The first Ni-row that becomes linearly dependent is called a primary 
dependent Ni-row. Let Vj, i = I, 2, ... , q, be the number of linearly independent Ni-rows. 

They are called the row indices of G(s). Then dual to Theorem 7.M4, we have the following 

corollary. 

·... Corollary 7.M4 

Let G(s) = N(s)D- 1 (s) be a right fraction, not necessarily right coprime. We use the coefficient 
matrices of D(s) and N(s) to form the generlized resultant T shown in (7.89) and search its linearly 
independent rows in order from top to bottom. Let v,. ior i = I, 2 .... , q. be the number oi linearly 
independent Ni-rows in T. Then we have 

deg G(s) = v 1 + Vz + · · · + Vq 

and a left coprime fraction f>-l ( 5 )N (s) can be obtained by computing q monic left null vectors of the 
q matrices formed from each primary dependent Ni-row and all its preceding linearly independent rows. 

The polynomial matrix D(s) obtained in Corollary 7.M4 is row reduced with row degrees 
{vi. i = I, 2 ..... q }. In fact, it is in row echelon form: that is, its row-degree coefficient 

matrix, after some row permutation, is a unit lower triangular matrix. 

7.9 Realizations from Matrix Coprime Fractions 

Not to be overwhelmed by notation, we discuss a realization of a 2 x 2 strictly proper rational 

matrix G(s) expressed as 

G(s) = N(s)D- 1 (5) (7.90) 
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where N (5) and D(5) are right coprime and D(5) is in column echelon form. 6 We further assume 
that the column degrees ofD(5) are 111 = 4 and 112 = 2. First we define 

[ 5~' H(5) := 
0 

0 ] [5
4 

5~2 = 0 5~] (7.91) 

and 
5~,-I 0 53 0 

s2 0 

0 s 0 
L(s) := 

0 sJl.l-t 0 
(7.92) 

0 s 

0 0 

The procedure for developing a realization for 

y(s) = G(s)u(s) = N(s)D- 1u(5) 

follows closely the scalar case from (7.3) through (7.9). First we introduce a new variable v(l) 
defined by V(5) = D- 1 (s)u(s). Note that v(s), called a pseudo state, is a 2 X 1 column vector. 

Then we have 

D(5)v(5) = u(s) 

y(5) = N(s)v(s) 

Let us define state variables as 

0 

x(s) = L(s)v(s) = 
0 

0 

0 

s3v1 (s) XJ(S) 

5 2v, (s) x2(s) 

sv1 (s) XJ(S) 
-· v1 (s) X4(s) 

svz(s) xs(s) 

vz(s) X6(s) 

or, in the time domain, 

x 1 (t) = v~31 (r) xz(t) = ii1 (I) 

xs(t) = vz(t) X6(t) = Vz(t) 

6. All discussion is still applicable if D(s) is column reduced but not in echelon form. 

(7.93) 

(7.94) 

(7.95) 
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This state vector has dimension Jl.I + J1. 2 = 6. These definitions imply immediately 

(7.96) 

Next we use (7.93) to develop equations for i 1 and i 5 . First we express D(s) as 

D(s) = DhcH(s) + DtcL(s) (7.97) 

where H(s) and L(s) are defined in (7.91) and (7.92). Note that Dhc and Dtc are constant 

matrices and the column-degree coefficient matrix Dhc is a unit upper triangular matrix. 
Substituting (7.97) into (7.93) yields 

or 

[DhcH(s) + DtcL(s)]v(s) = u(s) 

I 
r 

H(s)v(s) + o;)DtcL(s)v(s) = D;c'u(s) 

Thus we have, using (7.95), 

Let 

and 

H(s)v(s) = -D;)Dtci(s) + D;)u(s) 

o-'n -·[a"' he lc -. 
a211 

a112 a113 0!114 a121 

a212 0!213 a214 a221 

n;c' =: [~ b~2 J 

(7.98) 

(7.99) 

(7.100) 

Note that the inv~rse _of a unit" upper triangular matrix is again a unit upper triangular matrix. 
Substituting (7.99) and (7.100) into (7.98), and using sx 1 (s) = s4 i! 1 (s), and s£5 (s) = s1v2 (s), 
we find 

[ s~, (s)] = _ [a"' a112 

sxs(s) a211 a212 

+ [ ~ b~z J u(sl 

which becomes, in the time domain, 

[ ~I]=_ [am 
xs 0!211 

a112 a113 a114 a121 

a212 a213 a214 a221 

0!122] [1 b12] x+ u 
azn 0 1 

(7.101) 

If G(s) = N(s)D- 1 (s) is strictly proper, then the column degrees of N(s) are less than the 

corresponding column degrees of D(s). Thus we can express N(s) as 

N(s) = [ .BIII 
.8211 

,8 112 ,8 113 ,8 114 ,8 121 

.Bz 12 .8213 .8214 .8221 
(7.102) 

7.9 Realizations from Matrix Coprime Fractions 223 

Substituting this into (7.94) and using x(s) = L(s)v(s), we have 

y(s) = [.Bill .8112 .8113 .8114 .8121 .8122] x(s) 
.Bw .8212 .8213 .8214 .8221 .8222 

(7.103) 

Combining (7.96), (7.101), and (7.103) yields the following realization for G(s): 

-am -a112 -a,l3 -a114 -O'J:!l -atn 

0 0 0 0 0 

0 0 0 0 0 

x= 0 0 0 0 0 X 

-a211 -a212 -0!213 -Ct:!t-1. -a:2I -a222 

0 0 0 0 0 

I bl2 (7.104) 

0 0 

0 0 

+ 0 0 u 

0 1 

0 0 

Y=.[fJIII .Bm .Bm .811-+ .8121 .Bm] X 

.8211 .Bm .Bm .8214 .Bm .8222 

This is a (J.L 1 +J.L 2)-dimensional state equation. TheA-matrix has two companion-form diagonal 
blocks: one with order Jl.I = 4 and the other with order Jl.z = 2. The off-diagonal blocks are 
zeros except their first rows. This state equation is a generalization of the state equation in 
(7.9) to two-input two-output transfer matrices. We can easily show that (7.104) is always 
controllable and is called a controllable-form realization. Furthermore, the controllability 
indices are Jl.I = 4 and 11-2 = 2. As in (7.9), the state equation in (7.104) is observable if 
and only ifD(s) and N(s) are right coprime. For its proof, see Reference [6. p. 282]. Because 
we start with a coprime fraction N(s)D- 1, the realization in (7.104) is observable as well. In 
conclusion, the realization in (7 .I 04) is controllable and observable and its dimension equals 

Jl.I + 11- 2 and. following Theorem 7.M4, the degree of G(s). This establishes the second part 
of Theorem 7.M2. namely, a state equation is minimal or controllable and observable if and 
only if its dimension equals the degree of its transfer matrix. 

ExAMPLE 7.8 Consider the transfer matrix in Example 7.6. We gave there a minimal realiza
tion that is obtained by reducing the nonminimal realization in (4.39). Now we will develop 
directly a minimal realization by using a coprime fraction. We first write the transfer matrix as 
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[ 

~s-+110 3 l 
G(s) = - s + 2 ' , 

~--~--- ~ =: G(oo) + G,p(s) 

(2s + I )(s + 2) (s + 2)" 

= [ ~ ~] + [ 2sll! I ~! ~ l 
(2s + l)(s + 2) (s + 2)2 

As in Example 7.7. we can find a right coprime fraction for the strictly proper part of G(s) as 

G,p(s)=[-6s-12 -9][s
2

+2.5s+l 2s+IJ-l 
0.5 1; 0 s + 2 

Note that its denominator matrix is the same as the one in (7.86). Clearly we have ~11 = 2 and 
fL 2 = I. We define 

Then we have 

and 

We compute 

and 

[

52 
H(s) = 

0 ~] 

[
-6 

N(s) = 
0 

-I [I 
Dhc = 0 

L(s)= [i n 

-12 

0.5 
-9] I L(s) 

Dhc
1
Dtc = [~ ~2][2~5 ~ ~] = [2~5 ~ ~3] 

Thus a minimal realization of G( s) is 

(7.105) 
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This A-matrix has two companion-form diagonal blocks: one with order 2 and the other 
order I. This three-dimensional realization is a minimal realization and is in controllable 

canonical fom1. 

Dual to the preceding minimal realization. if we use G(s) = I)-I (s)N(I). where Dis) 
and N (s) are left coprime and D(s) is in row echelon form with row degrees { v,. i = 
I. 2, ... , q ). then we can obtain an observable-form realization with observability indices 

{ v,, i = I. 2 ..... q ). This will not be repeated. 
We summarize the main results in the following. As in the SISO case. ann-dimensional 

multivariable state equation is controllable and observable if its transfer matrix has degree n. If 
a proper transfer matrix is expressed as a right coprime fraction with column reduced ness. then 
the realization obtained by using the preceding procedure will automatically be controllable 

and observable. 
Let (A.B. C. D) be a minimal realization of G(s) and let G(sl = I)- 1

(s)N(s) = 
N(s)D- 1(s) be coprime fractions: 0(.5) is row reduced. and D(sl is column reduced. Then 

we have 

which implies 

I . · I 
----B[Adj(sl- A)]C + D = ---N(s)[Adj(D(s))] 
det(sl- A) det D(s) 

I - -
= --_-[Adj(D(s))]N(s) 

detD(s) 

Because the three polynomials det (sl- A). det D(s), and det D(s) have the same degree. 
they must denote the same polynomial except possibly different leading coefficients. Thus we 

conclude the following: 

• deg G(s) = deg det D\s) = deg det D(s) =dim A. 

• The characteristic polynomial of G(.>) = k1 det D(s) = k" det Dl s) = k3 det (s I - A I for 

some nonzero constant k,. 

• The set of column degrees of D(s) equals the set of controllability indices of (A. B). 

• The set of row degrees of D(.>) equals the set of observability indices of (A. C). 

We see that coprime fractions and controllable and observable state equations contain essen
tially the same information. Thus either description can be used in analysis and design. 

7.10 Realizations from Matrix Markov Parameters 

Consider a q x p strictly proper rational matrix G(s). We expand it as 

G(s) = H( I )s- 1 + H(2)s-2 + H(3)s-J + · · (7.106) 
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where H(m) are q x p constant matrices. Let r be the degree of the least common denominator 

of all entries of G(s). We form 

T = l::;; :::: 
H(r) H(r +I) 

IH(2) H(3) 

I H(3) H(4) 

H(3) 

H(4) 

H(5) 

H(r +2) 

H(4) 

H(5) 

H(6) t = lH(4~ H(5) 

H(r + 1) H(r + 2) H(r + 3) 

H(r) ] H(r +I) 

H(r+2) 

H(2r:-l) 

(7.107) 

=~:: ~~] 
H(r + 3) 

H(2r) 

(7.108) 

Note that T and t have r block columns and r block rows and, consequently, have dimension 
rq x rp. As in (7.53) and (7.55), we have 

T = OC and t = OAC (7.109) 

where 0 and Care some observability and controllability matrices of order rq x nand n x rp, 
respectively. Note that n is not yet determined. Because r equals the degree of the minimal 
polynomial of any minimal realization of G(s) and because of (6.16) and (6.34), the matrix T 
is sufficiently large to have rank n. This is stated as a theorem. 

·""' Theorem 7.M7 

A strictly proper rational matrix G(s) has degree n if and only if the matrix T in (7 .I 07) has rank n. 

The singular-value decomposition method discussed in Section 7.5 can be applied to the 
matrix case with some modification. This is discussed in the following. First we use singular
value decomposition to express T as 

(7 110) 

where K and L are orthogonal matrices and A = diag()q, A2, .... An), where A; are the positive 
square roots of the positive eigenvalues of T'T. Clearly n is the rank ofT. Let K denote the 
first n columns of K and i: denote the first n rows of L'. Then we can write T as 

T = KAL' = KA 112 A 112L' =: oc (7.111) 

where 

0 = KA 112 and C = A1i 2f.' 

Note that 0 is nq x n and Cis n x np. They are not square and their inverses are not defined. 
However, their pseudoinverses are defined. The pseudoinverse of 0 is. as defined in (7.69), 
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o+ = [(A1/c)'K'KA1/2r1CA1!2)·K:· 

Because K is orthogonal, we have K'K =I and because A 112 is symmetric. the pseudoinverse 
o+ reduces to 

Similarly, we have 

Then, as in (7.64) through (7.66), the triplet 

A= o+tc+ 
B = first p columns of C 

C = first q rows of 0 

is a minimal realization of G(s). This realization has the property 

and, using L'L = I, 

CC' = A 1J2['LA 1/2 = A 

(7.112) 

(7.113) 

(7.114) 

(7.115) 

(7.116) 

Thus the realization is a balanced realization. The MATLAB procedure in Example 7.3 can 
be applied directly to the matrix case if the function inverse ( ~ Iri) is replaced by the function 
pseudoinverse (pinv). We see once again that the procedure in the scalar case can be extended 
directly to the matrix case. We also mention that if we decompose T = OC in (7 .Ill) 
differently, we will obtain a different realization. This will not be discussed. 

7. ll Concluding Remarks 

In addition to a number of minimal realizations, we introduced in this chapter coprime fractions 
(right fractions with column reducedness and left fractions with row reducedness). These 
fractions can readily be obtained by searching linearly independent vectors of generalized 
resultants and then solving monic null vectors of their submatrices. A fundamental result of 
this chapter is that controllable and observable state equations are essentially equivalent to 
coprime polynomial fractions. denoted as 

controllable and observable state eqttations 

~ 
coprime polynomial fractions 

Thus either description can be used to describe a system. We use the former in the next chapter 
and the latter in Chapter 9 to carry out various designs. 

A great deal more can be said regarding coprime polynomial fractions. For example, it is 
possible to show that all coprime fractions are related by unimodular matrices. Controllability 
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PROBLEMS 

and observability conditions can also be expressed in terms of coprimeness conditions. See 
References [4, 6, 13, 20]. The objectives of this chapter are to discuss a numerical method to 
compute coprime fractions and to introduce just enough background to carry out designs in 
Chapter 9. 

In addition to polynomial fractions, it is possible to express transfer functions as stable 
rational function fractions. See References [9, 21]. Stable rational function fractions can be 
developed without discussing polynomial fractions; however, polynomial fractions can provide 
an efficient way of computing rational fractions. Thus this chapter is also useful in studying 
rational fractions. 

7.1 Given 

7.2 

7.3 

s-1 
g(s) = --=----

(s2- l)(s + 2) 

find a three-dimensional controllable realization. Check its observability. 

Find a three-dimensional observable realization for the transfer function in Problem 7 .I. 
Check its controllability. 

Find an uncontrollable and unobservable realization for the transfer function in Problem 
7.1. Find also a minimal realization. 

7.4 Use the Sylvester resultant to find the degree of the transfer function in Problem 7.1. 

7.5 Use the Sylvester resultant to reduce (2s- l)/(4s2 - I) to a coprime fraction. 

7.6 Form the Sylvester resultant of g(s) = (s + 2)/ (s 2 + 2s) by arranging the coefficients of 
N(s) and D(s) in descending powers of sand then search linearly independent columns 
in order from left to right. Is it true that all D-columns are linearly independent of their 
LHS columns" Is it true that the degree of g(s) equals the number of linearly independent 
N-columnso 

7.7 Consider 

and its realization 

. [ -0'! -0'2] [ 1] x= I 0 x+ 0 u 

N(s) 

D(s) 

y = l.81 .82lx 

Show that the state equation is observable if and only if the Sylvester resultant of D(s) 
and N (s) is nonsingular. 

7.8 Repeat Problem 7.7 for a transfer function of degree 3 and its controllable-form realiza
tion. 

7.9 Verify Theorem 7.7 for g(s) = 1/(s + 1)2
. 
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7.10 Use the Markov parameters of g(5) = 1/(5 + 1)2 to find an irreducible companion-form 
realization. 

7.11 Use the Markov parameters of g(5) = 1/(5 + 1)2 to find an irreducible balanced-form 

realization. 

7.12 Show that the two state equations 

7.13 

y = [2 2]x 

and 

x=[ 2 0
]x+['Ju -1 -1 2 

y = [2 O]x 

are realizations of (2s + 2)/(52 - 5 - 2). Are they minimal realizations? Are they 

algebraically equivalent? 

Find the characteristic polynomials and degrees of the following proper rational matrices 

[ 

I 
A 5 

GJ(5) = -'-

5+3 

and 

5+3] [ I I l 5 ~ I fh(s) = (5 ~ 1)
2 

(s + 1)
1
(5 + 2) 

5+1 5+2 (s+l)(5+2) 

5+3 

5+2 
5 +I 
s+4 

Note that each entry of G3(s) has different poles from other entries. 

7.14 Use the left fraction 

A [ 5 G(s) = 
-s 

to form a generalized resultant as in (7 .83 ), and then search its linearly independent 
columns in order from left to right. What is the number of linearly independent N

columns" What is the degree ofG(5)° Find a right coprime fraction of G(5). Is the given 

left fraction coprime0 

7,15 Are all D-columns in the generalized resultant in Problem 7.14 linearly independent of 
their LHS columns? Now in forming the generalized resultant. the coefficient matrices of 
D(s) and N (5) are arranged in descending powers of 5, instead of ascending powers of 
5 as in Problem 7 .14. Is it true that all D-columns are linearly independent of their LHS 

columns? Does the degree of G(5) equal the number oflinearly independent N-columns0 

Does Theorem 7 .M4 hold? 
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7.16 Use the right coprime fraction of G(s) obtained in Problem 7.14 to form a generalized 
resultant as in (7 .89), search its linearly independent rows in order from top to bottom, 

and then find a left coprime fraction of G(s). 

7.17 Find a right coprime fraction of 

[

s2 + 1 
• 3 
G(s) = s 

s+2 
7 

~] s2 

2 

s 

and then a minimal realization. 

8. l Introduction 

Chapter 

8 
State Feedback 

and State Estimators 

The concepts of controllability and observability were used in the preceding two chapters to 
study the internal structure of systems and to establish the relationships between the internal 
and external descriptions. Now we discuss their implications in the design of feedback control 
systems. 

Most control systems can be formulated as shown in Fig. 8.1, in which the plant and 
the reference signal r(t) are given. The input u(t) of the plant is called the actuating signal 
or control signal. The output y(t) of the plant is called the plant output or controlled signal. 
The problem is to design an overall system so that the plant output will follow as closely as 
possible the reference signal r(t). There are two types of control. If the actuating signal u(t) 
depends only on the reference signal and is independent of the plant output, the control is 
called an open-loop control. If the actuating signal depends on both the reference signal and 
the plant output, the control is called a closed-loop or feedback control. The open-loop control 
is. in general, not satisfactory if there are plant parameter variations and/or there are noise 
and disturbance around the system. A properly designed feedback system, on the other hand, 

Figure 8.1 Design of control systems. 
1--------------------, 

~ 
I I 
I I 

L--------------------
231 
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can reduce the effect of parameter variations and suppress noise and disturbance. Therefore 
feedback control is more widely used in practice. 

This chapter studies designs using state-space equations. Designs using coprime fractions 
will be studied in the next chapter. We study first single-variable systems and then multi variable 
systems. We study only line:.~r time-im·ariant systems. 

8.2 State Feedback 

Consider then-dimensional single-variable state equation 

x =Ax+ bu 

y =;o ex 
(8 ]) 

where we ha\·e assumed d = 0 to simplify discussion. In state feedback. the input u is given by 

u = r- kx = r- [k 1 k2 · · · k,)x = r- Lk,x, 
i=l 

(8.2) 

as shown in Fig. 8.2. Each feedback gain k, is a real constant. This is called the constant gain 
negati1·e stme feedback or, simply. state feedback. Substituting (8.2) into (8.1) yields 

x = (A - bk)x + br 
(8.3) 

y =ex 

Theorem 8.1 

The pair !A - bk. b). for any x 11 real constant vector k, is controllable if and only if (A. b) is 
controllable. 

Proof: We show the theorem for n = -L Define 

and 

C1 = [b (A- bk)b (A- bk)cb (A- bk)3b] 

They are the controllability matrices of 18.1 J and (8.3). It is straightforward to verify 

r-----------------1 Figure 8.2 State feedback. 
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c, ~ c [; 
-kb -kiA- bkJb ··kfA ·· bk)'b] 

-kb -k(A- bk)b 
i8.4J 

. 0 0 I -kb 

0 0 0 I 

Note that k is I x n and b is 11 x 1. Thus kb is scalar: so is every entry in the rightmost 
matrix in (8.4). Because the rightmost matrix is nonsingular for any k. the rank of C1 

equals the rank of C. Thus (8.3 J is controllable if and only if I 8.1) is controllable. 
This theorem can also. be established directly from the definition of controllability. 

Let x0 and x 1 be two arbitrary states. Ifi8.1) is controllable, there exists an input u 1 that 
transfers x0 to x 1 in a finite time. Now if we choose r 1 = u 1 -+- kx. then the input r 1 of the 
state feedback system will transfer x0 to x 1. Thus\\ e conclude that if (8.1) is controllable, 

so is (8.3). 
We see from Fig. 8.2 that the input r does not control the state x directly: it generates 

u to control x. Therefore. if u cannnot control x. neither can r. This establishes once again 

the theorem. Q.E.D. 

Although the controllability property is invariant under any state feedback. the observ
abihty property is not. This is demonstrated by the example that follows. 

EXAMPLE 8.1 Consider the state equation 

y =[I 2]x 

The state equation can readily be shown to be controllable and observable. Now we introduce 

the state feedback 

u=r-[3 l]x 

Then the state feedback equation becomes 

y =[I 2)x 

Its controllability matrix is 

c = [0 2] 1 I 0 

which is nonsingular. Thus the state feedback equation is controllable.lts observability matri\ is 

[I 2] o, = I 2 

which is singular. Thus the state feedback equation is not observable. The reason that the 
observability property may not be preserved in state feedback will be given later. 
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We use an example to discuss what can be achieved by state feedback. 

Consider a plant described by 

x=[~ ~]x+[~Ju ~-· E""'" 8.2 

rj The A-matrix has characteristic polynomial 

t.(s) = (s - 1)2 - 9 = sz- 2s- 8 = (s- 4)(s + 2) 

. 4 d -2 It is unstable. Let us introduce state feedback 
and, consequently, etgenvalues an · . . 
u = r - [k, kz]X. Then the state feedba~k system ts descnbed by 

x=([~ ~j-[k~ k~J)x+[~Jr 
= [ 1 ~ k1 3 ~ kz J x + [ ~ J r 

This new A-matrix has characteristic polynomial 

t.t(s) = (s _ 1 + k,)(s- 1)- 3(3- kz) 

= 5
2 + (k1 - 2)s + (3kz - k1 - 8) 

. 1 tl the eigenvalues of the state feedback 
It is clear that the roots of t.f(s) or, eqmval e~ y, riate k and kz For example, if 

be 1 d · positions by se ectmg approp 1 · 
system can p ace m any l ± .2 th the desired characteristic polynomial is 
the two eigenvalues are to be placed at - 1 '. enk 

2 
_ 2 and 3kz _ k1 - 8 = 5 yields 

"2)( 1 "'J) - 52+ 2s + 5. Equating 1 - -
(s + 1 + 1 s + - 1- - b k . [ 4 17 /3] will shift the eigenvalues from 
k, = 4 and kz = 17/3. Thus the state feed ac gam 

4,-2to-1±}2. 

k be used to place eigenvalues in any positions. 
This example shows that state feedba~te~a; direct substitution. This approach, however, 

Moreover the feedback gam can be comp . h Yd. . nal state equations. More seriously, 
· 1 d f three or htg er- tmensw 

will become very mvo ve or - llabili condition comes into the design. Therefore 
the approach wtll not reveal how the contro ty d" we need the following theorem. 
a more systematic approach is desirable. Befo~e procee h~~~ for every positive integer n. 
We state the theorem for n = 4; the theorem, owever, 

>- Theorem 8.2 
. . . h _ 4 and the characteristic polynomial 

Consider the state equatwn m (8.1 l wit n -
4 1 2..._ +a 

t.(s) = det (sl- A)= s + a,r + azs , aJS 4 
(8.5) 

f db th transformation X = Px with 

If(S l) '"~~lbbk :~· :~,~:·~,:A'~{~ a~ :{ :)] (8.6) 
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into the controllable canonical form 

-;·]- [~] 0 X+ 0 U 

0 0 
(8.7) [

-a, 
. - - 1 
x = Ai+bu = ~ 

0 0 
1 0 

0 

Furthermore, the transfer function of (8.1) with n = 4 equals 

·c ) f3ts
3 

+ f3zs
2 

+ fhs + /3• 
g s = s4 + a,s3 + azs 2 + a3s + a4 

(8.8) 

Proof: Let C and C be the controllability matrices of (8.1) and (8.7). In the SISO case, 
both C and Care square. If (8.1) is controllable or Cis nonsingular, so is C. And they 
are related by C = PC (Theorem 6.2 and Equation (6.20)). Thus we have 

p =CC-I or Q := p-1 = c(:-l 

The controllability matrix C of (8.7) was computed in (7.10). Its inverse turns out to be 

[ 

l a 1 

(:-1 = 0 l 
0 0 
0 0 

(8.9) 

This can be verified by multiplying (8.9) with (7.10) to yield a unit matrix. Note that the 
constant term a 4 of (8.5) does not appear in (8.9). Substituting (8.9) into Q = C (:-I yields 
(8.6). As shown in Section 7.2, the state equation in (8.7) is a realization of (8.8). Thus 
the transfer function of (8.7) and, consequently, of (8.1) equals (8.8). This establishes the 
theorem. Q.E.D. 

With this theorem, we are ready to discuss eigenvalue assignment by state feedback. 

~ Theorem 8.3 

If then-dimensional state equation in (8.1) is controllable, then by state feedback u = r - kx. where 
k is a 1 x n real constant vector, the eigenvalues of A - bk can arbitrarily be assigned provided that 
complex conjugate eigenvalues are assigned in pairs. 

Proof: We again prove the theorem for n = 4. If (8.1) is controllable, it can be transformed 
into the controllable canonical form in (8. 7). Let A and b denote the matrices in (8. 7). 

Then we have A = PAP- 1 and b = Pb. Substituting x = Px into the state feedback 
yields 

u = r - kx = r- kP- 1x =: r- ki 

where k := kP- 1• Because A- bk = P(A- bk)P- 1, A- bk and A- bk have the same 
set of eigenvalues. From any set of desired eigenvalues, we can readily form 
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If k is chosen as 

the state feedback equation becomes 

'= , .. _ .. ,i+ ., ~ [T 
Y = [.8 1 .82 .83 .B.Jx 

(8.10) 

(8.11) 

0 0 

I 0 (8.12) 
0 

Because of the companion form, the characteristic polynomial of (A - bk) and, conse
quently. of (A- bk) equals (8.10). Thus the state feedback equation has the set of desired 
eigenvalues. The feedback gain k can be computed from 

k=kP=kCC1 

with kin (8.11), ('-tin (8.9), and C = [b Ab A2b A3b]. Q.E.D. 

We give an alternative derivation of the formula in (8.11). We compute 

6.t(s) = det (sl- A+ bk) = det ((sl- A)[l + (sl- A)- 1bkl) 

= det (sl- A)det [I+ (sl- A)-t bk] 

which becomes, using (8.5) and (3.64), 

6.t(s) = 6.(s)[l + k(sl- A)- 1b] 

Thus we have 

6.f(s)- 6.(s) = 6.(s)k(sl- A)- 1b = 6.(s)k(sl- A)- 1b 

Let~ be the output of the feedback gain shown in Fig. 8.2 and let k = [kt 

the transfer function from u toy in Fig. 8.2 equals 

_ - _ 1- .Bts3 + .B2s2 + .Bls + .84 
c(s I - A) b = , ) 

L>(S 

the transfer function from u to z should equal 

- - 1- kt s3 + kos 2 + k3s + k4 
k(sl- A)- b = -6.(s) 

Substituting (8.15), (8.5), and (8.10) into (8.14) yields 

(& 1 - at)s3 + (&2 - a 2)s 2 + (&3 - a 3)s + (&4- 0'4) = kts 3 + k2s2 + k3s + k4 

This yields (8.11 ). 

(8.13) 

(8.14) 

(8.15) 

j 
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Feedback transfer function Consider a plant described by (A. b. c). If (A. b) is controllable. 
(A. b. c) can be transformed into the controllable form in (8.7) and its transfer function can 

then be read out as. for n = 4. 

_ _ 1b ,B,s3 +.Bcs 2 +.8Js+.B4 
g(s) = c(sl- A) = , 

s 4 +a 1 s 3 + a2s- + a3s + 0'4 
(8 161 

After state feedback. the state equation becomes (A - bk. b. c) and is still of the controllable 
canonical form as shown in (8.12). Thus the feedback transfer function from r to vis 

_ _ 1 .Bt s3 + .B2s2 + .B1s + {34 
g1 (s)=c(si-A+bk) b= 4 _ 

1 
, (8.171 

5 + O'tS· + 0'25- + O'JS + 0'4 

We see that the numerators of (8.16) and (8.17) are the same. In other words, state feedback 
does not affect the zeros of the plant transfer function. This is actually a general propeny of 
feedback: feedback can shift the poles of a plant but has no effect on the :eros. This can be used 
to explain hy a state feedback may alter the observability propeny of a state quation. If one or 
more poles are shifted to coincide with zeros of g(5). then the numerator and denominator of 
gr(s) in (8.17) are not coprime. Thus the state equation in (8.12) and. equivalently, (A- bk. Cl 

are not observable (Theorem 7.1). 

EXAMPLE 8.3 Consider the invened pendulum studied in Example 6.2. Its state equation is. 

as derived in (6.11 ), 

x=[: ~ ~~ 
0 0 5 

(8.181 

,·=[1000]x 

It is controllable: thus its eigen1·a!ues can be assigned arbitrarily. Because the A-matrix is block 
triangular, its characteristic polynomial can be obtained by inspection as 

6.(s) = s2 (s 2 - 5) = s4 + 0 · s 3
- 5s 2 + 0 · s + 0 

First we compute P that will transform (8.18) into the controllable canonical form. Using !8.61. 

we have 

0 I 0 '][' 0 -5 

-f] p 'di '~ [ ; 
0 2 

-1: : 

1 0 

-2 0 0 

-2 0 -10 0 0 

~u, 
I 0 

n 0 -3 
-2 0 
0 0 

Its inverse is 
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P~ u~ ~~ i: ~:1 
Let the desired eigenvalues be -1.5 ± 0.5 j and -1 ± j. Then we have 

and 

!:J..f(s) = (s + 1.5- 0.5j)(s + 1.5 + 0.5j)(s + 1- j)(s + 1 + j) 

= s4 + 5s3 + 10.5s2 + lis+ 5 

Thus we have, using (8.11), 

k =[5-o 10.5 + 5f 11- o 5- OJ= [5 15.5 11 Sl 

k=kP=[-~ -Jf -\0:i -¥1 (8.19) 

This state feedback gain will shift the eigenvalues of the plant from {0, 0. ±j~) to 

{-1.5±0.5j. -1±j}. 

The MATLAB function place computes state feedback gains for eigenvalue placement 

or assignment. For the example, we type 

a=[O 1.0 0;0 0 -1 0;0 0 0 1;0 0 5 0] ;b=[0;1;0;-2]; 

P=[-1.5+0.5j -1.5-0.5j -1+j -1-j]; 

k=place(a,b,p) 

which yields [ -1.6667 - 3.6667 - 8.5833 - 4.3333]. This is the gain in (8.19). 
One may wonder at this point how to select a set of desired eigenvalues. This depends 

on the performance criteria, such as rise time, settling time, and overshoot, used in the design. 
Because the response of a system depends not only on poles but also on zeros, the zeros of the 
plant will also affect the selection. In addition, most physical systems will saturate or burn out if 
the magnitude of the actuating signal is very large. This will again affect the selection of desired 
poles. As a guide, we may place all eigenvalues inside the region denoted by C in Fig. 8.3(a). 
The region is bounded on the right by a vertical line. The larger the distance of the vertical line 
from the imaginary axis, the faster the response. The region is also bounded by two straight 
lines emanating from the origin with angle a. The larger the angle. the larger the overshoot. See 
Reference [7]. If we place all eigenvalues at one point or group them irt a very small region, 
then usually the response will be slow and the actuating signal will be large. Therefore it is 
better to place all eigenvalues evenly around a circle with radius r inside the sector as shown. 
The larger the radius, the faster the response; however, the actuating signal will also be larger. 
Furthermore, the bandwidth of the feedback system will be larger and the resulting system 
will be more susceptible to noise. Therefore a final selection may involve compromises among 
many conflicting requirements. One way to proceed is by computer simulation. Another way 
is to find the state feedback gain k to minimize the quadratic performance index 

J = 100 

[x'(r)Qx(t) + u'(t)Ru(t)] dt 
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lms lm: 

-l Re: 

(a) (b) 

Figure 8.3 Desired eigenvalue location. 

See Reference [I]. However selecting Q and R . . 
select a set of desired eigen~alues is not a simpl~e:~~:~nal and error. In conclusion. how to 

We mention that Theorems 8 1 throu h 8 3 · f · 
in this chapter-applv to the discre.te tl"m g . -:-hm act, all theorems to be introduced later 
. - - e case wit out any mod"fic t" Th 1 .. 
IS that the region in Fig. 8.3(a) must be re laced b . 

1 
a Ion. eon y d1f!erence 

by the transformation:= es. p Y the one m Fig. 8.3(b). wh1ch IS obtained 

8.2.1 Solving the Lyapunov Equation 

This subsection discusses a different method of com . . . 
assignment. The method however ha th . putmg state feedback gam for eigenvalue 
contain any eigenvalues ~fA. , s e restnctwn that the selected eigenvalues cannot 

> Procedure 8. 1 

Consider controllable (A. bl. where A is n X nand b.. I F d I 
has any set of desired ei£envalues that conta· . 

15 
n X · :n a X n real k such that (A - bk) " ms no eigenvalues of A. 

1. Select ann X n matrix F that has the set of desired ei . and will be discussed later. genvalues. The form ofF can be chosen arbitrarily 

2. Select an arbitrary 1 x 11 vector I{ such that (F k-) . b • IS o servable. 

3. Solve the unique Tin the Lyapunov equation AT_ TF = bk. 

4. Compute the feedback gain k = kT-1 . 

We justify_ first the procedure. IfT is nonsingular then k - kT d h L . 
AT - TF = bk implies ' - an t e yapunov equauon 

(A- bk)T = TF or A- bk = TFT-1 

Thus (A - bk) and Tare similar and have the sa . 
of (A- bk) can be assi

2
ned arbitrarily h me ~et of eigenvalues. Thus the eigenvalues 

- except t ose ot A. As discussed in Section 3.7, if A and 
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F have no eigenvalues in common. then a solution T exists in AT - TF = bk for any k and 
is unique. If A and F have common eigenvalues, a solution T may or may not exist depending 
on bk. To remove this uncertainty, we require A and F to have no eigenvalues in common. 

What remains to be proved is the nonsingularity ofT. 

Theorem 8.4 

If A and F have no eigenvalues in common. then the unique solution T of AT- TF = bk is nonsingular 
if and only if (A. b) is controllable and (F. k) is observable. 

Proof: We prove the theorem for n = 4. Let the characteristic polynomial of A be 

Ll(S) = s
4 + ct 1 ~ 3 + ct2s

2 + CiJS + Ci4 (8.20) 

Then we have 

(Cayley-Hamilton theorem). Let us consider 

t..(F) := ~ +ct 1F 3 +ct2F 2 +ct3F+ct41 (8.21) 

If).; is an eigenvalue ofF. then t,().,) is an eigenvalue of il(F) (Problem 3.19). Because 
A and F have no eigenvalues in common. we have t,(}._;) i= 0 for all eigenvalues of F. 
Because the determinant of a matrix equals the product of all its eigenvalues, we have 

det t..(F) = n t..(}._,J "/= 0 

Thus il(F) is nonsingular. 
Substituting AT= TF + bk into A2T- AF2 yields 

A2T- TF2 = A(TF + bk)- TF2 = Abk +(AT- TF)F 

= Abk+ bkF 

Proceeding forward. we can obtain the following set of equations: 

IT-TI=O 

AT- TF = bk 

A2T- TF2 = Abk + bkF 

A3T - TF3 = A 2bk + AbkF + bkF2 

A 4T- TF4 = A3bk +A 2bkF + AbkF2 + bkF3 

We multiply the first equation by a 4 , the second equation by CiJ, the third equation by ct2, 
the fourth equation by c; 1, and the last equation by I, and then sum them up. After some 

manipulation, we finally obtain 

il(A)T- Tt..(F) = -Tt..(F) 
J 
J 
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["' 
Ci2 Cit 

i][~ l =[bAbA2bA3 b] ct
2 Cij I 

I 0 
(8 22) 

Cit 

I 0 0 0 kP 

where we have used ~(Al = 0. If (A, b) is controllable and (F. k) is observable. then all 
three matrices after the last equality are nonsingular. Thus (8.22) and the nonsingularity of 
t..(F) imply that Tis nonsingular. If (A. b) is uncontrollable and/or (F. k) is unobservable. 
then the product of the three matrices is singular. Therefore T is singular. This establishes 

the theorem. Q.E.D. 

We now discuss the selection ofF and k. Given a set of desired eigenvalues. there are 
infinitely many F that ha\e the set of eigenvalues. If we form a polynomial from the set. we 
can use its coefficients to form a companion-form matrix F as shown in (7.14). For this F. 
we can select k as [I 0 · · · 0] and (F. k) is observable. If the desired eigenvalues are all 
distinct, we can also use the modal form discussed in Section 4.3.1. For example, if n = 5. 
and if the five distinct desired eigenvalues are selected as A I· ct 1 ± j {3 1• and ct2 ± j fJ2. then we 
can select F as 

['' 
0 0 0 

I1 ·~ ~ 
Cit f3t 0 

-!31 Cit 0 (8 23) 

0 0 Ci2 

0 0 -!32 Ci2 

It is a block-diagonal matrix. For this F, if k has at least one nonzero entry associated \\ ith 
each diagonal block such ask= [I I 0 I 0], k =[I I 0 0 1], or k =[I I I I 1]. then (F. kl is 
observable (Problem 6.16). Thus the first two steps of Procedure 8.1 are very simple. Once F 
and k are selected. we may use the MATLAB function lyap to solve the Lyapunov equation 
in Step 3. Thus Procedure 8.1 is easy to carry out as the next example illustrates. 

ExAMPLE 8.4 Consider the inverted pendulum studied in Example 8.3. The plant state 
equation is given in (8.18) and.the desired eigenvalues were chosen as -1 ± j and -1.5 ± 0.5 j. 
We select F in modal form as 

and k = [1 0 I 0]. We type 

[

-1 

-I 
F= 

0 

0 

-I 

0 

0 

0 

0 

-1.5 

-0.5 

a= [ 0 l 0 0; 0 0 < 0; 0 0 0 l; 0 0 5 0 J ; b= [ 0: 1; 0; ~ 2 j ; 

f=:-1 1 0 O;~l -: 0 C;J 0 ~1.5 0.5;0 0 -0.5 -1.5i; 
kb=[l 0 1 OJ:t=:,"p(a,b,-b*kb); 

k=kb*inv(t) 
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The answer is [ -1.6667 - 3.6667 - 8.5833 - 4.3333], which is the same as the one obtained 
by using function place. If we use a different k = [1 I 1 1], we will obtain the same k. Note 

that the feedback gain is unique for the SISO case. 

8.3 Regulation and Tracking 

Consider the state feedback system shown in Fig. 8.2. Suppose the reference signal r is zero, 
and the response of the system is caused by some nonzero initial conditions. The problem is 
to find a state feedb'lck gain so that the response will die out at a desired rate. This is called a 
regulator problem. This problem may arise when an aircraft is cruising at a fixed altitude H0

. 

Now, because of turbulance or other factor7, the aircraft may deviate from the desired altitude. 
Bringing the deviation to zero is a regulator problem. This problem also arises in maintaining 

the liquid level in Fig. 2.14 at equilibrium. 
A closely related problem is the tracking problem. Suppose the reference signal r is a 

constant or r(t) = a, for t 2: 0. The problem is to design an overall system so that y(t) 

approaches r(t) = a as t approaches infinity. This is called asymptotic tracking of :i step 
reference input. It is clear that if r(t) = a = 0, then the tracking problem reduces to the 
regulator problem. Why do we then study these two problems separately? Indeed, if the same 
state equation is valid for all r, designing a system to track asymptotically a step reference input 
will automatically achieve regulation. However, a linear state equation is often obtained by 
shifting to an operating point and linearization, and the equation is valid only for r very small 
or zero; thus the study of the regulator problem is needed. We mention that a step reference 
input can be set by the position of a potentiometer and is therefore often referred to as set point. 
Maintaining a chamber at a desired temperature is often said to be regulating the temperature; it 
is actually tracking the desired temperature. Therefore no sharp distinction is made in practice 
between regulation and tracking a step reference input. Tracking a nonconstant reference signal 

is called a servomechanism problem and is a much more difficult problem. 
Consider a plant described by (A. b, c). If all eigenvalues of A lie inside the sector shown 

in Fig. 8.3, then the response caused by any initial conditions will decay rapidly to zero and 
no state feedback is needed. If A is stable but some eigenvalues are outside the sector, then 
the decay may be slow or too oscillatory. If A is unstable. then the response excited by any 
nonzero initial conditions will grow unbounded. In these situations, we may introduce state 
feedback to improve the behavior of the system. Let u = r - k.x. Then the state feedback 

equation becomes (A- bk, b, c) and the response caused by x(O) is 

y(t) = ce<A-bkJ'x(O) 

If all eigenvalues of (A - bk) lie inside the sector in Fig. 8.3(a). then the output will decay 

rapidly to zero. Thus regulation can easily be achieved by introducing state feedback. 
The tracking problem is slightly more complex. In general. in addition to state feedback. 

we need a feedforward gain p as 

u(t) = pr(t) - kx 

Then the transfer function from r toy differs from the one in (8.17) only by the feedforward 

gain p. Thus we have 
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gf(s) = ~(s) = p ~~s-3 + ~2s2 + ~3s + ~4 
r(s) s4 + GrtS3 + azs2 + a3S + a4 (8.24) 

If (A, b) is controllable, all eigenvalues of (A _ bk) . 
be assigned arbitrarily, in particular, assigned to lie ins~~~ eqmvalently, a~! poles of gf(s) can 
assumption, if the reference input is a ste f . . the sector m Fig. 8.3(a). Under this 
will approach the constant gf(O) . a as t _!' ~n~;~: With magnitude a, then the output y(t) 

asymptotically any step reference input, we need orem 5.2). Thus m order for y(t) to track 

l=gt(O)=p~4 or p=a4 (8"5) 
a4 ~4 ·-

which requires ~4 f. 0. From (8.16) and (8 17) we . 
of the plant transfer function. Thus ~4 f. 0 if and on see that ~4 IS the numerator constant term 
zero at s = 0. In conclusion if g'(s) h ly If the plant transfer function g(s) has no 

If 
• • as one or more zeros at s - 0 tr ki . 
g(s) has no zero at s = 0 we introduce & df - • ac ng IS not possible. ' a ,ee orward gain a · (8 25) 

system will track asymptotically any step f . s m · · Then the resulting w, . . . re erence mput. 
e summanze the preceding discussion Given (A b . . . 

may introduce state feedback to place th . · 
1 

' 'c), If (A, b) IS controllable, we 
h e eigenva ues of (A- bk) in any d · d · · 

t e resulting system will achieve regulation If (A b) . eme positiOns and 
no zero at s = 0, then after state feedback . ' . IS controllable and If c(sl- A)-Ib has 
Then the resulting system can track asymp' t:te ml~y mtroduce a feedforward gain as in (8.25). 

tca Y any step reference mput. 

8.3.1 Robust Tracking and Disturbance Rejection' 

The state equation and transfer function develo ed . 
change of load, environment or aging Th 

1 
P to descnbe a plant may change due to 

T ' · us P ant parameter variations ft · 
he equation used in the design is often called the n . . o en occur m practice. 

p m (8.25), computed for the nominal plant transfero;;;~~~l equatiOn. Th~ fee~forward gain 
nonnominal plant transfer functions Then th . wn, may not yteld gf(O) = I for 
reference input. Such a tracking is sa·I.d t b e output Will not track asymptotically anv step 

. o e. nonrobust ~ 
In this subsection we discuss a different des· · . 

disturbance rejection. Consider a plant described ~gn that can achteve robust tracking and 
disturbance w with unknown magnitud Y (

8
.l). We now assume that a constant 

e enters at the plant input as sho · F. 8 4 
the state equation must be modified as wn In 1g. . (a). Then 

x =Ax+ bu +bw 
(8.26) 

Y =ex 

The problem is to design an overall system so that h . 
any step reference input even with the f t e output y(t) Will track asymptotically 
variations. This is called robust tracSresen~e ;. a disturbance w (t) and with plant parameter 

design, in addition to introducing statenfe:;bac~st';ba~cerejection. In_ order to achieve this 
feedback from the output as shown in Fi 8 4( ) L e will mtroduce an Integrator and a unity 

g. . a . et the output of the Integrator be denoted by 

I. This section may be skipped without loss of continuity. 
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(al 

(b) 

(c) 

Figure 8.4 (a) State feedback with internal model. (b) Interchange of two summers. (c) Tran;fer

function block diagram. 

xa(t). an augmented state variable. Then the system has the augmented state vector [x' xal'· 

From Fig. 8.4(a), we have 

Xa = r - y = r - ex (8.27) 

U = (k ka] [~ J (8.28) 

For convenience, the state is fed back positively to u as shown. Substituting these into (8.26) 

yields 

(8.29) 

This describes the system in Fig. 8.4(a). 

Theorem 8.5 

If (A. b) is controllable and if g(s) = c(s I - A) -l b has no zero at s = 0, then all eigen\'alues of the 
A-matrix in (8.29) can be assigned arbitrarily by selecting a feedback gain [k ka ]. 

Proof· We show the theorem for n = 4. We assume that A, b, and c have been transformed 
into the controllable canonical form in (8.7) and its transfer function equals (8 8). Then 
the plant transfer function has no zero at s = 0 if and only if f34 f. 0. We now show that 
the pair 
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[~] (8.30) 

is controllable if and only if {34 f. 0. Note that we have assumed n = 4; thus the dimension 
of (8.30) is five because of the additional augmented state variable xa. The controllability 
matrix of (8.30) is 

[~ 
Ab A2b A3b A

4
b J 

-cb -cAb -cA2b -cA3b 

~ [~ 
0 

-a, (a I- az) + azat- a3 -at a1 -az "" l I -at ' al- az a'2s 

0 I -at GJs 

0 0 a4s 

-f3t f3tat-f3z -f3t (ai- az) + f3zat- f3J ass 

where the last column is not written out to save space. The rank of a matrix will not change 
by elementary operations. Adding the second row multiplied by {3 1 to the last row. and 
adding the third row multiplied by f3z to the last row, and adding the fourth row multiplied 
by {33 to the last row. we obtain 

[~ 
-at at- a2 -at (ai- az) + azat- a3 "" l 0 

-al aj- a2 azs 
0 I -at GJS (8.31) 

0 0 I a•s 
0 0 0 -f34 

Its detenninant is -{34 . Thus the matrix is nonsingular if and only if {34 f. 0. In conclusion, 
if (A. b) is controllable and if g(s) has no zero at s = 0. then the pair in (8.30) is 
controllable. It follows from Theorem 8.3 that all eigenvalues of the A-matrix in (8.29) 
can be assigned arbitrarily by selecting a feedback gain [k kal· Q.E.D. 

We mention that the controllability of the pair in (8.30) can also be explained from pole
zero cancellations. If the plant transfer function has a zero at s = 0, then the tandem connection 
of the integrator. which has transfer function I Is, and the plant will involve the pole-zero 
cancellation of s and the state equation describing the connection will not be controllable. On 
the other hand, if the plant transfer function has no zero at s = 0, then there is no pole-zero 
cancellation and the connection will be controllable. 

Consider again (8.29). We assume that a set of n + I desired stable eigenvalues or. 
equivalently, a desired polynomial !:;. f (s) of degree n + 1 has been selected and the feedback 
gain [k ka] has been found such that 

[
si-A-bk 

t:;.1 (s) = det c (8.32) 

Now we show that the output y will track asymptotically and robustly any step reference input 
r(t) = a and reject any step disturbance with unknown magnitude. Instead of establishing 
the assertion directly from (8.29), we will develop an equivalent block diagram of Fig. 8.4(a) 
and then establish the assertion. First we interchange the two summers between v and ii. as 
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shown in Fig. 8.4(b). This is permitted because we have u = v + kx + w before and after the 

interchange. The transfer function from ii to y is 

A N(s) I A bk)- 1b g(s) := --- := c(s - -
D(s) 

(8.33) 

with D(s) = det (si- A- bk). Thus Fig. 8.4(a) can be re~rawn as shown ~n Fig: 8.4(c). We 
next establish the relationship between !'>.1 (s) in (8.32) and g(s) in (8.33). It IS straightforward 

to verify the following equality: 

I I O][si-A-bk -bka] 
L -c(si- A- bk)- 1 1 c s 

[
si- A- bk 1 -bka J 

= 0 s + c(si- A- bk)- 1bka 

Taking its determinants and using (8.32) and (8.33), we obtain 

which implies 

_ ( N(s) ) 
1. t'>j(s) = D(s) s + ---ka 

D(s) 

This is a key equation. . 
From Fig. 8.4(c), the transfer function from w toy can read1ly be computed as 

N(s) 

D(s) g yw = ---=--"-i,_
k0N(s) 

1+--
sD(s) 

sN(s) sN(s) 

sD(s) +k.N(s) = t'>f(s) 

If the disturbance is w(t) = w for all t :::: 0, where w is an unknown constant, then w(s) = wjs 

and the corresponding output is given by 

sN(s) w wN(s) 
Yw(s) = t'>j(s)-; = t'>j(S) 

(8.34) 

Because the poles in (8.34) is canceled, all remaining poles of Yw(s) are stable poles. Therefore 
the corresponding tiine response, for any w, will die out as t -+ oo. The only cond1t1on to 
achieve the disturbance rejection is that Yw (s) has only stable poles. Thus th_e reJection still 
holds, even if there are plant parameter variations and variations in the feedforward gam ka 
and feedback gain k, as long as the overall system remains stable. Thus the disturbance IS 

suppressed at the output both asymptotically and robustly. 
The transfer function from r to y is 

ka N(s) 

s D(s) 
gy,(s) = --k-=a_;;N~-(:_s_) 

1 + ----
5 D(s) 

k0 N(s) k.N(s) 

sD(s) + k0 N(s) = t'>f(s) 
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We see that 

A r(O) = _ kaN(O) _ = ka~(O) = I 
8

> 0 · D(O) + kaN(O) kaN(O) 
(8.35) 

Equation (8.35) holds even when there are parameter perturbations in the plant transfer function 
and the gains. Thus asymptotic tracking of any step reference input is robust. Note that this 
robust tracking holds even for very large parameter perturbations as long as the overall system 
remains stable. 

We see that the design is achieved by inserting an integrator as shown in Fig. 8.4. The 
integrator is in fact a model of the step reference input and constant disturbance. Thus it is 
called the internal model principle. This will be discussed further in the next chapter. 

8.3.2 Stabilization 

If a state equation is controllable, all eigenvalues can be assigned arbitrarily by introducing 
state feedback. We now discuss the case when the state equation is not controllable. Every 
uncontrollable state equation can be transformed into 

(8.36) 

where (Ac. he) is controllable (Theorem 6.6). Because the A-matrix is block triangular. the 
eigenvalues of the original A-matrix are the union of the eigenvalues of Ac and Ac· If we 
introduce the state feedback 

u = r- kx = r- kx = r- [k 1 kz] [:;] 

where we have partitioned k as in x, then (8.36) becomes 

[!;] = [ Ac -0hckl A12 -;}ckz] [::] + [~] r (8.37) 

We see that Ac and, consequently, its eigenvalues are not affected by the state feedback. Thus 
we conclude that the controllability condition of (A, b) in Theorem 8.3 is not only sufficient 
but also necessary to assign all eigenvalues of (A - bk) to any desired positions. 

Consider again the state equation in (8.36). If Ac is stabie, and if (Ac. bel is controllable, 
then (8.36) is said to be stabi/izable. We mention that the conirollability condition for tracking 
and disturbance rejection can be replaced by the weaker condition of stabilizability. But in this 
case, we do not have complete control of the rate of tracking and rejection. If the uncontrollable 
stable eigenvalues have large imaginary parts or are close to the imaginary axis, then the 
tracking and rejection may not be satisfactory. 

8.4 State Estimator 

We introduced in the preceding sections state feedback under the implicit assumption that all 
state variables are available for feedback. This assumption may not hold in practice either 
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because the state variables are not accessible for direct connection or because sensing devices 
or transducers are not available or very expensive. In this case, in order to apply state feedback. 
we must design a device, called a state estimator or state observer. so that the output of the 
device will generate an estimate of the state. In this section, we introduce full-dimensional 
state estimators which have the same dimension as the original state equation. We use the 
circumflex over a variable to denote an estimate of the variable. For example, x is an estimate 
of x and i is an estimate of x. 

Consider then-dimensional state equation 

x =Ax+ bu 
(8.38) 

y =ex 

where A, b, and care given and the input u(t) and the output v(t) are available to us. The 
state x, however, is not available to us. The problem is to estimate x from u and y with the 
knowledge of A, b, and c. If we know A and b, we can duplicate the original system as 

i =Ax+ bu (8.39) 

and as shown in Fig. 8.5. Note that the original system could be an electromechanical system 
and the duplicated system could be an op-amp circuit. The duplication will be called an open
loop estimator. Now if (8.38) and (8.39) have the same initial state, then for any input. we have 
x(t) = x(t) for all t ::: 0. Therefore the remaining question is how to find the initial state of 
(8.38) and then set the initial state of (8.39) to that state. If (8.38) is observable, its initial state 
x(O) can be computed from u andy over any time interval, say, [0, t!]. We can then compute 
the state at t2 and set x(t2) = x(t2). Then we have x(t) = x(t) for all t :0: t2. Thus if (8.38) is 
observable, an open-loop estimator can be used to generate the state vector. 

There are, however, two disadvantages in using an open-loop estimator. First. the initial 
state must be computed and set each time we use the estimator. This is very inconvenient. 
Second, and more seriously, if the matrix A has eigenvalues with positive real parts, then 
even for a very small difference between x(t0 ) and x(l0) for some to, which may be caused by 
disturbance Or imperfect estimation of the initial State, the difference between X( I) and X(l) 

will grow with time. Therefore the open-loop estimator is, in general, not satisfactory. 
We see from Fig. 8.5 that even though the input and output of (8.38) are available. we 

Figure 8.5 Open-loop state estimator. 

~---------------1 

I I 

I ----------------
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Figure 8.6 Closed-loop state estimator. 

r---------------1 

I I 

use only the input to drive the open-loop estimator. Now we shall modify the estimator in Fig. 
8.5 to the one in Fig. 8.6, in which the output y(t) = cx(t) of (8.38) is compared with cX(t). 

Their difference, passing through ann x I constant gain vector I. is used as a correcting term. 
If the difference is zero, no correction is needed. If the difference is nonzero and if the gain I 
is properly designed. the difference will drive the estimated state to the actual state. Such an 
estimator is called a closed-loop or an asymptotic estimator or. simply, an estimator. 

The open-loop estimator in (8.39) is now modified as, following Fig. 8.6. 

i =Ax+ bu + l(y -d) 

which can be written as 

i =(A -lc)x + bu + h (8.40) 

and is shown in Fig. 8.7. It has two inputs u and v and its output yields an estimated state x. 
Let us define 

e(t) := x(t)- x(t) 

It is the error between the actual state and the estimated state. Differentiating e and then 

substituting (8.38) and (8.40) into it, we obtain 

Figure 8.7 Closed-loop state estimator. 

I ______________ _ 
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or 

e =x-i= Ax+ bu -(A- le)x- bu- I( ex) 

= (A -le)x- (A- le)x = (A- le)(x- x) 

e =(A -le)e (8.41) 

This equation governs the estimation error. If all eigenvalues of (A - lc) can be assigned 
arbitrarily, then we can control the rate for e(t) to approach zero or, equivalently, for the 
estimated state to approach the actual state. For example, if all eigenvalues of (A - le) have 
negative real parts smaller than -a, then all entries of e will approach zero at rates faster 
than e-ur. Therefore, even if there is a large error between x(to) and x(to) at initial time to, 
the estimated state will approach the actual iState rapidly. Thus there is no need to compute 
the initial state of the original state equation~ In conclusion, if all eigenvalues of (A - lc) are 
properly assigned, a closed-ioop estimator is much more desirable than an open-loop estimator. 

As in the state feedback, what constitutes the best eigenvalues is not a simple problem. 
Probably, they should be placed evenly along a circle inside the sector shown in Fig. 8.3(a). If 
an estimator is to be used in state feedback, then the estimator eigenvalues should be faster than 
the desired eigenvalues of the state feedback. Again, saturation and noise problem_s will impose 
constraints on the selection. One way to carry out the selection is by computer stmulauon. 

.,_ Theorem 8.03 

Consider the pair (A, c). All eigenvalues of (A - le) can be assigned arbitrarily by selecting a real 
constant vector I if and only if (A. c) is observable. 

This theorem can be established directly or indirectly by using the duality theorem. The 
pair (A, c) is observable if and only if (A', c') is controllable. If (A', c') is controllable, all 
eigenvalues of (A'- c'k) can be assigned arbitrarily by selecting a constant gain vector k. The 
transpose of (A'- c'k) is (A- k'c). Thus we have I= k'. In conclusion, the procedure for 
computing state feedback gains can be used to compute the gain I in state estimators. 

Solving the Lyapunov equation We discuss a different method of designing a state estimator 

for the n-dimensional state equation 

x =Ax+ bu 
(8.42) 

y =ex 

The method is dual to Procedure 8.1 in Section 8.2.1. 

,... Procedure 8.01 

1. Select an arbitrary n x n stable matrix F that has no eigenvalues in common with those of A. 

2. Select an arbitrary n x I vector I such that (F, I) is controllable. 

3. Solve the unique T in the Lyapunov equation TA - FT = le. This T is nonsingular following the 
dual of Theorem 8.4. 

4. Then the state equation 

generates an estimate of x. 

:i = Fz + Tbu + ly 

x = T-1z 

We first justify the procedure. Let us define 

e := z -Tx 

Then we have, replacing TA by FT + le, 
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e = :i - Tx = Fz + Tbu + lex - TAx - Tbu 

= Fz +lex - (FT + le)x = F(z - Tx) = Fe 
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(8.43) 

(8.44) 

IfF is stable. for any e(O), the error vector e(r) approaches zero as t -+ oo. Thus z approaches 
Tx or, equivalently, T- 1z is an estimate ofx. All discussion in Section 8.2.1 applies here and 
will not be repeated. 

8.4.1 Reduced-Dimensional State Estimator 

Consider the state equation in (8.42). If it is observable, then it can be transformed, dual to 
Theorem 8.2, into the observable canonical form in (7.14). We see that y equals x 1, the first 
state variable. Therefore it is sufficient to construct an (n - I)-dimensional state estimator to 
estimate x; for i = 2. 3, ... , n. This estimator with the output equation can then be used to 
estimate all n state variables. This estimator has a lesser dimension than (8.42) and is called a 
reduced-dimensional estimator. 

Reduced-dimensional estimators can be designed by transformations or by solving Lya
punov equations. The latter approach is considerably simpler and will be discussed next. For 
the former approach, the interested reader is referred to Reference [6, pp. 361-363]. 

,... Procedure 8.R1 

1. Select an arbitrary (n - I) x (n - I) stable matrix F that has no eigenvalues in common with those 
of A. 

2. Select an arbitrary (n - I) x I vector I such that (F, I) is controllable. 

3. Solve the unique Tin the Lyapunov equation TA-FT= le. Note that Tis an (n- I) X n matrix. 

4. Then the (n - I )-dimensional state equation 

:i = Fz + Tbu + ly (8.45) 

(8.46) 

is an estimate of x. 

We first justify the procedure. We write (8.46) as 
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[ YJ [c]. . ~ = T x =: Px 

which implies y = c:X and z = Tx. Clearly v is an estimate of ex. We now show that z is an 
estimate of Tx. Define 

e=z-Tx 

Then we have 

e = z - Tx = Fz + Tbu +lex -TAx - Tbu = Fe 

Clearly ifF is stable, then e(t) --+ 0 as t --+ oo. Thus z is an estimate of Tx. 

~ Theorem 8.6 

If A and F have no common eigenvalues, then the square matrix 

where Tis the unique solution of TA-FT = Ic, is nonsingular if and only if (A, c) is observable and 
(F. I) is controllable. 

3 Proof· We prove the theorem for n = 4. The first part of the proof follows closely the 
proof of Theorem 8.4. Let 

Ll.(s) = det (sl- A)= s4 + a 1s
3 + a 2s2 + a3s + a4 

Then, dual to (8.22), we have 

I 

0 
0 

(8.47) 

and LI.(F) is nonsingu!ar if A and F have no common eigenvalues. Note that if A is 4 x 4, 
then F is 3 x 3. The rightmost matrix in (8.47) is the observability matrix of (A. c) and will 
be denoted by 0. The first matrix after the equality is the controllability matrix of (F. I) 
with one extra column and will be denoted by C. The middle matrix will be denoted by 
A and is always nonsingu!ar. Using these notations. we write T as -LI. -I (F)CAO and P 
becomes 

P= [~] = [_LI.- 1(;)CAOJ 

= [ ~ - Ll. \FJ [ C ~ 0 J (8.48) 

Note that if n = 4, then P, 0, and A are 4 x 4; T and C4 are 3 x 4 and LI.(F) is 3 x 3. 
If (F, I) is not controllable, C4 has rank at most 2. Thus T has rank at most 2 and P is 
singular. If (A, c) is not observable, then there exists a nonzero 4 x I vector r such that 

8.5 Feedback from Estimated States 253 

Or = 0, which implies cr = 0 and Pr = 0. Thus Pis singular. This shows the necessity 

of the theorem. 
Next we show the sufficiency by contradiction. Suppose P is singular. Then there 

exists a nonzero vector r such that Pr = 0, which implies 

(8.49) 

Define a:= A Or= [a 1 a2 a3 a4]' =: [a a.]'. where a represents the first three entries of 

a. Expressing it explicitly yields 

I 

0 

0 

'] [ cr ] [ x l 0 cAr x 

0 cA2r = x 

0 cA3r cr 

where x denotes entries that are not needed in subsequent discussion. Thus we have 
ao~ = cr. Clearly (8.49) implies a4 = cr = 0. Substituting ao~ = 0 into the lower part of 

(8.49) yields 

(8.50) 

where C is 3 x 3 and is the controllability matrix of (F, I) and a is the first three entries 
of a. If (F, I) is controllable, then Ca = 0 implies a = 0. In conclusion, (8.49) and the 

controllability of (F, I) imply a= 0. 
Consider A Or = a = 0. The matrix A is always nonsingular. If (A, c) is observable, 

then 0 is nonsingular and A Or= 0 implies r = 0. This contradicts the hypothesis that r 
is nonzero. Thus if (A, c) is observable and (F, I) is controllable, then P is nonsingular. 

This establishes Theorem 8.6. Q.E.D. 

Designing state estimators by solving Lyapunov equations is convenient because the 
same procedure can be used to design full-dimensional and reduced-dimensional estimators. 
As we shall see in a later section, the same procedure can also be used to design estimators for 

multi-input multi-output systems. 

8.5 Feedback from Estimated States 

Consider a plant described by then-dimensional state equation 

x =Ax+ bu 

y =ex 
(8.51) 

If (A, b) is controllable. state feedback u = r - kx can place the eigenvalues of (A - bk) 
in any desired positions. If the state variables are not available for feedback, we can design a 
state estimator. If (A, c) is observable, a full- or reduced-dimensional estimator with arbitrary 
eigenvalues can be constructed. We discuss here only full-dimensional estimators. Consider 

then-dimensional state estimator 

~ = (A - Ic)x + bu + ly (8.52) 
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The estimated state in (8.52) can approach the actual state in (8.51) with any rate by selecting 
the vector I. 

The state feedback is designed for the state in (8.51). If xis not available, it is natural to 
apply the feedback gain to the estimated state as 

u=r-ki (8.53) 

as shown in Fig. 8.8. The connection is called the controller-estimator configuration. Three 
questions may be raised in this connection: (1) The eigenvalues of (A- bk) are obtained from 
u = r - kx. Do we still have the same set of eigenvalues in using u = r - ki? (2) Will 
the eigenvalues of the estimator be affected by the connection? (3) What is the effect of the 
estimator on the transfer function from r to y? To answer these questions, we must develop 
a state equation to describe the overall system in Fig. 8.8. Substituting (8.53) into (8.51) and 
(8.52) yields I 

x = Ax - bkx + br 

i = (A - Ic)x + b(r - ki) +lex 

They can be combined as 

[:] = [~ A-~:~ bk][;] + [:] r 

y=[c OJ[;] 
(8.54) 

This 2n-dimensional state equation describes the feedback system in Fig. 8.8. It is not easy 
to answer the posed questions from this equation. Let us introduce the following equivalence 
transformation: 

Computing p-I, which happens to equal P, and then using (4.26), we can obtain the following 
equivalent state equation: 

+ 

[:] = [A ~ bk A~\][:] + [ ~] r 

y=[cO][:] 

(8.55) 

.v Figure 8.8 Controller-estimator configuration. 

8.6 State Feedback-Multivariable Case 255 

The A-matrix in (8.55) is block triangular; therefore its eigenvalues are the union of those 
of (A- bk) and (A - lc). Thus inserting the state estimator does not affect the eigenvalues 
of the original state feedback; nor are the eigenvalues of the state estimator affected by the 
connection. Thus the design of state feedback and the design of state estimator can be carried 
out independently. This is called the separation property. 

The state equation in (8.55) is of the form shown in (6.40); thus (8.55) is not controllable 
and the transfer function of (8.55) equals the transfer function of the reduced equation 

x = (A - bk)x + br y = ex 

or 

(Theorem 6.6). This is the transfer function of the original state feedback system without using 
a state estimator. Therefore the estimator is completely canceled in the transfer function from 
r to y. This has a simple explanation. In computing transfer functions, all initial states are 
assumed to be zero. Consequently, we have x(O) = x(O) = 0, which implies x(t) = x(t) 
for all t. Thus, as far as the transfer function from r to y is concerned, there is no difference 

whether a state estimator is employed or not. 

8.6 State Feedback-Multivariable Case 

This section extends state feedback to multivariable systems. Consider a plant described by 

then-dimensional p-input state equation 

x =Ax+Bu 

y= ex 

In state feedback, the input u is given by 

u=r-Kx 

(8.56) 

(8.57) 

where K is a p x n real constant matrix and r is a reference signal. Substituting (8.57) into 

(8.56) yields 

> Theorem 8.M1 

x = (A - BK)x + Br 

y= Cx 

(8.58) 

The pair (A - BK. B). for any p x n real constant matrix K, is controllable if and only if (A. B) is 

controllable. 

The proof of this theorem follows closely the proof of Theorem 8.1. The only difference 

is that we must modify (8.4) as 
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-KB -K(A -BK)B - K(A - BK)'B] 
lp -KB -K(A-BK)B 

0 lp -KB 

0 0 lp 

where Ct and Care n x np controllability matrices with n = 4 and IP is the unit matrix of 
order p. Because the rightmost 4p x 4p matrix is nonsingular. C1 has rank n if and only if C 
has rank n. Thus the controllability property is preserved in any state feedback. As in the SISO 
case. the observability property. however. may not be preserved. Next we extend Theorem 8.3 
to the matrix case 

-. Theorem 8.M3 

All eigenvalues of (A - BK) can be assigned arbitrarily (provided complex conjugate eigen' a lues are 
assigned in pairs) by selecting a real constant Kif and only if (A. B) is controllable. 

If (A. B) is not controllable. then (A. B) can be transformed into the form shown in (8.36) 
and the eigenvalues of Ac will not be affected by any state feedback. This shows the necessity 
of the theorem. The sufficiency will be established constructively in the next three subsections. 

8.6. 1 Cyclic Design 

In this design, we change the multi-input problem into a single-input problem and then apply 
Theorem 8.3. A matrix A is called cyclic if its characteristic polynomial equals its minimal 
polynomial. From the discussion in Section 3.6. we can conclude that A is cyclic if and only 
if the Jordan form of A has one and onlv one Jordan block associated with each distinct 
eigenvalue. · 

Theorem 8.7 

If then-dimensional p-input pair (A. B) is controllable and if A is cyclic. then for almost an: p x 
vector v. the single-input pair (A. Bv) is controllable. 

We argue intuitively the validity of this theorem. Controllabilitv is invariant under anv 
equivalence transformation; thus we mav assume A to be in Jordan fo~. To see the basic ide~. 
we use the following example: -

A= [1 i ; 
0 0 0 
0 0 0 

0 

0 
0 

-1 

0 

There is only one Jordan block associated with each distinct eigenvalue; thus A is cyclic. The 
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condition for (A. B) to be controllable is that the third and the last rows of B are nonzero 

(Theorem 6.8). 
The necessary and sufficient conditions for (A. Bvl to be controllable are a i= 0 and 

f3 f= 0 in (8.59). Because a = v1 + 2v~ and f3 = v1, either a or f3 is zero if and only if 
v

1 
= 0 or v 1 jv~ = -2/1. Thus any v other than v 1 = 0 and v1 = -2vc will make (A. Bv) 

controllable. The vector Y can assume any value in the two-dimensional real space shown in 
Fig. 8.9. The conditions t• 1 = 0 and v1 = -2v~ constitute two straight lines as shown. The 
probability for an arbitrarily selected v to lie on either straight line is zero. This establishes 
Theorem 8.6. The cyclicity assumption in this theorem is essential. For example. the pair 

is controllable (Theorem 6.8). However. there is no v such that (A. Bv) is controllable 

(Corollary 6.8). 
If all eigenvalues of A are distinct. then there is only one Jordan block associated with 

each eigenvalue. Thus a sufficient condition for A to be cyclic is that all eigenvalues of A are 

distinct. 

Theorem 8.8 

If (A. B) is controllable. then for almost any p x n real constant matrix K. the matrix (A- BK) has 
only distinct eigenvalues and is. consequently. cyclic. 

We show intuitively the theorem for 11 = 4. Let the characteristic polynomial of A- BK be 

t.1 (s) = s4 + a1s
3 + a 2 s~ + a3s + a4 

where the a, are functions of the entries of K. The differentiation oft. 1 (s) with respect to s 

yields 

t.>(s) = 4s 3 + 3als
2 + 2a2s + a3 

If t.
1 

(s) has repeated roots. then ..'> 1 (s) and t.[ (s) are not coprime. The necessary and sufficient 
condition for them to be not coprime is that their Sylvester resultant is singular or 

Figure 8.9 Two-dimensic,nal real space. 
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a, a3 0 0 0 0 0 0 

a3 2a2 a, al 0 0 0 0 

az 3a 1 aJ 2a2 a_. aJ 0 0 

det 
a, 4 a2 3a, a3 2az a4 a3 
I 0 a, 4 a2 3a, a3 2a2 

=b(kiJ)=O 

0 0 0 a, 4 az 3a 1 

0 0 0 0 0 a, 4 

0 0 0 0 0 0 0 

See (7.28). It is clear that all possible solutions of b(k;1) = 0 constitute a very small subset of 

~ll real kiJ. Thus if we select an arbitrary K, the probability for its entries to meet b(kiJ) = 0 
IS 0. Thus all etgenvalues of (A - BK) wil,l be distinct. This establishes the theorem. 

With these two theorems, we can noW find a K to place all eigenvalues of (A - BK) in 
any desire~ positions. If A is not cyclic. we introduce u = w - K 1 x, as shown in Fig. 8.1 O, 
such that A := A - BK1 in 

x = (A - BK 1 )x + Bw =: Ax+ Bw (8.60) 

is cyclic. Be<:_ause (A, B) is controllable, so is (A. B). Thus there exists a p x I real vector 
v such that (A. Bv) is controllable.2 Next we introduce another state feedback w = r- K,x 
with Kz = vk, where k is a I x n real vector. Then (8.60) becomes -

x = (A - BKz)x + Br = (A - Bvk)x + Br 

Because the single-input pair (A, Bv) is controllable, the eigenvalues of (A - Bvk) can 

y 

Figure 8.10 State feedback by cyclic design. 

2. The c~oices of Kt and v are not unique. They can be chosen arbitrarily and the probability is I that they will meet 
the reqmrements. In Theorem 7.5 of Reference [5]. a proct!dure is given w choose K 1 and v with no uncertaimv. 
The computation. however, is complicated. · 

.. 
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be assigned arbitrarily by selecting a k (Theorem 8.3 ). Combining the two state feedback 

u = w- K 1x and w = r- K 2x as 

we obtain a K := K 1 + Kz that achieves arbitrary eigenvalue assignment. This establishes 

Theorem 8.M3. 

8.6.2 Lyapunov-Equation Method 

This section will extend the procedure of computing feedback gain in Section 8.2.1 to the 
multi variable case. Consider ann-dimensional p-input pair (A. B). Find a p x n real constant 
matrix K so that (A- BK) has any set of desired eigenvalues as long as the set does not contain 

any eigenvalue of A. 

> Procedure 8.Ml 

I. Select an n x n matrix F with a set of desired eigenvalues that contains no eigenvalues of A. 

2. Select an arbitrary p x n matrix K such that (F. K) is observable. 

3. Solve the unique Tin the Lyapunov equation AT- TF = BK. 

4. If T i~ singular, select a different K and repeat the process. If T is nonsingular. we compute 
K = KT- 1, and (A - BK) has the set of desired eigenvalues. 

If T is nonsingular. the Lyapunov equation and KT = K imply 

(A-BK)T=TF or A-BK=TFr' 

Thus (A- BK) and Fare similar and have the same set of eigenvalues. Unlike the SISO case 
where Tis always nonsingular, the There may not be nonsingulareven if (A. B) is controllable 
and (F, K) is observable. In other words, the two conditions are necessary but not sufficient 

for T to be nonsingular. 

;:;:. Theorem 8.M4 

If A and F have no eigen,alues in comm_on, then the unique solution T of AT-TF = BK is nonsingular 
only if (A. B) is controllable and (F, K) is observable. 

~ Proof: The proof of Theorem 8.4 applies here except that (8.22) must be modified as. for 

n =4. 

1] [~] 
0 . KF3 

or 
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- TMFJ =CEO (8.61) 

where t.(F) is nonsingular and C, L, and 0 are. respectively, n x np. np x np, and 
np x n. If Cor 0 has rank less than n, then T is singular following (3.61 ). However, 
the conditions that C and 0 have rank n do not imply the nonsingularity ofT. Thus the 
controllability of (A, B) and observability of !F. K) are only necessary conditions forT 
to be nonsingular. This establishes Theorem 8.M4. Q.E.D. 

Given a controllable (A, B). it is possible to construct an observable (F. K) so that the 
Tin Theorem 8.M4 is singular. However. after selecting F. if K is selected randomly and if 
(F. K) is ob>crvable. it is believed that the probability forT to be nonsingular is I. Therefore 
solving the Lyapunov equation is a viable method of computing a feedback gain matrix to 
achieve arbitrary eigenvalue assignment,' As in the SISO case, we may choose Fin companion 
form or in modal form as shown in (8.23). IfF is chosen as in (8.23), then we can select K as 

K =[I I 0 
0 0 0 

0 
~] or - [0 K= 

I 

0 

0 0 

0 
~] 

(see Problem 6.16). Once F and K are chosen, we can then use the MATLAB function lyap 
to solve the Lyapunov equation. Thus the procedure can easily be carried out. 

8.6.3 Canonical-Form Method 

We introduced in the preceding subsections two methods of computing a feedback gain matrix 
to achieve arbitrary eigenvalue assignment. The methods are relatively simple: howe\ er, they 
will not reveal the structure of the resulting feedback system. In this subsection. we discuss 
a different design that will reveal the effect of state feedback on the transfer matrix. We also 
give a transfer matrix interpretation of state feedback. 

In this design. we must transform (A. B) into a controllable canonical form. It is an 
extension of Theorem 8.2 to the multi variable case. Although the basic idea is the same, the 
procedure can become very involved. Therefore we will skip the details and presem the final 
result. To simplify the discussion. we assume that (8.56) has dimension 6. two inputs. and two 
outputs. We first search linearly independent columns of C = [B AB · · · A5B] in order from 
left to right. It is assumed that its controllability indices are Jl.l = 4 and 11- 2 = 2. Then there 
exists a nonsingular matrix P and x = Px will transform (8.56) into the controllable canonical 
form 

-U'Itt -Q'112 -all) -U't I~ -Ct.!]\ -a 122 

0 0 0 0 0 

0 0 0 0 0 
X= 

0 0 0 0 0 
x 

-a211 -Ct2J2 -a2JJ -a2J-l -a221 -a222 

0 0 0 0 0 
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1 bl2 

0 0 

0 0 

+ 0 0 u (8.62) 

0 1 

0 0 

y=[l3111 
13112 13m 1311· 13121 

13m] x 
13211 13212 13213 1321~ 13221 fh-n. 

Note that this form is identical to the one in (7.104). 
We now discuss how to find a feedback gain matrix to achieve arbitrary eigenvalue 

assignment. From a given set of six desired eigenvalues, we can form 

l'.j(S) = (5~ + a111S
3 + a112s

2 + a113S + a114)(s
2 + a221s + a222l 

Let us select K as 

- [I K= 
0 

&112-a112 

&212- a212 

all4- 0'1]4 -0'121 

&214- a21-+ &221 - a221 

Then it is straightforward to verify the following 

-alii -0'112 -am -all~ 

0 0 0 

0 0 0 

A-BK= 0 0 0 

-0:211 -a212 -0'213 -&214 

0 0 • 0 0 

alu-alt3 

&213- azu 

-a 122 ] 

0:222 - 0:222 

0 0 

0 0 

0 0 

0 0 

-a221 -a222 

0 

(8.63) 

(8.64) 

(8.65) 

Because (A- BK) is block triangular. for any a21l, i = I. 2, 3. 4, its characteristic polynomial 
equals the product of the characteristic polynomials of the two diagonal blocks of orders 4 
and 2. Because the diauonal blocks are of companion form, we conclude that the characteristic 

- - _e - - - - I 
polynomialof(A-BK) equals the one in (8.63). IfK = KP, then (A-BK) = P(A-BK)P- . 
Thus the feedback gain K = KP will place the eigenvalues of (A-BK) in the desired locations. 

This establishes once again Theorem 8.M3. 
Unlike the single-i-nput case. where the feedback gain is unique, the feedback gain matrix 

in the multi-input case is not unique. For example. the Kin ~8.64) yields a lower block-triangular 
matrix in (A - BK). It is possible to select a different K to yield an upper block-triangular 
matrix or a block-diagonal matrix. Furthermore, a different grouping of (8.63) will again yield 

a different K. 
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8.6.4 Effect on Transfer Matrices' 

In the single-variable case. state feedback can shift the poles of a plant transfer function g(s) to 
any positions and yet has no effect on the zeros. Or, equivalently, state feedback can change the 
denominator coefficients, except the leading coefficient l, to any values but has no effect on the 
numerator coefficients. Although we can establish a similar result for the multivariable case 
from (8.62) and (8.65), it is instructive to do so by using the result in Section 7.9. Following 

the notation in Section 7.9, we express G(s) = C(sl- A)- 1B as 

or 

y(s) = N(~)D- 1 (s)u(s) 

where N (s) and D(s) are right coprime and D(s) is column reduced. Define 

D(s)v(s) = u(s) 

as in (7.93). Then we have 

Y(s) = N(s)v(s) 

Let H(s) and L(s) be defined as in (7.91) and (7.92). Then the state vector in (8.62) is 

x(s) = L(s)v(s) 

Thus the state feedback becomes, in the Laplace-transform domain, 

u(s) = r(s) - Kx(s) = r(s) - KL(s)v(s) 

and can be represented as shown in Fig. 8.11. 
Let us express D(s) as 

D(s) = DhcH(S) + D1cL(s) 

Substituting (8.71) and (8.70) into (8.68) yields 

[DhcH(s) + D1cL(s)] v(s) = r(sJ- KL(s)v(s) 

which implies 

(8.66) 

(8.67) 

(8.68) 

(8.69) 

(8.70) 

(8.71) 

Figure 8.11 Transfer matrix 
interpretation of state feedback. 

3. This subsection may be skipped without loss of continuity. The material in Section 7.9 is needed to study this 
subsection. 
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[D;,cH(s) + (Dlc + K)L(s)] v(s) = r(s) 

Substituting this into (8.69) yields 

y(s) = N(s) [DhcH(s) + (Dlc + K)L(sJr 1 r(s) 

Thus the transfer matrix from r to y is 

(8.71) 

The state feedback changes the plant transfer matrix N(s)D- 1 (s) to the one in (8.72). We see 
that the numerator matrix N(s) is not affected by the state feedback. Neither are the column 
degree H(s) and the column-degree coefficient matrix Dhc affected by the state feedback. 
However, all coefficients associated with L(s) can be assigned arbitrarily by selecting a K. 
This is similar to the SISO case. 

It is possible to extend the robust tracking and disturbance rejection discussed in Section 
8.3 to the multivariable case. It is simpler, however, to do so by using coprime fractions: 
therefore it will not be discussed here. 

8. 7 State Estimators-Multivariable Case 

All discussion for state estimators in the single-variable case applies to the multivariable 
case; therefore the discussion will be brief. Consider then-dimensional p-input q-output state 
equation 

x = Ax+Bu 
(8.73) 

y = Cx 

The problem is to use available input u and output y to drive a system whose output gives an 
estimate of the state x. We extend (8.40) to the multi variable case as 

i = (A - LC)x + Bu + Ly (8.74) 

This is a full-dimensional state estimator. Let us define the error vector as 

e(t) := X(l) - X(l) (8.75) 

Then we have, as in (8.41 ). 

e =(A- LC)e (8.76) 

If (A, C) is observable, then all eigenvalues of (A-LC) can be assigned arbitrarily by choosing 
an L. Thus the convergence rate for the estimated state x to approach the actual state x can be 
as fast as desired. As in the SISO case, the three methods of computing state feedback gain K 
in Sections 8.6.1 through 8.6.3 can be applied here to compute L. 

Next we discuss reduced-dimensional state estimators. The next procedure is an extension 
of Procedure 8.Rl to the multi variable case. 
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Procedure 8.MR1 

Consider the 11-dimensional q-output observable pair (A. C). It is assumed that C has rank q. 

1. Select an arbitrary (11 - q) x (II - q) stable matrix F that has no eigenvalues in common with those 
of A. 

2. Select an arbitrary (n - q) x q matrix L such that (F. L) is controllable. 

3. Solve the unique (II- q) x 11 matrix Tin the Lyapunov equation TA-FT= LC. 

-t If the square matrix of order n 

p = [~] (8.77) 

is singular. go back to Step 2 and repeat the p~Jcess. If Pis nonsingular. then the (11- q )-dimensional 
state equation 

:i = Fz + TBu + Ly (8.78) 

(8.79) 

generates an estimate of x. 

We first justify the procedure. We write (8.79) as 

which implies y = Cx and z = Tx. Clearly y is an estimate of Cx. We now show that z is an 
estimate of Tx. Let us define 

Then we have 

e := z- Tx 

e = :i - Tx = Fz + TBu + LCx - TAx - TBu 

= Fz + (LC- TA)x = F(z- Tx) =Fe 

IfF is stable. then e( t) ..... 0 as t --+ x. Thus z is an estimate of Tx. 

Theorem 8.M6 

If A and F have no common eigenvalues. then the square matrix 

p := [~] 
"here Tis the unique solution of TA - FT = LC. is nonsingular only if (A. C) is observable and 
(F. L) is controllable. 

This theorem can be proved by combining the proofs of Theorems 8.l'v14 and 8.6. Unlike 
Theorem 8.6, where the conditions are necessary and sufficient for P to be nonsingular. the 
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conditions here are only necessary. Given (A. C). it is possible to construct a controllable pair 
(F. L) so that Pis singular. However, after selecting F. if Lis selected randomly and if (f. L) 

is controllable. it is believed that the probability for P to be nonsingular is I. 

8.8 Feedback from Estimated States-Multivariable Case 

This section will extend the separation property discu-,>ed in Section 8.5 to the multi variable 
case. We use the reduced-dimensional state estimator: therefore the development is more 

complex. 
Consider the n-dimensional state equation 

x =Ax+ Bu 
(8.80) 

y = Cx 

and the (11 - q )-dimensional state estimator in ( 8. 78) and ( S. 79 ). First we compute the inverse 

of Pin (8.77) and then partition it as [Q1 Q,], whereQ1 isn x q andQ: isn x (n-q): that is. 

Then the (11- q)-dimensional state estimator in (8.78) and (8.791 can be written as 

:i = Fz + TBu + Ly 

x=QJy-t-Q:z 

(8.81) 

(8 82) 

(8.83) 

If the original state is not available for state feedback. we apply the feedback gain matrix to x 

to yield 

u = r- Kx = r- KQ1y- KQ:z 

Substituting this into (8.80) and (8.82) yields 

x =Ax+ B(r- KQ1Cx- KQ:zJ 

=(A- BKQ 1Clx- BKQ:z + Br 

:i = Fz + TB(r- KQ 1 Cx - KQ:zJ + LCx 

= (LC- TBKQ 1 Clx + (F- TBKQ: Jz-"- TBr 

They can be combined as 

[
x] [ A- BKQ1C 
:i = LC- TBKQ1C 

-BKQ, J [x] [ B J 
F - TBKQ2 z + TB r 

y=[C 0][:] 

(8.84) 

(8.85) 

(8.861 

(8 87) 

This (211 - q )-dimensional state equation describes the feedback system in Fig. 8.8. As in the 

SISO case. let us carry out the following equivalence transformation 
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After some manipulation and using TA-FT == LC and (8.81), we can finally obtain the 

following equivalent state equation 

[~]==[A -
0
BK -B~Q2] [:] + [~] r 

(8.88) 

y==[C 01[:] 
This equation is similar to (8.55) for the single-variable case. Therefore all discussion there 
applies, without any modification, to thb multivariable case. In other words, the design of a 
state feedback and the design of a state estimator can be carried out independently. This is 
the separation property. Furthermore, all eigenvalues ofF are not controllable from rand the 

transfer matrix from r to y equals 

8.1 

8.2 

8.3 

8.4 

8.5 

GJ(s) == C(sl- A+ BK)-
1
B 

Given 

y == [1 1]x 

find the state feedback gain k so that the state feedback system has -1 and -2 as its 
eigenvalues. Compute k directly without using any equivalence transformation. 

Repeat Problem 8.1 by using (8.13). 

Repeat Problem 8.1 by solving a Lyapunov equation. 

Find the state feedback gain for the state equation 

II 1 

x== L~ ~ 
so that the resulting system has eigenvalues -2 and -1 ± j I. Use the method you think 

is the simplest by hand to carry out the design. 

Consider a system with transfer function 
, (s-1)(s+2) 
g(s) == (s + 1)(s- 2)(s + 3) 

Is it possible to change the transfer function to 

' s- 1 
gf(s) == (s + 2)(s + 3) 

by state feedback? Is the resulting system BIBO stable? Asymptotically stable? 

8.6 

8.7 

8.8 

8.9 

8.10 

Consider a system with transfer function 

g(s) == (s - l)(s + 2) 
. (s + l)(s - 2)(s + 3) 

Is 1t possible to change the trans"e f . 1 ' r unctwn to 

, I 
gj(S) = -

s+3 

Problems 

by state feedback? Is the resulting system BIBO stab! ? A . . e · symptotJcally stable? 

Consider the continuous-time state equation 

267 

Letu-p k F' d . - r - x. m the feedforward ain 
resultmg system has eigenvalues -2 and -gl ± p and state feedback gain k so that the 
reference mput. 1 1 and Will track asymptotically any step 

Consider the discrete-time state equation 

x[k+!] ~ u i n x[k] + [i}[k] 
y[k] == [2 0 O]x[k] 

Find the state feedback gain so that the I . 
Show that for any initial state th . resu tmg system has all eigenvalues at - == 0 
·d . ' e zero-mput response f h • d ~ · 
I entlcally zero fork ;::: 3. 0 t e .ee back system becomes 

Consider the discrete-time state equation in Probl 
where pis a feedforward gain Forth k. p em 8.8. Let u[k] == pr[k] - kx[k] 

·11 · e m roblem 8 8 fi d · ' 
WI track any step reference input Sh 1 · · n a gam P so that the output 
tr ki . . · ow a so that v[k] _ [k] " k 

ac ng IS achieved in a finite numb f . · . - r •Or :0:: 3. Thus exact 
Th. · . . er o sampling d · IS IS possible If all poles of the resultin<> peno s mstead of asymptotically. 
dead-beat design. "' system are placed at: = 0. This is called the 

Consider the uncontrollable state equation 

X=[: i _: :]x+[:]u 
. 0 0 0 -1 I 

Is It possible to find a gain k so that the . . 
eigenvalues -2. -2 _

1 
_

1 0 1 
. . equatwn with state feedback u = r _ kx h 

· · · s It possible to h · as 
about -2 -2 -2 _??Is th . ave eigenvalues -2 -2 -2 _pH 

' ' ' - · e equatiOn stabilizable? ' ' · · ow 
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8.11 Design a full-dimensional and a reduced-dimensional state estimator for the state equa
tion in Problem 8.1. Select the eigenvalues of the estimators from { -3, -2 ± }2). 

8.12 Consider the state equation in Problem 8.1. Compute the transfer function from r toy of 
the state feedback system. Compute the transfer function from r toy if the feedback gain 
is applied to the estimated state of the full-dimensional estimator designed in Problem 
8.11. Compute the transfer function from r to y if the feedback gain is applied to the 
estimated state of the reduced-dimensional state estimator also designed in Problem 8.11. 
Are the three overall transfer functions the same? 

8.13 Let 

A= 

Find two different constant matrices K such that (A- BK) has eigenvalues -4 ± 3} 
and -5 ± 4}. 

9. l Introduction 

Chapter 

Pole Placement and 
Model Matching 

We first give reasons for introducing this chapter. Chapter 6 discusses state-space analysis 
(controllability and observabilityl and Chapter 8 introduces state-space design (state feedback 
and state estimators). In Chapter 7 coprime fractions were discussed. Therefore it is logical to 
discuss in this chapter their applications in design. 

One way to introduce coprime fraction design is to develop the Bezout identity and to 
parameterize all stabilization compensators. See References [3. 6. 9. 13. 20). This approach 
is important in some optimization problems but is not necessarily convenient for all designs. 
See Reference [8). We study in this chapter only designs of minimum-degree compensators 
to achieve pole placement and model matching. \Ve will change the problems into solving 
linear algebraic equations. Using only Theorem 3.2 and its corollary. we can establish all 
needed results. Therefore we can bypass the Bezout identity and some polynomial theorems 

and simplify the discussion. 
:VIost control systems can be fonnulated as shown in Fig. 8.1. That is. given a plant with 

input " and output y and a reference signal r. design an overall system so that the output v 
will follow the reference signal r as closely as possible. The plant input " is also called the 
actuating signal and the plant output v. the controlled signal. If the actuating signal11 depends 
only on the reference signal r as shown in Fig. 9.1\a). it is called an open-loop control. If u 
depends on rand v. then it is called a closed-loop or feedback control. The open-loop control 
is. in general. not satisfactory if there are plant parameter variations due to changes of load. 
environment. or aging. It is also very sensitive to noise and disturbance. which often exist in 
the real world. Therefore open-loop control is used less often in practice. 

269 
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. The simplest is the unity-feedback 
There are many possible feedback configuratiOns. . and the compensator with 

fi . h . . Fig 9 1 (b) in wh1ch the constant gam P con guratlon s own m . . 
transfer function C(s) are to be designed. Clearly we have 

u(s) = C(s)[pr(s) - y(s)] 
(9.1) 

. l and the plant output v drive essentially the same 
Because p is a constant, the reference sJgna r . ~ · · d to have one decrree 

. · al Thus the configuratiOn IS sa1 "' 
compensator to generate an actuatmg Slgn . d of freedom 

l h 1 0 configuration also has one egree · 
of freedom. Clear Y t e open- 0 P . . F" 8 8 can be redrawn as shown 

The connection of state feedback and state estimator m le· . 

in Fig. 9.\(c). Simple manipulation yields 

1 - ) - ( ) r(s -
u 5 = I+ Ct(S)r 

Cz(s) \·(s) 
I+Ct(s)' 

(9.2) 

t crenerate au Thus the configuration 
We see that randy drive two independent compensators o"' . 

is said to have two degrees of freedom. . be obtained by modifying 
A more natural two-degree-of-freedom configuratiOn can . 

(9.1) as 

u(s) = C 1(s)r(s)- Cz(s)y(s) 
(9.3) 

. . . . . ost eneral control signal because each of r and y 
and is plotted m F1g. 9 .1( d). Thts IS the m g d . . Thus no configuration has three 

h. h h freedom m es1gmng. 
drives a compensator, w IC we ave . d f freedom configurations; see, for 

Th poss1ble two- egree-o -
degrees of freedom. ere are many . F 

9 
l(d) the two-parameter configuration; 

example, Reference [12]. We call the one m lg. · . ut-Ollt ut-feedback configuration. 
the one in Fig. 9.1(c) the controller-estlmator or p/anbt-mpore na~ral and more suitable for 

fi ration seems to e m 
Because the two-parameter con gu _ . . thl·s chapter For designs using the 

. . d 1 this conrtcruratiOn m · practical apphcat10n, we stu Y on Y "' 
61 plant-input-output-feedback configuration, see Reference [ . 

(a) 

(bi 

(d) 
(c) 

Figure 9.1 Control configurations. 
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The plants studied in this chapter will be limited to those describable by strictly proper 
rational functions or matrices. We also assume that every transfer matrix has full rank in the 

sense that if G(s) is q x p, then it has a q x q or p x p submatrix with a nonzero determinant. 
If G(s) is square, then its determinant is nonzero or its inverse exists. This is equivalent to 
the assumption that if (A, B. C) is a minimal realization of the transfer matrix, then B has full 
column rank and C has full row rank. 

The design to be introduced in this chapter is based on coprime polynomial fractions 
of rational matrices. Thus the concept of coprimeness and the method of computing coprime 
fractions introduced in Sections 7.1 through 7.3 and 7.6 through 7.8 are needed for studying 
this chapter. The rest of Chapter 7 and the entire Chapter 8, however, are not needed here. In 
this chapter, we will change the design problem into solving sets of linear algebraic equations. 
Thus the method is called the linear algebraic method in Reference [7]. 

For convenience, we first introduce some terminology. Every transfer function g(s) = 
N(s)j D(s) is assumed to be a coprime fraction. Then every root of D(s) is a pole and every 
root of N (s) is a zero. A pole is called a stable pole if it has a negative real part; an unstable 
pole if it has a zero or positive real part. We also define 

• Minimum-phase zeros: zeros with negative real parts 

• Nonminimum-phase zeros: zeros with zero or positive real parts 

Although some texts call them stable and unstable zeros, they have nothing to do with stability. 
A transfer function with only minimum-phase zeros has the smallest phase among all transfer 
functions with the same amplitude characteristics. See Reference [7. pp. 284-285]. Thus we 
use the aforementioned terminology. A polynomial is called a Hum·it~ polynomial if all its 
roots have negative real parts. 

9. 1. 1 Compensator Equations-Classical Method 

Consider the equation 

A(s)D(s) + B(s)N(s) = F(s) (9.4) 

where D(s). N(s). and F(s) are given polynomials and A(s) and B(s) are unknown poly
nomials to be solved. Mathematically speaking. this problem is equivalent to the problem of 
solving integer solutions A and Bin AD+ BN = F, where D, N. and Fare given integers. 
This is a very old mathematical problem and has been associated with mathematicians such 
as Diophantine. Bezout. and Aryabhatta. 1 To avoid controversy. we follow Reference [3] and 
call it a compensator equation. All design problems in this chapter can be reduced to solving 
compensator equations. Thus the equation is of paramount importance. 

We first discuss the existence condition and general solutions of the equation. What will 
be discussed, however, is not needed in subsequent sections and the reader may glance through 
this subsection. 

1. See Reference [21, la~t page of Preface]. 
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Theorem 9.1 

Given polynomials D(s) and N(s). polynomial solutions A(s) and B(s) exist in (9.-\) for any 
polynomial F(s) if and only if D(s) and N(s) are coprime. 

Suppose D(s) and N (s) are not coprime and contain the same factors +a. Then the 
factors+ a will appear in F(s). Thus if F(s) does not contain the factor. no solutions exist in 
(9.4). This shows the necessity of the theorem. 

If D(s) and N(s) are coprime, there exist polynomials A(s) and B(s) such that 

A(s)D(s) + B(s)N(s) = 1 (9.5) 

Its matrix version is called the Be:out identity in Reference [13]. The polynomials A(s) and 
B(s) can be obtained by the Euclidean algorithm and will not be discussed here. See Reference 
[6, pp. 578-580]. For example, if D(s) = s 2 - I and N(s) = s- 2, then A(s) = 1/3 and 
B(s) = -(s + 2)/3 meet (9.5). For any polynomial F(s), (9.5) implies 

F(s)A(s)D(s) + F(s)B(s)N(s) = F(s) (9.6) 

Thus A(s) = F(s)A(s) and B(s) = F(s)B(s) are solutions. This shows the sufficiency of the 

theorem. 
Next we discuss general solutions. For any D(s) and N(s), there exist two polynomials 

A(s) and B(s) such that 

A(s)D(s) + B(s)N(s) = 0 (9.7) 

Obviously A(s) 
Q(s), 

-N(s) and B(sl = D(s) are such solutions. Then for any polynomial 

A(s) = A(s)Fis) + Q(s)A(sl B(s) = B(s)F(s) + Q(s)B(s) (9.8) 

are general solutions of (9.4). This can easily be verified by substituting (9.8) into (9...1) and 
using (9.5) and (9.7). 

EXAMPLE 9.1 Given D(s) = s 2 - 1. N(sl = s- 2. and F(s) = s 3 + 4s 2 + 6s + 4. then 

A(s) = ~1s 3 +4s2 +6s +4) + Q(s)(-s +2) 

B(s) = -~ (s + 2)(s3 + 4s 2 + 6s + 4) + Q(s)(s 2
- 1) (9 9) 

for any polynomial Q(s), are solutions of (9...1). 

Although the classical method can yield general solutions, the solutions are not necessarily 
convenient to use in design. For example. we may be interested in solving A(s) and B(sl with 
least degrees to meet (9.4). For the polynomials in Example 9.1. after some manipulation, we 
find that if Q(s) = (s: + 6s + 15)/3. then (9.9) reduces to 

A(s) = s + 34/3 B(sl = (-22s- 23)/3 (9.10) 

9.2 Unity-Feedback Configuration-Pole Placement 273 

They are the least-degree solutions of Example 9.1. In this chapter, instead of solving the 
compensator equation directly as shown. we will change it into solving a set of linear algebraic 
equations as in Section 7.3. By so doing. we can bypass some polynomial theorems. 

9.2 Unity-Feedback Configuration-Pole Placement 

Consider the unity-feedback system shown in Fig. 9.1 (b). The plant transfer function g(s) is 
assumed to be strictly proper and of degree 11. The problem is to design a proper compensator 
C (s) of least possible degree m so that the resulting overall system has any set of n + m desired 
poles. Because all transfer functions are required to have real coefficients, complex conjugate 
poles must be assigned in pairs. This will be a standing assumption throughout this chapter. 

Let g(s) = N(s)j D(s) and C(s) = B(s)j A(s). Then the overall transfer function from 
r toy in Fig. 9.l(b) is 

pC(s)g(s) 
go(s) = --=------=--c-

1 + C(s)g(s) 

pB(s)N(s) 

B(s) N(s) 
p--

A(s) D(s) 
B(s) N(s) 

1+---
A(s) D(s) 

A(s)D(s) + B(s)N(s) 
(9.11) 

In pole assignment, we are interested in assigning all poles of g0 (s) or. equivalently. all roots 
of A(s)D(s) + B(s)N(s). In this design, nothing is said about the zeros of gn(s). As we 
can see from (9.11 ), the design not only has no effect on the plant zeros (roots of N (s)) 

but also introduces new zeros (roots of B(s)) into the overall transfer function. On the other 
hand, the poles of the plant and compensator are shifted from D(s) and A(s) to the roots of 
A(s)D(s) + B(s)N(s). Thus feedback can shift poles but has no effect on :eros. 

Given a set of desired poles, we can readily form a polynomial F(s) that has the desired 
poles as its roots. Then the pole-placement problem becomes one of solving the polynomial 
equation 

A(s)D(s) + B(s)N(s) = F(s) (9.12) 

Instead of solving (9.12) directly, we will transform it into solving a set of linear algebraic 
equations. Letdeg N(s) < deg D(s) = n anddeg B(s) ::'0 deg A(s) = m. Then F(s) in (9.12) 
has degree at most n + m. Let us write 

D(s) =Do+ D1s + D:s 2 + · · · + Dns" 

N(s) = N0 + N 1s + N:s: + · · · + N,s" 

A(s) = Ao + A1s + A2s 2 + · · · + Amsm 

B(s) = Bo + B1s + B2s 2 + · · · + Bmsm 

F(s) = Fo + F1s + F2s: + · · · + Fn+msn+m 

Dn -;6 0 

where all coefficients are real constants. not necessarily nonzero. Substituting these into (9.12) 
and matching the coefficients of like powers of s, we obtain 



274 POLE PLACEMENT AND MODEL MATCHING 

AoDo +BoNo = Fo 

A 0 D 1 + BoN1 + A1Do + B1No = F1 

There are a total of (n + m + 1) equations. They can be arranged in matrix form as 
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number of rows increases by 2. Because Dn "I 0, the new D row is linearly independent of its 
preceding rows. Thus the 2(n +I) x (2n + 1) matrix s .. has rank (2n +I) (full column rank). 
Repeating the argument, we conclude that if D(s) and N(s) are coprime and if m ::': n- L 
then the matrix Sm in (9.14) has full column rank. 

'f> Theorem 9.2 

Consider the unity-feedback system shown in Fig. 9.l(b). The plant is described by a strictly proper 
transfer function g(s) = N(s)/ D(s) with N(s) and D(s) coprime and deg N(s) < deg D(s) = n. 

(9.13) Let m ;:::: n - 1. Then for any polynomial F(s) of degree (n + m), there exists a proper compensator 
C(s) = B(s)/ A(s) of degree m such that the overall transfer function equals 

(9.14) 

0 0 0 Do Dn 

0 0 0 No N .. 

If we take the transpose of (9.13), then it becomes the standard form studied in Theorems 3.1 
and 3.2. We use the form in (9.13) because it can be extended d1rectly to the matnx case .. The 
matrix s has 2(m + 1) rows and (n + m + 1) columns and is formed from the coefficients 
of D(s) ~d N(s). The first two rows are simply the coefficients of D(s) and N(s) arranged 
in ascending powers of s. The next two rows are the first two rows s~ifted to the nght by ~ne 
position. We repeat the process until we have (m + 1) sets of coefficients. The left-han~-s1de 
row vector of(9.13) consists of the coefficients of the compensator C(s) to be solved. It C(s) 
has degree m, then the row vector has 2(m + 1) entries. The right-hand-s1de row vector of 
(9.13) consists of the coefficients of F(s). Now solving the compensator equatiOn tn (9.12) 

becomes solving the linear algebraic equation in (9.13). . 
Applying Corollary 3.2. we conclude that (9.13) has a solutio_n for any F(s) ~fand only 

if Sm has full column rank. A necessary condition for Sm to have full column rank IS that Sm 
is square or has more rows than columns, that is, 

2(m + 1) ;:::: n + m + 1 or m ;:::: 11 - I 

If m < n- 1, then Sm does not have full column rank and solutions may exist for some F(s), 
but not for every F(s). Thus if the degree of the compensator is less than n- 1, It IS not poss1ble 

to achieve arbitrary pole placement . 
If m = n _ 1, s .. _

1 
becomes a square matrix of order 2n. It IS the transpose ofthe Sylvester 

resultant in (7.28) with n = 4. As discussed in Section 7.3, S.,-1 is nonsmgular 1f and only 1f 
D(s) and N(s) are coprime. Thus if D(s) and N(s) are coprime, then Sn-1 has rank 2n (full 
column rank). Now if m increases by 1. the number of columns increases by I but the the 

go(s) = pN(s)B(s) pN(s)B(s) 

A(s)D(s) + B(s)N(s) F(s) 

Furthermore, the compensator can be obtained by soh"ing the linear algebraic equation in (9.13). 

As discussed earlier, the matrix Sm has full column rank for m ;:::: n - I; therefore, for 
any (n + m) desired poles or. equivalently, for any F(s) of degree (n + m), solutions exist in 
(9.13). Next we show that B(s)/ A(s) is proper or Am "I 0. If N(s)/ D(s) is strictly proper. 
then Nn = 0 and the last equation of (9.13) reduces to 

Because F(s) has degree (n + m), we have Fn+m "I 0 and, consequently, Am ,p 0. This 
establishes the theorem. If m = n - 1, the compensator is unique; if m > n - 1, compensators 
are not unique and free parameters can be used to achieve other design objectives, as we will 
discuss later. 

9.2.1 Regulation and Tracking 

Pole placement can be used to achieve the regulation and tracking discussed in Section 8.3. In 
the regulator problem, we have r = 0 and the problem is to design a compensator C (s) so that 
the response excited by any nonzero initial state will die out at a desired rate. For this problem, 
if all poles of g0 (s) are selected to have negative real parts, then for any gain p, in particular 
p = l (no feedforward gain is needed), the overall system will achieve regulation. 

We discuss next the tracking problem. Let the reference signal be a step function with 
magnitude a. Then r(s) =a/sand the output y(s) equals 

y(s) = go(s)F(s) = g0 (s)~ 
s 

If g0 (S) is BIBO stable, the output will approach the constant g0 (0)a (Theorem 5.2). This can 
also be obtained by employing the final-value theorem of the Laplace transform as 

lim y(t) = lim s)·(s) = g0 (0)a 
r--oc s-o 

Thus in order to track asymptotically any step reference input, g0 (s) must be BIBO stable and 
g0 (0) = 1. The transfer function from r toy in Fig. 9.l(b) is g0 (s) = pN(s)B(s)/ F(s). Thus 
we have 
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j 
•• j 

l 
d 
2 
l 

·~ 
j 

j 

1 
1 
J 

• N(O)B(O) 
go(O) = P F(O) 

which implies 

Fa 
P =BoNo 

BoNo 
=p-

Fo 

(9.15) 

Thus in order to track any step reference input, we require Bo ¥ 0 and No ¥ 0. The constant 
Bo is a coefficient of the compensator and can be designed to be nonzero. The coefficient No 
is the constant term of the plant numerator. Thus if the plant transfer function has one or more 
zeros at s = 0, then No = 0 and the plant cannot be designed to track any step reference input. 
This is consistent w!th the discussion in Section 8.3. 

If the reference signal is a ramp function or r(t) =at, fort :=:: 0, then using a similar 
argument, we can show that the overall trahsfer function g0 (s) must be BIBO stable and has 
the properties g0 (0) = I and g~(O) = 0 (Problems 9.13 and 9.14). This is summarized in the 
following. 

• Regulation¢} g0 (s) BIBO stable. 

• Tracking step reference input¢} g0 (s) BIBO stable and g0 (0) = I. 

• Tracking ramp reference input¢} g0 (s) BIBO stable, g0 (0) = I, and g~(O) = 0. 

EXAMPLE 9.2 Given a plant with transfer function g(s) = (s- 2)/(s 2 - 1), find a proper 
compensator C(s) and a gain pin the unity-feedback configuration in Fig. 9.1(b) so that the 
output y will track asymptotically any step reference input. 

The plant transfer function has degree n = 2. Thus if we choose m = I, all three poles of 
the overall system can be assigned arbitrarily. Let the three poles be selected as -2, -I ± j 1; 
they spread evenly in the sector shown in Fig. 8.3(a). Then we have 

F(s) = (s + 2)(s + 1 + j l)(s + I - j 1) = (s + 2)(s 2 + 2s + 2) = s3 + 4s 2 + 6s + 4 

We use the coefficients of D(s) = -I + 0 . s + I . s2 and N (s) = -2 + I · s + 0 · s2 to form 
(9.13)as 

[-] 0 I 

l[4 -2 0 

[Ao BoAt Btl · ·~ 6 4 1] 

-1 0 

-2 

Its solution is 

At= 1 Ao = 34/3 Bt = -22/3 Bo = -23/3 

This solution can easily be obtained using the MATLAB function I (slash), which denotes 
matrix right division. Thus we have2 

2. This is the solution obtained in (9.10). This process of solving the polynomial equation in (9.13) is considerably 
simpler than the procedure discussed in Section 9.1.1. 
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A(s) = s + 34/3 B(s) = (-22/})s- 23/3 = (-22s- 23)/3 

and the compensator 

B(s) -(23 + 22s)/3 -22s- 23 
C(s) = A(s) = 34/3 + s = 3s + 34 (9.16) 

will place the three poles of the overall system at -2 and -I± j 1. If the system is designed to 
achieve regulation, we set p = I (no feedforward gain is needed) and the design is completed. 
To design tracking. we check whether or not N0 ¥ 0. This is the case; thus we can find a p 
so that the overall system will track asymptotically any step reference input. We use (9.15) to 
compute p: 

Fo 4 
P = BoNo = ( -23/3)( -2) 

6 

23 

Thus the overall transfer function from r to y is 

• 6 [ -(22s + 23)/3](s - 2) -2(22s + 23)(s - 2) 
ga(s) = 23 (sl + 4s3 + 6s + 4) = 23(s 3 + 4s 2 + 6s + 4) 

(9.17) 

(9.18) 

Because g0 (s) is BIBO stable and g0 (0) = I, the overall system will track any step reference 
input. 

9.2.2 Robust Tracking and Disturbance Rejection 

Consider the design problem in Example 9.2. Suppose after the design is completed, the plant 
transfer function g(s) changes. due to load variations, to g(s)' = (s - 2.1)/(s2 - 0.95). Then 
the overall transfer function becomes 

-22s-23 s-2.1 

6 3s + 34 s - 0.95 
23 -22s-23s-2.1 

1+ ---
3s + 34 s - 0.95 

-6(22s + 23)(s - 2.1) 
(9.19) 

23(3sl + 12s2 + 20.35s + 16) 

This g
0

(s) is still BIBO stable, but g0 (0) = (6 · 23 · 2.1)/(23 · 16) = 0.7875 ¥I. If the 
reference input is a unit step function, the output will approach 0.7875 as t -+ x. There is 
a tracking error of over 20%. Thus the overall system will no longer track any step reference 
input after the plant parameter variations. and the design is said to be nonrobust. 

In this subsection. we discuss a design that can achieve robust tracking and disturbance 
rejection. Consider the system shown in Fig. 9.2, in which a disturbance enters at the plant 
input as shown. The problem is to design an overall system so that the plant output y will track 
asymptotically a class of reference signal r even with the presence of the disturbance and with 
plant parameter variations. This is called robust tracking and disturbance rejection. 

Before proceeding. we discuss the nature of the reference signal r (t) and the disturbance 
w(t). If both r(t) and w(t) approach zero as t --> oo. then the design is automatically 
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C(s) 

(b) 
(a) 

Figure 9_2 Robust tracking and disturbance rejection. 

. . ..j . si ned to be BIBO stable. To exclude this 
achieved if the overall system m Fig. 9·- IS de g h ero as t --+ 00 If we have 

( ) d (t) do not approac z · 
trivial case. we assume that r t an w ( ) d (t) it is not possible to achieve 
no knowledge whatsoever about the nature of .;:re~re :e ~eed some information of r(t) 
asymptotic tracking and disturbance rejection. e that the Laplace transforms of r{t) and 
and w(t) before carrying out the design. We assum 

w(t) are given by 
Nw(s) 

w(s) = L[w(t)] = Dw(s) 
N,(s) 

r(s) = L[r(t)] = D,(s) 
(9.20) 

l . I . however N,(s) and Nw(s) are unknown 
where D,(s) and Dw(s) are known po ynorma;h nknow~ magnitude a, then r(s) = ajs. 

to us. For example, if r(~) is a s~p functt~n( w\: d); it consists of a constant biasing with 
Suppose the disturbance IS w(t) - b + c sm Wo f but unknown amplitude c and 

. d · ·d with known requency Wo . 
unknown magmtude b a~ a smusm 2 w2 Let 1/J (s) be the least common denormnator 

Phase d. Then we have w(s) = Nw(s)js(s + al
1
· 

1 
xcluded because they have no 

• d • ( ) The stab e po es are e 
of the unstable poles of r(s) an w 5 

· ·t" e real parts For the examples 
effect on y as t --+ oo. Thus all roots of <P (s) have zero or poSIIV . 

, ') 
just discussed, we have 1/J (s) = 5 (s• + w~ · 

3 

~~u f . 
. . Fi 9.2(a) with a strictly proper plant transfer unctiOn 

Consider the umty-feedback system shown m g. N( ) ·me The reference stgnal r(t) and 
g'(s) = N(s)/D(s).ltisassumedthatD(s)and s arde.c(op)n-N. (s)jD (s).Leti/J(s)bethe 

'( ) _ N (s)/ D (s) an w s - w "' • 
disturbancew(t)aremodeledasr 5 - r ~() d '(s) Ifnorootofi/J(s)isazeroofg(s). 

. f h ·t ble poles of r s an w · ) h least common denommator o t e uns a 11 ·u track r (t) and reject w (t • bot 
then there exists a proper compensator such that the overa system wt 

asymptotically and robustly. 

. • s - N(s)/ D(s). then D(s)I/J(s) and N(s) are 
Proof: If no root of 1/J(s) IS a zero of g( ) - B( )/ A(s) such that the polynomial 
coprime. Thus there exists a proper compensator s 

F(s) in 

A(s)D(sli/J(s) + B(s)N(s) = F(s) 

has any desired roots, in particular, has all roots lying inside the sector shown in Fig. 

8_3(a). We claim that the compensator 
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C(s) = B(s) 
A(s)rjJ(s) 

as shown in Fig. 9.2(a) will achieve the design. Let us compute the transfer function from 
w toy: 

• N(s)jD(s) 

gyw(s) = 1 + (B(s)/ A(s)rjJ(s))(N(s)/ D(s)) 

N (s) A (s )I/> (s) 

A(s)D(s)rjJ(s) + B(s)N(s) 

Thus the output excited by w(t) equals 

N(s)A(s)rjJ(s) 

F(s) 

•. ( ) _ • ( ) • ( ) _ N(s)A(s)rjJ(s) Nw(s) 
)u· S - gyw s W s - F(s) Dw(s) (9.21) 

Because all unstable roots of Dw(s) are canceled by 1/J(s), all poles of Yw(s) have negative 
real parts. Thus we have Yw(t) --+ 0 as t --+ oo. In other words, the response excited by 
w(t) is asymptotically suppressed at the output. 

Next we compute the output y,(s) excited by r(s): 

• • • . B(s)N(s) • 
y,(s) = gy,(s)r(s) = A(s)D(s)¢(s) + B(s)N(s{(s) 

Thus we have 

e(s) := r(s)- y,(s) = (1- gy,(s))r(s) 

A(s)D(s)¢(s) N,(s) 

F(s) D,(s) 
(9.22) 

Again all unstable roots of D,(s) are canceled by ¢(s) in (9.22). Thus we conclude 
r(t)- y,(t)--+ 0 as t--+ oo. Because of linearity, we have y(r) = YwUl + y,(t) and 
r(t) - y(t) --+ 0 as t --+ oo. This shows asymptotic tracking and disturbance rejection. 
From (9.21) and (9.22), we see that even if the parameters of D(s), N(s), A(s), and B(s) 

change, as long as the overall system remains BIBO stable and the unstable roots of D, (s) 
and Dw(s) are canceled by ¢(s), the system still achieve tracking and rejection. Thus the 
design is robust Q.E.D. 

This robust design consists of two steps. First find a model 1/1/>(s) of the reference signal 
and disturbance and then carry out pole-placement design. Inserting the model inside the loop 
is referred to as the internal model principle. If the model 1 j ¢ (s) is not located in the forward 
path from w toy and from r toe, then ¢(s) will appear in the numerators of g,w(s) and g,(s) 
(see Problem 9.7) and cancel the unstable poles of w(s) and r(s), as shown in (9.21) and 
(9.22). Thus the design is achieved by unstable pole-zero cancellations of ¢(s). It is important 
to mention that there are no unstable pole-zero cancellations in the pole-placement design and 
the resulting unity-feedback system is totally stable, which will be defined in Section 9.3. Thus 
the internal model principle can be used in practical design. 

In classical control system design, if a plant transfer function or a compensator transfer 
function is of type I (has one pole at s = 0), and the unity-feedback system is designed to be 
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BIBO stable, then the overall system will track asymptotically and robustly any step reference 
input. This is a special case of the internal model principle. 

ExAMPLE 9.3 Consider the plant in Example 9.2 or g(s) = (s - 2)l(s 2 - 1). Design a 
unity-feedback system with a set of desired poles to track robustly any step reference input. 

First we introduce the internal model </J(s) =lis. Then B(s)IA<s) in Fig. 9.2(a) can be 
solved from 

A(s)D(s)</J(s) + B(s)N(s) = F(s) 

Because D(s) := D(s)dJ(s) has degree 3, we may select A(s) and B(s) to have degree 2. Then 
Fi_s) has degree 5. If we select five desired poles as -2. -2 :±: j I. and -1 :±: }2. then we have 

F(s) = (s + 2)(s2 '+ 4s + 5)(s 2 + 2s + 5) 

= s 5 + ss• + 30s 3 + 66s 2 + 85s +50 

Using the coefficients of D(s) = (s 2 -l)s = O-s+O-s 2+s 3 and N(s) = -2+s+O·s2 +0-s 3
, 

we form 

0 -1 0 1 0 0 

-2 0 0 0 0 

[Ao BoAt Bt A2 B2l 
0 0 -1 0 1 0 

0 -2 0 0 0 
= [50 85 66 30 8 1] 

0 0 0 -1 0 1 

0 0 -2 0 0 

Its solution is [127.3 -25 0 -118.7 I -96.3]. Thus we ha,·e 

B(s) -96.3s 2 - 118.7s- 25 

A(s) s 2 +127.3 

and the compensator is 

C(s) = B(s) -96.3s2 - 118.7s- 25 

A(s)</J(s) (s 2 + 127.3)s 

l'sing this compensator of degree 3. the unity-feedback system in Fig. 9.2(aJ will track robustly 
any step reference input and has the set of desired poles. 

9.2.3 Embedding Internal Models 

The design in the preceding subsection was achieved by first introducing an internal model 
l/</J(s) and then designing a proper B(s) 1 A (s). Thus the compensator B(s) I A (s )</J\s) is always 
strictly proper. In this subsection. we discuss a method of designing a biproper compensator 
whose denominator will include the internal model as a factor as shown in Fig. 9.2\b). By so 
doing, the degree of compensators can be reduced. 
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Consider 

A(s)D(s) + B(s)N(s) = F(s) 

If deg D(s) = n and if deg A(s) = n - 1. then the solution .-\is) and B(s) is unique. If 
we increase the degree of A(s) by one, then solutions are not unique, and there is one free 
parameter we can select. Using the free parameter, we may be able to include an internal model 
in the compensator, as the next example illustrates. 

EXA:\IPLE 9.4 Consider again the design problem in Example 9.2. The degree of D(s) is 2. If 
A (s) has degree 1, then the solution is unique. Let us select A (s) to have degree 2. Then F (s) 
must have degree 4 and can be selected as 

F(s) = (s 2 + 4s + 5)(s 2 +2s +5) = s• +6s 3 + !81
2 + 30s + 25 

We form 

-1 0 1 0 0 

-2 0 0 0 

0 -1 0 1 
[Ao Bo At Bt Az B:] 

0 -2 0 

0 

0 
= [25 30 18 6 1] (9.23) 

0 0 -1 0 1 

0 0 -2 0 

In order for the proper compensator 

Bo + Bts + B,s 2 

C(s) = · , 
Ao + Ats + A2s· 

to have I Is as a factor. we require A 0 = 0. There are five equations and six unknowns in 
(9.:23). Thus one of the unknowns can be arbitrarily assigned. Let us select A 0 = 0. This is 
equivalent to deleting the first row of the 6 x 5 matrix in (9.23). The remaining 5 x 5 matrix 
is nonsingular, and the remaining five unknowns can be solved uniquely. The solution is 

[Ao Bo At B1 A2 B2] = [0 - 12.5 34.8 -38.7 I -18.8] 

Thus the compensator is 

Bis) -28.8s 2 - 38.7s- 12.5 
C(s} =- = --~-----

A(s) s2 + 34.8s 

This biproper compensator can achieve robust tracking. This compensator has degree 2. one 
less than the one obtained in Example 9.3. Thus this is a better design. 

In the preceding example, we mentioned that one of the unknowns in (9.23) can be 
arbitrarily assigned. This does not mean that any one of them can be arbitrarily assigned. For 
example, if we assign A 2 = 0 or. equivalently. delete the fifth row of the 6 x 5 matrix in (9.23). 
then the remaining square matrix is singular and no solution may exist. In Example 9.4, if we 
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select Ao = 0 and if the remaining equation in (9.23) does not have a solution, then we must 
increase the degree of the compensator and repeat the design. Another way to carry out the 
design is to find the general solution of (9.23). Using Corollary 3.2, we can express the general 

solution as 

[Ao Bo A 1 B1 Az B2]=[1 -13 34.3 -38.71 -28.3]+a[2 -1 -10 0 1] 

with one free parameter a. If we select a = -0.5, then Ao = 0 and we will obtain the same 

compensator. . . 
We give one more example and discuss a different method of embeddmg 1/!(s) m the 

compensator. 

EXAMPLE 9.5 Consider the unity-feedback;;ystem in Fig. 9.2(b) with g(s) =_1/s. Design a 
proper compensator C(s) = B(s)/ A(s) so that the system will track asymptotically any step 
reference input and reject disturbance w(t) = a sin(2t + fJ) with un~own a and fJ · 

In order to achieve the design, the polynomial A(s) must contam the disturbance model 
(sz + 4). Note that the reference models is not needed because the plant already contams the 

factor. Consider 

A(s)D(s) + B(s)N(s) = F(s) 

For this equation, we have deg D(s) = n = I. Thus if m = n - 1 = 0, then the solution is 
unique and we have no freedom in assigning A (s). If m = 2, then we have two free parameters 

that can be used to assign A(s). Let 

A(s) = Ao(s2 + 4) 

Define 

D(s) = D(s)(s 2 + 4) = Do+ D 1s + Dzs
2 + D3s

3 
= 0 + 4s + 0 · S

2 
+ S

3 

We write A(s)D(s) + B(s)N(s) = F(s) as 

AoD(s) + B(s)N(s) = F(s) 

Equating its coefficients, we obtain 

[b" 
jjl Dz b,] 

- No N1 0 ~ = [Fo F1 Fz F3] [Ao Bo B1 Bz] ~ No N1 

0 No N1 

For this example, if we select 

F(s) = (s + 2)(s2 + 2s + 2) = s3 + 4s
2 

+ 6s + 4 

then the equation becomes 

[' 4 0 

~] ~ [4 6 4 I] 
- 1 0 0 

[Ao Bo 81 Bz] ~ I 0 

0 
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Its solution is [1 4 2 4]. Thus the compensator is 

B(s) 4s2 + 2s + 4 4s2 + 2s + 4 
C(s) =- = ...,---::-----

A(s) I x (s2 + 4) s2 + 4 

This biproper compensator will place the poles of the unity-feedback system in the assigned 
positions, track any step reference input. and reject the disturbance a sin(2t + fJ), both 
asymptotically and robustly. 

9.3 lmplementable Transfer Functions 

Consider again the design problem posed in Fig. 8.1 with a given plant transfer function 
g(s). Now the problem is the following: given a desired overall transfer function g0 (s). find 
a feedback configuration and compensators so that the transfer function from r to y equals 
g0 (s). This is called the model matching problem. This problem is clearly different from the 
pole-placement problem. In pole placement, we specify only poles; its design will introduce 
some zeros over which we have no control. In model matching, we specify not only poles but 
also zeros. Thus model matching can be considered as pole-and-zero placement and should 
yield a better design. 

Given a proper plant transfer function g(s), we claim that g0 (s) = I is the best possible 
overall system we can design. Indeed, if g0 (s) = I, then y(t) = r(t) fort ::':: 0 and for any 
r(t). Thus the overall system can track immediately (not asymptotically) any reference input 
no matter how erratic r(t) is. Note that although y(t) = r(t), the power levels at the reference 
input and plant output may be different. The reference signal may be provided by turning a 
knob by hand; the plant output may be the angular position of an antenna with weight over 
several tons. 

Although g0 (s) = I is the best overall system, we may not be able to match it for a given 
plant. The reason is that in matching or implementation, there are some physical constraints 
that every overall system should meet. These constraints are listed in the following: 

l, All compensators used have proper rational transfer functions. 

2. The configuration selected has no plant leakage in the sense that all forward paths from r 
to y pass through the plant. 

3. The closed-loop transfer function of every possible input-output pair is proper and BIBO 
stable. 

Every compensator with a proper rational transfer function can be implemented using the 
op-amp circuit elements shown in Fig. 2.6. If a compensator has an improper transfer function, 
then its implementation requires the use of pure differentiators, which are not standard op
amp circuit elements. Thus compensators used in practice are often required to have proper 
transfer functions. The second constraint requires that all power passes through the plant and 
no compensator be introduced in parallel with the plant. All configurations in Fig. 9.1 meet 
this constraint. In practice. noise and disturbance may exist in every component. For example, 
noise may be generated in using potentiometers because of brush jumps and wire irregularity. 
The load of an antenna may change because of gusting or air turbulence. These will be modeled 
as exogenous inputs entering the input and output terminals of every block as shown in Fig. 9.3. 
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Clearly we cannot disregard the effects of these exogenous inputs on the system. Although the 
plant output is the signal we want to control, we should be concerned with all variables inside 
the system. For example, suppose the closed-loop transfer function from r to u is not BIBO 
stable: then any r will excite an unbounded u and the system will either saturate or burn out. If 
the closed-loop transfer function from n 1 to u is improper, and if n 1 contains high-frequency 
noise. then the noise will be greatly amplified at u and the amplified noise will drive the system 
crazy. Thus the closed-loop transfer function of every possible input-{)utput pair of the overall 
system should be proper and BIBO stable. An overall system is said to be n·ell posed if the 
closed-loop transfer function of every possible input-output pair is proper; it is totally stable 
if the closed-loop transfer function of every possible input-output pair is BIBO stable. 

Total stability can readily be met in design. If the overall transfer function from r toy is 
BIBO stable and if there is no unstable pole-zero cancellation in the system, then the overall 
system is totally stable. For example. consider the system shown in Fig. 9.3(a). The overall 
transfer function from r to y is 

- I 
gvr(s) = S + I 

which is BIBO stable. However, the system is not totally stable because it involves an 
unstable pole-zero cancellation of (s - 2). The closed-loop transfer function from n2 to y 
is s/(s- 2)(s + 1), which is not BIBO stable. Thus the output will grow unbounded if noise 
n2, ewn very small, enters the system. Thus we require BIBO stability not only of ka(s) but 
also of every possible closed-loop transfer function. Note that whether or not g(s) and C(s) 

are BIBO stable is immaterial. 
The condition for the unity-feedback configuration in Fig. 9.3 to be well posed is 

C(cx:\g(oo) f. -I (Problem 9.9). This can readily be established by using Mason's formula. 
See Reference [7, pp. 200-201]. For example, for the unity-feedback system in Fig. 9.3(b), 
we haw C(oo)g(oo) = ( -1/2) x 2 = -I. Thus the system is not well posed. Indeed. the 
closed-loop transfer function from r toy is 

_ ( -s + 2)(2s + 2) 
go(s) = s + 3 

which is improper. The condition for the two-parameter configuration in Fig. 9.1 (d) to be well 
posed is g(oo)C2(oo) f. -I. In the unity-feedback and two-parameter configurations. if g(s) 

is strictly proper or g(oo) = 0, then g(x)C(oo) = 0 f. -I for any proper C(s) and the overall 
systems will automatically be well posed. In conclusion, total stability and well-posedness can 
easily be met in design. Nevertheless. they do impose some restrictions on ko (s). 

(a) 

Figure 9.3 Feedback systems. 

9.3 lmplementable Transfer Functions 285 

Definition 9.1 Given a plant with proper transfer function g(s ), an overall transfer 
function g

0
(s) is said to be implementable if there exists a no-plant-leakage configuratzon 

and proper compensators so that the transfer function from r to y in Fig. 8.1 equals 

g
0

(s) and the overall system is well posed and totally stable. 

If an overall transfer function g0 (s) is not implementable, then no matter what configura
tion is used to implement it, the design will violate at least one of the aforementioned con:traints. 
Therefore, in model matching, the selected g0 (s) must be implementable; otherwise. It IS not 

possible to implement it in practice. 

Theorem9.4 

Consider a plant with proper transfer function g(s). Then g0 (S) is implementable if and only if go(s) 

and 

t(s) := g:(s) 
g(s) 

are proper and BIBO stable. 

Corollary 9.4 

Consider a plant with proper transfer function g (s) 
implemenrable if and only if 

N(s)/D(s). Then g0 (S) 

1. All roots of F(s) have negative real parts (F(s) is Hurwitz). 

2. Deg F(s)- deg E(s) ::: deg D(s)- deg N(s) (pole-zero excess inequality). 

(9.24\ 

E(s)/ F(s) is 

3. All zeros of N (s) with zero or positive real parts are retained in E (s) (retainment of non minimum

phase zeros). 

We first develop Corollary 9.4 from Theorem 9.4. If g0 (s) = E(s)/ F(s) is BIBO stable. 
then all roots of F(s) have negative real parts. This is condition (I). We write (9.24) as 

• g0 (S) E(s)D(s) 

t(s) = g(s) = F(s)N(s) 

The condition for i (s) to be proper is 

deg F(s) + deg N(s) ::: deg E(s) + deg D(s) 

which implies (2). In order for i(s) to be BIBO stable, all roots of N(s) with zero or positive real 
parts must be canceled by the roots of E(s). Thus E(s) must contain the nonmimmum-phase 
zeros of N(s). This is condition (3). Thus Corollary 9.4 follows directly Theorem 9.4. 

Now we show the necessity of Theorem 9.4. For any configuration that has no plant 

leakage. if the closed-loop transfer function from r toy is ko(s). then we have 

y(s) = ko(s)r(s) = g(s)u(s) 
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which implies 

• §o(s) '( ) .( )'( ) u(s) = -.-r s = t s r s 
g(s) 

Thus the closed-loop transfer function from r to u is i(s). Total stability requires every closed
loop transfer function to be BIBO stable. Thus go(s) and i(s) must be BIBO stable. Well
posedness requires every closed-loop transfer function to be proper. Thus g0 (s) and i(s) must 
be proper. This establishes the necessity of the theorem. The sufficiency of the theorem will 
be established constructively in the next subsection. Note that if g(s) and i(s) are proper, then 
g0 (s) = g(s)i(s) is proper. Thus the condition for g0 (s) to be proper can be dropped from 
Theorem 9.4. 

In pole placement, the design will always introduce some zeros over which we have no 
control. In model matching, other than retai¢ing nonminimum-phase zeros and meeting the 
pole-zero excess inequality, we have complete freedom in selecting poles and zeros: any pole 
inside the open left-half s-plane and any zero in the entire s-plane. Thus model matching 
can be considered as pole-and-zero placement and should yield a better overall system than 
pole-placement design. 

Given a plant transfer function g(s), how to select an implementable model g0 (s) is not 
a simple problem. For a discussion of this problem, see Reference [7, Chapter 9]. 

9.3. 1 Model Matching-Two-Parameter Configuration 

This section discusses the implementation of g0 (s) = g(s)i(s). Clearly, if C(s) = i(s) in Fig. 
9.1 (a), then the open-loop configuration has go (s) as its transfer function. This implementation 
may involve unstable pole-zero cancellations and, consequently, may not be totally stable. 
Even if it is totally stable, the configuration can be very sensitive to plant parameter variations. 
Therefore the open-loop configuration should not be used. The unity-feedback configuration in 
Fig. 9.l(b) can be used to achieve every pole placement; however it cannot be used to achieve 
every model matching, as the next example shows. 

EXAMPLE 9.6 Consider a plant with transfer function g(s) = (s- 2)/(s2 - 1). We can readily 
show that 

• -(s-2) 
8o(S) = s2 + 2s + 2 (9.25) 

is implementable. Because g0 (0) = I, the plant output will track asymptotically any step 
reference input. Suppose we use the unity-feedback configuration with p = 1 to implement 
g0 (S). Then from 

• C(s)g(s) 
go(s) = I+ C(s)g(s) 

we can compute the compensator as 

g0 (s) -(s 2 - I) 
C(s) = = ___:__-,--:. 

g(s)[l- go(s)] s(s + 3) 
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This compensator is proper. However, the tandem connection of C(s) and g(s) involves the 
pole-zero cancellation of (s 2 - 1) = (s + I) (s - I). The cancellation of the stable pole s + 1 
will not cause any serious problem in the overall system. However. the cancellation of the 
unstable poles - I will make the overall system not totally stable. Thus the implementation 
is not acceptable. 

Model matching in general involves some pole-zero cancellations. The same situation 
arises in state-feedback state-estimator design; all eigenvalues of the estimator are not con
trollable from the reference input and are canceled in the overall transfer function. However, 
because we have complete freedom in selecting the eigenvalues of the estimator. if we select 
them properly. the cancellation will not cause any problem in design. In using the unity
feedback configuration in model matching, as we saw in the preceding example, the canceled 
poles are dictated by the plant transfer function. Thus, if a plant transfer function has poles with 
positive real parts, the cancellation will involve unstable poles. Therefore the unity-feedback 
configuration, in general, cannot be used in model matching. 

The open-loop and the unity-feedback configurations in Figs. 9.1 (a) and 9. ](b) have one 
degree of freedom and cannot be used to achieve every model matching. The configurations 
in Figs. 9.l(c) and 9.\(d) both have two degrees of freedom. In using either configuration. 
we have complete freedom in assigning canceled poles; therefore both can be used to achieve 
every model matching. Because the two-parameter configuration in Fig. 9 .I (d) seems to be 
more natural and more suitable for practical implementation, we discuss only that configuration 
here. For model matching using the configuration in Fig. 9.1(c), see Reference [6]. 

Consider the two-parameter configuration in Fig. 9.1(d). Let 

L(s) 
CJ(S) = __ . 

A1(s) 

where L(s). M(s). A 1 (s). and A 2 (s) are polynomials. We call C1 (s) the feedforward com
pensator and C2 (s) the feedback compensator. In general, A 1 (s) and Az(s) need not be the 
same. It turns out that even if they are chosen to be the same, the configuration can still be used 
to achieve any model matching. Furthermore, a simple design procedure can be developed. 
Therefore we assume A 1 (s) = Az(s) = A(s) and the compensators become 

L(s) 
CJ(S) = -

A(s) 

M(s) 
Co(s) = --

- A(s) 

The transfer function from r toy in Fig. 9.1(d) then becomes 

L(s)N(s) 

A(s)D(s) + M(s)N(s) 

N(s) 

L(s) D(s) 

A(s) N(s) M(s) 
1+---

D(s) A(s) 

Thus in model matching, we search for proper L(s)/ A(s) and M(s)/ A(s) to meet 

• E(s) L(s)N(s) 
8o (s) = -- = --::-----:--..,.::-:-

F(s) A(s)D(s) + M(s)N(s) 

(9.26) 

(9.27) 

(9.28) 
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Note that the two-parameter configuration has no plant leakage. If the plant transfer function 

g(s) is strictly proper as assumed and if C2(s) = M(s)j A(s) is proper. then the overall 
system is automatically well posed. The question of total stability will be discussed in the next 
subsection. 

Problem Given g(s) = N(s)/ D(s), where N(s) and D(s) are coprime and deg 
N(s) < degD(s) = n. and gi1·en an implenzentable g0 (s) = E(s)/ F(s). find proper 
L(s)/ A(s) and M(s)/ A(s) to meet (9.28). 

Procedure 9.1 

1. Compute 

go(s) 

N(s) 

E(s) f(s) 
(9.29) 

F(s)N(s) F(s) 

where E(s) and F(s) are coprime. Since E(s) and F(s) are implicitly assumed to be coprime. 
common factors may exist only between E (s) and N (s). Cancel all common factors between them 
anddenotetherestasE(s)andF(s).Notethatif£(s) = N(s),thenF(s) = F(s)andE(s) =I. 
l'sing (9.29), we rewrite (9.28) as 

_ E(s)N(s) L(s)N(s) 
gn (s) = = ----:-:----:-:,--

F(s) A(s)D(s) + M(s)N(s) 
(9 30) 

F!om this equation, we may be tempted to set L(s) = E(s) and solve for A(s) and M(s) from 
Fis) = A(s)D(s) + M(s)N(s). However. no proper C2(s) = M(s)/A(s) may exist in the 
equation. See Problem 9.1. Thus we need some additional manipulation. 

2. Introduce an arbitrary Hurwitz polynomial F(s) such that the degree of F(s)F(s) is 2n - I or 

higher. In other words, if deg F(s) = p, then deg F(s) :::': :!.n- I - p. Because the polynomial 

f: (s) will be canceled in the design. its roots should be chosen to lie inside the sector shown in Fig. 
S3ia). 

3. Rewrite (9.30) as 

:\o\v we set 

L(s)N(s) E(s)Fcs)N(s) g0 (S) = --~-
F(sJFcsJ A(s)D(s) + M(s),V(sl 

L(s) = E<slf:isJ 

and solve A (s) and M (s) from 

lfwe write 

A(s)D(s) + M(s)N(s) = i(l')i(s) 

A(s) == Ao + A1s + A~s 2 + · · · + Amsm 

M(s) = M0 + B1s + .11,s2 + · · + M,s"' 

F(s)F(s) =Fa+ F1s + F2s 2 + · · · + Fn+msn+m 

19.311 

(9 32) 

(9.33) 
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with m :::': n- I. then A(s) and M(s) can be obtained by solving 

with 

[Ao Mo A1 Mt ···Am Mm]S, =[Fa F1 F2 · · · Fn+m] 

0 0 
0 0 

0 

0 
Do 

No 

The computed compensators L(s) / A(s) and M (s )/ A(s) are proper. 
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(9.34) 

We justify the procedure. By introducing F(s), the degree of F(s) frcs) is 2n- I or higher 

and. following Theorem 9.2. solutions_A(s) and M(s) wtth deg L'vf(s) .::: deg A(s) = m and 
m > n _ 1 exist in (9.34) for any F(s)F(s). Thus the compensator M (s)/ A(s) ts proper. Note 

tha~if we do not introduce F(s). proper compensator M(s)/ A(s) may not exist in (9.34). 
Next we show deg L(s) :::; deg A(s). Applying the pole-zero excess inequality to (9.31) 

and using (9.32). we have 

deg ( F(s)F(s))- deg N (s) - deg L(s) :::': deg D(s)- deg N(s) 

which implies 

deg L(s) :::; deg (F(s)FcsJ)- deg D(s) = deg A(s) 

Thus the compensator L(s)/ A(s) is proper. 

ExAMPLE 9.7 Consider the model matching problem s;udied in Example 9.6. That is. given 
g(s) = (s _ 2)/(s' _ 1), match g,(s) = -(s- 2)_1(s- + 2s + 2). We tmplement tt m the 

two-parameter configuration shown in Fig. 9.1 (d). Ftrst we compute 

g,(s) = -(s- 2) -I -. ~(s) 
N(s) (s' + :!.s + 2)(s- 2) s2 + 2s + 2 F(s) 

Because the degree of F(s) is 2. we select arbitrarily Fcs) = s + 4 so that the degree of 

F(s)i(s) is 3 = 2n- I. Thus we have 

L(s) = E(s)F(s) = -(s + 4) 

and A(s) and M(s) can be solved from 

A(s)D(s) + M(s )N(s) = Fcsl f:(s) = (s 2 
+ :!.s + 2)(s + 4) 

= s 3 + 6s 2 +lOs+ 8 

(9.35) 



290 POLE PLACEMENT AND MODEL MATCHING 

or 

l
-1 

-2 

[Ao Mo A1 Mil · ·~ 

0 

-1 

-2 

The solution is Ao = 18, A1 = 1, Mo = -13, and M1 = -12. Thus we have A(s) = l8 + 5 

and M(s) = -13- 12s and the compensators are 

L(s) -(s +4) M(s) _ -(12s + 13) 
C (s) - - - C>(s) = -- - 18 1 - A(s) - s + 18 i - A(s) 5 + 

This completes the design. Note that, becau:e §a (OJ = 1, the output of the feedback system 

will track any step reference input. 

EXAMPLE 9.8 Given g(s) = (s- 2)/(s2
- 1), match 

, -(s _ 2)(4s + 2) _ -4s2 + 6s + 4 

go(s) = (s2 + 2s + 2)(s + 2) - s3 + 4s2 + 6s + 4 

This g (s) is BIBO stable and has the property iaCO) = 1 and g~(s) = 0; thus the o~erall 
syste; will track asymptotically not only any step reference input but also any ramp mput. 
See Problems 9.13 and 9.14. This g

0
(s) meets all three conditions in Corollary 9.4; thus It IS 

implementable. We use the two-parameter configuration. First we compute 

E(s) g
0
(s) -(s - 2)(4s + 2) _ -(4s + 2) 

N(s) = (s2+2s+2)(s+2)(s-2)- s3 +4s2 +6s+4 -. t(s) 

Because the degree of F(s) is 3, which equals 2n- 1 = 3, there is no need to introduce F(s) 

and we set fr (s) = 1. Thus we have 

L(s) = fr!s)E(s) = -(4s + 2) 

and A(s) and M(s) can be solved from 

l
-1 _, 

[Ao Mo A1 Mil · ·~ 

0 

-I 

-2 

1 

0 

0 

as Ao = 1, AI = 34/3. Mo = -23/3. and M1 = -22/3. Thus the compensators are 

-(4s + 2) _ -(22s + 23) 
Cl (s) = s + 34/3 C2(s)- 3s + 34 

This completes the design. Note that this design does not involve any pole-zero cancellation 

because Fcs) = l. 
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9.3.2 Implementation of Two-Parameter Compensators 

Given a plant with transfer function g (s) and an implementable model g" (s ). we can implement 
the model in the two-parameter configuration shown in Fig. 9.l(d) and redrawn in Fig. 9.4(a). 
The compensators C1(s) = L(s)jA(s) and Cz(s) = M(s)jA(s) can be obtained by using 
Procedure 9.1. To complete the design. the compensators must be built or implemented. This 
is discussed in this subsection. 

Consider the configuration in Fig. 9.4(a). The denominator A(s) of C1 (s) is obtained by 
solving the compensator equation in (9.33) and may or may not be a Hurwitz polynomial. See 
Problem 9.12. If it is not a Hurwitz polynomial and if we implement C1 (s) as shown in Fig. 
9.4(a). then the output of C1 (s) will grow without bound and the overall system is not totally 
stable. Therefore, in general, we should not implement the two compensators as shown in Fig. 
9.4(a). If we move C2(s) outside the loop as shown in Fig. 9.4ib). then the design will involve 
the cancellation of M (s). Because M (s) is also obtained by solving (9 .33 ). we have no direct 
control of M (s). Thus the design is in general not acceptable. If we move C 1 (s J inside the 
loop, then the configuration becomes the one shown in Fig. 9.-+(c). We see that the connection 
involves the pole-zero cancellation of L(s) = Fcs)E(s). We have freedom in selecting F(s). 

The polynomial E(s) is part of E(s), which. other than the nonminimum-phase zeros of N(s). 
we can also select. The nonminimum-phase zeros, however, are completely canceled in E(s). 

Thus L(s) can be Hurwitz3 and the implementation in Fig. 9.4(c) can be totally stable and is 

(a) (b) 

I 
L..--------------- _! 

(C) id) 

Figure 9.4 Two-degrees-of-freedom configurations. 

3. This may not be true in the multivariable case. 
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acceptable. However. because the two compensators L (s) I A (s) and M (s) I L (s) have different 
denominators. their implementations require a total of '2m integrators. We discuss next a better 
implementation that requires only m integrators and involves only the cancellation of Fcs). 

Consider 

• • • L(s). M(s). 
u(s) = Ct(S)r(s)- Co(s)v(s) = --r(s)- --y(s) 

- · A(s) A(s) 

= A- 1(s)[L(s) - M(s)] [~(s)] 
y(s) 

This can be plotted as shown in Fig. 9.4(d). Thus we can consider the two compensators as a 
single compensator wlth twa inputs and one output with transfer matrix 

(9.36) 

If we find a minimal realization of (9.36), then its dimension ism and the two compensators 
can be implemented using only m integrators. As we can see from (9.31), the design involves 
only the cancellation of Fcs). Thus the implementation in Fig. 9.4(d) is superior to the one in 
Fig. 9.4(c). We see that the four configurations in Fig. 9.4 all have two degrees of freedom and 
are mathematically equivalent. However, they can be different in actual implementation. 

EXAMPLE 9.9 Implement the compensators in Example 9.8 using an op-amp circuit. We write 

u(s) = Ct(s)r(s)- C2(s)v(s) = . • • • [-(4s+2) 7.33s+7.67J[r(s)J 
· s + 11.33 s + 11.33 y(s) 

= ([-4 7.33]+ 
1 

[4333 -75.38]) [~(s)] 
s + 11.33 v(s) 

Its state-space realization is, using the formula in Problem 4.1 0, 

.i: = -ll.33x + [43.33 - 75.38] [ :. ] 

u=x+[-4 7.33][:.] 

(See Problem 4.14.) This one-dimensional state equation can be realized as shown in Fig. 9.5. 
This completes the implementation of the compensators. 

9.4 Multivariable Unity-Feedback Systems 

This section extends the pole placement discussed in Section 9.'2 to the multivariable case. 
Consider the unity-feedback system shown in Fig. 9.6. The plant has p inputs and q outputs 
and is described by a q x p strictly proper rational matrix G(s). The compensator C(s) to be 
designed must have q inputs and p outputs in order for the connection to be possible. Thus 
C(s l is required to be a p x q proper rational matrix. The matrix P is a q x q constant gain 
matrix. For the time being, we assume P = Iq. Let the transfer matrix from r to y be denoted 

by Gu(s ). a q x q matrix. Then we have 

Figure 9.5 Op-amp circuit 
implementation. 

9.4 Multivariable Unity-Feedback Systems 

RC = 1 

R/75.4 -x 

R 

-y 

'I 

I '-----' : I : 
L------------ L------------

Figure 9.6 Multi variable unity feedback system with P = lq. 

G
0
(s) = [lq + G(s)C(sJr 1G(s)C(s) 

= G(s)C(s)[lq + G(s)C(slr 1 

= G(s)[lp + C(s)G(sJr 1C(s) 
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(9.37) 

The first equality is obtained from y(s) = G(s)C(s)[r(s) - y(s)]: th~ second one from 
e(s) = r(s)- G(s)C(s)e(s): and the third one from ii(s) = C(s)[r(s)- ~(s)ii(s)]. They can 
also be verified directly. For example, pre- and postmultiplying by [I"+ G(s)C(s)] in the first 

two equations yield 

G(s)C(s)[lq + G(s)C(s)] = [lq + G(s)C(s)]G(s)C(s) 

which is an identity. This establishes the second equality. The third equality can similarly be 

establis~. . . . _
1 Let G(s) = N(s)D- 1 (s) be a right copnme fractiOn and let C(s) =A (s)B(s) be a left 

fraction to be designed. Then (9.37) implies 

G
0

(s) = N(s)D- 1(s)[l +A -I (s)B(s)N(s)D- 1 (sJr 1A -I (s)B(s) 

I l-1 I B = N(s)D- 1(s) (A- 1(s)[A(s)D(s) + B(s)N(s)]D- (s) A- (s) (s) 

= N(s))[A(s)D(s) + B(s)N(sJr 1B(s) 

= N(s)F- 1(s)B(s) (9.38) 
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where 

A(s)D(s) + B(s)N(s) = F(s) (9.39) 

It is a polynomial matrix equation. Thus the design problem can be stated as follows: given 
p x p D(s) and q x p N(s) and an arbitrary p x p F(s), find p x p A(s) and p x q B(s) to 
meet (9.39). This is the matrix version of the polynomial compensator equation in (9.12). 

> Theorem 9 .M 1 

Given polynomial matrices D(s) and N(s). polynomial matrix solutions A(s) and B(s) exist in (9.39) 
for any polynomial matrix F(s) if and only if D(s) and N (s) are right coprime. 

Suppose D(s) and N(s) are not right coprime, then there exists a nonunimodular polyno
mial matrix R(s) such that D(s) = D(s)RCs) and N(s) = N(s)R(s). Then F(s) in (9.39) must 
be of the form F(s)R(s), for some polynomial matrix F(s). Thus if F(s) cannot be expressed 
in such a form, no solutions exist in (9.39). This shows the necessity of the theorem. If D(s) 
and N(s) are right coprime, there exist polynomial matrices A(s) and B(s) such that 

A(s)D(s) + B(s)N(s) =I 

The polynomial matrices A(s) and B(s) can be obtained by a sequence of elementary oper
ations. See Reference [6, pp. 587-595]. Thus A(s) = F(s)A(s) and B(s) = F(s)B(s) are 
solutions of (9.39) for any F(s). This establishes Theorem 9.Ml. As in the scalar case, it 
is possible to develop general solutions for (9.39). However. the general solutions are not 
convenient to use in our design. Thus they will not be discussed. 

Next we will change solving (9.39) into solving a set of linear algebraic equations. 
Consider G(s) = N(s)D- 1(s), where D(s) and N(s) are right coprime and D(s) is column 
reduced. Let f.Li be the degree of the ith column of D(s). Then we have, as discussed in 
Section 7.8.2. 

degG(s) = degdet D(s) = f.Lt + J.L2 + · · · + f.lp =: n 

Let f.l := max(f.lt, f.l2, ... , f.lp). Then we can express D(s) and N(s) as 

D(s) =Do+ D 1s + D:s 2 + · · · + D'"s'" 

N(s) =No+ N 1s + N2s 2 + · · · + N'"s'" 

(9.40) 

Note that D" is singular unless f.lt = f.l2 = · · · = f.lp· Note also that N" = 0, following the 

strict properness assumption of G(s). We also express A(s), B(s), and F(s) as 

A(s) = Ao + Ats + A2s 2 + · · · + Ams"' 

B(s) = Bo + Bts + B2s2 + · · · + Bms"' 

F(s) = Fo + Fts + Fzs 2 + · · · + Fi<+ms"+m 

Substituting these into (9.39) and matching the coefficients of like powers of s, we obtain 

(9.41) 
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where 

Do Dt D" 0 0 0 

No Nt N" 0 0 0 

0 Do D~<-t D" 0 0 

Sm := 0 No N~<-t N" 0 0 (9.42) 

0 0 0 

0 0 0 

The matrix Sm has m + 1 block rows; each block row consists of p D-rows and q N-rows. 
Thus Sm has (m + l)(p + q) number of rows. Let us search linearly independent rows of Sm in 
order from top to bottom. It turns out that if N (s )D- 1 (s) is proper. then all D-rows are linearly 
independent of their previous rows. AnN -row can be linearly independent of its previous rows. 
However, if anN-row becomes linearly dependent, then, because of the structure of Sm. the 
same N-rows in subsequent N-block rows will be linearly dependent. Let vi be the number of 
linearly independent ith N-rows and let 

v := max{v1, v2, ... , vq} 

It is called the row index of G(s). Then all q N-rows in the last N-block row of Sv are linearly 
dependent on their previous rows. Thus Sv-I contains all linearly independent N-rows and its 
total number equals, as discussed in Section 7.8.2, the degree of G(s), that is. 

VJ + Vz + · · · + Vq = n (9.43) 

Because all D-rows are linearly independent and there are a total of pv D-rows in Sv-I, we 
conclude that Sv-t has n + pv independent rows or rank n + pv. 

Let us consider 

It has p(f.l + I) number of columns; however, it has at least a total of 'L;'=1 (f.l - f.ld zero 
columns. In the matrix S1, some new zero columns will appear in the rightmost block column. 
However, some zero columns in So will not be zero columns in S1• Thus the number of zero 
columns in S1 remains as 

p 

a:= L(f.l- f.ld = Pf.l- Cf.lt + f.L2 + · · · + f.lp) = Pf.l- n (9.44) 

i=l 
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In fact, this is the number of zero columns inS,,. m = 2. 3 ..... Let S"_ 1 be the matrix S1,-t 

after deleting the'e zer~ columns. Because the number of columns inS, is pi!L + I + 111 ). the 
number of columns in s,._[ is 

f3 := p(fi + I+ v- I)- I Pfl- 11) = pv + 11 (9.-+5) 

The rank of S1,_ 1 clearly equals the rank of S"_ 1 or pv + n. Thus S1,_ 1 has full column rank. 

Now if m increases by I. the rank and the number of the columns of S, both increase ?) 
p (because the p new D-rows are all linearly independent of their previous rows): thus S, 

still has full column rank. Proceeding forward. we conclude that S"', for 111 ::: 11 - I. has full 
column rank. 

Let us define 

H, (5) := diag(S 111
, s 1

'' • •••• s''r) (9 .+6) 

and 

H,. (s) = diag(s"''. 5"'' ..... s"'r) (9.-+7) 

Then we have the following matrix version of Theorem 9.2. 

Theorem 9.M2 

Consider the unity-feedback system shown in Fig. 9.6 with P = Iq. The plant is described by a q x p 

strictly proper rational matrix G(s) Let G(s) be factored as G(s) = N (s )D- 1 (s ). where D(s) and 
)\;(s) are right coprime and Dis) is column reduced with column degrees fi;. i =I. 2 ..... p. Let v 

be the ro\\ index of G(.>) and let m, ::: v - I fori = I. 2 . .... p. Then for any p x p poly nominal 
matrix F Ll'). such that 

lim H; 1 (s)Fi>!H,~ 1 (sJ = Fh (9 .!8) 
1-::X... 

is a nonsingular constant matrix. there exists a p x q proper compensator A -I (5 JB(s ). \\here A(s l is 
ro\\ reduced with row degrees m,. such that the transfer matrix from r toy equals 

G,(5) =N(s)F- 1(s)B(s) 

Furthennore. the compensator ~an be obtained by ~oh·ing seb of linear algebraic equations in (9.-+ ll. 

Proof: Let m = max ( m 1 , 111: ..... m P). Cnnsider the constant matrix 

It is formed from the coefficient matrices of F(s) and has order p x (Ill+ 11 + I). Clearly 
F(s) has column degrees at most m + fi,. Thus F has at least a number nf zero columns. 
where a is given in 19.4.+). Furthermore. the positions of these zero columns coincide 
with those of S,. Let F be the constant matrix F after deleting these zero columns. Nnw 
consider 

[AoBoAJ B1 (9..f9) 
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It is obtained from (9 ..f I l by deleting a number of zero cnlumns inS,, and the conespond
ing zero cnlumns in F. !\'ow because Sm has full column rank if m :::: I'- I. we conclude 
that for any F(s) of column degrees at most m + fi,. solutions A, and B, exist in (949!. Or. 
equivalently, polynomial matrices A(5) and B(5) of row degree m or less exist in i9A9). 
Note that generally S"' has more rows than columns: therefore solutions of (9A9J are not 
unique. 

Next we show that A -I (s)B(s) is proper. Note that D1, is. in general. singular and the 
method of proving Theorem 9.2 cannot be used here. Using H,(s) and R-ls ). we write. 
as in (7.80). 

D(s) = [Dh, + D~r(s)H,- 1 (sJ]HcCn 

Nis) = [Nh, + Nz,(.nH: 1 (s)]H,(s) 

Ais) = H,(s)[Aiir + H; 1(5)At,(s)j 

B(sl = H,(5)[B!J, + H; 1(5)B1,(5)] 

F(s) = H,(s)[Fh + H; 1 (5)F,(s)H~ 1 (sJ]H,isJ 

where Dic\5)H;:- 1 (5), N1,(s)H,~ 1 (s), H; 1 (s)A,,(5). H,~ 1 (s JB1,(s ). and H;- 1 (sJF, (s)H;- 1
t. 5 l 

are all strictly proper rational functions. Substituting the above into (9.39) yields. at s = x. 

which reduces to. because Nh, = 0 following strict properness of G(s ). 

Because D\5) is column reduced. D/i, is nonsingular. The constant matrix Fh is nonsingular 
by assumption: thus A:, = FhD;,1 is nonsingular and A(s) is rO\\ reduced. Therefc>re 
A - 1(5)B(s) is proper !Corollary 7.8). This establishes the theorem. Q.E.D. 

A polynomial matrix Fis) meeting (9A8) is said to be row-column reduced with W\\ 

degrees m, and column degrees fi;. If 1111 = m2 = · · · = mP = m. then the row-column 
reducedness is the same as column reducedness with column degrees m + fl,. In applicatic•n. 
we can select F(s) tn be diagonal or triangular with polynomials with desired roots as its 

diagonal entries. Then F- 1 ( s l and. consequently. G, (s) have the desired roots as their poles. 
Consider a;win S,_ 1• It is of order (p + q)v x (fi + v)p. It has a = Pll - n number 

nf zero column; Thus the matrix s,._\ is of mder lp + q)v X [(J! + \')P- (f'f.!- Ill] or 
(p + q)v x (vp + n). The matrix S,,_ 1 contains pv linearly independent D-rows but contains 
nnly v1 + · · · + v,1 = nlinearly independent /V-rows. Thus Sv-! contains 

y := ( p + q )v - pv - 11 = q v - n 

linearly dependent JV-rows. Let Sv-1 be the matrix s,_J after deleting these linearly dependent 

N-rows. Then the matrix S, _1 is of order 

[(p + qh•- (qv -11)] x (vp + n) = (vp + n) x (l'P + n) 

Thus S,._ 1 is square and nonsingular. 
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Consider (9.49) with m = v- 1: 

KSv-1 := (Ao Bo A1 B1 

It actually consists of the following p sets of linear algebraic equations 

i = 1. 2 ..... p 
(9.50) 

where k; and r, are the ith row of K and F. respectively. Because Sv-1 has full column rank, for 

any f.. solutions k; exist in (9.50). Because Sv-l has more y rows than columns. the general 
solution of (9.50) contains y free parameters (Corollary 3.2). If m inS,. increases by 1 from 
v - 1 to v, then the number of rows of Sv increases by (p + q) but the rank of Sv increases 

only by p. In this case, the number of free p\u-arneters will increase from y to y + q. Thus in 

the MIMO case. we have a great deal offreedom in carrying out the design. 
We discuss a special case of (9.50). The matrix Sv-l has y linearly dependent N-rows. If 

we delete these linearly dependent N -rows from Sv-l and assign the corresponding columns 

in B; as zero. then (9 .50) becomes . 

(Ao Bo · · · Av-1 Bv-dSv-1 = F 
where Sv-1 is. as discussed earlier, square and nonsingular. Thus the solution is unique. This 

is illustrated in the next example. 

EXAMPLE 9.10 Consider a plant with the strictly proper transfer matrix 

(9.51) l/s1=[1 1/s 0 

The fraction is right coprime and D(s) is column reduced with column degrees J.l.l = 2 and 

J.l-2 = l. We write 

[
0 01 [0 01 [ 1 01 , D(s) = 0 0 + 0 1 5 + 0 0 s-

and 

N(s)=[~ ~1+[~ ~}+[~ ~1s2 

We use MATLAB to compute the row index. The QR decomposition discussed in Section 7.3 .1 

can reveal linearly independent columns. from left to right, of a matrix. Here we need linearly 

independent rows. from top to bottom, of S,.; therefore we will apply QR decomposition to 

the transpose of Sm. We type 

d l = [ 0 0 0 0 1 0 J ; d2 = [ 0 0 0 1 0 0 J ; 
n1 = [ 1 1 0 0 0 0 J ; n2 = [ 0 1 0 0 0 0 J ; 
s1=[d1 0 O;d2 0 O;n1 0 O;n2 0 0; ... 

0 0 d1;0 0 d2;0 0 nl;O 0 n2]; 

[q,r]=qr(s1') 

which yields, as in Example 7.7, 

9.4 Multivariable Unity-Feedback 5 ystems 

dl 0 0 0 0 0 0 0 

0 d2 0 0 0 0 X X 

0 0 nl x 0 0 0 0 

r = 0 0 0 n2 0 0 0 0 
0 0 0 0 dl 0 0 0 

0 0 0 0 0 d2 0 0 

0 0 0 0 0 0 nl 0 

0 0 0 0 0 0 0 
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The matrix q ·s d . 0 I not nee ed and IS not typed I th . nonzero tr' Th · n e matnx r we us d · en les. e nonzero diagonal entri f . . ' ex· 
1

• and ni to denote 
or, equivalently. linearly independent ro efsSo ~'~leld the lmearly independent columns ofS' 
N 1 ws 0 I· vve see that the I' I 

-rows and one linearly independent N2- Th r':_ are two mearly independent 
three linearly independent N-rows Th f row. e. degree of G(s) is 3 and we have found 

2 

· ere ore there 1s no d 
vi = and v:! = 1. Thus the row index is - 7 W nee to search further and we have 

for any column-reduced F(s) of col dv - -· e select m I = m2 = m = v - I = l Thus 
p umn egrees m + 11 _ 3 d · 

roper compensator such that the resulting unit -feedb I - an m + J.l-2 = 2, we can find a 
matnx. Let us choose arbitrarily y ack system has F(s) as its denominator 

F(s) = [ (s2 + 4s ~ 5)(s + 3) 0 
s 2 + 2s + 5] 

= [15+17s~7s2+ 5 3 

and form (9.41) with m =v-I= 1: 

0 0 0 0 

0 0 0 

I 0 0 

0 0 0 
[Ao Bo A1 B!l 

0 0 0 0 

0 0 0 0 

0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 I 

0 0 

0 

0 

0 

0 

0 

0 

00 I 0000 

0 0 0 I 0 0 I 0 

(9.52) 

= [15 0 17 0 7 0 OJ -
0 5 0 2 0 1 0 0 = F (9.53) 

The. a in (9.44) is 1 for this problem. Thus S and -see~~ (9.53). After deleting the zero col lh F both h~ve one zero column as we can 
any F, solutions exist in (9 53) Th umn2 t e remammg Sl has full column rank and fo 

. . e matnx SI has order 8 x 7 and solutions are not uni~uer 
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In searching the row index, we knew that the last row of S1 is a linearly dependent row. If 
we delete the row, then we must assign the second column of B 1 as 0 and the solution will be 
unique. We type 

d1 = [ 0 0 0 0 0 1 J ; d2 = [ 0 
n1=[l 1 0 0 0 OJ ;n2=[0 
dlt=[O 0 0 0 1] ;d2t=[C 
s1t=[d1 O;d2 O;n1 O;n2 

flt=LlS 0 17 0 : lJ; 

fltlslt 

0 0 

l 0 

0 0 

0; 0 

1 

0 

0 

0 0 J ; 

0 OJ; 

0] ;nlt== [0 1 0 0 0 J; 

d1t;O 0 d2t;O 0 nltl; 

which yields [7 - 17 15 - 15 1 0 17]. Computing once again for the second row ofF, we 

can finally obtain 

-17 

2 

15 

0 

-15 1 0 

5 0 
17 OJ 
0 0 

Note that MATLAB yields the first 7 columns; the last column 0 is assigned by us (due to 
deleting the last row of S 1 ). Thus we have 

[
7 +s 

A(s) = 
0 

-17] 
2+s 

B [
15+17s 

(s) = 
0 

and the proper compensator 

C(s)=[s~7 -17]-
1

[17s+15 
s + 2 0 

will yield the overall transfer matrix 

• [1 1
1
][(s

2
+4s+

0
5)(s+3) 

G0 (S) = O 
0 ]-1 

s2 + 2s + 5 

x[17s;15 -;5] (9.54) 

This transfer matrix has the desired poles. This completes the design. 

The design in Theorem 9.M2 is carried out by using a right coprime fraction of G(s). We 

state next the result by using a left coprime fraction of G(s). 

> Corollary 9.M2 

Consider the unity-feedback system shown in Fig. 9.7. The plant is described by a q X p strictly proper 

rational matrix G(s). Let G(s) be factored as G(s) = i)-1(s)N(s), where D(s) and N(s) are left 
coprime and D(s) is row reduced with row degrees v,, i = 1, 2, ... , q. Let 11. be the column index of 

G(s) and let m; ?: 11.- 1. Then for any q x q row-column reduced polynominal matrix F(s) such that 

lim diag(s-"1 , s _,,, ... , s-vq )F(s)diag(s-m 1 , s-mo, ... , s-mq) = Fh 
s~x 
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Figure 9.7 Unity feedback with G(s) = i)-I (s)l'\i(s). 

i~ a nonsingular constant matrix. there exists a p x q proper compensator C(s) = B(s )A -I (s ), where 
A(s) is column reduced with column degrees m,, to meet 

(9.55) 

and the transfer matrix from r toy equals 
- - --I -

G 0 (s) =I- A(s)F (s)Dis) (9.561 

Substituting G(s) = i)-I N(s) and C(s) = B(.l)A -I (s) into the first equation in (9.37) 

yields 

Go(s) =[I+ D- 1(s)N(s)B(s)A -I (sJr 1D- 1(s)l'li(s)Bis)A -I (s) 

= A(s)[D(sJA(s) + Nis)B(sJr 1N(s)B(.I)A -t !sJ 

which becomes. after substituting (9.55), 

G
0
(s) = A(s)F- 1(s)[F(s)- D(s)A(s)]A-

1
(s) 

=I- AciJF- 1 (s)D(s) 

This establishes the transfer matrix from r to yin the theorem. The design in Corollary 9.M1 
hinges on solving (9.55). Note that the transpose of (9.55) becomes (9.39): left coprime and 
row reducedness become right coprime and column reducedness. Thus the linear algebraic 
equation in (9.4l) can be used to solve the transpose of (9.55). We can also solve (9.55) 
directly by forming 

Do No 0 0 0 0 
Bo 

Dt N1 Do No ~.\o 0 0 

Bt 

Tm At D~~ N,. Dn-I Nn-1 0 0 

Bm 
0 0 i>, Nn Do No 

A, 
0 0 0 0 Dn N,. 
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Bo 
Ao 
Bt Ft 

[ 

Fo ] 

j 
J 
j 
l 

J 

J 

X At 

Bm 
Am 

Fz 

= Fn+m 

(9.57) 

We search linearly independent columns ofTm in order from left to right. Let f1 be the column 
index of G(s) or the least integer such that T,_ 1 contains n linearly independent N-columns. 
Then the compensator can be solved from (9.57) with m = f1 - I. 

9.4. l Regulation and Tracking 1 
As in the SISO case, pole placement can be used to achieve regulation and tracking in 
multi variable systems. In the regulator problem, we have r = 0 and if all poles of-the overall 
system are assigned to have negative real parts, then the responses caused by any nonzero 
initial state will decay to zero. Furthermore, the rate of decaying can be controlled by the 
locations of the poles; the larger the negative real parts, the faster the decay. 

Next we discuss tracking of any step reference input. In this design, we generally require 
a feedforward constant gain matrix P. Suppose the compensator in Fig. 9.6 has been designed 
by using Theorem 9.M2. Then the q x q transfer matrix from r toy is given by 

(9.58) 

If Ga(s) is BIBO stable, then the steady-state response excited by r(t) = d. fort > 0. or 
r(s) = ds- 1

, where dis an arbitrary q x I constant vector, can be computed as, using the 
final-value theorem of the Laplace transform. 

lim y(t) =lim sG0 (s)ds- 1 = G 0 (0)d 
t-+oo s--+0 

Thus we conclude that in order for y(t) to track asymptotically any step reference input, we 
need, in addition to BIBO stability, 

(9.59) 

Before discussing the conditions for meeting (9.59), we need the concept of transmission zeros. 

Transmission zeros Consider a q x p proper rational matrix G(s) = N(s)D- 1 (s), where 
N(s) and D(s) are right coprime. A number A., real or complex, is called a transmission ~era 

of G(s) if the rank of N(A.) is smaller than min(p, q). 

EXAMPLE 9.11 Consider the 3 x 2 proper rational matrix 

['~' <: l l [5: 1 

0 

][s+2 Gt(S) = 0 ~r s· s + 1 0 s-
s + 1 I s 

s+2 s 
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This N(s) has rank 2 at every s: thus Gt (s) has no transmission zero. Consider the 2 x 2 proper 
rational matrix 

o J [s + 2 o]-l 
s +2 0 s s:2]=[~ 

s 

This N(s) has ~ank I at s = 0 and s = -2. Thus G2(s) has two transmission zeros at 0 and 
-2. Note that G(s) has poles also at 0 and -2. 

From this example. we see that a transmission zero cannot be defined directly from G(s ); 

it must be defined from its coprime fraction. Either a right coprime or left coprime fraction 
can be ,used and each yields th~ same_ set of transmission zeros. Note that if G(s) is square 
and i!' G(s) = N(s)D- 1 (s) = n-t (s)N(s), where N(s) and D(s) are right coprime and D(s) 

and N(s) are left coprime, then the transmission zeros of G(s) are the roots of det N(s) or the 
roots of det N(s). Transmission zeros can also be defined from a minimal realization of G(s). 
~et (A, B, C, D) be any n-dimensional minimal realization of a q x p proper rational matrix 
G(s ). Then the transmission zeros are those ). such that 

[Al-A B] 
rank -C D < n + min(p. q) 

This is used in the MATLAB function tzero to compute transmission zeros. For a more 
detailed discussion of transmission zeros, see Reference [6. pp. 623-635]. 

Now we are ready to discuss the conditions for achieving tracking or for meeting (9.59). 
Note that N(s), F(s), and B(s) are q x p. p x p, and p x q. Because Iq has rank q, a necessary 
condition for (9.59) to hold is that the q x p matrix N(O) has rank q. Necessary conditions 

for p(N(O)) = q are p ::: q and s = 0 is not a transmission zero of G(s). Thus we conclude 
that in order for the unity-feedback configuration in Fig. 9.6 to achieve asymptotic tracking, 
the plant must have the following two properties: 

• The plant has the same or a greater number of inputs than outputs. 

• The plant transfer function has no transmission zero at s = 0. 

Under these conditions. N(O) has rank q. Because we have freedom in selecting F(s), we can 
select it such that B(O) has rank q and the q x q constant matrix N(O)F- 1 (O)B(O) is nonsingular. 
Under these conditions, the constant gain matrix P can be computed as 

(960) 

Then we have Go(O) = Iq. and the unity-feedback system in Fig. 9.6 with Pin (9.60) will 
track asymptotically any step reference input. 

9.4.2 Robust Tracking and Disturbance Rejection 

As in the SISO case, the asymptotic tracking design in the preceding section is not robust. In 
this section. we discuss a different design. To simplify the discussion, we study only plants with 
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Figure 9.8 Robust tracking and disturbance rejection. 

an equal number of input terminals and output \erminals or p = q. Consider the unity-feedback 
system shown in Fig. 9.8. The plant is described by a p x p strictly proper transfer matrix 

factored in left coprime fraction as G(s) = i)- 1(s)N(s). It is assumed that p x I disturbance 
w(t) enters the plant input as shown. The problem is to design a compensator so that the output 
y(t) will track asymptotically a class of p x I reference signals r(t) even with the presence 
of the disturbance w(t) and with plant parameter variations. This is called robust tracking and 
disturbance rejection. 

As in the SISO case. we need some information on r(r) and w(t) before carrying out the 
design. We assume that the Laplace transforms of r(r) and w(t) are given by 

r(s) = L[r(t)) = Nr(sJD; 1Cs) w(s) = L[w(t)] = Nw(s)D~ 1 (s) (9 61) 

where Dr(s) and D~.(s) are known polynomials; however, Nr(s) and Nw(s) are unknown to 
us. Let 1/J(s) be the least common denominator of the unstable poles of r(s) and w(sl. The 
stable poles are excluded because they have no ~ffect on JU) as t -+ oo. We introduce the 
internal model <p- 1 (s)lp as shown in Fig. 9.8. If D(s) and N(s) are left coprime and if no root 

of 1/J(s) is a transmission zero of G(s) or, equivalently, </J(s) and det N(s) are coprime. then 
it can be shown that D(s)I/J(s) and N(s) are leti coprime. See Reference [6. p. 443]. Then 

- --1 
Corollary 9.M2 implies that there exists a proper compensator C(s) = B(s)A (s) such that 

</J(s)D(s)A(s) + N(s)B(s) = F(s) (9 62) 

for any F(s) meeting the condition in Corollary 9.M2. Clearly F(s) can be chosen to be diagaonl 
with the roots of its diagonal entries lying inside the sector shown in Fig. 8.3(a). The unity
feedback system in Fig. 9.8 so designed will track asymptotically and robustly the reference 
signal r(t) and reject the disturbance w(r). This is stated as a theorem. 

Theorem 9.M3 

Consider the unity-feedback system shown in Fig. 9.8 where the plant has a p x p strictly proper transfer 

matrix G(s) = i)- 1(s)N(s). !tis assumed that D(s) and N(s) are left coprime and D(s) is row reduced 
with row degrees v,, i = I. 2 .... , p. The reference signal r(t) and disturbance w(r) are modeled 
as r(s) = Nr(s)D; 1(s) and w(s) = N~.(sJD;;; 1 Cs). Let </J(s) be the least common denominator 

of the unstable poles of r(s) and w(s). If no root of </J(s) is a transmission zero of G(.l"). then there 
exists a proper compensator C(s) = B(sl(A(s)¢ (s)) - 1 such that the overall system will robust I\ and 
asymptotically track the reference signal r(l) and reject the disturbance w(t). 
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i3 Proof· First we show that the system will reject the disturbance at the output. Let us 
assume r = 0 and compute the output Yu· (s) excited by w(s). Clearly we have 

Yw(s) = i)-1(s)N(s)[w(s)- B(s) . .\ -
1 (sJr 1 (s)y~.(s)] 

which implies 

Yw(s) =[I+ D- 1(s)N(s)B(s)A-
1
(s)¢- 1(sJr 1D-1(s)N(s)w(s) 

= [o- 1
(sJ[D(sJ¢(sJACsJ + N(sJBCslJA -

1
(sJ¢- 1(sJ r 

x i)-1(s)N(s)w(s) 

= ¢(s)A(s)[D(s)¢(s)A(s) + N(s)B(s)]- 1N(s)w(s) 

Thus we have, using (9.61) and (9.62), 

Yw(s) = A(s)F- 1(s)N(s)¢(s)Nw(s)D;;: 1(s) (9.63) 

Because all unstable roots of Du,(s) are canceled by ¢(s). all poles ofy~.(s) have negative 
real parts. Thus we have YwUl -+ 0 as t -+ oo and the response excited by w(r) is 
suppressed asymptotically at the output. 

Next we compute the error er(s) excited by the reference signal r(s): 

erCsJ = r(sJ -I)-I (sJN(s)B(sJA -I CsJ¢- 1 (sJe,(sJ 

which implies 

er(s) =[I+ o-1(s)N(s)B(sJA -\sJr 1CsJr 1f(s) 

= ¢(s)A.(s)[D(s)¢(s)A(s) + N(s)B(sJr 1D(s)r(s) 

= A(s)F- 1(s)D(s)¢(s)Nr(s)D; 1(s) (9.64) 

Because all unstable roots of Dr(s) are canceled by </J(s), the error vector er(s) has only 
stable poles. Thus its time response approaches zero as t -+ oo. Consequently, the output 
y(t) will track asymptotically the reference signal r(t ). The tracking and disturbance rejec
tion are accomplished by inserting the internal model ¢- 1(s)lp. If there is no perturbation 
in the internal model. the tracking property holds for any plant and compensator parameter 
perturbations, even large ones, as long as the unity-feedback system remains BIBO stable. 
Thus the design is robust. This establishes the theorem. Q.E.D. 

In the robust design, because of the internal model, </J(s) becomes zeros of every nonzero 
entry of the transfer matrices from w toy and from r to e. Such zeros are called blocking ~eros. 
These blocking zeros cancel all unstable poles of w(s) and r(s); thus the responses due to these 
unstable poles are completely blocked at the output. It is clear that every blocking zero is a 
transmission zero. The converse, however, is not true. To conclude this section we mention 
that if we use a right coprime fraction for G(s), insert an internal model and st~bilize it, we 
can show only disturbance rejection. Because of the noncommutative property of matrices. we 
are not able to establish robust tracking. However, it is believed that the system still achieves 
robust tracking. The design discussed in Section 9.2.3 can also be extended to the multi variable 
case; the design, however, will be more complex and will not be discussed. 
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9.5 Multivariable Model Matching-Two-Parameter Configuration 

In this section. we extend the SISO model matching to the multi variable case. We study only 
plants with square and nonsingular strictly proper transfer matrices. As in the SISO case, 
given a plant transfer matrix G(s), a model G0 (s) is said to be implementable if there exists a 
no-plant-leakage configuration and proper compensators so that the resulting system has the 
overall transfer matrix G

0
(s) and is totally stable and well posed. The next theorem extends 

Theorem 9.4 to the matrix case. 

> Theorem 9.M4 

Consider a plant with p x p strictly proper transfer matrix G(s). Then a p x p transfer matrix G0 (S) 

is implementable if and only if G 0 (s) and ' 

T(s) := (;-1(s)G0 (s) (9.65) 

are proper and B!BO stable.' 

For any no-plant-leakage configuration, the closed-loop transfer matrix from r to u is 

T(s). Thus well posedness and total stability require G 0 (s) and T(s) to be proper and BffiO 
stable. This shows the necessity of Theorem 9.M4. Let us write (9.65) as 

(9.66) 

Then (9.66) can be implemented in the open-loop configuration in Fig. 9.1 (a) with C(s) = T(s). 
This design, however, is not acceptable either because it is not totally stable or because it is very 
sensitive to plant parameter variations.lf we implement it in the unity-feedback configuration, 
we have no freedom in assigning canceled poles. Thus the configuration may not be acceptable. 

In the unity-feedback configuration, we have 

u(s) = C(s)[r(s) - y(s)] 

Now we extend it to 
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Figure 9.9 Two-parameter configuration. 

Thus we have 

u(s) = [I+ A- 1 (s)M(s)N(s)D- 1 (sJr1A -I (s)L(s)r(s) 

= D(s)[A(s)D(s) + M(s)N(sJr 1L(s)r(s) 

Yes)= N(s)D- 1(s)u(s) = N(s)[A(s)D(s) + M(s)N(sJr 1L(s)r(s) 

and the transfer matrix from r to y is 

Ga(s) = N(s)[A(s)D(s) + M(s)N(sJr 1L(s) 

Thus model matching becomes the problem of solving A(s), M(s) and L(s) in (9.69). 

(9.69) 

Problem Given a p x p strictly proper rational matrix G(s) = N(s)D-I(s), where 
N(s)_ and D(s) are nght copnme and D(s) is colun;_n reduced with column degrees 
J.L;.:_

1 
l = I, 2, · · · •..!:• and gzven a_ny imp/ementable G2 (s), find proper compensators 

A (s)L(s) and A (s)~l(s) m Fzg. 9.9 to implement G
0

(s). 

..,.. Procedure 9.Ml 

(9.67) 1. Compute 

This is a two-degrees-of-freedom configuration. As in the SISO case, we may select C1 (s) and 

C2(s) to have the same denominator matrix as 

(9.68) 

Then the two-parameter configuration can be plotted as shown in Fig. 9.9. From the figure, 

we have 

u(s) =A - 1(s)[L(s)f\s)- M(s)N(s)D-1 (s)u(s)] 

which implies 

4. If G(s) is not square, then G
0
(s) is implementable if and only if G 0 (s) is proper, is BIBO stable. and can be 

expressed as G
0
(s) = G(s)T(s), where T(s) is proper and BJBO stable. See Reference [6, pp. 517-523]. 

W 1(s)G0 (S) = F"-1(s)E(s) 

where F(s) and E(s) are left coprime and F(s) is row reduced. 

(9.70) 

2. Compute the row index V ofG(s) = N(s)D- 1 (s). This can be achieved by using QRdecomposition. 

3. Select 

(9.71) 

where 0'; (s) are arbitrary Hurwitz polynomials, such that F(s)F(s) is row--<:olumn reduced with 
column degrees J.Li and row degrees m1 with 

m1 2: v-I (9.72) 

fori= !,2, ... ,p. 
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4. Set 

L(s) = F(s)E(s) (9.73) 

and solve A(s) and M(s) from 

A(s)D(s) + M(s)N(s) = F(s)F(s) =: F(s) (9.74) 

Then proper compensators A -I (s)L(s) and A -I (s)M(s) can be obtained to achieve the model 

matching. 

This procedure reduces to Procedure 9.1 if G(s) is scalar. We first justify the procedure. 

Substituting (9.73) and (9.74) into (9.69) yields 

G
0

(s) = N(s)[F(s)F(s)riF(s)E(s) = N(s)F- 1(s)E(s) 

This is (9.70). Thus the compensators implement G0 (s). Define 

Hc(s) = diag(s"', s"2 , ••• , s"P) 

By assumption, the matrix 

is a nonsingular constant matrix. Thus solutions A(s), having row degrees m; and being row 
reduced, and M(s), having row degrees m; or less, exist in (9.74) (Theorem 9.M2). Thus 
A -I (s)M(s) is proper. To show that A -I (s)L(s) is proper, we consider 

T(s) ={;-I (s)G 0 (s) = D(s)N- 1 (s)G0 (s) 

= D(s)F- 1(s)E(s) = D(s)[F(s)F(s)r 1F(s)E(s) 

= D(s)[A(s)D(s) + M(s)N(s)r 1L(s) 

= D(s) (A(s)[l +A - 1(s)M(s)N(s)D- 1(s)]D(s) r' L(s) 

=[I+ A - 1(s)M(s)G(s}r 1A - 1(s)L(s) 

which implies, because G(s) = N(s)D- 1 (s) is strictly proper and A -I (s)M(s) is proper. 

lim T(s) =lim A- 1(s)L(s) 
s-x s--+-x 

Because T(oo) is finite by assumption, we conclude that A- 1(s)L(s) is proper. If G(s) is 
strictly proper and if all compensators are proper. then the two-parameter configuration is 
automatically ,well posed. The design involves the pole-zero cancellation of F(s). which we 
can select. If F(s) is selected as diagonal with Hurwitz polynomials as its entries. then pole
zero cancellations involve only stable poles and the system is totally stable. This completes 

the justification of the design procedure. 

Ex.ntPLE 9.12 Consider a plant with transfer matrix 

G<s>=[1~2 :;:]=[~ :][s~ ~f (9.75) 
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:q It has column degrees 1-!r == 2 and J.l 2=1. Let us select a model as 

(9.76) 

r1 which is proper and BIBO stable. To check whether or not G0 (s) is implementable, we compute 

Tcs) := {;-I(s)Gv(s) = [ 
5
; -:

2

] G0 (5l = [ '
0 
+

2

:: + l '' :f:'+ ll 
s 2 + 2s + 2 

which is proper and BIBO stable. Thus G0 (s) is implementable. We compute 

.; 

1 , [1 -1 IJ[s2+_0~s+2 ° ] N- (s)G0 (s) = O 

s1 + ~s + 2 

[ , _; l 
= s

2 
+ ~s + 2 s

2 
+ ~s + 2 

s2 + 2s + 2 

= [s
2

+~s+ 2 s 2 +~s+2r [~ -~] 
=: F- 1(s)E(s) 

For this example, the degree of N- 1 (s)G 0 (s) can easily be computed as 4. The determinant 
of F(s) has degree 4; thus the pair F(s) and E(s) are left coprime. It is clear that F(s) is row 

reduced with row degrees r 1 = r1 = 2. The row index ofG(s) was computed in Example 9.10 

as v = 2. Let us select 

F(s) = diag((s + 2). 1) 

Then we have 

F
, F-( [(s

2
+2s+2)(s+2) 0 J 

(s) s) = , 
0 s· + 2s-;- 2 

=[4+6s+
0
4s

2
+s

3 
0 J 

2 + 2s + s2 
(9.77) 

It is row-column reduced with row degrees (m 1 = m 2 = l = v - I} and column degrees 
(J..LJ = 2, J..L2 = I}. Note that without introducing F(s), proper compensators may not exist. 

We set 

, - [s+7 OJ[" L(s) = F(s)E(s) = 
0

-
1 

~ 

= [2(s;2) -2(s
2
+2)] (9.78) 
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I 

and solve A(s) and M(s) from 

A(s)D(s) + M(s)N(s) = F(s)F(s) =: F(s) (9.79) 

From the coefficient matrices of D(s) and N(s) and the coefficient matrices of (9.77), we can 

readily form 

0 0 0 0 I 0 0 0 

0 0 0 0 0 0 0 

1 0 0 0 0 0 0 

0 0 0 0 0 0 0 

[Ao Mo A, Mil 
0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 0 

= [~ 0 6 0 4 0 1 ~] (9.80) 
2 0 2 0 0 

As discussed in Example 9.10, if we delete the last column of S,, then the remaining S, has 
full column rank and for any F(s), after deleting the last zero column, solutions exist in (9.80). 
Now if we delete the last N -row of§ b which is linearly dependent on its previous row, the set 

of solutions is unique and can be obtained, using MATLAB, as 

[
4 -6 4 -4 1 0 6 0 J 

[Ao Mo A, Mil = O 2 o 2 0 1 0 0 
(9.81) 

Note that the last zero column is by assignment because of the deletion of the last N-row in 

§1. Thus we have 

[
4 + 5 -6 ] 

A(s) = 0 2 + s [
4 +6s 

M(s) = 
0 

(9.82) 

The two compensators A -I (s)M(s) and A -I (s)L(s) are clearly proper. This completes the 

design. As a check, we compute 

[ 

2(s + 2) 

Go(s) = N(s)F-1 (s)L(s) = s3 + 4s' 0+ 6s + 4 

= [ ,, +~ +2 ° l 
s 2 + ~s + 2 

This is the desired model. Note that the design involves the cancellation of (s + 2), which we 

can select. Thus the design is satisfactory. 
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Let us discuss a special case of model matching. Given G(s) = N (s )D- 1 (s ), let us select 
T(s) = D(s)D_;:I (s), where D1 (s) has the same column degrees and the same column-degree 

coefficient matrix as D(s). Then T(s) is proper and G0 (s) = G(s)T(s) = N(s)D_;:I(s). This 
is the feedback transfer matrix discussed in (8.72). Thus the state feedback design discussed 
in Chapter 8 can also be carried out by using Procedure 9.Ml. 

9.5.1 Decoupling 

Consider a p x p strictly proper rational matrix G(s) = N(s)D-1 (s). We have assumed that 
G(s) is nonsingular. Thus G-1(s) = D(s)N-1(s) is well defined; however, it is in general 
improper. Let us select T(s) as 

T(s) = (;-1(s)diag(dj 1(s), di 1(s), ... , d;;1(s)) (9.83) 

where d; (s) are Hurwitz polynomials ofleast degrees to make T(s) proper. Define 

I:(s) = diag(d1 (s), dz(s), ... , dp(s)) (9.84) 

Then we can write T(s) as 

T(s) = D(s)W1(s)I:- 1(s) = D(s)[I:(s)N(s)r 1 (9.85) 

If all transmission zeros of G(s) or, equivalently, all roots of det N (s) have negative real pans. 
then T(s) is proper and BIBO stable. Thus the overall transfer matrix 

G0 (s) = G(s)T(s) = N(s)D- 1(s)D(s)[I:(s)N(s)r 1 

(9.86) 

is implementable. This overall transfer matrix is a diagonal matrix and is said to be decoupled. 

This is the design in Example 9.12. 
If G(s) has nonminimum-phase transmission zeros or transmission zeros with zero or 

positive real parts, then the preceding design cannot be employed. However, with some 
modification, it is still possible to design a decoupled overall system. Consider again G(s) = 
N(s)D- 1 (s). We factor N(s) as 

N(s) = N, (s)Nz(s) 

with 

N1(s) = diag(,BI!(s) . .Bds), ... , .Btp(s)) 

where .BtiCs) is the greatest common divisor of the ith row of N(s). Let us compute N2 1 
(5), 

and let .Bz;(s) be the least common denominator of the unstable poles of the ith column of 
N2 1(s). Define 

N2d := diag(.Bzt(s), .B22(s), ... , .Bzr(s)) 

Then the matrix 
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has no unstable poles. Now we select T(5) as 

T(5) = D(5)N2(5)1:- 1 (s) (9.87) 

with 

1:(5) = diag(d1 (5), d 2 (5), .... dp(5)) 

where d, (5) are Hurwitz polynomials of least degrees to make T(5) proper. Because N2(5) has 
only stable poles, and d; (5) are Hurwitz, T(5) is BIBO stable. Consider 

Go(5) = G(5)T(5) = N1 (5)Nz(5)D- 1 (5)D(5)N2(5)1:- 1 (5) 

= NJ(5)N2d(5)1:- 1(5) 

=diag(~J(5), ~2(~) .... , ~p(5)) 
d1(5) dz(5) dp(5) 

(9.88) 

where ~;(5) = ~I 1 (5)~z;(5). It is proper because both T(5) and G(5) are proper. It is clearly 
BIBO stable. Thus G 0 (5) is implementable and is a decoupled system. 

EXA!HPLE 9.13 Consider 

A [ 5 G(5) = N(5)D- 1(5) = 
5-1 

1 ] [ 53 + 1 \]-I 
5-1 0 s-

We compute det N(5) = (5 - 1)(5 - 1) = (5 - 1)2• The plant has two nonminimum-phase 
transmission zeros. We factor N (5) as 

N(5)=NJ(5)N2 (5)=[~ 5 ~ 1 JU :] 
with N1 (5) = diag(l, (5 - 1)), and compute 

1 I [ 1 Nz (5) = (5 - 1) -I ~1] 
If we select 

NzJ = diag((5- 1). (5-1)) 

then the rational matrix 

Nz(5) = X! 1(5)N2d(5) = [~I 
has no unstable poles. We compute 

~I] 

- [53+ I D(5)N2(5) = 
0 

= [ 53, 
-s-

If we choose 

I'] [ I -1] 
5- -1 5 

-5
3 + 5- I] 
5

3 + I 

(9.89) 
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1:(5) = diag((5 2 + 25 + 2)15 + 21. (5 2 + 2s + 2)(5 + 2)) 

then 

is proper. Thus the overall transfer matrix 

A A A ( s-1 
G0 (5) = G(5)T(5) = diag ( 2 +,. + , 1,. + 2) · s _) - ,j 

(5- 1)
2 

) 

1s 2 + 25 + 2)(5 + 2) 

is implementable. This is a decoupled system. Thi' decoupled system will not track any step 

reference input. Thus we modify it as 

A • ( -4(5 - I) .f(5 - 1)2 ) (9 90) 
Go(5) = dJag (52+ 25 + 21 15 + 21 · (52+ 2s + 2)(s + 2) 

which has G 0 {0) = I and will track any step reference input. 
Next we implement (9.90) in the two-parameter configuration. We follow Procedure 9.:-.11. 

To '"" 'P:· ~: ,:::.: ~;; '~ (:' ~ :· 1~ 2:(•[ ~~!,:~·;~we:,~:::: ] 
0 

d(5) 
-4(5- 1) 

~.'l[ d:) l [5- I 
= (5 - 1)2 I - 5 

[ 
--+ --+] = d(5l d(5) = [d(5) 
4 45 0 

-- --
d(5) d(5) 

0 J-l [-4 -4J 
d(5) 4 45 

=: F- 1(5)E(s) 

It is a left coprime fraction. 
From the plant transfer matrix. we haw 

D(5)=[~ ~J+[~ ~]s+[~ s- + 5 OJ , [ l OJ 3 
I 0 0 

and 

N(s)=[~l ~~J+[: ~Js+[~ ~Js'+[~ ~J53 

We use QR decomposition to compute the row index of G(5). We type 

d1 = [ l 0 0 0 0 0 l ; d2 = [ 0 c 0 0 
n1=[0 l 1 0 0 0 0] ;~2=[-1-

1 0 0 l ; 
0 0 0 0 l; 
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s2=[dl 0 0 0 O;d2 0 0 0 O;nl 0 0 0 O;n2 0 0 0 0; .. . 

0 0 dl 0 0;0 0 d2 0 0;0 0 nl 0 0;0 0 n2 0 0; .. . 

0 0 0 0 dl;O 0 0 0 d2;0 0 0 0 nl;O 0 0 0 n2]; 
[q,r]=qr(s2') 

From the matrix r (not shown), we can see that there are three linearly independent Nl-rows 
and two linearly independent N2-rows. Thus we have v1 = 3 and ll:! = 2 and the row index 
equals v = 3. If we select 

F(s) = diag (cs + 3)2
, (s + 3)) 

then F(s)F(s) is row-column reduced with row degrees {2. 2} and column degrees {3, 2}. We 
j 

' 
set 

, - [ -4(s + 3)2 

L(s) = F(s)E(s) = 
4

(s + 
3

) 

and solve A(s) and M(s) from 

-4(s +W] 
4s(s + 3) 

A(s)D(s) + M(s)N(s) = F(s)F(s) := F(s) 

Using MATLAB, they can be solved as 

[
s2 +lOs+ 329 

A(s) = -46 100 J 
s 2 +7s+6 

and 

[ 
-290s2 - 114s - 36 

M(s)-
- 46s2 + 34s + 12 

189s + 293] 
-34s- 46 

(9.91) 

(9.92) 

(9.93) 

The compensators A - 1 (s)M(s) and A - 1 (s)L(s) are clearly proper. This completes the design. 

The model matching discussed can be modified in several ways. For example, if stable 
roots of det Nz(s) are not inside the sector shown in Fig. 8.3(a), they can be included in f]z;. 
Then they will be retained in Go (s) and will not be canceled in the design. Instead of decoupling 
the plant for each pair of input and output, we may decouple it for a group of inputs and a 
group of outputs. In this case, the resulting overall transfer matrix is a block-diagonal matrix. 
These modifications are straightforward and will not be discussed. 

9.6 Concluding Remarks 

In this chapter, we used coprime fractions to carry out designs to achieve pole placement or 
model matching. For pole placement, the unity-feedback configuration shown in Fig. 9.1(a), 
a one-degree-of-freedom configuration, can be used. If a plant has degree n, then any pole 
placement can be achieved by using a compensator of degree n - I or larger. If the degree of 
a compensator is larger than the minimum required, the extra degrees can be used to achieve 
robust tracking, disturbance rejection, or other design objectives. 

Problems 315 

Model matching generally involves pole-zero cancellations. One-degree-of-freedom 
configura~s cannot be used here because we have no freedom in selecting canceled poles. 
Any two-degree-of-freedom configuration can be used because we have freedom in selecting 
canceled poles. This text discusses only the two-parameter configuration shown in Fig. 9..+. 

All designs in this chapter are achieved by solving sets of linear algebraic equations. The 
basic idea and procedure are the same for both the SISO and MIMO cases. All discussion 
in this chapter can be applied, without any modification, to discrete-time systems; the only 
difference is that desired poles must be chosen to lie inside the region shown in Fig. 8.3 (b) 
instead of in Fig. 8.3(a). 

This chapter studies only strictly proper G(s). If G(s) is proper, the basic idea and 
procedure are still applicable, but the degree of compensators must be increased to ensure 
properness of compensators and well posedness of overall systems. See Reference [6]. The 
model matching in Section 9.5 can also be extended to nonsquare plant transfer matrices. See 
also Reference [6]. 

The controller-estimator design in Chapter 8 can be carried out using polynomial fractions. 
See References [6, pp. 506-514:7, pp. 461-465]. Conversely, because of the equivalence of 
controllable and observable state equations and coprime fractions, we should be able to use 
state equations to carry out all designs in this chapter. The state-space design. however. will 
be more complex and less intuitively transparent, as we may conclude from comparing the 
designs in Sections 8.3.1 and 9.2.2. 

The state-space approach first appeared in the 1960s, and by the 1980s the concepts of 
controllability and observability and controller-estimator design were integrated into most 
undergraduate control texts. The polynomial fraction approach was developed in the 1970s: 
its underlying concept of coprimeness, however, is an ancient one. Even though the concepts 
and design procedures of the coprime fraction approach are as simple as, if not simpler than, 
the state-space approach. the approach appears to be less widely known. It is hoped that this 
chapter has demonstrated its simplicity and usefulness and will help in its dissemination. 

9.1 Consider 

A(s)D(s) + B(s)N(s) = s2 + 2s + 2 

where D(s) and N(s) are given in Example 9.1. Do solutions A(s) and B(s) exist in the 
equation° Can you find solutions with deg B(s) :=: deg A(s) in the equation~ 

9.2 Given a plant with transfer function g(s) = (s ·_ IJ/(s 2 - 4), find a compensator in 
the unity-feedback configuration so that the overall system has desired poles at -2 and 
-1 ± j !. Also find a feedforward gain so that the resulting system will track any step 
reference input. 

9.3 Suppose the plant transfer function in Problem 9.2 changes to g(s) = (s -0.9)/(sc -..\.1) 
after the design is completed. Can the overall system still track asymptotically any step 
reference input? If not, give two different designs, one with a compensator of degree 3 
and another with degree 2, that will track asymptotically and robustly any step reference 
input. Do you need additional desired poles? If yes, place them at -3. 
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9.4 Repeat Problem 9.2 for a plant with transfer function g(s) = (s - 1)/s(s - 2). Do 
you need a feedforward gain to achieve tracking of any step reference input? Give your 
reason. 

9.5 

9.6 

9.7 

Suppose the plant transfer function in Problem 9.4 changes to g(s) = (s -0.9)/ s(s- 2.1) 
after the design is completed. Can the overall system still track any step reference input0 

Is the design robust" 

Consider a plant with transfer function g(s) = 1/(s- 1). Suppose a disturbance of form 
w(t) =a sin(2t +&),with unknown amplitude a and phase&, enters the plant as shown 
in Fig. 9.2. Design a biproper compensator of degree 3 in the feedback system so that 
the output will track asymptotically any step reference input and reject the disturbance. 
Place the desired poles at -1 ± j2 and -2 ± j 1. 

Consider the unity feedback system shown in Fig. 9.10. The plant transfer function is 
g(s) = 2/s(s + 1). Can the output track robustly any step reference input° Can the 
output reject any step disturbance w(t) =a? Why 0 

~ 
r + 2 

1.5 + --

-~ 

Figure 9.10 

y 

9.8 Consider the unity-feedback system shown in Fig. 9.ll(a). Is the transfer function from 
r toy BIBO stable? Is the system totally stable? If not, find an input-output pair whose 
closed-loop transfer function is not BIBO stable. 

(a) (b) 

Figure 9.11 

9.9 Consider the unity-feedback system shown in Fig. 9.ll(b). (1) Show that the closed-loop 
transfer function of every possible input-output pair contains the factor (I +C(s)g(S 11- 1. 

(2) Show that (I+ C(s)g(s))- 1 is proper if and only if 

I+ C(ooJi(oo) -1 0 

(3) Show that if C(s) and g(s) are proper, and if C(:oo)g(oo) -1 -1, then the system is 
well posed. 

9.10 Given g(s) = (s 2 - l)/(s3 + a1s2 + a2s + a3), which of the following g0 (sl are 
implementable for any a; and b;. 

9.11 

9.12 

9.13 

s- 1 

(s + 1)2 

(s 2 - 1) 

(s + 2) 2 

s + 1 

(s + 2)(s + 3) 

s2 - 1 

(s- 2)3 

(s - 1)(bos + bJ) 

(s + 2)2 (s 2 + 2s + 2) 
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Given g(s) = (s- 1)/s(s- 2), implement the model g0 (s) = -2(s- 1)/(s
2 

+ 2s-'- 2) 
in the open-loop and the unity-feedback configurations. Are they totally stable" Can the 

implementations be used in practice" 

Implement Problem 9 .II in the two-parameter configuration. Select the poles to be 
canceled at s = -3. Is A(s) a Hurwitz polynomial? Can you tmplement the two 
compensators as shown in Fig. 9.4(a)'7 Implement the two compensators in Fig. 9.-+(d) 

and draw its op-amp circuit. 

Given a BIBO stable g
0

(s). show that the steady-state response y,,(t) :=lim,_"' Y(t) 

excited by the ramp reference input r(t) =at fort :::: 0 is given by 

Y,{t) = g0 (0)at + g~(O)a 

Thus if the output is to track asymptotically the ramp reference input we require go( 01 = I 

and g~(O) = 0. 

9.14 Given a BIBO stable 

• bo + b1s + · · · + bmsm 
go(s) = . n 

ao +atS -t- · · · +ans 

with n ;::: m, show that g
0

(0) = 1 and g~(O) = 0 if and only if ao = bo and a1 = b1. 

9.15 Given a plant with transfer function g(s) = (s + 3)(s - 2)/(s
3 

+ 2s - 1). (I l find 

conditions on b1, bo. and a so that 

• b1s + bo 
go(s) = s 2 + 2s +a 

is implementable; and (2) determine if 

(s - 2Hb 1s + bo) 
ko<s) = (s + 2)(s2 + 2s + 2) 

is implementable. Find conditions on b1 and b0 so that the overall transfer function will 

track any ramp reference input. 

9.16 Consider a plant with transfer matrix 

G(s) = [ 5
;
5 ~ \)] 

s 2 - I 

Find a compensator in the unity-feedback configuration so that the poles of the _overall 
system are located at -2. -I± j and the rest at s = -3. Can you find a feedto,rward 
gain so that the overall system will track asymptotically any step reference mput · 
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9.17 Repeat Problem 9.16 for a plant with transfer matrix 

, [ s+l I ] 
G(s) = s(s - 1) s2 - 1 

9.18 Repeat Problem 9.16 for a plaht with transfer matrix 

· [;2~~ s~ll G(s) = 1 2 
- --
s s- 1 

implementable? If yes, implement it. 

9.20 Diagonalize a plant with transfer matrix 

' [ 1 G(s) = 
1 

(s2 + 2s + 2)(s + 2) 

Set the denominator of each diagonal entry of the resulting overall system as s 2 + 2s + 2. 
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Answers to Selected Problems 

CHAPTER 2 

2.1 (a) Linear. (b) and (c) Nonlinear. In (b). shift the operating point to (0, y0 ); then (u, ji) is linear. 
where ji = y - Yo· 

2.3 Linear, time varying, causal. 

2.5 No, yes, no for x(O) i' 0. Yes, yes, yes for x(O) = 0. The reason is that the superposition property 
must also apply to the initial states. 

2.9 y(t) = 0 fort < 0 and t > 4. 

I 
0.5t 2 for 0 ~ t < 1 

y(t) = -1.5t2 + 4t - 2 for 1 ~ t ~ 2 
-y(4- t) for 2 < t ~ 4 

2.10 g(s) = 1/(s + 3), g(t) = e-3
' fort;:: 0. 

2.12 

G(s) = [Dn(s) Dds)]-l [Nn(s) N12(s)] 
Dzt(S) D2z(s) Nzt(s) N21(s) 

2.15 (a) Definex, = e andx2 = 8. Then .X,= Xz,iz = -(g/l)sinx,- (ujml)cosx,.Ife is 
small, then 

x = x+ u . [ 0 '] [ 0 ] 
-g/1 0 -1/mg 

It is a linear state equation. 
(b) Define x, = e,, Xc = e,, X)= ez, and X4 = Bz. Then 

i 2 = - (g/ II) sin x, + (mzg/ m,l) cosx3 sin(x3- xi) 

+ (ljm 11) sinx3 sin(x3- xi)· u 

This is a set of nonlinear equations. If e; ::::: 0 and 8;(11 ::::: 0, then it can be linearized as 

321 
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; = [ -g(m, +;m,)fm,l, 
1 0 f]·{JJ 0 m1g/m1l1 

0 0 
0 -g/lz 

2.16 From 

mh = !1- h = k18- kzu 

IB +be= U1 + LzJh -/1 !1 
we can readily obtain a state equation. Assuming I = 0 and taking their Laplace transforms can 
yield the transfer function. ; 

' 2.18 g1(s) = )\(s)/u(s) = 1/(A1R1s + 1). g2(s) = y(s)/y1(s) = 1/(A2R2s + 1). Yes. 
y(s)ju(s) = g1 (s)g2 (s). 

2.20 

CHAPTER 3 

[ 

0 
x= 0 

-1/L1 

[ 

0 

+ 0 
1/ L1 

y=[-1 -1 -Rdx+[1 Rdu 

3.1 [t H. [-2 1.5]'. 

3.3 

ql = _
1 [~3J 

3.74 1 

3.5 p (A 1) = 2, nullity(A I)= 1; 3, 0; 3, 1. 
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3.7 x = [1 1) is a solution. Unique. No solution if y = [1 1 1]'. 

3.9 a 1 = 4/11.az = 16/11. The solution 

3.12 

3.13 

3.18 

3.21 

3.22 

has the smallest 2-norm. 

X= [;1 ~~ ~~ ~116J 

- [~ A= 
0 

0 

0 0 
0 0 
1 0 

0 

-8] 20 

-1~ 

Q3 = [i 0 -1 J [ 1 0 OJ 1 0 A.3 = o 1 o 
0 1 0 0 2 

Q4 = [: 
4 OJ 

A.4 = [~ 
1 

n 20 1 0 

-25 0 0 

~1 (A)= (A- A1)3(A- A2) o/1 (A)=~~ (A) 

~2 (A) =(A- f- 1)
4 o/z(A) =(A- A!)

3 

~3(A) = (f-- f-1)4 Tjl3(f-) =(A- A1)
2 

~4 (A) =(A- A!)4 o/4(A) =(A- A1l 

AlO = [i 1 9J 
Al03 = [i 1 

0 1 0 

0 1 0 

[ e' 
e1 -1 te'- e' + 1 J 

eAI = ~ 1 e'- 1 

0 e' 

[ 

1 4t + 2.5t2 

eA<1 = 0

0 

1 + 20t 

-25t 

3t + 2t
2 J 

16t 

1- 20t 

1:2J 
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3.24 

[ln/.1 
0 

ln~/.J B = 0 In /.2 

0 0 

[I~/. 
1/A. 

,~J B= InA. 

0 

3.32 Eigenvalues: 0, 0. No solution for C 1. For any m I· [m 1 3-m 1 ]'is a solution for C,. 

3.34 J6. I. 4.7. 1.7. 

CHAPTER4 

4.2 Y(r) = 5e-t sin t 

4.3 ForT= rr. 

fort:": 0. 

x[k + 1] = [ -0.~·-13 2 

y[k] = [2 3]x[k] 

0 ] [ 1.5648 ] 
-0.0432 x[k] + -1.0432 u[k] 

4.5 ~!ATLAB yields IYimax = 0.55.1.\·tlma.< = 0.5.1x2lmax = 1.05. and lxllmax = 0.52 for unit 
step input. Define Xt = x 1• i2 = 0.5x2. and i3 = XJ. Then [ _) 

0 

~~] x + [ ~ ]u x = o~s 0 y = [1 -2 OJx 
-4 

The largest permissible a is 10/0.55 = 18.2. 

4.8 They are not equivalent but are zero-state equivalent. 

4.11 l'sing (434). we have [ _, 0 -2 

0 ] [I 
Ol 

. 0 -3 0 _..., 0 

:J" 
X= ~- X+ ~ 1 0 0 

0 0 

y = [ 2 
2 4 -3] [0 ~] 11 -3 -2 -6 -2 x+ I 

4.13 

[-1 I 0 

OJ [ 2 ~3] . -2 0 0 ~ x+ ~3 X= ~ 
II 

0 -3 -2 
0 2 0 -6 -2 
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Both have dimension 4. 

4.16 

4.20 

[ 

ecos r -cos ro 

<l>(t, to)= 
0 

4.23 Let x(t) = P(t)x(t) with 

[

e-COSt 0 ] 
P(t) = 0 esint 

Then x(t) = 0 · x = 0. 

4.25 

CHAPTER 5 

5.1 The bounded input u (t) = sin t excites y(t) = 0.5t sin t. which is not bounded. Thus the system 

is not B!BO stable. 

5.3 No. Yes. 

5.6 Ifu(t) = 3. then y(t)-+ -6. If u(t) =sin 2t. then y(t)-+ 1.26sin(2t + 1.25). 

5.8 Yes. 
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5.10 Not asymptotically stable. Its minimal polynomial can be found from its Jordan form as 1/J('.) = 
A(A + 1). A =0 is a simple eigenvalue. thus the equation is marginally stable. 

5.13 Not asymptotically stable. Its minimal polynomial can be found from its Jordan form as 1/J(A) = 
(A- 1)2(A + 1). A= I is a repeated eigenvalue, thus the equation is not marginally stable. 

5.15 If N = I, then 

M= [
2.2 1.6] 
1.6 4.8 

It is positive definite; thus all eigenvalues have magnitudes less than I. 

5.17 Because x'!Vlx = x' [0.5 (M + M') ]x. the only way to check positive definiteness of nonsymmetric 

M is to check positive definiteness of sym"l"tric O.S(M + M'). 

5.20 Both are BIBO stable. 

5.22 BIBO stable. marginally stable, not asymptotically stable. P (t) is not a Lyapunov transformation. 

CHAPTER 6 

6.2 Controllable, observable. 

6.5 

y = [0 - l]x + 2u 

Not controllable, not observable. 

6.7 f.J.; =I for alii andf.J. = 1. 

6.9 y = 2u. 

6.14 Controllable. not observable. 

6.17 Using x 1 and x2 yields 

x = [-2/11 
3/22 

O]x [-2/ll]u 
0 + 3/22 

y =[-I -l]x 

This two-dimensional equation is not controllable but is observable. 

Using x1, Xz, and x3 yields 

[

-2/11 

x = 3/22. 1/22 
0 0] [-2/11] 
0 0 X+ 3/22 U 

0 0 1/22 
y = [0 0 l]x 

This three-dimensional equation is not controllable and not observable. 

6.19 ForT = rr, not controllable and not observable. 

6.21 Not controllable at any t. Observable at every t. 
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CHAPTER 7 

7.1 

y = [0 I - l]x 

Not observable. 

7.3 

y = [0 I - I c4 ]x 
2 a1] [I] 0 ao 0 

0 
- X+ u 

a3 0 
0 a4 0 

For any a; and C4, it is an uncontrollable and unobservable realization. 

. [-3 -2] [I] 
X= I 0 x+ 0 u y = [0 l]x 

A controllable and observable realization. 

7.5 

Solve the monic null vector of 

[I 
-I 0 

0 l [-N0

] 
2 -I -1 Do 

0 0 2 -N1 
=0 

0 4 0 DI 

as [ -0.5 0.5 0 1]'. Thus 0.5/(0.5 + s) = l/(2s + 1). 

7.10 

x = [ 0 I ] x +[OJ u 
-2 -1 I 

y =[I O]x 

7.13 

~I(s) = s(s + l)(s + 3) deg = 3 

~z(s) = (s + 1)3(s + 2) 2 deg = 5 

7.17 Its right coprime fraction can be computed from any left fraction as 

G(s)=[2.5 s+0.5][ 0.5s s2+0.5s]-I 
2.5 s + 2.5 s - 0.5 -0.5 

or, by interchanging their two columns, 

327 
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G(s) = [s + 0.5 2.5] [s
2 

+ 0.5s 0.5s ]-I 
s + 2.5 2.5 -0.5 s - 0.5 

L' sing the latter. we can obtain 

. [ -0.5 
-0.25 

-0.25] [I -~.5] u 
X= I 0 0 x+ 0 

0 0.5 0.5 0 

y = [: 
0.5 2.5] X 
2.5 2.5 

CHAPTER 8 

8.1 k = [4 1]. 

8.3 For 

F=[-l 
0

] k=[ll] 
0 -2 

we have 

T = [
0 1/13] k=kr 1 = [4 11 
I 9/13 

8.5 Yes. yes. yes. 

8.7 11 = pr- kx with k = [15 47 - 8] and p = 0.5. 

8.9 u[k] = pr[k]- kx[k] with k =[I 5 2] and p = 0.5. The overall transfer function is 

• 0.5(2~ 2 - 8: + 8) 
8J(:) = -3 

and the output excited by r[k] = a is y[O] = 0. v[l] = a. v[2] = -3a. and y[k] = a for 

k::: 3. 

8.11 Two-dimensional estimator: 

One-dimesnional estimator: 

t = -3z + (13/2l)u + y 

x = [ -4 21 ] [ y ] 
5 -21 z 

8.13 Select 

0 I 

[ 

--1 3 

F = -3 -1 
0 0 
0 0 

,\ns" ers to Selected Problems 

147 20 
If K = [~ 

() () ~] [62.5 then K = 
0 () () 

51~.5] 

IfK=[~ () 0 

~] [ -606.2 -168 -14.2 _)] 
() 

then K = 
119.2 14.9 2.2 371.1 

CHAPTER 9 

9.2 C(s) =(lOs+ 20)/(s- 6). p = -0.2. 

329 

9.4 C(s) = (22s- 4)/(s- 16). p = I. There is no need for a feed forward gain because g(s) 
contains I/ s. 

9.6 C(s) = (7s 3 + 14s2 + 34s + 25)/(s(s2 + 4)). 

9.8 Yes, no. The transfer function from r to u is gu,(s) = sj(s + l)(s- 2). which is not BIBO 
stable. 

9.10 Yes, no, no, no, yes. no (row-wise). 

9.12 Ct (s) = -2(s +3)/(s- 21). C2(s) = (28s -6)/(s- 21 ). A(s) = s- 21 is not Hurwitz. Its 
implementation in Fig. 9.4(a) will not be totally stable. A minimal realization of [ C 1 (s) - C 2 (s)] 

IS 

x = 21x + [-48 - 582] [~,] y=x+[-2 -28][:] 

from which an op-amp circuit can be drawn. 

9.15 (I) a > 0 and bo = -2bt. (2) Yes. bo = -2. bt = -4. 

9.16 The I x 2 compensator 

1 
C(s) = --[3.5s + 12 - 2] 

s + 3.5 

will place the closed-loop poles at -2, -1 ± }. -3. No. 

9.18 If we select 

F(s) = diag((s + 2)(s
2 

+ 2s + 2)(s + 3). (s2 + 2s + 2)) 

then we cannot find a feedforward gain to achieve tracking. If 

F [(s+2)(s
2
+2s+2)(s+3) 0 ] 

(s) = I 
s 2 + 2s + 2 

then the compensator 
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[
s- 4.7 

C(s) = A-1(s)B(s) = _
3

_
3 

-53.7 ]-1 
[ -30.3s- 29.7 4.2s- 12] 

s-4.3 -0.7s-0.3 4s-1 

and the feedforward gain matrix 

= [ 0.92 0] 
p -4.28 1 

will achieve the design. 

9.20 The diagonal transfer matrix 

[ 

-2(s - 1) 

Go(s) = sZ + 2s: 2 

0 ! -2(s

0

- 1) ] 

s2 + 2s + 2 

is implementable. The proper compensators A - 1 (s)L(s) and A - 1 (s)M(s) with 

[
s+S -14] [-2(s+3) 2(s+3)] 

A~)= L~)= 2 2 0 s+4 -s 

[
-6 

M(s) = 
2 

13s + 1 J 
-2s 

in the two-parameter configuration will achieve the design. 
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to the origin, 1 71 

Convolution. integral. 12 
discrete. 32 

Coptimeness, 15. 187.211,214 
left, 211 
tight, 211 

Cyclic matrix. 256 

Dead beat design. 267 
Decoupling. 311 
Degree of rational function, 189 

McMillan. 205 
of rational matrix. 205. 211 

Description of systems. 2 
external. 2 
input-output. 2. 8. 12 
internal. 2 
state-space. 2. 10. 35 

Determinant. 52 
Discretization. 90 
Disturbance rejection. 243. 277 
Divisor. common. 187. 210 

greatest common. 187. 211 
left. 210 
tight. 210 

Duality, theorem of. 155 
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Eigenvalue. 55 
assignment of. 234. 256 
ind.;:x of. 62 
multiplicity of. 59. 62 

Eigenvector. 55 
generalized, 59 

Equivalence, 95, 11~. 191 
algebraic. 95, 112 
Lyapunov, 114 
zero-state, 96 

Equivalence transformation, 95, 112, 152 

Floquet, theory of. 115 
Fraction, polynomial, 189 

coprime. 189, 192 
matrix, 209.210 

Fundamental cutset. 27 
Fundamental loop. 27 
Fundamental matrix. 107, 108 

gcd. 187 
geld. 112 
gcrd. 112 

General solution, 50. 272, 282 
Generalized eigenvector, 59 

chain of, 59 
grade of, 59 

Gramian. controllability, 145, 170 
observability, 156. 171 

Hankel matrix, 20 1. 226 
Hankel singular value, 199 
Homogeneity, 8. 32 
Hurwitz polynomial. 271, 285 

lmplementable transfer function, 285. 306 
Impulse response. 10 

matrix, 10 
sequence, 32 

Impulse sequence. 31 
Integrator. 16 
lnte~al model principle. 24 7, 279 
lnvener. 16 

Jacobian, 18 
Jordan block, 60 
Jordan-form matrix. 60. IM 

Kalman decomposition theorem, 162 

Laplace expansion. 52 
Laplace transform. 13 
Leverrier algorithm, 83 
Linear algebraic equations, 48 
Linear space, 45 

basis of, 45 
change of basis, 53 
dimension, 45 

Linearity, 7 
Linearization, 18. 30 
Link. 27 
Lyapunov equation, 70, 239 

discrete, 13 5 
Lyapunov theorem. 132. 135 
Lyapunov transformation, 114 

Markov parameter, 200, 225 
Matrix. 44 

cofactor of, 52 
cyclic, 256 
function of, 65 
fundamental, 107 
inverse of, 52 
left inverse of. 208 
minor of, 52, 205 
nilpotent, 61 
nonsingular, 52 
norm of, 78 
orthogonal, 7 4 
principal minor, 75 

leading. 75 
pseudoinverse of, 208 
rank of. 49 
right inverse of, 208 
singular value of, 76 
state transition, 108 
symmetric, 73 
trace of. 83 

l\!inimal polynomial, 62 
l\linimal realization, 184, 191 
Minimum energy control. 149 
~1inor, 52, 205 
Modal form, 98, 182,241 
Model matching, 283. 306 
Model reduction, 200 
Monic polynomial. 62 
l\lultiple, left, 210 

right, 210 
.\lultiplier, 12 

Nilpotent matrix, 61 
:\aminal equation, 243 
:\orm. of matrix, 78 

Euclidean. 4 7 
induced, 78 
of vector, 46 

:--; ormal tree, 27 
Null vector. 49 

monic, 194 
:-;unity, 49 

Observability, 153. 170. 179 
Gramian. 156. 171 
index, 157 
indices. 157, 225 
matrix. 156, 171 

Observer. See State estimator 
Op-amp circuit. 16 

magnitude scaling, 98 
Onhogonal matrix. 74 
Onhogonality of vectors. 47 
Orthonormal set, 4 7. 48 

Parameterization, 50. 272. 282 
Periodic state system. 114 
Pole. 15 
Pole placement. 273. 292 
Pole-zero cancellation, 287 

unstable. 287 
Pole-zero excess inequality, 285 
Polynomial matrix, 210 

column degree, 212, 225 
column-degree-coefficient matrix. 213. :' 19 
column reduced. 212 
echelon form. 219. 220 
left divisor. 210 
left multiple, 210 
right divisor. 210 
right multiple. 210 
row degree, 212. 225 
row-degree-coefficient matrix. 213 
row reduced, 212 
unimodular, 2 10 

Positive definite matrix. 74 
Positive semidefinite matrix. 74 
Primary dependent column. 19-l. 215. 219 

row, 220 
Principal minor, 75 

leading, 75 
Pseudoinverse. 208 
Pseudostate. 186. 221 

QR decomposition. 196 
Quadratic form. 73 

Range space. 49 
Rank. of matrix. 49 

of product of matrices. 72 
Rational function. 14 

biproper. 15 
improper. 15. 34 
proper. 14 
strictly proper, I 5 

Rational matrix. 15 
biproper. 15 
proper. 15 

strictly proper. 15 
Reachability. 172 
Realization. 100 

INDEX 

balanced. l 97. 204. 22 7 
companion-form. 203 
controllable-form. 101. 104.223 
input-normal. 199 
minimal. 189. 207 
observable-form. 118, 119 
output-normal. 197 
time-varying. 115 

Reduced. column. 212 
row. 212 

Regulator problem. 242. 302 
Relaxedness. I 0 
Response. 8. 31 

impulse. 10 
zero-input. 8. 31 
zero-state. 8. 31 

Resultant. generalized. 215 
Sylvester, 193. 274 

Robust design. 243. 304 
Robust tracking. 243, 278 
Row degree. 212. 225 
Row-degree-coefficient matrix, 213 
Row echelon form. 120 
Row indices. 220 

Schmidt onhonormalization. -lS 
Separation propeny. 255. 266 
Servomechanism, 242 
Similar matrices. 54 
Similarity transformation. 5-l 
Singular value. 76 
Singular value decomposition. 77. 204. 226 
Stability. asymptotic, 130. 138 

BIBO. 122. 125. 138 
discrete, l ~6. 129 

in the sense of Lyapunov. 130. 13 I 
marginal. 130. 131. 138 
total. 284 

Stabilization. 2-17 
State. 6 

pseudo-, l ~6. 121 
variable. 7 

State equation. 2. II. 15 
discrete-time. 35. 91. 110 
discretization of. 91 
equivalent. 95 
periodic, II-+ 
reduction, 159. 162, 181 
solution of, 87. 93, I 06 
time-varying. 106. 110 

State estimator. 248. 263 
asymptotic. 249 
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State estimator (continued) 
closed-loop, 249 
full-dimensional, 248, 263 
open-loop, 248 
reduced-dimensional, 251, 264 

State feedback, 232 
State-space equation. See State equation 
State transition matrix, 108 
Superposition property, 8 
Sylvester resultant, 193, 274 
Sylvester's inequality, 207 
System, I 

causal, 6, 10 
continuous-time, 6 
discrete-time, 6, 3 I 
distributed, 7 
linear, 7 
lumped, 7 
memory less, 6 
MIM0,5 
multi variable, 5 
nonlinear, 7 
single-variable, 5 
SISO, 5 
time-invariant, II 
time-varying, II 

Total stability, 284 
Trace of matrix, 83 
Tracking. See Asymptotic tracking 
Transfer function, 13 

discrete, 33 
pole of, 15 

zero of, 15 
Transfer matrix, 14, 16 

blocking zero, 15, 305 
pole of, 15 
transmission zero, 302, 311 

Transmission zero, 302, 311 
Tree, 27 

branch, 27 
normal, 27 

Truncation operator, 38 

Unimodular matrix, 210 
Unit-time-delay element, 7, 12, 14. 33 

Vandermonde determinant, 81 
Vector, 45 

Euclidean norm of, 4 7 
Infinite norm of, 47 
!-norm of, 47 
2-norm of, 47 

Well-posedness, 284 

Zero, 15 
blocking, 15, 305 
minimum-phase zero, 311 
nonminimum-phase zero, 311 
transmission, 302, 311 

Zero-input response, 8, 31 
Zero-pole-gain form, 15 
Zero-state equivalence, 96 
Zero-state response, 8, 31 
z-transform, 32 




