
Tikhonov Regularizationfor Large Scale ProblemsGene H. Golub1 and Urs von Matt21 Department of Computer Science, Stanford University, Stanford, CA 94305,golub@na-net.ornl.gov2 ISE Integrated Systems Engineering AG, Technopark Z�urich, Technoparkstr. 1,CH-8005 Z�urich, Switzerland, vonmatt@ise.chAbstract. Tikhonov regularization is a powerful tool for the solution ofill-posed linear systems and linear least squares problems. The choice ofthe regularization parameter is a crucial step, and many methods havebeen proposed for this purpose. However, e�cient and reliable methodsfor large scale problems are still missing.In this paper approximation techniques based on the Lanczos algorithmand the theory of Gauss quadrature are proposed to reduce the com-putational complexity for large scale problems. The new approach isapplied to 5 di�erent heuristics: Morozov's discrepancy principle, theGfrerer/Raus-method, the quasi-optimality criterion, generalized cross-validation, and the L-curve criterion. Numerical experiments are used todetermine the e�ciency and robustness of the various methods.1 IntroductionThe solution of ill-posed linear systems and linear least squares problems isa frequent task in numerical analysis. We refer the reader to [5,17,30] for anoverview of applications. In this paper we consider the (overdetermined) linearsystem b = Ax+ e;where A is an m-by-n matrix with m � n, b and e are vectors of size m, and xis an n-vector. The matrix A and the vector b are given, and e is assumed to bea random noise vector.The direct solution of the least squares problemkAx� bk2 = min (1)may lead to a vector x that is severely contaminated with noise. Thereforeregularization is employed to get a more meaningful answer. In this paper wefocus on Tikhonov regularization. This approach improves the condition of theproblem by solving the linear least squares problemkAx� bk22 + �kxk22 = min (2)1 The work of this author was in part supported by NSF under grant CCR-9505393.



2 Gene H. Golub and Urs von Mattinstead of (1). The solution x� satis�es the equation(ATA+ �I)x� = ATb:Equivalently x� can be computed as the solution to the damped linear leastsquares problem 


� Ap�I�x� �b0�


2 = min : (3)In [21] P. C. Hansen and D. P. O'Leary show that, for a given � > 0, x� alsosolves the regularized total least squares problemminA0;b0;x k [A; b]� [A0; b0] kF ;s.t. b0 = A0x, kxk2 � � := k(ATA+ �I)�1ATbk2.The choice of an appropriate regularization parameter � is crucial, and manymethods have been proposed to compute �. In Section 2 we give an overviewof some frequently used criteria. The computational core of these methods canbe expressed in terms of certain matrix moments. Since the main focus of thispaper is the calculation of regularization parameters for large scale problems wewill present an iterative method to approximate matrix moments. The requiredtheory of Gauss quadrature is reviewed in Section 3, and stable methods basedon the Lanczos algorithm are presented in Sections 4 and 5. As our methods ofcomputing the regularization parameter � are based on an iterative algorithm,the Lanczos algorithm, we must provide an appropriate termination criterion.This turns out to be a nontrivial subject, and it is discussed in Section 6. Finallywe present numerical results in Section 7.2 Regularization CriteriaThe choice of an appropriate regularization parameter � is crucial, and manymethods have been proposed for this purpose. We will present a number ofpopular methods which may also be applied to large scale problems by meansof the approximation techniques of Sections 3{5. The �rst two methods assumethat the norm of the noise vector e is known, whereas the last three methodsmake no such assumption.2.1 Morozov's Discrepancy PrincipleThe value of � is chosen such that the norm of the residual b�Ax� equals thenorm of the error term [25,26]:kb�A(ATA+ �I)�1ATbk2 = kek2:



Tikhonov Regularization 3For � > 0 the identityI �A(ATA+ �I)�1AT = �(AAT + �I)�1holds. Consequently the equation for � can also be written as�M(�) := �2bT(AAT + �I)�2b = kek22: (4)Because �0M(�) = 2�bTA(ATA+ �I)�3ATbthe function �M(�) is strictly increasing for � > 0, and the equation (4) has aunique positive solution.2.2 The Gfrerer/Raus-MethodThe Gfrerer/Raus-method [8,17] may be seen as an improved variant of thediscrepancy principle. It determines � such that�GR(�) := �3bT(AAT + �I)�3b = kek22: (5)The �rst derivative of �GR(�) is given by�0GR(�) = 3�2bTA(ATA+ �I)�4ATb:Consequently �GR(�) is a strictly increasing function for � > 0, and the solutionof (5) is unique.2.3 The Quasi-Optimality CriterionThe quasi-optimality criterion (cf. [1,24], [26, Sect. 27], [31, Sect. II.6], and [32])determines � > 0 such that�Q(�) := �2bTA(ATA+ �I)�4ATb = min :Note that we have �Q(0) = 0 such that the global minimizer of �Q(�) is at-tained at � = 0, provided that the matrix A has full rank. As M. Hanke andP. C. Hansen point out in [17, p. 283] this is an arti�cial feature of a �nite-dimensional regularization problem. The function �Q(�) usually has a largemaximum in close vicinity of � = 0, and the desired minimizer of �Q(�) liesto the right of this maximum.2.4 Generalized Cross-ValidationGeneralized cross-validation (GCV) [12,35,36] determines the regularization pa-rameter � as the global minimizer of�GCV(�) := k(AAT + �I)�1bk2trace�(AAT + �I)�1� :



4 Gene H. Golub and Urs von MattThe trace term in the denominator of �GCV(�) may be infeasible to evaluatefor large matrices A. In [2,9,10,22] stochastic trace estimators are introduced toapproximate the trace. We will use the approach proposed by M. F. Hutchin-son [22]. Let U be the discrete random variable which takes the values +1 and �1each with probability 1=2, and let u be a vector of size m whose entries are in-dependent samples from U . Then~t(�) = uT(AAT + �I)�1u (6)is an unbiased estimator oft(�) = trace�(AAT + �I)�1�:Therefore we will only consider the minimization of the stochastic GCV function~�GCV(�) := qbT(AAT + �I)�2buT(AAT + �I)�1ufrom now on. In [15] it is shown that the minimizers of �GCV and ~�GCV areequally well suited for the Tikhonov regularization in (2).2.5 The L-Curve CriterionThe L-curve criterion is based on a plot of the solution norm kx�k2 versus theresidual norm kb�Ax�k2 in a log-log scale [18,20]. The optimal regularizationparameter � is characterized by a corner of this graph, i.e., the point on the L-curve with maximum curvature. Therefore the L-curve criterion maximizes thecurvature �L(�) := �0�00 � �00�0�(�0)2 + (�0)2�3=2 = max;where �(�) = log kb�A(ATA+ �I)�1ATbk2 = log k�(AAT + �I)�1bk2;�(�) = log k(ATA+ �I)�1ATbk2:The prime denotes di�erentiation with respect to �.Note that �0(�) = bTA(ATA+ �I)�3ATb�bT(AAT + �I)�2b ;�0(�) = �bTA(ATA+ �I)�3ATbbTA(ATA+ �I)�2ATb :The numerator of �L(�) can be written as�0�00 � �00�0 = �02��0�0�0 = ��02��0�0�0:



Tikhonov Regularization 5Therefore we have�0�00 � �00�0 = � bTA(ATA+ �I)�3ATb�bT(AAT + �I)�2b � bTA(ATA+ �I)�2ATb�2 ��� bT(AAT + �I)�2b � bTA(ATA+ �I)�2ATb+ 2�bT(AAT + �I)�3b � bTA(ATA+ �I)�2ATb� 2�bT(AAT + �I)�2b � bTA(ATA+ �I)�3ATb�:2.6 Large Scale ProblemsAll of the regularization criteria discussed so far require the evaluation of matrixmoments of the form �p(�) = bT(AAT + �I)pb; (7)�p(�) = cT(ATA+ �I)pc: (8)The exponent p is always a negative integer. If the matrix A is not too large,say n � 1000, then a direct method can be used to compute a regularizationparameter �. For instance one can employ the singular value decomposition of Ato evaluate the functions �(�) in the �ve heuristics above. This is the approachtaken in the regularization tool box by P. C. Hansen [19].As the size of the matrix A increases the direct evaluation of these momentsbecomes less and less feasible. We will therefore present an iterative methodwhich will enable us to compute lower and upper bounds on these moments.The bounds will become tighter as the iteration index k increases. In the nextsection we will review the necessary theory from Gauss quadrature.3 Gauss QuadratureLet us consider the problem of approximating the quadratic forms := gT'(M)g; (9)where ' is an analytic function and M is a symmetric n-by-n matrix. LetM = U�UTbe the eigenvalue decomposition of M , with �1 � � � � � �n as the eigenvalues.We assume that a and b denote lower and upper bounds on the spectrum of M ,i.e., a � �1 and �n � b. The expression (9) can be rewritten ass = hT'(�)h = nXi=1 '(�i)h2i = Z ba '(�) d!(�); (10)



6 Gene H. Golub and Urs von Mattwhere the vector h is given by h := UTg:In (10) we also expressed the �nite sum as a Stieltjes integral where the mea-sure !(x) is a staircase function with steps of size h2i at the eigenvalues �i.This representation of s as an integral suggests to use numerical integration toapproximate it. Because the moments�k = Z ba �k d!(�) = gTMkgare easy to compute for k � 0 we will focus on Gauss quadrature:s = Z ba '(�) d!(�) � kXi=1 '(xi)wi: (11)The quantities x1 < � � � < xk denote the abscissas or nodes of the quadraturerule, and the wi's are the corresponding weights. The degree of the quadraturerule is given by the index k.It is sometimes useful to prescribe an abscissa x1 = a or xk = b. One obtains aGauss-Radau quadrature rule if m = 1 abscissa is prescribed. If both endpoints aand b are prescribed, i.e., m = 2, one obtains a Gauss-Lobatto quadrature rule.There is an extensive literature on Gauss quadrature (cf. [3,7,23,28,34]).In [16] it is shown how the nodes xi and the weights wi can be computedby means of an eigenvalue decomposition. In [11] this approach is extendedto Gauss-Radau and Gauss-Lobatto quadrature rules. In this section we give ashort overview of the relevant theory.3.1 Orthogonal PolynomialsA sequence of orthogonal polynomials can be associated with a weight func-tion !(�). For the sake of simplicity we may assume that all the eigenvalues �iofM are distinct and that all the entries in the vector h are nonzero. Then thereexists the sequence fpign�1i=0 , where pi is a polynomial of degree i, such thatZ ba pi(�)pj(�) d!(�) = (1; if i = j;0; if i 6= j:These polynomials satisfy the three-term recurrence relationship�266664 p0(�)......pk�1(�)377775 = 266664�1 �1�1 . . . . . .. . . �k�1 �k�1�k�1 �k 377775266664 p0(�)......pk�1(�)377775+ 266664 0...0�kpk(�)377775 ; (12)



Tikhonov Regularization 7Algorithm 1. Lanczos Algorithm.q�1 := 0�0 := 0q0 := g=kgk2�1 := qT0Mq0for k := 2 to n dork�1 := (M � �k�1I)qk�2 � �k�2qk�3�k�1 := krk�1k2qk�1 := rk�1=�k�1�k := qTk�1Mqk�1endor, �pk(�) = Tkpk(�) + �kpk(�)ekfor k = 1; : : : ; n. The coe�cients �i and �i can be computed by means of theLanczos algorithm 1 (cf. [14, Chapt. 9]). An arbitrary nonzero value can bechosen for �n. The zeros of pk(�) are also the eigenvalues of Tk.In exact arithmetic Algorithm 1 computes the orthogonal n-by-n matrixQn = �q0 : : : qn�1�and the tridiagonal matrix Tn such thatM = QnTnQTn :If we execute only k < n iterations we get Qk, the �rst k columns of Qn, and Tk,the k-by-k leading principal submatrix of Tn. It is easy to see that these quan-tities satisfy the equation MQk = QkTk + �kqkeTk : (13)3.2 Construction of Gauss Quadrature RulesThere are 2k �m degrees of freedom when determining a Gauss quadraturerule (11) of degree k with m prescribed abscissas. Thus we can determine thenodes xi and the corresponding weights wi such that all polynomials up todegree 2k �m� 1 are integrated exactly. As V. I. Krylov shows in [23, p. 161]an equivalent requirement is to �nd a polynomial ~pk(�) of degree k, whose zerosare the nodes x1 < � � � < xk, and the weights w1; : : : ; wk , such that1. the equation Z ba ~pk(�)p(�) d!(�) = 0 (14)holds for all polynomials p of degree d < k �m, and,



8 Gene H. Golub and Urs von Matt2. the equation Z ba p(�) d!(�) = kXi=1 p(xi)wi (15)holds for all polynomials p of degree d < k.3.3 AbscissasFirst we show how the polynomial ~pk(�) can be determined such that condi-tion (14) holds. In the case of a Gauss quadrature rule, where no abscissas areprescribed, we can choose ~pk = pk, the kth orthogonal polynomial with respectto the weight function !(�). This ensures that ~pk is orthogonal to all polynomialsof degree d < k.Next we consider a Gauss-Radau quadrature rule where we prescribe x1 = a.We choose the following representation for ~pk:~pk = �kpk + (�k � ~�k)pk�1:This ensures that ~pk is orthogonal to all polynomials of degree d < k � 1. It isnot hard to see that ~pk also satis�es the equation�266664 p0(�)......pk�1(�)377775 = 266664�1 �1�1 . . . . . .. . . �k�1 �k�1�k�1 ~�k 377775266664 p0(�)......pk�1(�)377775+ 266664 0...0~pk(�)377775 ;or, �pk(�) = ~Tkpk(�) + ~pk(�)ek:Thus the zeros of ~pk are just the eigenvalues of ~Tk, and if we set~�k = a+ �2k�1eTk�1(Tk�1 � aI)�1ek�1;we ensure that ~Tk has the eigenvalue x1 = a.If we want to compute a Gauss-Radau quadrature rule with the prescribedabscissa xk = b we would just set~�k = b+ �2k�1eTk�1(Tk�1 � bI)�1ek�1:Finally we want to determine the polynomial ~pk for a Gauss-Lobatto quadra-ture rule, where x1 = a and xk = b are prescribed. We may write ~pk as~pk = �k�k�1~�k�1 pk + (�k � ~�k)�k�1~�k�1 pk�1 + �2k�1 � ~�2k�1~�k�1 pk�2;



Tikhonov Regularization 9where the parameters ~�k and ~�k�1 are to be determined such that ~pk(a) =~pk(b) = 0. Obviously ~pk is orthogonal to all polynomials of degree d < k � 2. Itcan also be veri�ed that ~pk satis�es the equation�266664 p0(�)......~pk�1(�)377775 = 266664�1 �1�1 . . . . . .. . . �k�1 ~�k�1~�k�1 ~�k 377775266664 p0(�)......~pk�1(�)377775+ 266664 0...0~pk(�)377775 ;or, �~pk(�) = ~Tk~pk(�) + ~pk(�)ek:By setting ~�k = byk�1 � azk�1yk�1 � zk�1 ;~�k�1 =s b� ayk�1 � zk�1 ;where yk�1 = eTk�1(Tk�1 � aI)�1ek�1;zk�1 = eTk�1(Tk�1 � bI)�1ek�1;we can assign the two eigenvalues a and b to the matrix ~Tk. Since the eigenvaluesof ~Tk are the zeros of ~pk we have the desired property ~pk(a) = ~pk(b) = 0.3.4 WeightsThe weights fwigki=1 must be determined in such a way that condition (15) issatis�ed. We will only discuss the case of a Gauss quadrature rule. The cases ofa Gauss-Radau or a Gauss-Lobatto quadrature rule are handled similarly: justreplace the matrix Tk by ~Tk.Condition (15) is equivalent to the requirement that the orthogonal polyno-mials fpigk�1i=0 are integrated exactly:Z ba p0 d!(�) = kXj=1 p0wj = 1p0 =sZ ba d!(�) =p�0;Z ba pi(�) d!(�) = kXj=1 pi(xj)wj = 0; i = 1; : : : ; k � 1;or, in matrix terms: Pw =p�0e1: (16)



10 Gene H. Golub and Urs von MattNote that the abscissas x1 < � � � < xk are the zeros of pk, which are also the eigen-values of Tk. This is obvious from the three-term recurrence relationship (12).Therefore the columns of P are the eigenvectors of Tk, and they are orthogonalto each other: PX = TkP:Here the quantity X denotes the diagonal eigenvalue matrix diag(xi). Howeverthe columns of P are not normalized. LetTk = QXQTdenote the eigenvalue decomposition of Tk with QTQ = I . Then we haveQ = PD;where D = diag(q1i=p0). Consequently the solution of the linear system (16) isgiven by w =p�0DQTe1;or, wi = �0q21i:3.5 Evaluation of Gauss Quadrature RulesIn order to approximate the quadratic form (9) by a quadrature rule of degree kwe must execute k iterations of the Lanczos Algorithm 1. The value of the Gaussquadrature rule can then be evaluated as follows:G = kXi=1 '(xi)wi = �0 kXi=1 '(xi)q21i= kgk22eT1Q'(X)QTe1 = kgk22eT1 '(Tk)e1:A Gauss-Radau quadrature rule R and a Gauss-Lobatto quadrature rule L canbe expressed in the same way. We only need to replace the matrix Tk by ~Tk asdiscussed in Section 3.3.3.6 Quadrature ErrorIn [23, pp. 162{163] and [27, p. 134] explicit expressions for the quadrature errorE['] := Z ba '(�) d!(�) � kXi=1 '(xi)wi



Tikhonov Regularization 11are derived. In the case of a Gauss quadrature rule, there exists a �G such thatE['] = '(2k)(�G)(2k)! Z ba kYi=1(x� xi)2 d!(x); a � �G � b;and for a Gauss-Radau quadrature rule with x1 = a we haveE['] = '(2k�1)(�R)(2k � 1)! Z ba (x� a) kYi=2(x� xi)2 d!(x); a � �R � b:Similarly the error for a Gauss-Lobatto quadrature rule is given byE['] = '(2k�2)(�L)(2k � 2)! Z ba (x � a)(x� b) k�1Yi=2(x � xi)2 d!(x); a � �L � b:3.7 Matrix MomentsAs we have seen in Section 2.6 we are particularly interested in approximatingthe matrix moments �p(�) and �p(�). These moments can be expressed as aquadratic form (9) with '(�) = (�+ �)p:The key derivatives of ' are given as follows:'(2k)(�) = p(p� 1) � � � (p� 2k + 1)(�+ �)p�2k ;'(2k�1)(�) = p(p� 1) � � � (p� 2k + 2)(�+ �)p�2k+1;'(2k�2)(�) = p(p� 1) � � � (p� 2k + 3)(�+ �)p�2k+2:The exponent p is always negative. We may also assume that � > 0 and � � 0since both AAT and ATA are symmetric positive semide�nite matrices. Conse-quently we know the sign of the derivatives of ':'(2k)(�) � 0;'(2k�1)(�) � 0;'(2k�2)(�) � 0:Therefore we can use a Gauss or a Gauss-Radau (xk = b) quadrature rule tocompute a lower bound on the matrix moments of Section 2.6. Conversely weget upper bounds from a Gauss-Radau (x1 = a) or a Gauss-Lobatto quadraturerule. In the remainder of this paper we will only use a Gauss quadrature rule toobtain a lower bound, and a Gauss-Radau quadrature rule with x1 = a = 0 forthe upper bound.



12 Gene H. Golub and Urs von MattAlgorithm 2. Lanczos Bidiagonalization I.q0 := b=kbk2s0 := ATq0
1 := ks0k2w0 := s0=
1for k := 2 to n dork�1 := Awk�2 � 
k�1qk�2�k�1 := krk�1k2qk�1 := rk�1=�k�1sk�1 := ATqk�1 � �k�1wk�2
k := ksk�1k2wk�1 := sk�1=
kend4 Lanczos Bidiagonalization IIn this section we consider the numerical aspects of approximating the matrixmoment �p(�) in (7). The discussion in Section 3 seems to suggest that weapply Algorithm 1 to the matrix M = AAT. However, we may lose accuracy ifwe compute AAT explicitly. This problem can be avoided by using the Lanczosbidiagonalization of Algorithm 2 (cf. [13]). If we execute k iterations of thisalgorithm in exact arithmetic we get the orthogonal m-by-k matrixQk = �q0 : : : qk�1�and the orthogonal n-by-k matrixWk = �w0 : : : wk�1� :The matrices Qk and Wk are connected by the two equationsAWk = QkBk + �kqkeTk ; (17)ATQk =WkBTk ; (18)where Bk denotes the k-by-k lower bidiagonal matrixBk = 266664
1�1 . . .. . . . . .�k�1 
k377775 :By combining (17) and (18) we getAATQk = QkBkBTk + 
k�kqkeTk :



Tikhonov Regularization 13It is now straightforward to identify BkBTk with the matrix Tk in (13), and 
k�kis equal to �k in (13). Thus the Gauss quadrature rule for the approximationof (7) can be written asGp(�) = kbk22eT1 (BkBTk + �I)pe1:To compute a Gauss-Radau quadrature rule we prescribe the abscissa x1 = a =0. This is an obvious choice since AAT is always positive semide�nite. Thus wehave to compute the entry ~�k in ~Tk such that ~Tk becomes singular. It is nothard to see that we can express ~Tk by~Tk = ~Bk ~BTk ;where we obtain ~Bk from Bk by setting 
k to zero. Consequently, the Gauss-Radau quadrature rule is given byRp(�) = kbk22eT1 ( ~Bk ~BTk + �I)pe1:As discussed in Section 3.7 the Gauss and Gauss-Radau quadrature rules areactually lower and upper bounds on the matrix moment �p(�):Gp(�) � �p(�) � Rp(�):Note that lim�#0Rp(�) =1in general for p < 0. On the other hand Gp(�) remains bounded for � # 0 if Bkis nonsingular.We do not want to clutter the notation more than necessary, and we omitthe degree k of the quadrature rule from the functions Gp and Rp. The readershould bear in mind, however, that these functions will approximate �p(�) moreand more accurately as k increases.In order to evaluate Gp(�) and Rp(�) we need to solve linear systems of theform (BkBTk + �I)x = y:It is important to note that for � > 0 the solution x also satis�es the equivalentlinear least squares problem


� BTkp�I�x� � 0y=p��


2 = min :This least squares problem can be solved e�ciently by a sequence of Givenstransformations. The details of this approach are discussed in [4, pp. 140{141],[6, pp. 45{52], and [34, pp. 103{108].



14 Gene H. Golub and Urs von MattAlgorithm 3. Lanczos Bidiagonalization II.q0 := c=kck2r0 := Aq0
1 := kr0k2p0 := r0=
1for k := 2 to n dosk�1 := ATpk�2 � 
k�1qk�2�k�1 := ksk�1k2qk�1 := sk�1=�k�1rk�1 := Aqk�1 � �k�1pk�2
k := krk�1k2pk�1 := rk�1=
kend5 Lanczos Bidiagonalization IIWe will now address the approximation of the matrix moment �p(�) in (8).The Lanczos bidiagonalization of Algorithm 3 operates on the matrix A insteadof ATA (cf. [13]). After k iterations in exact arithmetic we obtain the orthogonalm-by-k matrix Pk = �p0 : : : pk�1�and the orthogonal n-by-k matrixQk = �q0 : : : qk�1� :If we de�ne the k-by-k upper bidiagonal matrixBk = 266664
1 �1. . . . . .. . . �k�1
k 377775 ;then Pk and Qk satisfy the equationsAQk = PkBk; (19)ATPk = QkBTk + �kqkeTk : (20)From (19) and (20) we conclude thatATAQk = QkBTk Bk + 
k�kqkeTk :Obviously the matrix BTk Bk is the same as Tk in (13), and 
k�k corresponds to �kin (13). We obtain the following Gauss quadrature rule for the approximationof (8): Gp(�) = kck22eT1 (BTk Bk + �I)pe1:



Tikhonov Regularization 15Again, we can also use a Gauss-Radau quadrature rule to approximate �p(�),and we will prescribe the abscissa x1 = a = 0. Similarly as in Section 4 we canwrite the matrix ~Tk as ~Tk = ~BTk ~Bk;where we obtain ~Bk from Bk by setting 
k to zero. Consequently, the Gauss-Radau quadrature rule is given byRp(�) = kck22eT1 ( ~BTk ~Bk + �I)pe1:We are now able to bound �p(�) from below and above:Gp(�) � �p(�) � Rp(�):In general the function Rp(�) is unbounded for p < 0 as � goes to zero:lim�#0Rp(�) =1:If Bk is nonsingular, however, Gp(�) remains bounded for � # 0. Both boundsbecome tighter as we execute more and more iterations in Algorithm 3.The evaluation of Gp(�) and Rp(�) involves the solution of linear systems ofthe form (BTk Bk + �I)x = y:For � > 0 we prefer to compute x by means of a linear least squares problem asdiscussed in the previous section.6 Termination CriteriaThe theory of Sections 3{5 allows us to compute lower and upper bounds onthe functions �(�) of Section 2. If we execute k steps of Algorithm 2 (Lanczosbidiagonalization I) with the initial vector b we get the following bounds on themoment �p(�):kbk22eT1 (BkBTk + �I)pe1 � bT(AAT + �I)pb � kbk22eT1 ( ~Bk ~BTk + �I)pe1:Note that the same Lanczos algorithm can also be used to compute boundson ~t(�) de�ned in (6). We just have to use the random vector u as the initialvector.Similarly we run Algorithm 3 (Lanczos bidiagonalization II) with the initialvector c = ATb. Thus we get the following bounds on �p(�):kck22eT1 (BTk Bk + �I)pe1 � cT(ATA+ �I)pc � kck22eT1 ( ~BTk ~Bk + �I)pe1:



16 Gene H. Golub and Urs von MattIt is straightforward to compute lower and upper bounds on the variousfunctions �(�) de�ned in Section 2:Lk(�) � �(�) � Uk(�):These bounds get tighter as the number k of Lanczos iterations increases. Wewill now discuss the choice of appropriate stopping criteria.Only certain values of the regularization parameter � are meaningful in theleast squares problem (3). We will only consider �'s in the range�min � � � �max;where �min = kAk22 "2;�max = kAk22;where " denotes the unit roundo� of the computer. If � < �min the matrix p�Iin (3) is numerically zero compared to A. On the other hand, if � > �max, thedamping matrix p�I becomes larger than the data matrix A.As a simple guard against premature termination we require that at leastkmin := d3 logmin(m;n)eLanczos iterations are executed. Thus the following stopping criteria are onlychecked for k � kmin.In the case of Morozov's discrepancy principle and the Gfrerer/Raus-method,�(�) is a strictly increasing function for � > 0. Therefore, there is a uniqueregularization parameter �� such that �(�) = kek22. The solution of the twoequations Uk(�) = kek22;Lk(�) = kek22;yields the bounds �l and �u, respectively, such that�l � �� � �u:Consequently we may stop the iteration as soon as the bounds on �� are tightenough. We use the criterion 0:99�u � �l; (21)which allows us to determine �� to two digits of accuracy.The criterion (21) works well if �0(��) is su�ciently large, say, �0(��) � 1. Inthe case of �0(��) � 0 we need to relax the criterion (21). We only require that�(�) is approximated to two digits of accuracy in the range �l � � � �u. In ourimplementation we use the condition0:99Uk(�l) � kek22 � 1:01Lk(�l): (22)



Tikhonov Regularization 17The Lanczos iteration is stopped as soon as either (21) or (22) is satis�ed.In the case of the quasi-optimality criterion, GCV, and the L-curve criterionwe need to compute a global minimizer or maximizer of �(�). Unfortunately,�(�) is usually neither convex nor concave, and thus no simple bounds on theglobal minimizer/maximizer �� are available.But the bounds on �(�) can still be used to compute approximations to ��.We observe that the bounds Lk(�) and Uk(�) are very tight for large �'s.As � # 0, these bounds become increasingly loose. It is usually infeasible toexecute the Lanczos algorithm until �(�) is approximated well over the wholeinterval [�min; �max]. In our implementation we only iterate until the largest localminimizer or maximizer of �(�) has been identi�ed. Obviously this strategy failsif the global solution �� is smaller than the largest local minimizer/maximizer.In Section 7 we will discuss the robustness of the three regularization criteriawith respect to this type of premature termination.We will now discuss the approximation of the largest local minimizer of �(�)for the quasi-optimality criterion and GCV. The largest local maximizer of �L(�)can be computed analogously.First we compute a global minimizer �u of the upper bound Uk(�). As a nextstep we would like to determine �1 < �u < �2 such thatLk(�1) > Uk(�u) < Lk(�2): (23)This would mean that the interval [�1; �2] contains a local minimizer of �(�).Unfortunately, condition (23) may need a lot of iterations to be satis�ed inpractice. Therefore we only try to �nd an �1 < �u such thatLk(�1) > Lk(�u):To account for rounding errors in the calculation of the bounds we require that�1 � (1�p")�u;Lk(�1) � (1 +p")Lk(�u); (24)where " denotes the unit roundo� of the computer.7 Numerical ResultsWe implemented our methods to compute regularization parameters for largescale problems in MATLAB [29]. Our experiments were conducted on a Sun Ultraworkstation with a unit roundo� of " = 2�52 � 2:2204 � 10�16. The software isavailable from the second author upon request.We used the functions \baart," \phillips," and \shaw" in Per ChristianHansen's regularization tool box [19] to generate test matrices. These matri-ces represent discretizations of Fredholm integral equations, a frequent source ofill-posed linear systems. However, they are dense, and we will only solve themfor small values of n.



18 Gene H. Golub and Urs von MattTable 1. Test Cases.Test Matrix m n �1 �n relerre1 large 2000 1000 1:000 1:690 � 10�87 10�12 large 2000 1000 1:000 1:690 � 10�87 10�23 large 2000 1000 1:000 1:690 � 10�87 10�34 large 20000 10000 1:000 3:147 � 10�869 10�15 large 20000 10000 1:000 3:147 � 10�869 10�26 large 20000 10000 1:000 3:147 � 10�869 10�37 baart 100 100 3:229 1:581 � 10�18 10�18 baart 100 100 3:229 1:581 � 10�18 10�39 baart 100 100 3:229 1:581 � 10�18 10�510 baart 100 100 3:229 1:581 � 10�18 10�711 phillips 200 200 5:803 1:372 � 10�7 10�112 phillips 200 200 5:803 1:372 � 10�7 10�213 phillips 200 200 5:803 1:372 � 10�7 10�314 phillips 200 200 5:803 1:372 � 10�7 10�415 shaw 100 100 2:993 5:486 � 10�19 10�116 shaw 100 100 2:993 5:486 � 10�19 10�317 shaw 100 100 2:993 5:486 � 10�19 10�518 shaw 100 100 2:993 5:486 � 10�19 10�7In order to obtain large scale test problems, which can also be solved explic-itly, we use the m-by-n matrix A de�ned by its singular value decompositionA = U�V T;where U = I � 2uuTkuk22 ;V = I � 2 vvTkvk22 ;and the entries of u and v are random numbers. � is a diagonal matrix withthe singular values �i = e�0:2(i�1). We will call this the \large" test problem.We use a random vector x0 as the true solution of (1) and compute theright-hand side b according to b = Ax0 + e;where e is a random vector withkek2 = relerre kAx0k2:We used the 18 problems from Table 1 to test our regularization algorithms.The columns �1 and �n show the values of the largest and the smallest sin-gular values of A, respectively. Note that �1 and �n were computed by using



Tikhonov Regularization 19Table 2. Average Value of the Exact Regularization Parameter ��.Morozov Gfrerer/Raus Quasi-Optimality GCV L-Curve1 2:998 � 10�4 5:420 � 10�4 9:538 � 10�4 3:319 � 10�5 9:380 � 10�42 2:303 � 10�6 4:737 � 10�6 2:452 � 10�4 1:800 � 10�7 7:384 � 10�63 6:278 � 10�9 1:409 � 10�8 1:630 � 10�5 4:630 � 10�10 2:136 � 10�84 8:784 � 10�6 1:674 � 10�5 5:333 � 10�5 8:359 � 10�7 1:326 � 10�45 4:553 � 10�7 1:036 � 10�6 7:441 � 10�7 3:786 � 10�8 8:779 � 10�66 3:885 � 10�9 8:053 � 10�9 8:719 � 10�6 1:809 � 10�10 1:756 � 10�87 5:929 � 10�4 1:367 � 10�3 4:394 � 10�4 1:362 � 10�4 5:894 � 10�48 3:869 � 10�6 7:385 � 10�6 1:191 � 10�6 3:138 � 10�7 4:887 � 10�79 3:062 � 10�9 9:005 � 10�9 2:037 � 10�9 2:809 � 10�10 2:614 � 10�1010 1:227 � 10�14 2:979 � 10�14 3:921 � 10�12 9:020 � 10�16 4:760 � 10�1511 1:398 � 10�2 2:064 � 10�2 3:593 � 10�33 1:224 � 10�3 7:050 � 10�212 1:871 � 10�4 3:756 � 10�4 1:181 � 10�32 3:103 � 10�5 7:388 � 10�413 3:131 � 10�6 6:626 � 10�6 2:562 � 10�32 3:663 � 10�7 5:803 � 10�614 4:941 � 10�8 8:631 � 10�8 2:562 � 10�32 8:465 � 10�9 9:112 � 10�915 7:259 � 10�3 9:898 � 10�3 1:885 � 10�2 3:049 � 10�4 1:307 � 10�216 2:077 � 10�6 3:283 � 10�6 1:660 � 10�2 8:562 � 10�8 4:283 � 10�717 5:511 � 10�9 2:597 � 10�8 1:876 � 10�8 2:604 � 10�10 1:503 � 10�1018 7:917 � 10�14 5:636 � 10�14 2:008 � 10�8 4:422 � 10�16 1:927 � 10�14
MATLAB's svd command. If �n � "�1, the matrix A is numerically singularand the value of �n may carry no signi�cant digits. However, for the large testmatrix, the extreme singular values are exact. Note that the test cases 11{14are only moderately ill-conditioned, whereas all the other test cases are severelyill-conditioned.We solved each test problem 10 times with a given regularization technique.Each time we used a di�erent random perturbation e of the right-hand side.This gives us a better way to assess the average properties of each regularizationmethod.Table 2 shows the average values for the exact regularization parameters ��produced by each regularization technique. The value of �� tends to 0 as thenorm of the perturbation becomes smaller and smaller. For the test cases 11{14the quasi-optimality criterion fails to compute a regularization parameter. Asalready pointed out in Section 2.3 this anomaly is caused by the properties ofthe �nite-dimensional regularization problem. The function �Q(�) has a largemaximum around � � 10�14, and the desired minimizer �� lies to the right ofthis maximum. Unfortunately, �Q(�) tends to 0 as � # 0, and our black boxminimizer determined � = �min as the global minimizer of �Q(�). Because ofthis drawback the quasi-optimality criterion is not as robust as the other regu-larization methods.



20 Gene H. Golub and Urs von MattTable 3. Average Relative Error relerr� of the Regularization Parameter �.Morozov Gfrerer/Raus Quasi-Optimality GCV L-Curve1 1:274 � 10�1 1:104 � 10�1 7:718 � 10�2 3:744 � 10�2 4:186 � 10�22 1:765 � 10�1 1:337 � 10�1 1:818 � 10�1 8:277 � 10�2 4:069 � 10�23 1:542 � 10�1 1:411 � 10�1 6:483 � 10+1 9:226 � 10�2 5:027 � 10+44 5:045 � 10�1 4:552 � 10�1 8:546 � 10+0 8:670 � 10�2 1:349 � 10�155 5:972 � 10�1 3:591 � 10�1 4:657 � 10+2 7:426 � 10�2 4:728 � 10�26 5:047 � 10�1 5:455 � 10�1 2:563 � 10+4 5:223 � 10�2 9:272 � 10+37 3:909 � 10�13 7:513 � 10�14 1:309 � 10�8 4:186 � 10+5 3:995 � 10�88 1:759 � 10�12 2:482 � 10�12 4:026 � 10�7 2:567 � 10+19 2:047 � 10�89 2:226 � 10�9 2:629 � 10�9 2:052 � 10�5 1:278 � 10+10 9:772 � 10�310 7:754 � 10�3 1:084 � 10�2 3:735 � 10�2 1:691 � 10+13 3:987 � 10+1211 2:564 � 10�2 3:739 � 10�5 2:028 � 10+31 8:344 � 10�1 1:713 � 10�812 3:352 � 10�2 1:962 � 10�2 2:028 � 10+31 7:778 � 10�1 2:699 � 10�213 2:398 � 10�2 2:479 � 10�2 2:316 � 10+30 1:228 � 10+0 6:415 � 10+114 1:185 � 10�2 1:405 � 10�2 1:717 � 10+30 5:042 � 10�1 7:539 � 10+515 7:889 � 10�14 7:845 � 10�14 2:024 � 10�16 1:145 � 10+25 1:510 � 10�816 1:180 � 10�2 1:587 � 10�2 2:344 � 10+5 8:841 � 10+3 2:890 � 10�217 2:500 � 10�2 2:762 � 10�2 7:222 � 10+3 5:539 � 10+9 7:629 � 10+718 1:613 � 10�2 6:770 � 10�2 4:124 � 10+6 3:262 � 10+15 9:405 � 10+11Let � be an approximation to �� computed by one of our approximationmethods. Then we de�ne the relative errorrelerr� := j�� ��jmin(�; ��) :Table 3 presents the average relative errors for all the test cases.Our approximation techniques work extremely well for Morozov's discrepancyprinciple and the Gfrerer/Raus-method. Because �M(�) and �GR(�) are strictlyincreasing for � > 0 it is easy to give lower and upper bounds on ��.In the cases of the quasi-optimality criterion, GCV, and the L-curve crite-rion, however, a global minimizer or maximizer of �(�) must be determined. Asdiscussed in Section 6 we terminate as soon as the largest local minimizer ormaximizer has been identi�ed. This explains the large value of relerr� for someof the test cases.On the other hand it should be noted that even regularization parameters � ofvastly di�erent sizes can lead to acceptable solutions x�. This was also observedby J. M. Varah [33, p. 175]. We call a solution x� acceptable if the norm ofthe corresponding residual kAx� � bk2 is a good estimate for the norm of theperturbation kek2 of the right-hand side. Therefore, we also compute the relativeerror of the residual, i.e.,relerrres := ���kAx� � bk2 � kek2kek2 ���:



Tikhonov Regularization 21Table 4. Average Relative Error relerrres of the Residual Norm k�(AAT + �I)�1bk2.Morozov Gfrerer/Raus Quasi-Optimality GCV L-Curve1 5:447 � 10�4 6:839 � 10�3 1:782 � 10�2 6:650 � 10�3 1:493 � 10�22 1:558 � 10�3 1:207 � 10�2 5:944 � 10�1 1:003 � 10�2 2:042 � 10�23 1:735 � 10�3 1:297 � 10�2 5:350 � 10+1 1:385 � 10�2 5:350 � 10+14 4:794 � 10�4 1:672 � 10�3 9:107 � 10�3 1:154 � 10�3 1:253 � 10�25 5:789 � 10�4 2:054 � 10�3 6:362 � 10�1 1:094 � 10�3 2:357 � 10�26 8:176 � 10�4 4:494 � 10�3 7:972 � 10+0 1:405 � 10�3 1:139 � 10+17 2:417 � 10�15 1:220 � 10�2 1:510 � 10�2 2:285 � 10�2 1:789 � 10�28 5:657 � 10�14 4:798 � 10�2 1:557 � 10�2 2:539 � 10�2 1:785 � 10�29 1:931 � 10�11 8:806 � 10�2 1:792 � 10�2 2:520 � 10�2 3:329 � 10�210 2:535 � 10�4 8:193 � 10�2 1:564 � 10+0 2:632 � 10�2 1:023 � 10+611 1:409 � 10�3 2:039 � 10�2 8:802 � 10�2 3:733 � 10�2 8:982 � 10�212 1:921 � 10�3 4:432 � 10�2 5:018 � 10+0 7:698 � 10�2 1:248 � 10�113 2:079 � 10�3 6:512 � 10�2 1:691 � 10+1 1:347 � 10�1 1:095 � 10+014 2:361 � 10�3 1:582 � 10�1 1:559 � 10+2 2:138 � 10�1 9:481 � 10+115 4:828 � 10�4 9:240 � 10�3 5:335 � 10�2 3:824 � 10�2 4:141 � 10�216 4:672 � 10�4 3:422 � 10�2 2:473 � 10+1 4:660 � 10�2 4:511 � 10�217 1:089 � 10�3 3:127 � 10�1 7:315 � 10+1 6:580 � 10�2 1:990 � 10+318 8:937 � 10�4 4:159 � 10�2 4:121 � 10+5 7:254 � 10�2 2:987 � 10+5
Table 4 presents the average relative error of the residual norm for each testcase.Morozov's discrepancy principle and the Gfrerer/Raus-method give excel-lent estimates for kek2. This could be expected because we can approximate theoptimal regularization parameter �� very well for these methods. Furthermore,GCV also provides amazingly accurate estimates for kek2. This is particularlyremarkable as the value of relerr� can be quite large. On the other hand, thequasi-optimality and the L-curve criteria fail to compute acceptable solutions x�in many cases. These methods su�er from the fact that �Q(�) and �L(�) havemany local minimizers/maximizers that are signi�cantly larger than ��. There-fore these methods are not very robust in connection with our approximationtechniques.The computational cost of our regularization techniques is proportional tothe number k of Lanczos iterations. In Table 5 we give an overview of the av-erage number of required iterations. Morozov's discrepancy principle and theGfrerer/Raus-method require roughly the same number of iterations to con-verge. GCV needs more iterations but it is always able to provide good esti-mates for kek2. On the other hand, the quasi-optimality and the L-curve criteriaterminate prematurely in many cases.



22 Gene H. Golub and Urs von MattTable 5. Average Number of Lanczos Iterations k.Morozov Gfrerer/Raus Quasi-Optimality GCV L-Curve1 22:5 22:4 22:8 53:2 22:42 76:5 72:4 29:6 177:3 84:63 346:6 316:7 22:0 854:4 22:04 47:5 47:2 60:2 141:2 31:75 104:0 98:2 35:6 283:2 82:36 346:0 340:9 43:8 1450:1 29:07 15:0 15:0 15:0 16:2 15:08 15:0 15:0 15:0 15:0 15:09 15:0 15:0 15:0 15:0 15:110 22:1 21:7 17:0 28:2 15:011 17:0 17:0 17:0 21:3 17:012 27:2 25:5 17:0 52:8 25:213 84:7 74:4 17:0 176:7 70:114 350:9 329:8 17:0 726:0 17:015 15:0 15:0 15:0 15:1 15:016 15:7 15:5 15:0 23:7 16:617 24:8 22:4 15:0 46:4 15:018 70:7 80:2 15:0 151:8 15:08 ConclusionsWe presented iterative methods to compute regularization parameters for ill-posed linear systems and linear least squares problems. Our approach is basedon the Lanczos algorithm and the theory of Gauss quadrature. We are able tocompute lower and upper bounds on the functions �(�) that arise in Morozov'sdiscrepancy principle, the Gfrerer/Raus-method, the quasi-optimality criterion,GCV, and the L-curve criterion. These bounds are used to compute approxima-tions to the optimal regularization parameter ��.When we apply our approximation techniques to the 5 regularizationmethodswe obtain the following results: If the norm of the perturbation e of the right-hand side b is known, Morozov's discrepancy principle and the Gfrerer/Raus-method are reliable methods to compute a regularization parameter �. Theyconverge equally fast and provide similar values for �. It can be argued that theGfrerer/Raus-method is actually an improved variant of Morozov's discrepancyprinciple (cf [17, p. 280]).If no accurate estimate of kek2 is available then GCV works much more re-liably than the quasi-optimality or the L-curve criterion. The quasi-optimalityand the L-curve criteria are likely to terminate prematurely and return a regu-larization parameter � which is signi�cantly too large. GCV may require moreLanczos iterations but it provides reliable answers in return.
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